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1. �¢¥¤¥­¨¥

� áá¬ âà¨¢ ¥âáï áâ ­¤ àâ­ ï § ¤ ç  ¨­â¥à¯®«ïæ¨¨: ¤«ï ­ ¡®à  ¤ ­­ëå � = fX;Y g, £¤¥
X = fxig

n
i=0, Y = fyig

n
i=0, ¯à¨ç¥¬ xi > xi�1 ¯à¨ i = 1; 2; : : : ; n, ¯®áâà®¨âì äã­ªæ¨î f ¨§ § ¤ ­­®£®

ª« áá  â ªãî, çâ® f(xi) = yi ¤«ï ¢á¥å i = 0; : : : ; n. � à ¡®â¥ ¨áá«¥¤ã¥âáï ®¤¨­ ¨§ ¬¥â®¤®¢ ¨­â¥à¯®-
«ïæ¨¨ | äà ªâ «ì­ ï ¨­â¥à¯®«ïæ¨ï ¨«¨ ¨­â¥à¯®«ïæ¨ï äà ªâ «ì­®© äã­ªæ¨¥©. �à ªâ «ì­ ï
¨­â¥à¯®«ïæ¨ï ¯à¨¬¥­¨¬  ¢ á«ãç ¥, ª®£¤  ¨­â¥à¯®«¨àã¥¬ë¥ äã­ªæ¨¨ ®¡« ¤ îâ ­¥ª®â®àë¬ á -
¬®¯®¤®¡¨¥¬, ¨¬¥îâ ¯®å®¦¨¥ á¢®©áâ¢  ¯à¨ à §«¨ç­ëå ¬ áèâ ¡ å. � â ª¨¬ äã­ªæ¨ï¬ ¬®¦­® ®â-
­¥áâ¨ ¬ â¥¬ â¨ç¥áª¨¥ ¬®¤¥«¨ à §«¨ç­®£® à®¤  ¥áâ¥áâ¢¥­­ëå £à ­¨æ: ¡¥à¥£®¢ãî «¨­¨î, à¥«ì¥ä
¬¥áâ­®áâ¨, ªà © ®¡« ª  ¨ â. ¯. �­ «®£¨ç­ë¥ äã­ªæ¨¨ ®¯¨áë¢ îâ ¢à¥¬¥­­ë¥ § ¢¨á¨¬®áâ¨ ­¥ª®-
â®àëå å à ªâ¥à¨áâ¨ª ¥áâ¥áâ¢¥­­ëå ¯à®æ¥áá®¢: £à ä¨ª â¥¬¯¥à âãàë ¯« ¬¥­¨, í­æ¥ä «®£à ¬¬ë,
ª®«¥¡ ­¨ï ªãàá®¢ ¢ «îâ, á¥©á¬®£à ¬¬ë. �  ¯à ªâ¨ª¥ ¨­â¥à¯®«ïæ¨ï ­¥¯à¥àë¢­®© äà ªâ «ì­®©
äã­ªæ¨¥© ¨á¯®«ì§ã¥âáï ¢ ª®¬¯ìîâ¥à­®¬ ¤¨§ ©­¥ ¤«ï ¯®«ãç¥­¨ï à¥ «¨áâ¨ç­ëå ®¡à §®¢ ¡¥à¥£®-
¢ëå «¨­¨©, £®à­ëå åà¥¡â®¢, ®ç¥àâ ­¨© «¥á  ¨ ¤àã£¨å ®¡ê¥ªâ®¢ á® á«®¦­®© áâàãªâãà®©.

� ª¨¥ ¨­â¥à¯®«¨àãîé¨¥ äã­ªæ¨¨ ­ §ë¢ îâ äà ªâ «ì­ë¬¨, ¯®â®¬ã çâ® à §¬¥à­®áâì ¯®
� ãá¤®àäã{�¥§¨ª®¢¨çã ¨å £à ä¨ª®¢ ¬®¦¥â ®ª § âìáï ­¥æ¥«ë¬ ç¨á«®¬. �â«¨ç¨â¥«ì­ ï ®á®-
¡¥­­®áâì äà ªâ «ì­®© ¨­â¥à¯®«ïæ¨¨ á®áâ®¨â ¢ â®¬, çâ® ®ç¥­ì á«®¦­ë¥ äã­ªæ¨¨ ®¤­®§­ ç­®
®¯à¥¤¥«ïîâáï ¬ «ë¬ ç¨á«®¬ ¯ à ¬¥âà®¢. �â® á¢®©áâ¢® ¯®§¢®«ï¥â ¨á¯®«ì§®¢ âì äà ªâ «ì­ãî
¨­â¥à¯®«ïæ¨î ¤«ï á¦ â¨ï ¨­ä®à¬ æ¨¨. �àã£ ï ®á®¡¥­­®áâì íâ®£® ¬¥â®¤  á®áâ®¨â ¢ â®¬, çâ®
á¢®©áâ¢  äã­ªæ¨¨ íªáâà ¯®«¨àãîâáï á ®¤­®£® ¬ áèâ ¡  ­  ¤àã£¨¥, ¯®§¢®«ïï ¤¥â «¨§¨à®¢ âì
äã­ªæ¨î á á®åà ­¥­¨¥¬ ¥e á¢®©áâ¢.

� ¤ ­­®© à ¡®â¥ ¢¢®¤¨âáï ¬¥â®¤ äà ªâ «ì­®© ¨­â¥à¯®«ïæ¨¨, ®¡®¡é îé¨© ­¥ª®â®àë¥ ¨§¢¥áâ-
­ë¥ à ­¥¥ ¬¥â®¤ë. � ®â«¨ç¨¥ ®â à ¡®â [1], [2], £¤¥ ¨á¯®«ì§ãîâáï á¨áâ¥¬ë ¨â¥à¨àã¥¬ëå äã­ªæ¨©
(IFS) ­  ¯«®áª®áâ¨, ¨­â¥à¯®«¨àãîé ï äã­ªæ¨ï áâà®¨âáï á ¯®¬®éìî ®¯¥à â®à  ­  ¯à®áâà ­-
áâ¢¥ ­¥¯à¥àë¢­ëå äã­ªæ¨©. �®ª § ­  ãáâ®©ç¨¢®áâì ¬¥â®¤  ¯® ¯ à ¬¥âà ¬ ¨­â¥à¯®«ïæ¨¨ ¨ ¯®
¨­â¥à¯®«¨àã¥¬ë¬ ¤ ­­ë¬. �à¨¢¥¤¥­ë à¥§ã«ìâ âë, ¯®§¢®«ïîé¨¥ ®á« ¡¨âì ®£à ­¨ç¥­¨ï, ­ ª« -
¤ë¢ ¥¬ë¥ [1], [2] ­  ¯ à ¬¥âàë ¨­â¥à¯®«ïæ¨¨ ¤«ï áãé¥áâ¢®¢ ­¨ï ¨­â¥à¯®«¨àãîé¥© äã­ªæ¨¨.
� ª¦¥ ¢ à ¡®â¥ ¨§ãç îâáï ãá«®¢¨ï, ¯à¨ ª®â®àëå ¨­â¥à¯®«¨àãîé ï äã­ªæ¨ï ã¤®¢«¥â¢®àï¥â
¤®¯®«­¨â¥«ì­ë¬ âà¥¡®¢ ­¨ï¬: ­ ©¤¥­ë ªà¨â¥à¨¨ â®£®, çâ® ¢¥«¨ç¨­ë ¯¥à¢ëå à §­®áâ¥© ¨­â¥à-
¯®«¨àãîé¥© äã­ªæ¨¨ ­ å®¤ïâáï ¢ § ¤ ­­®¬ ¤¨ ¯ §®­¥, ¨ ªà¨â¥à¨¨ â®£®, çâ® äã­ªæ¨ï ¢ë¯ãª« 
­  § ¤ ­­ëå ¨­â¥à¢ « å. �áá«¥¤®¢ ­  ¢®§¬®¦­®áâì ¯®áâà®¥­¨ï äà ªâ «ì­®© äã­ªæ¨¨, ¨­â¥à-
¯®«¨àãîé¥© ¢ áà¥¤­¥¬.

2. �¥â®¤ äà ªâ «ì­®© ¨­â¥à¯®«ïæ¨¨

�¤¨­ ¨§ á¯®á®¡®¢ äà ªâ «ì­®© ¨­â¥à¯®«ïæ¨¨ ¢¢¥¤¥­ �.�.� à­á«¨ ¢ [1]. � íâ®© à ¡®â¥ ®­ ¯®-
ª § «, çâ® á ¯®¬®éìî äà ªâ «ì­®© ¨­â¥à¯®«ïæ¨¨ ¬®¦­® áâà®¨âì äã­ªæ¨¨ á § ¤ ­­ë¬¨ ¬®¬¥­-
â ¬¨ (¨­â¥£à « ¬¨ ¢¨¤ 

R
fmxndx) ¨ äã­ªæ¨¨, ¯à¨­ ¤«¥¦ é¨¥ § ¤ ­­®¬ã ª« ááã Lip�, 0 < � � 1

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(£à ­â ò99-01-00460 ¨ ò 02-01-00782).
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(f 2 Lip�, ¥á«¨ jf(x) � f(y)j � Cjx � yj� ¤«ï ¢á¥å x ¨ y ¨§ ®¡« áâ¨ ®¯à¥¤¥«¥­¨ï f ¨ ­¥ª®â®à®©
ª®­áâ ­âë C 2 R). � ª ª ª ¢¢¥¤¥­­ë¥ äã­ªæ¨¨ ¯® ¯®áâà®¥­¨î ã¤®¢«¥â¢®àïîâ ­¥ª®â®àë¬ ®â-
­®è¥­¨ï¬ á ¬®¯®¤®¡¨ï, ®­¨ ¯à¨¬¥­¨¬ë ¤«ï à¥è¥­¨ï ®¯à¥¤¥«¥­­®£® ª« áá  äã­ªæ¨®­ «ì­ëå
ãà ¢­¥­¨©, ¢ â®¬ ç¨á«¥ ¤«ï ­¥ª®â®àëå ãà ¢­¥­¨©, á®¤¥à¦ é¨å ¨­â¥£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï.
�®§¤­¥¥ íâ®â á¯®á®¡ ¡ë« ®¡®¡é¥­ ¢ [2].

�¯®á®¡ ¨­â¥à¯®«ïæ¨¨, ®¯¨á ­­ë© ¢ [1], á®áâ®¨â ¢ á«¥¤ãîé¥¬: ­ ¡®àã ¤ ­­ëå � áâ ¢¨âáï ¢
á®®â¢¥âáâ¢¨¥ ­ ¡®à ¯à¥®¡à §®¢ ­¨© ¯«®áª®áâ¨ !1; !2; : : : ; !n : R2 ! R

2 ¢¨¤ 

!i

 
x

y

!
=
�
ai ci
0 di

� 
x

y

!
+

 
bi
ei

!
:

�¤¥áì di | á¢®¡®¤­ë¥ ¯ à ¬¥âàë,   ®áâ «ì­ë¥ ª®íää¨æ¨¥­âë ®¤­®§­ ç­® ®¯à¥¤¥«ïîâáï ­ ¡®-
à®¬ di ¨§ ãá«®¢¨©

!i

 
x0
y0

!
=

 
xi�1
yi�1

!
¨ !i

 
xn
yn

!
=

 
xi
yi

!
:

� ª¨¬ ®¡à §®¬,

ai =
xi � xi�1
xn � x0

; bi = xi � aixn; ci =
yi � yi�1
xn � x0

� di
yn � y0
xn � x0

; ei = yi � cixn � diyn:

�® ­ ¡®àã ®â®¡à ¦¥­¨© f!igni=1 áâà®¨âáï ®¯¥à â®à � âç¨­á®­  [3] ­  ª®¬¯ ªâ­ëå ¯®¤¬­®-
¦¥áâ¢ å R2

W (A) =
n[
i=1

!i(A); A � R
2 :

� à ¡®â¥ [3] ¯®ª § ­®, çâ® ¥á«¨ ®â®¡à ¦¥­¨ï !i á¦¨¬ îé¨¥, â® ¨ ®¯¥à â®àW ï¢«ï¥âáï á¦¨¬ î-
é¨¬ ¨ ®¡« ¤ ¥â ¥¤¨­áâ¢¥­­®© ­¥¯®¤¢¨¦­®© â®çª®© ¢ ¯à®áâà ­áâ¢¥ ª®¬¯ ªâ­ëå ¯®¤¬­®¦¥áâ¢ R2

c ¬¥âà¨ª®© � ãá¤®àä . � à­á«¨ ¯®ª § «, çâ® ¥á«¨ max
i=1;:::;n

jdij < 1, â® ®â®¡à ¦¥­¨ï !i ï¢«ïîâáï

á¦¨¬ îé¨¬¨ ¢ ­¥ª®â®à®© ¬¥âà¨ª¥ ­  R2 . �à¨ íâ®¬ ­¥¯®¤¢¨¦­®© â®çª®© ¯®áâà®¥­­®£® ®¯¥à â®-
à , â.¥. ª®¬¯ ªâ­ë¬ ¬­®¦¥áâ¢®¬ Gf 2 R, ã¤®¢«¥â¢®àïîé¨¬ ãá«®¢¨îW (Gf ) = Gf , ¡ã¤¥â £à ä¨ª
­¥¯à¥àë¢­®© äã­ªæ¨¨ f , ¨­â¥à¯®«¨àãîé¥© ­ ç «ì­ë¥ ¤ ­­ë¥.

3. �¡®¡é¥­¨¥ ¬¥â®¤  � à­á«¨

�®­áâàãªæ¨¨, ¨§«®¦¥­­ë¥ ¢ [1], [2], ¬®¦­® ®¡®¡é¨âì, ¯¥à¥©¤ï ®â ¯à¥®¡à §®¢ ­¨© ¯«®áª®áâ¨ ª
¯à¥®¡à §®¢ ­¨ï¬ ­¥¯à¥àë¢­ëå äã­ªæ¨©. �¡®§­ ç¨¬ ¬­®¦¥áâ¢® ­¥¯à¥àë¢­ëå ­  ®âà¥§ª¥ [x0; xn]
äã­ªæ¨©, ¨­â¥à¯®«¨àãîé¨å ¤ ­­ë¥ �, ç¥à¥§

U(�) = ff 2 C([x0; xn]) j f(xi) = yi ¤«ï i = 0; : : : ; ng : (1)

�«ï ª ¦¤®£® i ®â 1 ¤® n § ä¨ªá¨àã¥¬ �(i) ¨ �(i) ¨§ ¬­®¦¥áâ¢  f0; : : : ; ng, �(i) 6= �(i). �®£« á­®
®¡®§­ ç¥­¨ï¬ [2] ¯®«®¦¨¬ Ji = [xi�1; xi] ¨ J 0i = [x�(i); x�(i)] ¤«ï i = 1; : : : ; n (¢ «¨â¥à âãà¥ ¯®
äà ªâ «ì­®¬ã á¦ â¨î ¬­®¦¥áâ¢  Ji ¨ J 0i ­ §ë¢ îâáï á®®â¢¥âáâ¢¥­­® à¥£¨®­ ¬¨ ¨ ¤®¬¥­ ¬¨).
�«ï i ®â 1 ¤® n ¯ãáâì  i(x) : J 0i ! Ji | ­¥ª®â®àë¥ £®¬¥®¬®àä¨§¬ë ¤®¬¥­®¢ ­  à¥£¨®­ë â ª¨¥,
çâ®  i(x�(i)) = xi�1 ¨  i(x�(i)) = xi. �ãáâì Di | ¢¥é¥áâ¢¥­­®-§­ ç­ë¥ äã­ªæ¨¨, ã¤®¢«¥â¢®àï-
îé¨¥ ãá«®¢¨î Di(0) = 0 ¨ jDi(a) � Di(b)j � jdij ja � bj ¤«ï ¢á¥å a; b 2 R. �à®¬¥ â®£®, ¢ë¡¥à¥¬
­¥¯à¥àë¢­ë¥ äã­ªæ¨¨ li(x) : Ji ! R â ª, çâ®¡ë ¢ë¯®«­ï«¨áì ãá«®¢¨ï

li(xi�1) = yi�1 �Di(y�(i)); li(xi) = yi �Di(y�(i)):

�¯à¥¤¥«¨¬ ®¯¥à â®à W : U(�)! U(�) á«¥¤ãîé¨¬ ®¡à §®¬:

(Wf)(x) = Di

�
f
�
 �1i (x)

� �
+ li(x); x 2 Ji: (2)
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�¥®à¥¬  1. �¯¥à â®à W ®¯à¥¤¥«e­ ª®àà¥ªâ­® ­  äã­ªæ¨ïå ¨§ U(�) ¨ Wf 2 U(�) ¤«ï

«î¡®© f 2 U(�). �á«¨ d = max
i=1;:::;n

jdij < 1, â® ¢ U(�) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï äã­ªæ¨ï fW

â ª ï, çâ® WfW = fW .

�®ª § â¥«ìáâ¢®. �ãáâì f 2 U(�), â®£¤  ­  ª ¦¤®¬ ¨§ à¥£¨®­®¢ Ji äã­ªæ¨ï Wf(x)
­¥¯à¥àë¢­  ª ª ª®¬¯®§¨æ¨ï ¨ áã¬¬  ­¥¯à¥àë¢­ëå äã­ªæ¨©. �«ï i = 1; : : : ; n � 1 ¢ â®ç-
ª å xi 2 Ji [ Ji+1 äã­ªæ¨ï Wf ®¯à¥¤¥«¥­  ¤¢ ¦¤ë: Wf(xi) = Di

�
f
�
 �1i (xi)

� �
+ li(xi) ¨

Wf(xi) = Di+1(f( 
�1
i+1(xi))) + li+1(xi). �¥£ª® ¯à®¢¥à¨âì, çâ® ¯à¨ § ¤ ­­ëå ®£à ­¨ç¥­¨ïå ­  li

¤«ï f 2 U(�) íâ¨ §­ ç¥­¨ï á®¢¯ ¤ îâ ¨ à ¢­ë yi. �«¥¤®¢ â¥«ì­®, äã­ªæ¨ï Wf ®¯à¥¤¥«¥­ 
ª®àà¥ªâ­®, ­¥¯à¥àë¢­  ­  ¢á¥¬ [x0; xn] ¨ ¨­â¥à¯®«¨àã¥â �.

� «¥¥, kfk[a;b] = max
x2[a;b]

jf(x)j | à ¢­®¬¥à­ ï ¬¥âà¨ª  ­  ®âà¥§ª¥ [a; b]. �á«¨ [a; b] = [x0; xn],

â® ¢¬¥áâ® kfk[x0;xn], ª ª ®¡ëç­®, ¡ã¤¥¬ ¯¨á âì ¯à®áâ® kfk. �§ ®¯à¥¤¥«¥­¨ï W á«¥¤ã¥â

kWf �Wgk = max
i=1;:::;n

kWf �WgkJi � max
i=1;:::;n

jdijkf; gk;

¯®íâ®¬ã, ¥á«¨ max
i=1;:::;n

jdij < 1, â® ®¯¥à â®à W ï¢«ï¥âáï á¦¨¬ îé¨¬ ¢ à ¢­®¬¥à­®© ¬¥âà¨ª¥ ­ 

[a; b]. �«¥¤®¢ â¥«ì­®, ¯® â¥®à¥¬¥ � ­ å  ¢ U(�) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï äã­ªæ¨ï fW , ¤«ï
ª®â®à®© WfW = fW (­¥¯®¤¢¨¦­ ï â®çª ), ¯à¨ç¥¬ ¤«ï «î¡®© g 2 U(�) ¯®á«¥¤®¢ â¥«ì­®áâì
Wg; W 2g; : : : ;W ng; : : : à ¢­®¬¥à­® áå®¤¨âáï ª fW .

�â¬¥â¨¬, çâ® ¢ ®â«¨ç¨¥ ®â ¬¥â®¤®¢, à áá¬®âà¥­­ëå ¢ [1], [2], ¤«ï á¦¨¬ ¥¬®áâ¨ ®â®¡à ¦¥­¨ï
W §¤¥áì ­¥ âà¥¡ã¥âáï á¦¨¬ ¥¬®áâì ®â®¡à ¦¥­¨©  i.

4. �¯¥ªâà «ì­ë© à ¤¨ãá ®¯¥à â®à  ¨­â¥à¯®«ïæ¨¨

�«ï â®£® çâ®¡ë ¨â¥à æ¨®­­ë© ¯à®æ¥áá áå®¤¨«áï ª ­¥¯®¤¢¨¦­®© â®çª¥ ¯à¨ «î¡ëå ­ ç «ì­ëå
ãá«®¢¨ïå, ¤®áâ â®ç­®, çâ®¡ë á¯¥ªâà «ì­ë© à ¤¨ãá ®¯¥à â®à 

bd = lim
k!1

�
kW kk

� 1
k = lim

k!1

�
sup
f 6=g

kW kf �W kgk

kf � gk

� 1
k

(3)

¡ë« áâà®£® ¬¥­ìè¥ 1, ¯à¨ íâ®¬ á ¬ ®¯¥à â®à ­¥ ®¡ï§ ­ ¡ëâì á¦¨¬ îé¨¬. �«¥¤®¢ â¥«ì­®, ª« áá
äà ªâ «ì­ëå ¨­â¥à¯®«¨àãîé¨å äã­ªæ¨© ¬®¦­® à áè¨à¨âì, ¥á«¨ ¢¬¥áâ® ãá«®¢¨ï d < 1 âà¥¡®-
¢ âì bd < 1. �ç¥¢¨¤­®, bd � d. � ¤ ­­®¬ ¯ à £à ä¥ ­ ©¤¥¬ ¡®«¥¥ â®ç­ãî ®æ¥­ªã ¤«ï ¢¥«¨ç¨­ë bd.

�ãáâì

Qi = fkjJk � J 0ig

| ¬­®¦¥áâ¢® ¨­¤¥ªá®¢ à¥£¨®­®¢, ¢å®¤ïé¨å ¢ i-© ¤®¬¥­. �®¯®áâ ¢¨¬ ®¯¥à â®àã W ®à¨¥­â¨à®-
¢ ­­ë© £à ä GW á«¥¤ãîé¨¬ ®¡à §®¬: ¢¥àè¨­ ¬¨ £à ä  ¡ã¤ãâ à¥£¨®­ë (®â 1 ¤® n), ¢¥á ci;j ¤ã£¨
¨§ i ¢ j ®¯à¥¤¥«ïeâáï á«¥¤ãîé¨¬ ®¡à §®¬:

ci;j =

(
jdj j; ¥á«¨ j 2 Qi;

0; ¥á«¨ j =2 Qi:

�â® ¯®«­ë© ®à¨¥­â¨à®¢ ­­ë© £à ä á ¯¥â«ï¬¨. �¯à¥¤¥«¨¬ ¢¥á ¬ àèàãâ  ª ª ¯à®¨§¢¥¤¥­¨¥ ¢¥á®¢
¢á¥å ¤ã£, ¢å®¤ïé¨å ¢ ¬ àèàãâ.

�¥®à¥¬  2. �¯à ¢¥¤«¨¢  ®æ¥­ª 

bd � max
1�k�n

C(GW ; k)
1
k ; (4)

£¤¥ C(GW ; k) | ­ ¨¡®«ìè¨© ¢¥á æ¨ª«®¢ ¤«¨­ë k ¢ £à ä¥ GW .
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�®ª § â¥«ìáâ¢®. �ãáâì �(f; g) = kf(x)�g(x)k, �i(f; g) = kf(x)�g(x)kJi , ¨ �
0
i(f; g) = kf(x)�

g(x)kJ0
i
. �á­®, çâ®

�0i(f; g) = max
k2Qi

�k(f; g) ¨ �(f; g) = max
i=1;:::;n

�i(f; g):

�§ ®¯à¥¤¥«¥­¨ï W á«¥¤ã¥â �i(Wf;Wg) � jdij�
0
i(f; g). �à¨¬¥­ïï ¯®á«¥¤­îî ä®à¬ã«ã k à §,

¯®«ãç ¥¬

�(W kf;W kg) = max
i=1;:::;n

�i(W
kf;W kg) � max

i=1;:::;n
jdij�

0
i(W

k�1f;W k�1g) =

= max
i1=1;:::;n

�
jdi1 j max

i22Qi1

�i2(W
k�1f;W k�1g)

�
� : : : �

� max
i1=1;:::;n

�
jdi1 j max

i22Qi1

�
jdi2 j max

i32Qi2

�
jdi3 j : : : max

ik2Qik�1

jdik j
���
�(f; g):

�®íää¨æ¨¥­â ¯à¨ �(f; g) ¢ ¯®á«¥¤­¥© ä®à¬ã«¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ä®à¬ã«ã ¤«ï ¢ëç¨á«¥­¨ï
­ ¨¡®«ìè¥£® ¢¥á  ¬ àèàãâ  ¤«¨­ë k ¢ £à ä¥ GW . �¡®§­ ç¨¬ íâã ¢¥«¨ç¨­ã P (GW ; k), â®£¤ 
P (GW ; k)1=k | áà¥¤­¥¥ £¥®¬¥âà¨ç¥áª®¥ ¢¥á®¢ à¥¡¥à ¬ àèàãâ , ¨ bd � lim

k!1
P (GW ; k)1=k. � ª ª ª ¢

¤ ­­®¬ £à ä¥ ¢á¥£® n ¢¥àè¨­, â® ¯à¨ ¡®«ìè¨å k «î¡®© ¬ àèàãâ ¤«¨­ë k, §  ¨áª«îç¥­¨¥¬ ­¥
¡®«¥¥ ç¥¬ n�1 à¥¡à , ¡ã¤¥â á®áâ®ïâì ¨§ æ¨ª«®¢. � ªá¨¬ «ì­ë© ¢¥á ®áâ ¢è¨åáï à¥¡¥à ®£à ­¨ç¥­,
á«¥¤®¢ â¥«ì­®, ¯à¨ ¯¥à¥å®¤¥ ª ¯à¥¤¥«ã ¨¬ ¬®¦­® ¯à¥­¥¡à¥çì, â. ¥.

lim
k!1

P (GW ; k)
1=k = lim

k!1
max
m�k

C(GW ;m)
1=k:

� ª ª ª £à ä ª®­¥ç¥­, â® «î¡®© æ¨ª« ¡ã¤¥â á®áâ®ïâì ¨§ æ¨ª«®¢ ¤«¨­ë ­¥ ¡®«¥¥ n, ¨ ¯à¨ k !1
¬ ªá¨¬ «ì­ë© áà¥¤­¨© ¢¥á æ¨ª«®¢ ¤«¨­ë ­¥ ¡®«¥¥ ç¥¬ k ¡ã¤¥â áâà¥¬¨âìáï ª ¬ ªá¨¬ «ì­®¬ã
áà¥¤­¥¬ã ¢¥áã æ¨ª«®¢ ¤«¨­ë ­¥ ¡®«¥¥ ç¥¬ n. �«¥¤®¢ â¥«ì­®, ¯à¥¤¥« ¢ (3) ®æ¥­¨¢ ¥âáï á¢¥àåã
¢¥«¨ç¨­®© max

1�k�n
C(GW ; k)1=k.

�â¬¥â¨¬, çâ® § ¤ ç  ¯®¨áª  ¢¥«¨ç¨­ë max
1�k�n

C(GW ; k)1=k à¥è ¥âáï, ­ ¯à¨¬¥à, á ¯®¬®éìî

áâ ­¤ àâ­®£®  «£®à¨â¬  �®à¤ {�¥««¬ ­  (­ ¯à.,[4], á. 71). �â¬¥â¨¬, çâ® ¢ á«ãç ¥  ää¨­­®©
äà ªâ «ì­®© ¨­â¥à¯®«ïæ¨¨, ª®â®àë© ¡ã¤¥â ®á®¡® ¨§ãç âìáï ¤ «¥¥, ®æ¥­ª  á¯¥ªâà «ì­®£® à ¤¨-
ãá  â®ç­ , â. ¥. (4) ®¡à é ¥âáï ¢ à ¢¥­áâ¢®.

5. �áâ®©ç¨¢®áâì ¨­â¥à¯®«ïæ¨¨ ¯® ¯ à ¬¥âà ¬

�â¬¥â¨¬, çâ® ¬®¦­® ®æ¥­¨âì ­®à¬ã ­¥¯®¤¢¨¦­®© â®çª¨ ®¯¥à â®à  W ç¥à¥§ ¥£® ¯ à ¬¥âàë,
â. ¥. äã­ªæ¨¨ Di, li ¨  i. �¥©áâ¢¨â¥«ì­®, ¯ãáâì l = max

i=1;:::;n
klikJi ¨ d < 1. �«ï «î¡®© äã­ªæ¨¨ f

¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® kWfk � dkfk+ l, á«¥¤®¢ â¥«ì­®, kfWk(1 � d) � l, â. ¥. kfWk � l
1�d

.
� áá¬®âà¨¬ ¢®¯à®á ­¥¯à¥àë¢­®áâ¨ äà ªâ «ì­®© ¨­â¥à¯®«¨àãîé¥© äã­ªæ¨¨ ¯® ¯ à ¬¥âà ¬

®â®¡à ¦¥­¨ï W . �â¬¥â¨¬, çâ® ¥á«¨ fW | ­¥¯®¤¢¨¦­ ï â®çª  á¦¨¬ îé¥£® ®¯¥à â®à  W , â®
¤«ï ¢á¥å f ¢ë¯®«­¥­  ®æ¥­ª 

kf � fWk � kf �Wfk+ kWf �WfWk � kf �Wfk+ dkf � fWk;

®âªã¤  ¯®«ãç ¥¬

kf � fWk �
kf �Wfk

1� d
: (5)

�æ¥­ª  (5) (¨§¢¥áâ­ ï ª ª ­¥à ¢¥­áâ¢® � à­á«¨) ¨¬¥¥â ®á®¡ãî ¯à¨ª« ¤­ãî æ¥­­®áâì ¤«ï äà ª-
â «ì­ëå ¬¥â®¤®¢, â. ª. ®­  ¯®§¢®«ï¥â ®æ¥­¨âì ¡«¨§®áâì äã­ªæ¨¨ ª ­¥¯®¤¢¨¦­®© â®çª¥, ª®£¤ 
á ¬  ­¥¯®¤¢¨¦­ ï â®çª  ­¥¨§¢¥áâ­ . �â® ¯®§¢®«ï¥â ãáâ ­®¢¨âì ªà¨â¥à¨© ®áâ ­®¢ª¨ ¨â¥à æ¨®­-
­®£® ¯à®æ¥áá .

�ãáâì ¤«ï ­¥ª®â®à®£® ­ ¡®à  � § ¤ ­ë ¤¢  ­ ¡®à  ¯ à ¬¥âà®¢: fDig
n
i=1, f ig

n
i=1, flig

n
i=1, ¯®

ª®â®àë¬ áâà®ïâáï ®¯¥à â®à W ¨ á®®â¢¥âáâ¢ãîé ï ¥¬ã äã­ªæ¨ï fW , ¨ fD�
i g
n
i=1, f 

�
i g
n
i=1, fl

�
i g
n
i=1,
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á®®â¢¥âáâ¢ãîé¨¥ ®¯¥à â®àã W � ¨ äã­ªæ¨¨ fW�. � §ã¬¥¥âáï, ¤«ï ¡«¨§®áâ¨ ®¯¥à â®à®¢ W ¨ W �

­¥®¡å®¤¨¬® á®¢¯ ¤¥­¨¥ ¨­¤¥ªá®¢ �(i); �(i), áâ ¢ïé¨å ¤®¬¥­ë ¢ á®®â¢¥âáâ¢¨¥ á à¥£¨®­ ¬¨.
�ãáâì

w(f; h) = sup fjf(z1)� f(z2)j j x0 � z1 � z2 � xn; jz1 � z2j � hg

| ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ f . � ª ª ª ¨­â¥à¯®«¨àãîé ï äã­ªæ¨ï fW ­¥¯à¥àë¢­  ­ 
®âà¥§ª¥, â® w(fW ; h) ­¥¯à¥àë¢¥­ ¯à¨ h! +0.

�à¥¤«®¦¥­¨¥ 1. �¥â®¤ äà ªâ «ì­®© ¨­â¥à¯®«ïæ¨¨ ãáâ®©ç¨¢ ¯® ¯ à ¬¥âà ¬ Di,  i ¨ li,
¨ ¢¥à­  ®æ¥­ª 

kfW � fW�k �
1

1� d�
max
i=1;:::;n

n
kD�

i �DikR+ dw
�
f; k( �i )

�1 �  �1i kJ0
i

�
+ kl�i � likJi

o
:

�®ª § â¥«ìáâ¢®. �áå®¤ï ¨§ ­¥à ¢¥­áâ¢  (5), ¤«ï ¤¢ãå ®¯¥à â®à®¢ W ¨ W � ¬®¦­® ®æ¥­¨âì
à ááâ®ï­¨¥ ¬¥¦¤ã ¨å ­¥¯®¤¢¨¦­ë¬¨ â®çª ¬¨

kfW � fW�k �
kfW �W �fWk

1� d�
=
kWfW �W �fWk

1� d�
: (6)

�¥«¨ç¨­ã, áâ®ïéãî ¢ ç¨á«¨â¥«¥ (6), ¬®¦­® ®æ¥­¨âì á«¥¤ãîé¨¬ ®¡à §®¬: kWf � W �fk �

max
i=1;:::;n

�
kDi(f( 

�1
i (x))) � D�

i (f(( 
�
i )
�1(x)))kJi + kli(x) � l�i (x)kJi

�
. � ª ª ª ­  «î¡®¬ à¥£¨®­¥

kDi(f( 
�1
i (x))) � D�

i (f(( 
�
i )
�1(x)))kJi � kDi � D�

i kR + kDi(f( 
�1
i (x))) � Di(f(( �i )

�1(x)))kJi �
kDi �D�

i kR+ jdijkf( 
�1
i (x)) � f(( �i )

�1(x))kJi ¨ ¯® ®¯à¥¤¥«¥­¨î ¬®¤ã«ï ­¥¯à¥àë¢­®áâ¨ ¤«ï ª -
¦¤®£® i ®â 1 ¤® n kf( �1i (x)) � f(( �i )

�1(x))kJi � w
�
f; k �1i � ( �i )

�1kJi
�
, â® ®âáî¤  á«¥¤ã¥â

âà¥¡ã¥¬®¥ ­¥à ¢¥­áâ¢®.

6. �áâ®©ç¨¢®áâì ¯® ­ ç «ì­ë¬ ¤ ­­ë¬

� íâ®¬ ¨ ¯®á«¥¤ãîé¨å à §¤¥« å ¡ã¤¥¬ ¨§ãç âì â®«ìª® á«ãç © \ ää¨­­®©" äà ªâ «ì­®©
¨­â¥à¯®«ïæ¨¨, ª®£¤  Di,  i ¨ li |  ää¨­­ë¥ äã­ªæ¨¨. �®£¤  Di(x) = dix, £¤¥ di | ­¥ª®â®à ï
ª®­áâ ­â , ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î jdij < 1. �®íää¨æ¨¥­â á¦ â¨ï ®¯¥à â®à  W ¢ à áá¬ âà¨-
¢ ¥¬®¬ á«ãç ¥ à ¢¥­ d = max

i=1;:::;n
jdij.

�§ ãá«®¢¨© ­   i ¨ li ¢ëâ¥ª ¥â

 i(z) = xi�1 + (z � x�(i))
xi � xi�1
x�(i) � x�(i)

; (7)

li(z) = (z � xi�1)
�
yi � yi�1
xi � xi�1

� di
y�(i) � y�(i)
xi � xi�1

�
+ yi�1 � diy�(i): (8)

� ª¨¬ ®¡à §®¬, ­ ç «ì­ë¥ ¤ ­­ë¥ � ¨ ­ ¡®à fdigni=1 ¯®«­®áâìî ®¯à¥¤¥«ïîâ ®¯¥à â®à W . �¥«¨-
ç¨­ë di §¤¥áì ¨£à îâ à®«ì á¢®¡®¤­ëå ¯ à ¬¥âà®¢. �®«ãç ¥¬ë© ª« áá ¨­â¥à¯®«¨àãîé¨å äã­ª-
æ¨© ¡ã¤¥â ¯«®â¥­ ¢ ¯à®áâà ­áâ¢¥ ­¥¯à¥àë¢­ëå äã­ªæ¨© (á¬. ­ ¯à., [1]).

�®ª ¦¥¬ ãáâ®©ç¨¢®áâì  ää¨­­®© äà ªâ «ì­®© ¨­â¥à¯®«ïæ¨¨ ¯® ¯ à ¬¥âà ¬ ¨­â¥à¯®«ïæ¨¨.
�ãáâì ¤ «¥¥ ¢ íâ®¬ ¯ à £à ä¥ D = fdig

n
i=1, D

� = fd�i g
n
i=1, X = fxig

n
i=0, X

� = fx�i g
n
i=0, Y = fyig

n
i=0,

Y � = fy�i g
n
i=0, U(�) = fX;Y g, ®¯¥à â®à W : U(�)! U(�) ¢á¥£¤  ®¯à¥¤¥«¥­ ­ ¡®à®¬ ¯ à ¬¥âà®¢

D ¯® ä®à¬ã« ¬ (1), (2), (7) ¨ (8). �¯¥à â®àã W á®®â¢¥âáâ¢ãîâ äã­ªæ¨¨  i ¨ li,   ®¯¥à â®àã W �

á®®â¢¥âáâ¢ãîâ äã­ªæ¨¨  �i ¨ l
�
i . �«ï ­ ¡®à  Z = fzig

n
i=1 2 R

n+1 ®¡®§­ ç¨¬ kZk = max
i=0;:::;n

jzij.

�¥¬¬  1. �ãáâì ®¯¥à â®à W � : U(�) ! U(�) ®¯à¥¤¥«¥­ ­ ¡®à®¬ ¯ à ¬¥âà®¢ D� ¯® ä®à-

¬ã« ¬ (1), (2), (7) ¨ (8), â®£¤ 

kfW� � fWk = max
i=1;:::;n

jdi � d�i j
2kY k

(1� d)(1� d�)
:
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�®ª § â¥«ìáâ¢®. �¥£ª® ¯®¤áç¨â âì, çâ® ¢  ää¨­­®¬ á«ãç ¥ l � (1+d)kY k ¨ á®®â¢¥âáâ¢¥­®
kfk � 1+d

1�d
kY k. �§ ­¥à ¢¥­áâ¢  (6) ¨ ä®à¬ã«ë (8) ¯®«ãç ¥¬

kfW � fW�k �
kWfW �W �fWk

1� d�
�

1
1� d�

max
i=1;:::;n

(jdi � d�i j kfW k+ kli � l�i kJi) �

�
1

1� d�
max
i=1;:::;n

jdi � d�i j

�
1 + d

1� d
kY k+ kY k

�
;

®âªã¤  á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë (§¤¥áì ¢ ¢ëç¨á«¥­¨ïå ãç¨âë¢ ¥âáï, çâ® äã­ªæ¨¨ li � l�i
 ää¨­­ë, á«¥¤®¢ â¥«ì­®, kli � l�i kJi = maxfjli(xi�1)� l�i (xi�1)j; jli(xi)� l�i (xi)jg).

�¥¬¬  2. �ãáâì �� = fX;Y �g, ¨ ®¯¥à â®à W � : U(��) ! U(��) ®¯à¥¤¥«¥­ ­ ¡®à®¬ ¯ à -

¬¥âà®¢ D ¯® ä®à¬ã« ¬ (1), (2), (7) ¨ (8), â®£¤ 

kfW � fW�k �
1 + d

1� d
kY � Y �k:

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® äã­ªæ¨¨  i ¨  �i ã ®¯¥à â®à®¢ W ¨ W � á®¢¯ ¤ îâ (â. ª.
á®¢¯ ¤ îâ ­ ¡®àë X). �ãáâì g 2 U(�) ¨ g� 2 U(��) | ªãá®ç­®-«¨­¥©­ë¥ äã­ªæ¨¨, ¨¬¥îé¨¥
ã§«ë â®«ìª® ¢ â®çª å xi. �®£¤  kgk = kY k, kg�k = kY �k, kg�g�k = kY �Y �k. �¯à¥¤¥«¨¬ ®¯¥à â®à
T : U(�) ! U(��), ¤¥©áâ¢ãîé¨© ¯® ¯à ¢¨«ã Tf = f � g + g�. �®£¤  ¯à¨ x 2 Ji ¨¬¥¥â ¬¥áâ®
à ¢¥­áâ¢®

W �TfW (x)� TWfW (x) =

= di(fW � g + g�)( �1i (x)) + l�i (x)�
�
difW ( 

�1
i (x)) + li(x)� g(x) + g�(x)

�
=

= di(g
� � g)( �1i (x)) + l�i (x)� li(x) + g(x)� g�(x):

�ç¨âë¢ ï, çâ® ¯®á«¥¤­¨¥ ç¥âëà¥ äã­ªæ¨¨  ää¨­­ë ­  Ji, ¨¬¥¥¬

kl�i � li + g � g�kJi � maxfj(l�i � li + g � g�)(xi�1)j; j(l
�
i � li + g � g�)(xi)jg =

= maxfjdi(y�(i) � y��(i))j; jdi(y�(i) � y��(i))jg � jdijkY � Y �k:

�«¥¤®¢ â¥«ì­®, kW �TfW � TfWk � 2dkY � Y �k, ¨, ¯®«ì§ãïáì ®æ¥­ª®© (5), ¯®«ãç ¥¬

kfW � fW�k � kfW � TfWk+ kTfW � fW�k �
1 + d

1� d
kY � Y �k: �

� «¥¥ ¡ã¤¥¬ áç¨â âì x0 = x�0 ¨ xn = x�n (çâ®¡ë áà ¢­¨¢ ¥¬ë¥ äã­ªæ¨¨ ¨¬¥«¨ ®¤¨­ ª®¢ë¥
®¡« áâ¨ ®¯à¥¤¥«¥­¨ï).

�¥¬¬  3. �ãáâì �� = fX�; Y g, ¨ ®¯¥à â®à W � : U(��) ! U(��) ®¯à¥¤¥«¥­ ­ ¡®à®¬ ¯ à -

¬¥âà®¢ D ¯® ä®à¬ã« ¬ (1), (2), (7) ¨ (8), â®£¤ 

kfW � fW�k �
1 + d

1� d
w(fW ; kX �X�k):

�®ª § â¥«ìáâ¢®. �ãáâì �(x) : [x0; xn] ! [x0; xn] | ªãá®ç­®-«¨­¥©­ ï äã­ªæ¨ï á ã§« ¬¨ ¢
â®çª å x�i â ª ï, çâ® �(x

�
i ) = xi. � á¨«ã  ää¨­­®áâ¨ � ­  J�i ¨¬¥¥¬

k�(x) � xk � max
i=0;:::;n

k�(x�i )� x�i kJ�i � max
i=0;:::;n

kxi � x�i k = kX �X�k:

�¯à¥¤¥«¨¬ ®¯¥à â®à T ¯® ¯à ¢¨«ã Tf(x) = f(�(x)). �á­®, çâ® Tf(x�i ) = f(�(x�i )) = f(xi), á«¥¤®-
¢ â¥«ì­®, ®¯¥à â®à T ¯¥à¥¢®¤¨â äã­ªæ¨¨ ¨§ U(�) ¢ äã­ªæ¨¨ ¨§ U(��). �§ á¢®©áâ¢ äã­ªæ¨¨ �
á«¥¤ã¥â kTf � fk � w(f; kX �X�k). � «¥¥ ¤«ï x 2 J�i ¢ë¯®«­¥­  ®æ¥­ª 

(W �TfW � TWfW )(x) = difW
�
�
�
( �i )

�1(x)
��
+ l�i (x)� difW

�
 �1i (�(x))

�
� li(�(x)):
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�§ ãá«®¢¨©, ­ ª« ¤ë¢ ¥¬ëå ­  li, á«¥¤ã¥â, çâ® li(�(x)) = l�i (x). �¥« ï § ¬¥­ã ¯¥à¥¬¥­­®© x =
 �i (t) ­  à¥£¨®­¥ J

�
i , ¯®«ãç ¥¬ ®æ¥­ªã

k�
�
( �i )

�1(x)
�
�  �1i (�(x))kJ�

i
= k�(t)�  �1i (�( �i (t)))kJ�i 0 �

� k�(t)� tk+ kt�  �1i (�( �i (t)))kJ�i 0 � 2kX �X�k;

â. ª. äã­ªæ¨ï  �1i (�( �i (t)))  ää¨­­® ®â®¡à ¦ ¥â J
�
i
0 ­  J 0i . � ª¨¬ ®¡à §®¬,

kW �TfW � TfWk � dw(f; 2kX �X�k);

®âªã¤ , ¯®«ì§ãïáì ®æ¥­ª®© (5), § ¯¨è¥¬ ­¥à ¢¥­áâ¢®

kfW � fW�k � kfW � TfWk+
kW �TfW � TfWk

1� d
�

� w(fW ; kX �X�k) +
d

1� d
w(fW ; 2kX �X�k) �

1 + d

1� d
w(fW ; kX �X�k)

(§¤¥áì ¬ë ¢®á¯®«ì§®¢ «¨áì ¯®«ã ¤¤¨â¨¢­®áâìî ¬®¤ã«ï ­¥¯à¥àë¢­®áâ¨ w(f; 2�) � 2w(f; �) ¯à¨
«î¡®¬ � > 0).

�®á«¥¤®¢ â¥«ì­® ¯à¨¬¥­ïï «¥¬¬ë 3, 2 ¨ 1, ¯®«ãç ¥¬

�à¥¤«®¦¥­¨¥ 2. �ãáâì �� = fX�; Y �g, ¨ ®¯¥à â®à W � : U(��) ! U(��) ®¯à¥¤¥«¥­ ­ ¡®-

à®¬ ¯ à ¬¥âà®¢ D� ¯® ä®à¬ã« ¬ (1), (2), (7) ¨ (8), â®£¤ 

kfW � fW�k �
1 + d

1� d
(w(fW ; kX �X�k) + kY � Y �k) + max

i=1;:::;n
jdi � d�i j

2kY �k
(1 � d)(1� d�)

:

�ë ¤®ª § «¨, çâ®  ää¨­­ ï äà ªâ «ì­ ï ¨­â¥à¯®«ïæ¨ï ãáâ®©ç¨¢  ¯® ¯ à ¬¥âà ¬ ¨ ¨­-
â¥à¯®«¨àã¥¬ë¬ ¤ ­­ë¬. � «¥¥ ¨§ãç îâáï ãá«®¢¨ï ­  ¯ à ¬¥âàë ¨­â¥à¯®«ïæ¨¨, ¯à¨ ª®â®àëå
¨­â¥à¯®«¨àãîé ï äã­ªæ¨ï ã¤®¢«¥â¢®àï¥â à §«¨ç­®£® à®¤  ¤®¯®«­¨â¥«ì­ë¬ âà¥¡®¢ ­¨ï¬.

7. �­â¥à¯®«ïæ¨ï á ®£à ­¨ç¥­¨¥¬ ­  ª®­áâ ­âë �¨¯è¨æ 

� ª ç¥áâ¢¥ âà¥¡®¢ ­¨ï, ­ ª« ¤ë¢ ¥¬®£® ­  ¨­â¥à¯®«¨àãîéãî äã­ªæ¨î, à áá¬®âà¨¬ ãá«®-
¢¨¥

c(x� y) � f(x)� f(y) � C(x� y); x � y; c; C 2 R: (9)

�®­áâ ­âë c ¨ C ­ §ë¢ îâ ¢¥àå­¥© ¨ ­¨¦­¥© ª®­áâ ­â ¬¨ �¨¯è¨æ . �á«¨ c = �1 ¨«¨ C = +1,
â® ¡ã¤¥¬ áç¨â âì, çâ® á®®â¢¥âáâ¢ãîé¥¥ ®£à ­¨ç¥­¨¥ ®âáãâáâ¢ã¥â. �®­áâ ­âë c ¨ C ¬®¦­® ¡à âì
à §«¨ç­ë¬¨ ¤«ï à §«¨ç­ëå ãç áâª®¢ ®¡« áâ¨ ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ f . � áâ­ë¬ á«ãç ¥¬ â ª®£®
®£à ­¨ç¥­¨ï ¬®¦¥â ¡ëâì ¬®­®â®­­®áâì äã­ªæ¨¨ (c = 0, C = +1 «¨¡® c = �1, C = 0).

�¨¦¥ ¡ã¤ãâ ­ ©¤¥­ë ãá«®¢¨ï, ¯à¨ ª®â®àëå ¨­â¥à¯®«¨àãîé ï äã­ªæ¨ï ã¤®¢«¥â¢®àï¥â ®£à -
­¨ç¥­¨ï¬ (9) ¤«ï à §«¨ç­ëå ª®­áâ ­â �¨¯è¨æ  ­  à §«¨ç­ëå à¥£¨®­ å. �à¨ ¨­â¥à¯®«ïæ¨¨
á¯« ©­ ¬¨ § ¤ ç  ¯®áâà®¥­¨ï ¬®­®â®­­®© ¨­â¥à¯®«¨àãîé¥© äã­ªæ¨¨ ï¢«ï¥âáï ¤®¢®«ì­® á«®¦-
­®© (­ ¯à., [5]). � ª ¬ë ã¢¨¤¨¬ ­¨¦¥, ¤«ï äà ªâ «ì­®© ¨­â¥à¯®«ïæ¨¨ ®£à ­¨ç¥­¨¥ ­  ª®­áâ ­-
âë �¨¯è¨æ  ï¢«ï¥âáï ¡®«¥¥ ¥áâ¥áâ¢¥­­ë¬. �¯¥à¢ë¥ § ¤ ç  ¯®áâà®¥­¨ï äà ªâ «ì­®© ¨­â¥à¯®-
«¨àãîé¥© äã­ªæ¨¨, á®åà ­ïîé¥© ¬®­®â®­­®áâì ­ ç «ì­ëå ¤ ­­ëå, ¨§ãç « áì ¢ [6], ¯®§¤­¥¥
ªà¨â¥à¨¨ á®åà ­¥­¨ï ¬®­®â®­­®áâ¨ (­  ¢á¥¬ ®âà¥§ª¥ ¨­â¥à¯®«ïæ¨¨) ¡ë«¨ ­ ©¤¥­ë ¢ [7].

�ãáâì �(f; z1; z2) = f(z1)�f(z2)

z1�z2
| ¯¥à¢ ï à §­®áâì (­ ª«®­) äã­ªæ¨¨ f ­  ®âà¥§ª¥ [z1; z2].

�«ï ¤¢ãå à §«¨ç­ëå â®ç¥ª, «¥¦ é¨å ¢ i-¬ ¤®¬¥­¥ z1; z2 2 J 0i , ­ ª«®­ äã­ªæ¨¨ Wf ­  ®âà¥§ª¥
[ i(z1);  i(z2)] à ¢¥­

�(Wf; i(z1);  i(z2)) = di�(f; z1; z2)
x�(i) � x�(i)
xi � xi�1

+
yi � yi�1
xi � xi�1

� di
y�(i) � y�(i)
xi � xi�1

: (10)
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�¢¥¤e¬ ®¡®§­ ç¥­¨ï: ri =
yi�yi�1

xi�xi�1
, r0i =

y�(i)�y�(i)
x�(i)�x�(i)

| ­ ª«®­ë ¨­â¥à¯®«¨àãîé¥© äã­ªæ¨¨ ­  i-å

à¥£¨®­ å ¨ ¤®¬¥­ å á®®â¢¥âáâ¢¥­­®, Ai =
x�(i)�x�(i)
xi�xi�1

, i = 1; : : : ; n, | ïª®¡¨ ­ ¯à¥®¡à §®¢ ­¨ï  �1i .
� íâ¨å ®¡®§­ ç¥­¨ïå (10) § ¯¨áë¢ ¥âáï ª ª

�(Wf; i(z1);  i(z2)) = Aidi(�(f; z1; z2)� r0i) + ri:

�¡®§­ ç¨¬
�i(l) = Aidi(l � r0i) + ri:

� ª¨¬ ®¡à §®¬, äã­ªæ¨ï �i : R ! R ¯®ª §ë¢ ¥â § ¢¨á¨¬®áâì ­ ª«®­  äã­ªæ¨¨ Wf ­  i-¬
à¥£¨®­¥ ®â ­ ª«®­  äã­ªæ¨¨ f ­  i-¬ ¤®¬¥­¥. �«ï á®ªà é¥­¨ï § ¯¨á¨ ¤®®¯à¥¤¥«¨¬ �i ¯® ­¥¯à¥-
àë¢­®áâ¨

�(�1) =

8>><>>:
�1; ¥á«¨ diAi > 0;

ri; ¥á«¨ diAi = 0;

�1; ¥á«¨ diAi < 0:

�¯à¥¤¥«¨¬

s(f; a; b) = inf
x;y2[a;b]; x 6=y

�(f; x; y);

S(f; a; b) = sup
x;y2[a;b]; x 6=y

�(f; x; y)

| ­ ¨«ãçè¨¥ ¢¥àå­ïï ¨ ­¨¦­ïï ª®­áâ ­âë �¨¯è¨æ  äã­ªæ¨¨ f ­  ®âà¥§ª¥ [a; b]. �«¥¤ãîé ï
«¥£ª® ¯à®¢¥àï¥¬ ï «¥¬¬  ®â¬¥ç ¥â ®¤­ã ¨§ ¯®«¥§­ëå ®á®¡¥­­®áâ¥© íâ¨å ¢¥«¨ç¨­.

�¥¬¬  4. �«ï «î¡®© äã­ªæ¨¨ f , ®¯à¥¤¥«e­­®© ­  ®âà¥§ª¥ [a; c], ¯à¨ b 2 (a; c) ¢ë¯®«­ïîâáï
à ¢¥­áâ¢ 

s(f; a; c) = minfs(f; a; b); s(f; b; c)g;

S(f; a; c) = maxfS(f; a; b); S(f; b; c)g:

�ãáâì si(f) = s(f; xi�1; xi) ¨ Si(f) = S(f; xi�1; xi) | áã¯à¥¬ã¬ ¨ ¨­ä¨¬ã¬ ­ ª«®­®¢ äã­ªæ¨¨
f ­  i-¬ à¥£¨®­¥, ¨  ­ «®£¨ç­® s0i(f) = s(f; x�(i); x�(i)) ¨ S0i(f) = S(f; x�(i); x�(i)) | áã¯à¥¬ã¬ ¨
¨­ä¨¬ã¬ ­ ª«®­®¢ f ­  i-¬ ¤®¬¥­¥.

�¥¬¬  5. �á«¨ ¤«ï ­¥ª®â®à®£® ­ ¡®à  ¯ à ¬¥âà®¢ ¨­â¥à¯®«ïæ¨¨ áãé¥áâ¢ã¥â â ª®© ­ ¡®à

fti; Ti; g
n
i=1, ti � ri � Ti, çâ® ¤«ï ¢á¥å i = 1; : : : ; n ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

ti � minf�i(min
k2Qi

ftkg); �i(max
k2Qi

fTkg)g;

Ti � maxf�i(min
k2Qi

ftkg); �i(max
k2Qi

fTkg)g;
(11)

â® ¤«ï íªáâà¥¬ «ì­ëå ­ ª«®­®¢  ââà ªâ®à  fW ­  à¥£¨®­ å á¯à ¢¥¤«¨¢  ®æ¥­ª 

ti � si � Si � Ti:

�®ª § â¥«ìáâ¢®. � á¨«ã ¬®­®â®­­®áâ¨ ¨ ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨© �i, ¥á«¨ �i ­¥ ã¡ë¢ ¥â
(diAi � 0), â® si(Wf) = �i(s0i(f)) ¨ Si(Wf) = �i(S0i(f)), ¨  ­ «®£¨ç­® si(Wf) = �i(S0i(f)) ¨
Si(Wf) = �i(s0i(f)), ¥á«¨ �i ­¥ ¢®§à áâ ¥â. �â® ¬®¦­® § ¯¨á âì ª ª

si(Wf) = minf�i(s0i(f)); �i(S
0
i(f))g;

Si(Wf) = maxf�i(s0i(f)); �i(S
0
i(f))g;

(12)

â. ¥. íªáâà¥¬ «ì­ë¥ §­ ç¥­¨ï ­ ª«®­®¢ ­  ¤®¬¥­¥ ¯¥à¥¢®¤ïâáï ®¯¥à â®à®¬ W ¢ íªáâà¥¬ «ì­ë¥
§­ ç¥­¨ï ­ ª«®­®¢ ­  à¥£¨®­¥. �à®¬¥ â®£®, ¨§ «¥¬¬ë 4 á«¥¤ã¥â

s0i(f) = min
k2Qi

fsk(f)g; S0i(f) = max
k2Qi

fSk(f)g: (13)
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�ãáâì ¤«ï ­¥ª®â®à®© äã­ªæ¨¨ f 2 U ¢ë¯®«­¥­ë ãá«®¢¨ï ti � si(f) � Si(f) � Ti. �®£¤  ¨§
(11) á ãç¥â®¬ ä®à¬ã« (12) ¨ (13) ¨  ää¨­­®áâ¨ äã­ªæ¨© �i á«¥¤ã¥â, çâ® ¤«ï «î¡®£® à¥£¨®­ 
ti � minf�i(min

k2Qi

fsk(f)g); �i(max
k2Qi

fSkg)g = si(Wf). �­ «®£¨ç­® Ti � Si(Wf).

� áá¬®âà¨¬ ªãá®ç­®-«¨­¥©­ãî äã­ªæ¨î f0 2 U á ã§« ¬¨ â®«ìª® ¢ â®çª å fxigni=0 ¨ ¯®áâà®¨¬
¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© fk+1 = Wfk. � ª ª ª si(f0) = ri = Si(f0), ¨ ¯® ãá«®¢¨î «¥¬¬ë
ti � ri � Ti, â® ¤«ï ¢á¥å ­ âãà «ì­ëå k ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢  ti � si(fk) � Si(fk) � Ti. � ª ª ª
¯®á«¥¤®¢ â¥«ì­®áâì ffkg áå®¤¨âáï ª  ââà ªâ®àã fW à ¢­®¬¥à­®, â® ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 
ti � si(fW ) � Si(fW ) � Ti.

�â¬¥â¨¬, çâ® ¥á«¨ ti ¨ Ti â ª®¢ë, çâ® ti � ri � Ti, â® ¬­®¦¥áâ¢® ­ ¡®à®¢ á¢®¡®¤­ëå ¯ à ¬¥-
âà®¢ di, ã¤®¢«¥â¢®àïîé¨å (11), ­¥¯ãáâ® (á®¤¥à¦¨â ¯® ªà ©­¥© ¬¥à¥ ­ã«¥¢®¥ à¥è¥­¨¥).

� á«¥¤ãîé¥© â¥®à¥¬¥ ¯à¨¢®¤¨âáï ªà¨â¥à¨© â®£®, çâ® ¨­â¥à¯®«¨àãîé ï äã­ªæ¨ï ¨¬¥¥â § -
¤ ­­ë¥ ª®­áâ ­âë �¨¯è¨æ  ­  § ¤ ­­ëå à¥£¨®­ å ¨­â¥à¯®«ïæ¨¨.

�¥®à¥¬  3. �à ªâ «ì­ ï ¨­â¥à¯®«¨àãîé ï äã­ªæ¨ï fW , ¯®áâà®¥­­ ï á ¯®¬®éìî ®¯¥à -

â®à  W , ®¯à¥¤¥«¥­­®£® ­ ¡®à®¬ ¯ à ¬¥âà®¢ D ¯® ä®à¬ã« ¬ (1), (2), (7) ¨ (8), ã¤®¢«¥â¢®àï¥â
ãá«®¢¨ï¬

zi(x� y) � f(x)� f(y) � Zi(x� y) ¯à¨ x � y; x; y 2 Ji; i = 1; : : : ; n

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ãîâ â ª¨¥ fti; Tig
n
i=1, çâ® zi � ti � ri � Ti � Zi ¨

¯ à ¬¥âàë di ®¯¥à â®à  W ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ­¥à ¢¥­áâ¢

ti � diAi(t0i � r0i) + ri � Ti;

ti � diAi(T
0
i � r0i) + ri � Ti;

i = 1; : : : ; n; (14)

£¤¥ t0i = min
Jk�J0i

tk ¨ T
0
i = max

Jk�J0i

Tk.

�®ª § â¥«ìáâ¢®. �®áâ â®ç­®áâì á«¥¤ã¥â ¨§ «¥¬¬ë 5, â. ª. ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (14)
¡ã¤ãâ ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢  (11), ¯®íâ®¬ã ­  à¥£¨®­¥ Ji ­ ª«®­ë äã­ªæ¨¨ fW ¡ã¤ãâ «¥¦ âì
¢ ¯à®¬¥¦ãâª¥ [ti; Ti]. �«¥¤®¢ â¥«ì­®, ®­¨ ¡ã¤ãâ «¥¦ âì ¨ ¢ ¡®«¥¥ è¨à®ª¨å ¯à®¬¥¦ãâª å [zi; Zi].
�â¤¥«ì­® à áá¬ âà¨¢ ¥âáï â®«ìª® á«ãç ©, ª®£¤  ti = �1 ¨«¨ Ti = +1. �§ ¯à¨¢¥¤¥­­ëå ¢ëè¥
á®£« è¥­¨© ® §­ ç¥­¨ïå �i(�1) á«¥¤ã¥â, çâ® ¢ íâ®¬ á«ãç ¥ ­¥à ¢¥­áâ¢® ¨§ ãá«®¢¨ï â¥®à¥¬ë
¯à¥¢à é ¥âáï ¢ ®£à ­¨ç¥­¨¥ ­  §­ ª di «¨¡® ¢ ãá«®¢¨¥ di = 0.

�¥®¡å®¤¨¬®áâì á«¥¤ã¥â ¨§ â®£®, çâ® ãª § ­­ë¥ ®£à ­¨ç¥­¨ï ¢ë¯®«­ïîâáï ¤«ï ¢¥«¨ç¨­ ti =
si(fW ) ¨ Ti = Si(fW ).

� ¯®¬®éìî ¤ ­­®© â¥®à¥¬ë ¬®¦­® ¯®¤¡¨à âì á¢®¡®¤­ë¥ ¯ à ¬¥âàë, ¯à¨ ª®â®àëå ¯¥à¢ë¥
à §­®áâ¨ ­  § ¤ ­­ëå à¥£¨®­ å ­ å®¤ïâáï ¢ § à ­¥¥ § ¤ ­­ëå ¨­â¥à¢ « å. �â®¡ë ¨­â¥à¯®«¨-
àãîé ï äã­ªæ¨ï ¡ë«  ­¥ã¡ë¢ îé¥©, ¤®áâ â®ç­® ¢ë¡à âì ti = 0 ¨ Ti = +1,  ­ «®£¨ç­® çâ®¡ë
äã­ªæ¨ï ¡ë«  ­¥¢®§à áâ îé¥©, ¬®¦­® ¢§ïâì ti = �1 ¨ Ti = 0.

8. �ë¯ãª«®áâì

� áá¬®âà¨¬ ®£à ­¨ç¥­¨ï ­  ¯ à ¬¥âàë ¨­â¥à¯®«ïæ¨¨, ¯à¨ ª®â®àëå äà ªâ «ì­ ï ¨­â¥à¯®-
«¨àãîé ï äã­ªæ¨ï ã¤®¢«¥â¢®àï¥â ­¥ª®â®àë¬ ãá«®¢¨ï¬ ¢ë¯ãª«®áâ¨. �ã­ªæ¨ï ¢ë¯ãª«  ¢¢¥àå
­  ®âà¥§ª¥ [a; b], ¥á«¨ ¨ â®«ìª® ¥á«¨ ¢ë¯®«­¥­® á®®â­®è¥­¨¥

�(f; z1; z2) � �(f; z2; z3) ¤«ï «î¡ëå âà¥å â®ç¥ª z1 < z2 < z3; z1; z2; z3 2 [a; b];

¨ á®®â¢¥âáâ¢¥­­® ¢ë¯ãª«  ¢­¨§, ¥á«¨ ¨ â®«ìª® ¥á«¨

�(f; z1; z2) � �(f; z2; z3) ¤«ï «î¡ëå âà¥å â®ç¥ª z1 < z2 < z3; z1; z2; z3 2 [a; b]:

�ã¤¥¬ ¨áá«¥¤®¢ âì ®£à ­¨ç¥­¨ï, ¯à¨ ª®â®àëå ¨­â¥à¯®«¨àãîé ï äã­ªæ¨ï ­  § ¤ ­­ëå à¥£¨®­ å
¡ã¤¥â ¢ë¯ãª«®© ¢ § ¤ ­­ãî áâ®à®­ã.

�®âà¥¡ã¥âáï á«¥¤ãîé¥¥ ®ç¥¢¨¤­®¥ á¢®©áâ¢® ¢ë¯ãª«ëå äã­ªæ¨©.
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�¥¬¬  6. �ã­ªæ¨ï f ¢ë¯ãª«  ¢¢¥àå (¢­¨§) ­  ®âà¥§ª å [a; b] ¨ [b; c] ¨ s(f; a; b) � S(f; b; c)
(á®®â¢¥âáâ¢¥­­® S(f; a; b) � s(f; b; c)), â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  f ï¢«ï¥âáï ¢ë¯ãª«®© ¢¢¥àå

(á®®â¢¥âáâ¢¥­­® ¢­¨§) ­  ¢áe¬ ®âà¥§ª¥ [a; c].

�§  ää¨­­®áâ¨ äã­ªæ¨© �i á«¥¤ã¥â, çâ® ¥á«¨ äã­ªæ¨ï f ï¢«ï¥âáï ¢ë¯ãª«®© ¢¢¥àå ¨«¨ ¢­¨§
­  ¤®¬¥­¥ J 0i , â® ¥e ®¡à § Wf ¡ã¤¥â ¢ë¯ãª«ë¬ ­  à¥£¨®­¥ Ji (¥á«¨ �i ¢®§à áâ ¥â, â® ¢ë¯ãª«®áâì
¡ã¤¥â ¢ âã ¦¥ áâ®à®­ã,   ¥á«¨ ã¡ë¢ ¥â, â® ¢ ¯à®â¨¢®¯®«®¦­ãî). �á«¨ ¦¥ f ­¥ ï¢«ï¥âáï ¢ë¯ãª«®©
¢ ª ªãî-«¨¡® áâ®à®­ã ­  J 0i , â® Wf ¡ã¤¥â ¢ë¯ãª«ë¬ ­  à¥£¨®­¥ Ji â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
di = 0.

�ãáâì § ¤ ­ë ¬­®¦¥áâ¢  ¨­¤¥ªá®¢ V+ ¨ V� | ­®¬¥à  à¥£¨®­®¢, ­  ª®â®àëå äã­ªæ¨ï ¤®«¦­ 
¡ëâì ¢ë¯ãª«®© ¢¢¥àå ¨ á®®â¢¥âáâ¢¥­­o ¢­¨§. �á«¨ i 2 V+

T
V�, â® ­  à¥£¨®­¥ Ji äã­ªæ¨ï ¤®«¦­ 

¡ëâì  ää¨­­®©.

�¥¬¬  7. �ãáâì áãé¥áâ¢ã¥â ­ ¡®à fti; Tig
n
i=1, ti � ri � Ti, ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨ï¬

(11) «¥¬¬ë 5. �á«¨ ¤«ï ª ¦¤®£® i 2 V+ â ª®£®, çâ® di > 0, ¨ ª ¦¤®£® i 2 V� â ª®£®, çâ®

di < 0, ¢ë¯®«­¥­® ãá«®¢¨¥
(a) Qi � V+, ¨ ¥á«¨ ®¤­®¢à¥¬¥­­® k 2 Qi ¨ k + 1 2 Qi, â® sk > Sk+1,

¨ ¤«ï ª ¦¤®£® i 2 V+ â ª®£®, çâ® di < 0, ¨ ª ¦¤®£® i 2 V� â ª®£®, çâ® di > 0, ¢ë¯®«­¥­®
ãá«®¢¨¥

(b) Qi � V�, ¨ ¥á«¨ ®¤­®¢à¥¬¥­­® k 2 Qi ¨ k + 1 2 Qi, â® Sk < sk+1,

â® äà ªâ «ì­ ï ¨­â¥à¯®«¨àãîé ï äã­ªæ¨ï ï¢«ï¥âáï ¢ë¯ãª«®© ¢¢¥àå ­  à¥£¨®­ å Ji ¯à¨ i 2 V+
¨ ¢ë¯ãª«®© ¢­¨§ ­  à¥£¨®­ å Ji ¯à¨ i 2 V�.

�®ª § â¥«ìáâ¢®. �ãáâì f1 | ªãá®ç­®-«¨­¥©­ ï äã­ªæ¨ï, ¨­â¥à¯®«¨àãîé ï ­ ç «ì­ë¥
¤ ­­ë¥. �®áâà®¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì ffkg1k=1, fk+1 = Wfk. �® «¥¬¬¥ 5 ¤«ï «î¡®£® ­ âãà «ì-
­®£® k ¨ ¤«ï ¢á¥å i = 1; : : : ; n ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢  ti � si(fk) � Si(fk) � Ti. �ã­ªæ¨ï f1
¢ë¯ãª«  ­  ¢á¥å à¥£¨®­ å ¢ ®¡¥ áâ®à®­ë. �ãáâì ¤«ï ­¥ª®â®à®£® k äã­ªæ¨ï fk ¢ë¯ãª«  ¢¢¥àå ­ 
Ji ¯à¨ ¢á¥å i 2 V+ ¨ ¢­¨§ ­  Ji ¯à¨ ¢á¥å i 2 V�. �á«¨ di = 0, â® Wfk  ää¨­­  ­  Ji, §­ ç¨â, ¢ë-
¯ãª«  ¢ ®¡¥ áâ®à®­ë. �á«¨ di 6= 0, â®, ª®£¤  i 2 V+ ¨«¨ i 2 V�, ¤®«¦­® ¡ëâì ¢ë¯®«­¥­® ãá«®¢¨¥
(a) ¨«¨ (b) (¢ § ¢¨á¨¬®áâ¨ ®â §­ ª ), ¯à¨ç¥¬ ¯® «¥¬¬¥ 6 íâ® ãá«®¢¨¥ ®¡¥á¯¥ç¨¢ ¥â ¢ë¯ãª«®áâì
äã­ªæ¨¨ Wfk ­  à¥£¨®­¥ Ji ¢ ­ã¦­ãî áâ®à®­ã. �®«ãç ¥¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨©
ffkg ¤«ï ¢á¥å k ¡ã¤¥â ã¤®¢«¥â¢®àïâì ­ «®¦¥­­ë¬ ãá«®¢¨ï¬ ¢ë¯ãª«®áâ¨, ¨ ¨§ à ¢­®¬¥à­®© áå®-
¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fk ª fW á«¥¤ã¥â, çâ® äã­ªæ¨ï fW â®¦¥ ¢ë¯ãª«  ­  Ji ¢¢¥àå ¯à¨
i 2 V+ ¨ ¢­¨§ ¯à¨ i 2 V�.

�¥®à¥¬  4. �ã­ªæ¨ï fW , ¯®áâà®¥­­ ï á ¯®¬®éìî ®¯¥à â®à  W , ®¯à¥¤¥«¥­­®£® ­ ¡®à®¬

¯ à ¬¥âà®¢ D ¯® ä®à¬ã« ¬ (1), (2), (7) ¨ (8), ï¢«ï¥âáï ¢ë¯ãª«®© ¢¢¥àå ­  à¥£¨®­ å Ji ¯à¨
i 2 V+ ¨ ¢ë¯ãª«®© ¢­¨§ ­  à¥£¨®­ å Ji ¯à¨ i 2 V� â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ãîâ

¬­®¦¥áâ¢  U+ ¨ U� â ª¨¥, çâ® V+ � U+, V� � U�, ¨ á¢®¡®¤­ë¥ ¯ à ¬¥âàë di â ª®¢ë, çâ®
¢ë¯®«­ïîâáï ãá«®¢¨ï «¥¬¬ë 7.

�®ª § â¥«ìáâ¢®. �®áâ â®ç­®áâì á«¥¤ã¥â ¨§ «¥¬¬ë 7.
H¥®¡å®¤¨¬®áâì. �«ï äã­ªæ¨¨ fW ¢®§ì¬¥¬ ti = si, Ti = Si,   ¢ ¬­®¦¥áâ¢  U+ ¨ U� ¢ª«îç¨¬

¢á¥ ­®¬¥à  à¥£¨®­®¢, ­  ª®â®àëå fW ¢ë¯ãª«  á®®â¢¥âáâ¢¥­­® ¢¢¥àå ¨ ¢­¨§. �«®¦¥­¨ï V+ � U+

¨ V� � U� ¡ã¤ãâ ¢ë¯®«­¥­ë ¯® ãá«®¢¨î â¥®à¥¬ë. �®ª ¦¥¬, çâ® ¯à¨ íâ®¬ ¡ã¤ãâ ¢ë¯®«­¥­ë ¨
ãá«®¢¨ï «¥¬¬ë 7. �¥©áâ¢¨â¥«ì­®, ¯ãáâì ¤«ï ­¥ª®â®à®£® i 2 U+ ¨«¨ i 2 U� di 6= 0 ¨ ­ àãè¥­®
ãá«®¢¨¥ (a) ¨«¨ (b) (¢ § ¢¨á¨¬®áâ¨ ®â §­ ª  di) «¥¬¬ë 7. �®£¤  ¯® «¥¬¬¥ 6 ®¡à § äã­ªæ¨¨ fW
¯à¨ ®â®¡à ¦¥­¨¨ W ­¥ ¡ã¤¥â ¢ë¯ãª«ë¬ ­  à¥£¨®­¥ Ji. �® WfW = fW ,   äã­ªæ¨ï fW ¢ë¯ãª« 
­  íâ®¬ à¥£¨®­¥ ¯® ¯®áâà®¥­¨î ¬­®¦¥áâ¢ U+ ¨ U�.

9. �à ªâ «ì­ ï ¨­â¥à¯®«ïæ¨ï ¢ áà¥¤­¥¬

�§ãç¨¬ ãá«®¢¨ï, ¯à¨ ª®â®àëå äã­ªæ¨ï, ¯®áâà®¥­­ ï ­ è¨¬ ¬¥â®¤®¬, ¡ã¤¥â ¨­â¥à¯®«¨à®-
¢ âì ¢ áà¥¤­¥¬, â. ¥. ¨­â¥£à «ë äã­ªæ¨¨ fW ¯® ®ªà¥áâ­®áâï¬ V (xi) â®ç¥ª xi ¡ã¤ãâ ¯à¨­¨¬ âì

12



§ ¤ ­­ë¥ §­ ç¥­¨ï hi. �¡®§­ ç¨¬ H = fhig
n
i=0 ¨ Y = fyig

n
i=0. �«ï § ¤ ­­®£® H ¨ ­ ¡®à  ®ªà¥áâ-

­®áâ¥© V (xi) ­¥®¡å®¤¨¬® ­ ©â¨ â ª®© ¢¥ªâ®à Y , çâ®¡ë ¤«ï ¯®«ãç¥­­®© äà ªâ «ì­®© ¨­â¥à¯®-
«¨àãîé¥© äã­ªæ¨¨ ¢ë¯®«­ï«¨áì á®®â­®è¥­¨ïZ

V (xi)
fW (x)dx = hi; i = 0; : : : ; n: (15)

�­ ç «  à áá¬®âà¨¬ ¢®§¬®¦­®áâì ¢ëç¨á«¥­¨ï ¢¥«¨ç¨­ Pi(f) =
R
Ji

f(x)dx (¬®¬¥­â®¢ ¯¥à¢®-

£® ¯®àï¤ª  ­  à¥£¨®­ å) ¤«ï äã­ªæ¨¨ f = fW . �§ ®¯à¥¤¥«¥­¨ï W ¤«ï ¢á¥å i ¢ë¯®«­ïîâáï
à ¢¥­áâ¢ 

Pi(Wf) =
Z
Ji

Wf(x)dx =
Z
Ji

�
dif( �1i (x)) + li(x)

�
dx =

=
Z
J0
i

di
Ai
f(x)dx+

Z
Ji

li(x)dx =
di
Ai

X
k2Qi

Z
Jk

f(x)dx+
Z
Ji

li(x)dx =
di
Ai

X
k2Qi

Pk(f) + Li;

£¤¥ Li =
R
Ji

li(x)dx «¨­¥©­® § ¢¨á¨â ®â Y . � ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬, çâ® ¢¥ªâ®à P (Wf) =

fPi(Wf)gni=1 ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨î

P (Wf) = AP (f) + L; £¤¥ L = fLig
n
i=1; A = fai;jg; ai;j =

(
di
Ai
; j 2 Qi;

0; j =2 Qi:

�¥£ª® ¯à®¢¥à¨âì, çâ® ¤«ï «î¡®£® ­ ¡®à  P 0 = fP 0
i g

n
i=1 ¯à¨ ª ¦¤®¬ Y áãé¥áâ¢ã¥â â ª ï f 2

U(�), çâ® P (f) = P 0. � ª ª ª ¤«ï «î¡®© f ¨§ U(�) ¬®¬¥­âë P (W kf) áâà¥¬ïâáï ª ¬®¬¥­â ¬
P (fW ) ¯à¨ k !1, â® áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ë© ¢¥ªâ®à P , ã¤®¢«¥â¢®àïîé¨© á®®â­®è¥­¨î P =
AP + L, ¨ íâ®â ¢¥ªâ®à à ¢¥­ P (fW ). �âáî¤ , ¢ ç áâ­®áâ¨, á«¥¤ã¥â, çâ® ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë
(E �A) ­¥­ã«¥¢®©,   §­ ç¨â, P (fW ) = (E �A)�1L.

�­ ï P (fW ), ¬®¦¥¬ ­ ©â¨ ¨­â¥£à «ë äã­ªæ¨¨ fW ¯® ¬­®¦¥áâ¢ ¬  i(Jk) ¯à¨ k 2 Qi:Z
 i(Jk)

fW (x)dx =
Z
Jk

di
Ai
fW (x)dx+

Z
 (Jk)

li(x)dx =
di
Ai
Pk(fW ) + L�i;k;

¯à¨ç¥¬ ¢¥«¨ç¨­ë L�i;k á­®¢  ï¢«ïîâáï «¨­¥©­ë¬¨ ª®¬¡¨­ æ¨ï¬¨ í«¥¬¥­â®¢ Y . � ª¨¬ ®¡à §®¬,
¥á«¨ ¡à âì ¨­â¥£à «ë ¢ ®ªà¥áâ­®áâïå â®ç¥ª xi, á®¢¯ ¤ îé¨å á ®¡à § ¬¨ à¥£¨®­®¢ ¯à¨ ®â®¡à -
¦¥­¨¨  i, â® ¯®«ãç¨¬ á¨áâ¥¬ã «¨­¥©­ëå ãà ¢­¥­¨© H = BY , £¤¥ B | ­¥ª®â®à ï ¬ âà¨æ .

�®ª ¦¥¬, çâ® ¯à¨ ­¥ª®â®àëå ¤®¯®«­¨â¥«ì­ëå ®£à ­¨ç¥­¨ïå (­¥ § ¢¨áïé¨å ®â ¢¥ªâ®à  H)
¬®¦­® £ à ­â¨à®¢ âì à §à¥è¨¬®áâì á¨áâ¥¬ë (15) ®â­®á¨â¥«ì­® Y . � áá¬®âà¨¬ á«ãç ©, ª®£¤ 
¢á¥ �(i) = 0 ¨ �(i) = n ( ­ «®£ ¨­â¥à¯®«ïæ¨¨ ¬¥â®¤®¬ � à­á«¨). � ª ç¥áâ¢¥ ®ªà¥áâ­®áâ¥©
¢®§ì¬¥¬ ®¡à §ë ªà ©­¨å à¥£¨®­®¢ ¯à¨ ®â®¡à ¦¥­¨ïå  i, â.¥. V (x0) =  1(J1), V (xn) =  n(Jn), ¨
V (xi) =  i(Jn) [  i+1(J1) ¤«ï i = 1; : : : ; n� 1. �®£¤  ¢¥à­ 

�¥®à¥¬  5. �á«¨ ¤«ï § ¤ ­­®£® ¢¥ªâ®à  X ¨ ä¨ªá¨à®¢ ­­®£® ­ ¡®à  ¯ à ¬¥âà®¢ fdig
n
i=1

¢ë¯®«­¥­ë ãá«®¢¨ï

1�max
�
1
A1

;
1
An

�
> d

2 + d2

1� d
; (16)

â® ¤«ï «î¡®£® ¢¥ªâ®à  H áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ë© ­ ¡®à §­ ç¥­¨© Y â ª®©, çâ® P (fW ) = H.

�®ª § â¥«ìáâ¢®. � à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¬ âà¨æã, ®¡à â­ãî E � A, ¬®¦­® ­ ©â¨ ¢
®¡é¥¬ ¢¨¤¥. � ¨¬¥­­®, ¨§ á¨áâ¥¬ë ãà ¢­¥­¨©

Pi =
di
Ai

nX
j=1

Pj + (xi � xi�1)
�
yi�1 + yi

2
� di

y0 + yn
2

�
i = 1; : : : ; n;
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á«¥¤ã¥â

Pi = (xi � xi�1)
�
yi�1 + yi

2
� di

y0 + yn
2

+

+
di
Ai

�
1�

nX
k=1

dk
Ak

��1� nX
k=1

yk�1 + yk
2Ak

�
y0 + yn

2

nX
k=1

dk
Ak

��
; i = 1; : : : ; n:

�¥«¨ç¨­  1�
nP
k=1

dk=Ak ­¥ à ¢­  0, â. ª.
nP
k=1

Ak
�1 = 1,   dk � d < 1.

�­â¥£à «ë fW ¯® ¬­®¦¥áâ¢ ¬  i(J1) (i = 1; : : : ; n) à ¢­ëZ
 i([x0;x1])

fWdx =
di
Ai
P1 +

(x1 � x0)
Ai

�
yi�1(2A1 � 1) + yi

2A1

� di
y0(2A1 � 1) + yn

2A1

�
:

�á«®¢¨¥ â®£®, çâ® ¢ ¯®á«¥¤­¥¬ ¢ëà ¦¥­¨¨ ª®íää¨æ¨¥­â ¯à¨ yi�1 ¡®«ìè¥ áã¬¬ë ¬®¤ã«¥© ®áâ «ì-
­ëå ª®íää¨æ¨¥­â®¢, § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

2A1 � 1
2A1

> jdij

0BB@1 + jd1j2 +
���� nP
k=1

dk
Ak

����
1�

nP
k=1

dk
Ak

1CCA+ jdij+
1
2A1

;

çâ® á¢®¤¨âáï ª ®£à ­¨ç¥­¨î A1�1
A1

> d 2+d2

1�d
. �á«¨ ¡à âì ¨­â¥£à «ë ¯® ¬­®¦¥áâ¢ ¬  i([xn�1; xn]),

â® ¯®«ãç¨¬  ­ «®£¨ç­®¥ ®£à ­¨ç¥­¨¥, á®¤¥à¦ é¥¥ An ¢¬¥áâ® A1. �«¥¤®¢ â¥«ì­®, ¥á«¨ ¢ë¯®«-
­¥­® ãá«®¢¨¥ (16), â® ¬ âà¨æ  B ®¡« ¤ ¥â ¤¨ £®­ «ì­ë¬ ¯à¥®¡« ¤ ­¨¥¬. �á«¨ íâ® ãá«®¢¨¥
¢ë¯®«­¥­®, â® ¤«ï «î¡®£® H áãé¥áâ¢ã¥â â ª®© Y = B�1H, çâ® ¨­â¥£à «ë ¢ ®¯à¥¤¥«¥­­ëå
¢ëè¥ ®ªà¥áâ­®áâïå ¯à¨­¨¬ îâ § ¤ ­­ë¥ §­ ç¥­¨ï, â.¥. § ¤ ç  ¨­â¥à¯®«ïæ¨¨ ¢ áà¥¤­¥¬ à §à¥-
è¨¬ .
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