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� ¯®¬­¨¬ á«¥¤ãîé¨¥ ®¯à¥¤¥«¥­¨ï. �ãáâì f'n(x)g1n=1, x 2 [0; 1], | ®àâ®­®à¬¨à®¢ ­­ ï á¨-
áâ¥¬ .

�¯à¥¤¥«¥­¨¥ 1. �ï¤ ¢¨¤ 

1X
k=1

ak'k(x);
1X
k=1

jakj > 0; (1)

­ §ë¢ ¥âáï ­ã«ì-àï¤®¬ ¢ á¬ëá«¥ áå®¤¨¬®áâ¨ ¯®çâ¨ ¢áî¤ã (¢áî¤ã, ¯® ¬¥à¥, ¯® ¬¥âà¨ª¥ Lp

[0;1],
p > 0), ¥á«¨ ®­ áå®¤¨âáï ª ­ã«î ¯®çâ¨ ¢áî¤ã (á®®â¢¥âáâ¢¥­­® ¢áî¤ã, ¯® ¬¥à¥, ¯® ¬¥âà¨ª¥ Lp

[0;1],
p > 0).

�¯à¥¤¥«¥­¨¥ 2. �ï¤ (1) ­ §ë¢ ¥âáï ¡¥§ãá«®¢­® áå®¤ïé¨¬áï, ¥á«¨ ¤«ï «î¡®© ¯¥à¥áâ ­®¢ª¨

f�(k)g ­ âãà «ì­ëå ç¨á¥« áå®¤¨âáï àï¤
1P
k=1

a�(k)'�(k)(x).

�¯à¥¤¥«¥­¨¥ 3. �ï¤ (1) ­ §o¢¥¬ ¡¥§ãá«®¢­ë¬ ­ã«ì-àï¤®¬ ¢ á¬ëá«¥ áå®¤¨¬®áâ¨ ¢áî¤ã (á®-
®â¢¥âáâ¢¥­­® ¢ á¬ëá«¥ áå®¤¨¬®áâ¨ ¯® ¬¥âà¨ª¥ Lp

[0;1], p > 0), ¥á«¨ ®­ ¡¥§ãá«®¢­® áå®¤¨âáï ª ­ã«î
¢áî¤ã ­  [0; 1] (á®®â¢¥âáâ¢¥­­® ¯® ¬¥âà¨ª¥ Lp

[0;1], p > 0).

�®¯à®á ¬ ® áãé¥áâ¢®¢ ­¨¨ ­ã«ì-àï¤®¢ ¯® ­ ¯¥à¥¤ § ¤ ­­®© ®àâ®­®à¬¨à®¢ ­­®© á¨áâ¥¬¥ ¯®-
á¢ïé¥­o ¬­®£® à ¡®â [1]{[9].

�¥à¢ë© âà¨£®­®¬¥âà¨ç¥áª¨© ­ã«ì-àï¤ ¢ á¬ëá«¥ áå®¤¨¬®áâ¨ ¯®çâ¨ ¢áî¤ã ¡ë« ¯®áâà®¥­ ¢
1916 £. �.�.�¥­ìè®¢ë¬ [1]. � 1956 £. �.�. � « «ï­ ¤®ª § «, çâ® ¯® «î¡®© ¯®«­®© ®àâ®­®à¬¨à®-
¢ ­­®© ¢ L2

[0;1] á¨áâ¥¬¥ f'n(x)g áãé¥áâ¢ã¥â ­ã«ì-àï¤ ¢ á¬ëá«¥ áå®¤¨¬®áâ¨ ¯® ¬¥à¥.
� «¥¥ ¢ íâ®¬ ­ ¯à ¢«¥­¨¨ ¢ ¦­ë¥ à¥§ã«ìâ âë ¡ë«¨ ¯®«ãç¥­ë �.�.�«ìï­®¢ë¬ [3], �.�.� -

è¨­ë¬ [4], �.�. �ª¢®àæ®¢ë¬ [5], �.�.�¥âà®¢áª®© [6], �.�. �àãâî­ï­®¬ [7], �.�.�ãè¥£ï­®¬ ¨
�.�. �¢á¥¯ï­®¬ [8].

� ¤ ­­®© áâ âì¥ ¤®ª §ë¢ ¥âáï

�¥®à¥¬  1. �ãé¥áâ¢ã¥â ®àâ®£®­ «ì­ë© àï¤

1X
k=1

ak!k(x);
1X
k=1

jakj > 0;

ª®â®àë© ï¢«ï¥âáï ¡¥§ãá«®¢­ë¬ ­ã«ì-àï¤®¬ ª ª ¢ á¬ëá«¥ áå®¤¨¬®áâ¨ ¯® ¬¥âà¨ª¥ Lp

[0;1] ¤«ï ¢á¥å

p 2 (1; 2), â ª ¨ ¢ á¬ëá«¥ áå®¤¨¬®áâ¨ ¢áî¤ã ­  [0; 1].

�®ª § â¥«ìáâ¢®. �ãáâì

ffk(x)g1k=1 (2)
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| ¯®á«¥¤®¢ â¥«ì­®áâì ¢á¥å  «£¥¡à ¨ç¥áª¨å ¬­®£®ç«¥­®¢ á à æ¨®­ «ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨.
�¥âàã¤­® ¢¨¤¥âì, çâ® ¬®¦­® ®¯à¥¤¥«¨âì ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© f�k(x)g1k=1 â ªãî, çâ®

�k(x) = 0; x =2

�
1

k + 1
;
1
k

�
= �k;Z

�k

j�kj
2dx <

1
k2
; �k(x) =2

[
q>2

Lq

[0;1]; k � 1:

�®«®¦¨¬
gk(x) = fk(x) + �k(x); x 2 [0; 1]; k � 1:

�ç¥¢¨¤­®, á¨áâ¥¬  äã­ªæ¨© fgk(x)g1k=1 «¨­¥©­® ­¥§ ¢¨á¨¬ , § ¬ª­ãâ  ¢ L
2
[0;1] ¨ ¤«ï «î¡ëå ç¨á¥«

N ¨ �1; �2; : : : ; �N á
NP
k=1

j�kj > 0

NX
k=1

�kgk(x) =2
[
q>2

Lq

[0;1]:

�àâ®£®­ «¨§¨àãï ¨ ­®à¬¨àãï íâã á¨áâ¥¬ã ­  [0; 1], ¯®«ãç¨¬ á¨áâ¥¬ã f'n(x)g1n=1 á® á¢®©áâ¢ ¬¨
 ) á¨áâ¥¬  f'n(x)g ¯®«­  ¢ L2 ¨ ®àâ®­®à¬¨à®¢ ­  ­  [0; 1];

¡)
NP
k=1

�k'k(x) =2
S
q>2

Lq

[0;1] ¤«ï «î¡ëå ç¨á¥« N ¨ f�kgNk=1 á
NP
k=1

j�kj > 0.

�®ª ¦¥¬, çâ® ¤«ï «î¡®£® N > 1 á¨áâ¥¬  f'k(x)g1k=N+1 § ¬ª­ãâ  ¢® ¢á¥å L
p

[0;1], 1�p<2. �à¥¤-
¯®«®¦¨¬ ¯à®â¨¢­®¥, çâ® ¯à¨ ­¥ª®â®à®¬ p0 2 [1; 2) ¨ ¤«ï ­¥ª®â®à®£® N0 > 1 á¨áâ¥¬  f'k(x)g1k=N0+1

­¥ § ¬ª­ãâ  ¢ Lp0
[0;1]. �®£¤  ®­  ­¥ ¯®«­  ®â­®á¨â¥«ì­® Lq0

[0;1] (¯à¨ç¥¬
1
q0
+ 1

p0
= 1 ¯à¨ p0 > 1 ¨

q0 = +1 ¯à¨ p0 = 1), â. ¥. áãé¥áâ¢ã¥â äã­ªæ¨ï g(x) 2 Lq0
[0;1] á kg(x)k2 > 0, ¤«ï ª®â®à®©

Z 1

0
g(x)'k(x)dx = 0 8k � N0 + 1:

�«¥¤®¢ â¥«ì­®, ¤«ï ¢á¥å n � 1 ¡ã¤¥¬ ¨¬¥âì

Z 1

0

�
g(x) �

N0X
k=1

�k'k(x)
�
'n(x)dx = 0;

£¤¥

�k =
Z 1

0

g(x)'k(x)dx; 1 � k � N0:

�¢¨¤ã â®£®, çâ® á¨áâ¥¬  f'n(x)g1n=1 ¯®«­  ¢ L
2
[0;1] (á¬. á¢®©áâ¢®  ) ), áà §ã ¯®«ãç¨¬

N0X
k=1

�k'k(x)dx = g(x) 2 Lq0
[0;1];

N0X
k=1

�2k =
Z 1

0

g2(x)dx 6= 0:

�à¨è«¨ ª ¯à®â¨¢oà¥ç¨î (á¬. á¢®©áâ¢® ¡) á¨áâ¥¬ë f'n(x)g1n=1). �«¥¤®¢ â¥«ì­®, ¤«ï «î¡®£® ­ -
âãà «ì­®£® N > 1 á¨áâ¥¬  f'n(x)g1n=N+1 § ¬ª­ãâ  ¢® ¢á¥å L

p

[0;1], 1 � p < 2.
�®«ì§ãïáì íâ¨¬ á¢®©áâ¢®¬ á¨áâ¥¬ë f'n(x)g1n=1, ¯® ¨­¤ãªæ¨¨ ¢ë¡¥à¥¬ ¯®¯ à­® ­¥¯¥à¥á¥ª î-

é¨¥áï ¯®«¨­®¬ë

hk =
Nk�1X
i=Nk�1

ai'i(x); 1 = N0 < N1 < � � � < Nk; k = 1; 2; : : : ; (3)

â ª, çâ®¡ë

kfk(x)� hk(x)kp1 < 2�2(k+1); k = 1; 2; : : : (4)

25



�à¥¤¯®«®¦¨¬, çâ® ã¦¥ ®¯à¥¤¥«¥­ë ­ âãà «ì­ë¥ ç¨á«  1 = �1 < �2 < : : : < �s�1 ¨ ¯®«¨­®¬ë
fh�k (x)g

s�1
k=1, ¤«ï ª®â®àëå

kh�1kp1 > 0;






mX
k=1

h�k(x)





pm

< 2�2(m+1); 1 � m � s� 1; (5)

£¤¥ pm = 2� 1=m. �®§ì¬¥¬ äã­ªæ¨î f�s ¨§ ¯®á«¥¤®¢ â¥«ì­®áâ¨ (2) â ªãî, çâ®




s�1X
k=1

h�k(x) + f�s(x)





ps+1

< 2�2(s+2):

�âáî¤  ¨ ¨§ (4) á«¥¤ã¥â

k
sX

k=1

h�k(x)kps+1 < 2�2(s+1); (6)

á«¥¤®¢ â¥«ì­®, ¨

kh�s(x)kps < 2�2s: (7)

� ª¨¬ ®¡à §®¬, ¯® ¨­¤ãªæ¨¨ ¬®¦¥¬ ®¯à¥¤¥«¨âì àï¤
1X
k=1

ck!k(x) =
1X
k=1

h�k (x); (8)

£¤¥

!k(x) =
h�k(x)
kh�kk2

; ck = kh�kk2; (9)

ç«¥­ë ª®â®à®£® ¢ë¡à ­ë ¨§ (3) ¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (6) ¨ (7) ¤«ï ¢á¥å s � 3.

�ãáâì f�(s)g1s=1 |«î¡ ï ¯¥à¥áâ ­®¢ª  ­ âãà «ì­ëå ç¨á¥«. �®ª ¦¥¬, çâ® àï¤
1P
k=1

c�(k)!�(k)(x)

áå®¤¨âáï ª ­ã«î ®¤­®¢à¥¬¥­­® ¢® ¢á¥å ¬¥âà¨ª å Lp

[0;1], 1 � p < 2. � á ¬®¬ ¤¥«¥, ¯ãáâì p 2 [1; 2)
¨ � > 0. �®§ì¬¥¬ ­ âãà «ì­ë¥ ç¨á«  k1, k0 ­ áâ®«ìª® ¡®«ìè¨¬¨, çâ®¡ë k1 > k0 > log2

1
�
, pk0 > p,

�(k) > k0, k > k1 > k0. �âáî¤  ¨ ¨§ (6), (7) ¤«ï ¢á¥å n > k1 ¨¬¥¥¬




nX

k=1

c�(k)!�(k)(x)





p

�






k0X
i=1

ci!i(x)





pk0

+
1X

i=k0+1

kci!i(x)kpk0 � 2�2k0 + 2�k0 :

�¥¯¥àì ¤®ª ¦¥¬, çâ® àï¤ (8) ¡¥§ãá«®¢­® áå®¤¨âáï ª ­ã«î ¯®çâ¨ ¢áî¤ã ­  [0; 1].
�«ï íâ®£® ®¯à¥¤¥«¨¬ ¨§¬¥à¨¬ë¥ ¬­®¦¥áâ¢ 

Ek =
�
x 2 [0; 1] :

����
kX

s=1

h�s(x)
���� < 2�(k+1)

�
; k � 1: (10)

�âáî¤  ¨ ¨§ (5) ¢ëâ¥ª ¥â

jh�k (x)j < 2�k+1; x 2 Ek \Ek�1; (11)

jEkj > 1� 2�k: (12)

�®«®¦¨¬

E =
1[
s=1

1\
k=s

Ek: (13)

�ç¥¢¨¤­® (á¬. (12)), jEj = 1. �ãáâì f�(k)g1k=1 | «î¡ ï ¯¥à¥áâ ­®¢ª  ­ âãà «ì­ëå ç¨á¥« ¨ ¯ãáâì
x 2 E, â®£¤  ¤«ï ­¥ª®â®à®£® ­ âãà «ì­®£® k0 ¨¬¥¥¬ x 2 Ek, k � k0 (á¬. (13)).
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�«ï «î¡®£® § ¤ ­­®£® ¯®«®¦¨â¥«ì­®£® � > 0 ¢®§ì¬¥¬ ­ âãà «ì­®¥ ç¨á«® n0(�) ­ áâ®«ìª®
¡®«ìè¨¬, çâ®¡ë

n0 > s0; �(n) > s0 8n > n0;

£¤¥ s0 = [log2
1
�
] ([a] | æ¥« ï ç áâì ç¨á«  a).

�«¥¤®¢ â¥«ì­®, ¤«ï ¢á¥å n > n0 ¢ á¨«ã (8){(11) ¯®«ãç¨¬����
nX

k=1

c�(k)!�(k)(x)
���� �

����
s0+1X
k=1

ck!k(x)
����+

1X
k=s0+2

jck!k(x)j < 2�2(s0+1) + 2�2(s0+1) = 2�2s0�1 < �;

â. ¥. àï¤ (8) ¡¥§ãá«®¢­® ¯®çâ¨ ¢áî¤ã ­  [0; 1] áå®¤¨âáï ª ­ã«î. �á«¨ â¥¯¥àì ¯®«®¦¨¬

!k(x) =

(
!k(x); x 2 [0; 1] n E;

0; x 2 E;

â® áà §ã ¯®«ãç¨¬ áå®¤¨¬®áâì àï¤ 
P
ck!k(x) ª ­ã«î ¢áî¤ã ­  [0; 1].

� ¬¥ç ­¨¥. �â  â¥®à¥¬  ®ª®­ç â¥«ì­  ¢ á«¥¤ãîé¥¬ á¬ëá«¥: ¢®-¯¥à¢ëå, ­¨ ¯à¨ ®¤­®¬ p � 1
(á®®â¢¥âáâ¢¥­­® p � 2), ­¨ ¯® ®¤­®© ®£à ­¨ç¥­­®© ®àâ®­®à¬¨à®¢ ­­®© (á®®â¢¥âáâ¢¥­­® ­¨ ¯®
®¤­®© ®àâ®­®à¬¨à®¢ ­­®©) á¨áâ¥¬¥ f'n(x)g ­¥ áãé¥áâ¢ã¥â ­ã«ì-àï¤  ¢ á¬ëá«¥ áå®¤¨¬®áâ¨ ¯®
¬¥âà¨ª¥ Lp

[0;1], ¢®-¢â®àëå, ¯® á¨áâ¥¬¥ f k(x)g, ¯®áâà®¥­­®© �.�.� è¨­ë¬ [4], ­¥ ¬®¦¥â ¡ëâì
­ã«ì-àï¤®¢ ¢ á¬ëá«¥ áå®¤¨¬®áâ¨ ¯®çâ¨ ¢áî¤ã.

�§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 ¢¨¤­®, çâ® ®àâ®­®à¬¨à®¢ ­­ ï á¨áâ¥¬  (���) f!k(x)g1k=1 ï¢«ï-
¥âáï ¡¥§ãá«®¢­®© á¨áâ¥¬®© ¯à¥¤áâ ¢«¥­¨ï äã­ªæ¨© ª« áá®¢ Lp

[0;1], 1 � p < 2. �®ç­¥¥, ¢¥à­ 

�¥®à¥¬  2. �ãé¥áâ¢ã¥â ®àâ®­®à¬¨à®¢ ­­ ï á¨áâ¥¬  f!k(x)g1k=1, ®¡« ¤ îé ï á¢®©áâ¢®¬:
¤«ï «î¡®© äã­ªæ¨¨ f(x) 2 Lp

[0;1] ¯à¨ ä¨ªá¨à®¢ ­­®¬ p 2 [1; 2) (á®®â¢¥âáâ¢¥­­® f(x) 2
T

1�p<2
Lp

[0;1])

áãé¥áâ¢ã¥â àï¤ ¯® á¨áâ¥¬¥ f!k(x)g ¢¨¤ 
1P
k=1

ak!k(x), ª®â®àë© ¡¥§ãá«®¢­® áå®¤¨âáï ª f(x) ª ª

¢ ¬¥âà¨ª¥ Lp

[0;1] (á®®â¢¥âáâ¢¥­­® ¢® ¢á¥å ¬¥âà¨ª å Lp

[0;1], 1 � p < 2), â ª ¨ ¯®çâ¨ ¢áî¤ã ­ 

[0; 1].

� § ª«îç¥­¨¥ áä®à¬ã«¨àã¥¬ á«¥¤ãîé¨© ¢®¯à®á.
� ª¨¥ ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ­ã¦­® ­ «®¦¨âì ­  ��� f!k(x)g, çâ®¡ë ¯®

íâ®© á¨áâ¥¬¥ ¬®¦­® ¡ë«® ¯®áâà®¨âì ­ã«ì-àï¤ (á®®â¢¥âáâ¢¥­­® ¡¥§ãá«®¢­ë© ­ã«ì-àï¤) ¢ á¬ëá«¥
áå®¤¨¬®áâ¨ ¯® ­®à¬¥ Lp

[0;1], 1 � p < 2?

�¨â¥à âãà 
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