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�«ï ¨§ãç¥­¨ï § ª®­®¬¥à­®áâ¥© ¯à®æ¥áá  ªà®¢¥â¢®à¥­¨ï è¨à®ª® ¨á¯®«ì§ãîâáï ¬ â¥¬ â¨ç¥-
áª¨¥ ¬®¤¥«¨, ¯à¥¤áâ ¢«¥­­ë¥ ¢ ä®à¬¥ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå ¨
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ¯®á«¥¤¥©áâ¢¨¥¬. �¤­  ¨§ ¯à®áâ¥©è¨å ¬®¤¥«¥© ¯à®æ¥áá  ªà®¢¥-
â¢®à¥­¨ï § ¤ ¥âáï ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

_x(t) = f(x(t� !))� �x(t); t � 0;

á ­ ç «ì­ë¬ ãá«®¢¨¥¬ x(t) =  (t), �! � t � 0, £¤¥ ¯¥à¥¬¥­­ ï x(t) ®§­ ç ¥â ç¨á«¥­­®áâì ª«¥-
â®ª ªà®¢¨ ¢ ¬®¬¥­â ¢à¥¬¥­¨ t, äã­ªæ¨ï f(x) ®¯¨áë¢ ¥â áª®à®áâì ¯à®¨§¢®¤áâ¢  ª«¥â®ª ªà®¢¨
¨§ ª«¥â®ª ª®áâ­®£® ¬®§£ , x � 0, ¯ à ¬¥âà � > 0 ®âà ¦ ¥â ¨­â¥­á¨¢­®áâì £¨¡¥«¨ ª«¥â®ª ªà®¢¨
§  áç¥â ¯à®æ¥áá  áâ à¥­¨ï ¨ á«ãç ©­®£® à §àãè¥­¨ï, 1=� ¯®­¨¬ ¥âáï ª ª áà¥¤­¥¥ ¢à¥¬ï ¦¨§­¨
ª«¥â®ª ªà®¢¨. � à ¬¥âà ! > 0 ãç¨âë¢ ¥â § ¯ §¤ë¢ ­¨¥ ¢ ¯à®¨§¢®¤áâ¢¥ ª«¥â®ª ªà®¢¨, á¢ï§ ­-
­®¥ á ®¯à¥¤¥«¥­­®© ¯à®¤®«¦¨â¥«ì­®áâìî ¯à®æ¥áá®¢ à §¬­®¦¥­¨ï ¨ á®§à¥¢ ­¨ï ª«¥â®ª ª®áâ­®£®
¬®§£ . �ã­ªæ¨ï  (t) § ¤ ¥â ç¨á«¥­­®áâì ª«¥â®ª ªà®¢¨ ­  ­ ç «ì­®¬ ®âà¥§ª¥ ¢à¥¬¥­¨ [�!; 0].
�à¨¢¥¤¥­­ ï ¬®¤¥«ì ¨ ¥¥ à §«¨ç­ë¥ ¬®¤¨ä¨ª æ¨¨ ¨áá«¥¤®¢ ­ë ¢ à ¡®â å [1]{[7], £¤¥ ¯®«ãç¥­ë
ãá«®¢¨ï «®ª «ì­®© ¨ £«®¡ «ì­®© ãáâ®©ç¨¢®áâ¨ ¯®«®¦¥­¨© à ¢­®¢¥á¨ï ¨ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï
ª®«¥¡ â¥«ì­ëå à¥è¥­¨©.

� ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ¬®¤¥«ì ¯à®æ¥áá  ªà®¢¥â¢®à¥­¨ï ¢¨¤ 

_x(t) = f(xt)� �x(t)� (�x)(t); t � 0; (1)

x(t) =  (t); �!n � t � 0;  (0) =
Z �

0

R(a)'(a)da; (2)

£¤¥ f(xt) =
nP
i=1

pif(x(t � !i)). �¤¥áì ¯®«®¦¨â¥«ì­ë¥ ¯ à ¬¥âàë p1; p2; : : : ; pn,
nP
i=1

pi = 1, ¨ § -

¯ §¤ë¢ ­¨ï 0 < !1 < !2 < � � � < !n < 1 ãç¨âë¢ îâ n áâ ¤¨© à §¬­®¦¥­¨ï ¨ á®§à¥¢ ­¨ï
ª«¥â®ª ª®áâ­®£® ¬®§£ . � à ¬¥âà � � 0 ¨­â¥à¯à¥â¨àã¥âáï ª ª ¨­â¥­á¨¢­®áâì á«ãç ©­®£® à §-
àãè¥­¨ï ª«¥â®ª ªà®¢¨. �¯¥à â®à (�x)(t) ®¯¨áë¢ ¥â áª®à®áâì ã¬¥­ìè¥­¨ï ç¨á«¥­­®áâ¨ ª«¥â®ª
ªà®¢¨ ¢á«¥¤áâ¢¨¥ ¯à®æ¥áá  áâ à¥­¨ï ¨ § ¤ ¥âáï ä®à¬ã« ¬¨

(�x)(t) = e��t
Z ��t

0

�(a+ t)'(a)da +
Z t

0

�(a)e��af(xt�a)da; 0 � t � �;

(�x)(t) =
Z �

0

�(a)e��af(xt�a)da; t � �:

� à ¬¥âà 0 < � <1 ®§­ ç ¥â ¬ ªá¨¬ «ì­ãî ¯à®¤®«¦¨â¥«ì­®áâì ¢à¥¬¥­¨ ¦¨§­¨ ª«¥â®ª ªà®¢¨.
�ã­ªæ¨ï �(a) ®¯¨áë¢ ¥â ¨­â¥­á¨¢­®áâì £¨¡¥«¨ ª«¥â®ª ªà®¢¨ ¢á«¥¤áâ¢¨¥ ¯à®æ¥áá  áâ à¥­¨ï, a|
¢®§à áâ ª«¥â®ª, 0 � a � � . �ã­ªæ¨ï ¢ë¦¨¢ ¥¬®áâ¨ R(a), § ¤ ­­ ï ä®à¬ã«®©

R(0) = 1; R(a) =
Z �

a

�(s)ds; 0 � a � �; R(a) = 0; a � �; (3)
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®¯¨áë¢ ¥â ¤®«î ª«¥â®ª, ¤®¦¨¢è¨å ¤® ¢®§à áâ  a, ¡¥§ ãç¥â  ¨å á«ãç ©­®£® à §àãè¥­¨ï. �ëà -

¦¥­¨¥ � =
�R
0

R(a) exp(��a)da ®§­ ç ¥â áà¥¤­¥¥ ¢à¥¬ï ¦¨§­¨ ª«¥â®ª ªà®¢¨ á ãç¥â®¬ ¯à®æ¥áá®¢

áâ à¥­¨ï ¨ á«ãç ©­®£® à §àãè¥­¨ï. �ã­ªæ¨ï R(a)'(a), 0 � a � � , § ¤ ¥â ¢®§à áâ­®¥ à á¯à¥¤¥-
«¥­¨¥ ª«¥â®ª ªà®¢¨ ¢ ¬®¬¥­â ¢à¥¬¥­¨ t = 0, â ª çâ® ç¨á«¥­­®áâì ¯¥à¢®­ ç «ì­® áãé¥áâ¢ãîé¨å

ª«¥â®ª ªà®¢¨ á ãç¥â®¬ ¨å ¢®§à áâ­®£® à á¯à¥¤¥«¥­¨ï à ¢­  x(0) =
�R
0

R(a)'(a)da.

�®«¥¥ ®¡é ï ¬®¤¥«ì ®¯¨áë¢ ¥âáï ¨­â¥£à «ì­ë¬ ãà ¢­¥­¨¥¬

x(t) = e��t
Z �

t

R(a)'(a � t)da+
Z t

0

R(a)e��af(xt�a)da; 0 � t � �; (4a)

x(t) =
Z �

0

R(a)e��af(xt�a)da; t � �; (4b)

¢ ª®â®à®¬ äã­ªæ¨ï ¢ë¦¨¢ ¥¬®áâ¨ R(a) ï¢«ï¥âáï ­¥¢®§à áâ îé¥© ¨ ¯®«®¦¨â¥«ì­®© ­  [0; �),
R(0) = 1, R(a) = 0 ¯à¨ a � � . �à ¢­¥­¨¥ (4) ¤®¯®«­ï¥âáï ­ ç «ì­ë¬ ãá«®¢¨¥¬ (2). �ë¢®¤
ãà ¢­¥­¨© ¬®¤¥«¨ (1), (2) (¬®¤¥«¨ (4), (2)),   â ª¦¥ ªà âª¨© ®¡§®à ¤àã£¨å ¬®¤¥«¥© ¯à®æ¥áá 
ªà®¢¥â¢®à¥­¨ï ¯à¥¤áâ ¢«¥­ ¢ [8], [9]. �¥«ìî ¤ ­­®© à ¡®âë ï¢«ï¥âáï ¨áá«¥¤®¢ ­¨¥  á¨¬¯â®â¨-
ç¥áª®£® ¯®¢¥¤¥­¨ï à¥è¥­¨© ¬®¤¥«¥© (1), (2) ¨ (4), (2) ¯à¨ t! +1.

�¥à¥©¤¥¬ ª ®á­®¢­ë¬ ¯à¥¤¯®«®¦¥­¨ï¬ ¨ à¥§ã«ìâ â ¬. � ãà ¢­¥­¨¨ (1) ¯®¤ _x(t) ¡ã¤¥¬ ¯®­¨-
¬ âì ¯à ¢®áâ®à®­­îî ¯à®¨§¢®¤­ãî. �á¥ äã­ªæ¨¨, ¢å®¤ïé¨¥ ¢ á®®â­®è¥­¨ï (1){(4), ¯à¥¤¯®« -
£ îâáï ­¥®âà¨æ â¥«ì­ë¬¨ ¨ ­¥¯à¥àë¢­ë¬¨ ¢ á¢®¨å ®¡« áâïå ®¯à¥¤¥«¥­¨ï. �à®¬¥ â®£®, ¡ã¤¥¬
áç¨â âì, çâ® f(x) ®¯¨áë¢ ¥â áª®à®áâì ¯à®¨§¢®¤áâ¢  ª«¥â®ª ªà®¢¨ ¯® ¯à¨­æ¨¯ã ®âà¨æ â¥«ì­®©
®¡à â­®© á¢ï§¨. �à¨¬¥¬, çâ® f(x) ï¢«ï¥âáï ­¥¢®§à áâ îé¥© ¯à¨ 0 � x <1 äã­ªæ¨¥©, ã¤®¢«¥-
â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  ­  íâ®¬ ¯à®¬¥¦ãâª¥, f(0) > 0 ¨ f(x) ! 0 ¯à¨ x ! +1. �¥è¥­¨¥¬
¬®¤¥«¨ (1), (2) (¬®¤¥«¨ (4), (2)) ¡ã¤¥¬ ­ §ë¢ âì ­¥¯à¥àë¢­ãî äã­ªæ¨î x(t), ã¤®¢«¥â¢®àïîéãî
á®®â­®è¥­¨î (2) ¨ ãà ¢­¥­¨î (1) (ãà ¢­¥­¨î (4)) ­  ­¥ª®â®à®¬ ¯à®¬¥¦ãâª¥ [0; �), � > 0. �¥-
âàã¤­® § ¬¥â¨âì, çâ® ãà ¢­¥­¨ï (1) ¨ (4) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ (2) ï¢«ïîâáï íª¢¨¢ «¥­â­ë¬¨,
¥á«¨ äã­ªæ¨ï ¢ë¦¨¢ ¥¬®áâ¨ R(a), ¨á¯®«ì§ã¥¬ ï ¢ (4), § ¤ ¥âáï ä®à¬ã«®© (3). � ¤ «ì­¥©è¥¬
¡ã¤¥¬ ¨§ãç âì à¥è¥­¨ï x(t) ¬®¤¥«¨ (4), (2).

�¥¬¬  1. �ãáâì x� > 0 | ª®à¥­ì ãà ¢­¥­¨ï

u = �f(u); u � 0: (5)

�®£¤  1) ¥á«¨ ¤«ï à¥è¥­¨ï x(t) ¬®¤¥«¨ (4), (2) áãé¥áâ¢ã¥â lim
t!+1

x(t), â® íâ®â ¯à¥¤¥« à ¢¥­ x�;

2) ¥á«¨ äã­ªæ¨ï '(s) ¨¬¥¥â ¢¨¤

'(s) = '�(s) = exp(��s)f(x�); 0 � s � �; (6)

â® x(t) = x�, 0 � t <1, ï¢«ï¥âáï áâ æ¨®­ à­ë¬ à¥è¥­¨¥¬ ¬®¤¥«¨ (4) á ­ ç «ì­ë¬ ãá«®¢¨¥¬
(2), ¢ ª®â®à®¬  (t) = x�, �!n � t � 0.

�®ª § â¥«ìáâ¢®. �ãáâì áãé¥áâ¢ã¥â lim
t!+1

x(t). �®« £ ï, çâ® t ! +1, ¨ ¨á¯®«ì§ãï ¯à¥-

¤¥«ì­ë© ¯¥à¥å®¤ ¢ ãà ¢­¥­¨¨ (4 b), ¯®«ãç ¥¬ lim
t!+1

x(t) = x�. � áá¬®âà¨¬ ¤ «¥¥ äã­ªæ¨î

x(t) = x� = const, �!n � t < 1. �â  äã­ªæ¨ï, ®ç¥¢¨¤­®, ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (4 b).
�¡à é ïáì ª ãà ¢­¥­¨î (4 a) ¨ ¯à®¢®¤ï ­¥®¡å®¤¨¬ë¥ ¯à¥®¡à §®¢ ­¨ï, ¯à¨å®¤¨¬ ª â®¬ã, çâ®
¤«ï ¢á¥å 0 � t � � ¤®«¦­® ¢ë¯®«­ïâìáï à ¢¥­áâ¢®

R �
t
R(a)('(a� t)�exp(��(a� t)) f(x�)) da = 0:

�â® à ¢¥­áâ¢® ï¢«ï¥âáï ¢¥à­ë¬ ¢ á¨«ã ¢ë¡®à  äã­ªæ¨¨ '(s) ¯® ä®à¬ã«¥ (6). �«¥¤®¢ â¥«ì­®,
¥á«¨  (t) = x�, �!n � t � 0, â® x(t) = x� > 0 ï¢«ï¥âáï áâ æ¨®­ à­ë¬ à¥è¥­¨¥¬ ¬®¤¥«¨ (4), (2)
­  ¯à®¬¥¦ãâª¥ [0;1).

�¥¬¬  2. �ãáâì áãé¥áâ¢ãîâ x0; y0, ã¤®¢«¥â¢®àïîé¨¥ ­¥à ¢¥­áâ¢ ¬

0 � x0 < y0; x0 � H(y0)(t); y0 � H(x0)(t); 0 � t � �; (7)
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¨ ­ ç «ì­ ï äã­ªæ¨ï  (t) â ª®¢ , çâ® x0 �  (t) � y0, �!n � t � 0, £¤¥

H(u)(t) = e��t
Z �

t

R(a)'(a� t)da+ f(u)
Z t

0

R(a)e��ada; 0 � t � �; u � 0:

�®£¤  ¬®¤¥«ì (4), (2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x(t), t 2 [0;1), ¨ á¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥­¨ï
A) x0 � x(t) � y0, t 2 [0;1); B) u� � lim inf

t!+1
x(t) � lim sup

t!+1

x(t) � w�, £¤¥ ¯ à  (u�; w�) ¯à¥¤áâ -

¢«ï¥â á®¡®© ¯à¥¤¥«ë ¯®á«¥¤®¢ â¥«ì­®áâ¥© un = �f(wn�1), wn = �f(un�1), n = 1; 2; : : : , u0 = x0,
w0 = y0, ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ ¬ x0 � u� � w� � y0 ¨ ï¢«ï¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë
ãà ¢­¥­¨©

u = �f(w); w = �f(u); u � 0; w � 0; (8)

C) ¥á«¨, ªà®¬¥ â®£®, à¥è¥­¨¥ (u�; w�) á¨áâ¥¬ë (8) ¥¤¨­áâ¢¥­­® ­  ¬­®¦¥áâ¢¥ x0 � u � y0,
x0 � w � y0, â® u� = w� = x� ¨ áãé¥áâ¢ã¥â lim

t!+1
x(t) = x�.

�«ï ¤®ª § â¥«ìáâ¢  íâ®© «¥¬¬ë ¤®áâ â®ç­® ¢®á¯®«ì§®¢ âìáï à¥§ã«ìâ â ¬¨, ¯®«ãç¥­­ë¬¨ ¢
[10], ¯®áª®«ìªã ¬®¤¥«ì (4), (2) ã¤®¢«¥â¢®àï¥â ¢á¥¬ ¯à¥¤¯®«®¦¥­¨ï¬ ãª § ­­®© à ¡®âë.

�à¨¢¥¤¥­­ë¥ ãâ¢¥à¦¤¥­¨ï ¯®ª §ë¢ îâ, çâ® ¯®¢¥¤¥­¨¥ à¥è¥­¨© x(t) ¬®¤¥«¨ (4), (2) â¥á­®
á¢ï§ ­® á à¥è¥­¨ï¬¨ á¨áâ¥¬ ­¥à ¢¥­áâ¢ (7) ¨ ãà ¢­¥­¨© (8). �¡à â¨¬áï ª  ­ «¨§ã ¨å à¥è¥­¨©.
�¥âàã¤­® § ¬¥â¨âì, çâ® ­¥à ¢¥­áâ¢  (7) ¨¬¥îâ à¥è¥­¨¥ ¢¨¤  x0 = 0, y0 = y > 0. �¥©áâ¢¨â¥«ì­®,
¯®« £ ï ¢ (7) x0 = 0, y0 = y > 0 ¨ ¨á¯®«ì§ãï ®æ¥­ª¨ á¢¥àåã ­  H(u)(t), ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã
H(x0)(t) � x(0)+�f(x0) =  (0)+�f(0) � y, 0 � t � � , ®â­®á¨â¥«ì­® y. �ç¥¢¨¤­®, íâ® ­¥à ¢¥­áâ¢®
¢á¥£¤  ¨¬¥¥â à¥è¥­¨¥, ¯à¨ç¥¬ y0 = y > 0 ¬®¦­® ¢ë¡à âì â ª¨¬, çâ® 0 �  (t) � y, �!n � t � 0.
� à  (x0; y0) = (0; y) ®¯à¥¤¥«ï¥â ®æ¥­ª¨ u� = u; w� = w ¨§ ãâ¢¥à¦¤¥­¨ï B) «¥¬¬ë 2, ª®â®àë¥
§ ¤ îâáï ª ª u = lim

n!1
un, w = lim

n!1
wn ¯à¨ u0 = 0, w0 = y.

�«ï ­ å®¦¤¥­¨ï à¥è¥­¨© ­¥à ¢¥­áâ¢ (7), ®â«¨ç­ëå ®â x0 = 0, y0 = y > 0, ¨á¯®«ì§ã¥¬
á®®â­®è¥­¨ï, á¢ï§ë¢ îé¨¥ ¬¥¦¤ã á®¡®© x0, x�, y0. �à¥®¡à §ãï (7), ã¡¥¦¤ ¥¬áï, çâ® x0, y0

¬®¦­® ¨áª âì ¨§ á¨áâ¥¬ë ­¥à ¢¥­áâ¢

0 � x0 � x� � y0; (9)

x0 � �f(y0); y0 � �f(x0); (10)

e��af(y0) � '(a) � e��af(x0); 0 � a � �; (11)

«¨¡® ¨§ á¨áâ¥¬ë, ¢ª«îç îé¥© ­¥à ¢¥­áâ¢  (9) ¨ ­¥à ¢¥­áâ¢ 

x0 � �f(y0) + J'(t); y0 � �f(x0) + J'(t); 0 � t � �; (12)

£¤¥ J'(t) = exp(��t)
��tR
0

R(a + t)('(a) � '�(a))da. �¥à ¢¥­áâ¢  (11), (12) âà¥¡ãîâ ®¯à¥¤¥«¥­­®©

¬ «®áâ¨ ®âª«®­¥­¨ï '(a) ®â äã­ªæ¨¨ '�(a), ª®â®à ï § ¤ ¥â áâ æ¨®­ à­®¥ à¥è¥­¨¥ x(t) = x� =
const ¬®¤¥«¨ (4), (2).

�¡à â¨¬áï ª à¥è¥­¨ï¬ á¨áâ¥¬ë (8), ª®â®à ï ¬®¦¥â ¡ëâì á¢¥¤¥­  ª ®¤­®¬ã ãà ¢­¥­¨î

u = #(u) = �f(�f(u)); u � 0: (13)

� ¬¥â¨¬, çâ® #(u) ®¯à¥¤¥«¥­ , ­¥¯à¥àë¢­  ¨ ï¢«ï¥âáï ­¥ã¡ë¢ îé¥© ­  [0;1). �ç¥¢¨¤­®, ®¤­¨¬
¨§ à¥è¥­¨© ãà ¢­¥­¨ï (13) ï¢«ï¥âáï ª®à¥­ì x� > 0 ãà ¢­¥­¨ï (5). �â®â ª®à¥­ì, ¢ ç áâ­®áâ¨,
¡ã¤¥â ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ ãà ¢­¥­¨ï (13), ¥á«¨ #(u) ï¢«ï¥âáï ¢®£­ãâ®© ¨«¨ ª¢ §¨¢®£­ãâ®©
äã­ªæ¨¥© ¤«ï ¢á¥å 0 � u <1 ([11], á. 44) ¨ #(0) > 0. �àã£¨¥ ªà¨â¥à¨¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï
ãà ¢­¥­¨ï (13) ­  ­¥ª®â®à®¬ ®âà¥§ª¥ x0 � u � y0 ¯à¨¢®¤ïâáï ­¨¦¥.
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�¥¬¬  3. �ãáâì ãà ¢­¥­¨¥ (13) ¨¬¥¥â ­  ¨­â¥à¢ «¥ (0; x�) ª®à¥­ì z� â ª®©, çâ® ¤«ï ¢á¥å
u 2 (z�; x�) ¢¥à­® u < #(u). �®£¤  áãé¥áâ¢ãîâ x0 2 (z�; x�), y0 = �f(x0) > x�, ã¤®¢«¥â¢®àïîé¨¥
­¥à ¢¥­áâ¢ ¬ (9), (10) ¨ â ª¨¥, çâ® ãà ¢­¥­¨¥ (13) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x� ­  ®âà¥§ª¥
x0 � u � y0.

�¥¬¬  4. �à¥¤¯®«®¦¨¬, çâ® ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ U� â®çª¨ x
� äã­ªæ¨ï f(u) ¨¬¥¥â

­¥¯à¥àë¢­ãî ¯à®¨§¢®¤­ãî f 0(u), ¯à¨ç¥¬ j�f 0(x�)j < 1. �®£¤  áãé¥áâ¢ãîâ x0, y0, ã¤®¢«¥â¢®-
àïîé¨¥ ­¥à ¢¥­áâ¢ ¬ (9), (10),   ãà ¢­¥­¨¥ (13) ¡ã¤¥â ¨¬¥âì ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x� ­ 
®âà¥§ª¥ x0 � u � y0.

�«ï ¤®ª § â¥«ìáâ¢  «¥¬¬ë 3 ¤®áâ â®ç­® à áá¬®âà¥âì ¯®¢¥¤¥­¨¥ äã­ªæ¨© f(u) ¨ #(u) ­ 
¯à®¬¥¦ãâª¥ z� < u < �f(z�). �â¢¥à¦¤¥­¨¥ «¥¬¬ë 4 ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ä®à¬ã«ë ª®­¥ç­ëå
¯à¨à é¥­¨©.

�¥®à¥¬ . �®¤¥«ì (4), (2) ¨¬¥¥â ­  [0;1) ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ 0 � x(t) � y, ¯à¨ç¥¬ u �
lim inf
t!+1

x(t) � lim sup
t!+1

x(t) � w. �®«¥¥ â®£®, 1) ¥á«¨ x� ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ ª®à­¥¬ ãà ¢­¥­¨ï

(13), â® ¤«ï «î¡ëå  (t), '(a) áãé¥áâ¢ã¥â lim
t!+1

x(t) = x�; 2) ¥á«¨ ¢ë¯®«­¥­ë ¯à¥¤¯®«®¦¥­¨ï

«¥¬¬ë 3 («¥¬¬ë 4),   ç¨á«  x0, y0 | á®®â¢¥âáâ¢ãîé¨¥ à¥è¥­¨ï ­¥à ¢¥­áâ¢ (9), (10), â®
áãé¥áâ¢ã¥â lim

t!+1
x(t) = x� ¯à¨ ãá«®¢¨¨, çâ® '(a) ã¤®¢«¥â¢®àï¥â (11) ¨«¨ (12) ¨ ¯à¨ ¢á¥å

�!n � t � 0 ¢¥à­® x0 �  (t) � y0.

�â¢¥à¦¤¥­¨ï ¤ ­­®© â¥®à¥¬ë ï¢«ïîâáï ­¥¯®áà¥¤áâ¢¥­­ë¬ á«¥¤áâ¢¨¥¬ «¥¬¬ 1{4. �â¬¥â¨¬,
çâ® ¢ ®¡é¥¬ á«ãç ¥ ­  ¨­â¥à¢ «¥ (0; x�) ¬®¦¥â áãé¥áâ¢®¢ âì ­¥áª®«ìª® à¥è¥­¨© ãà ¢­¥­¨ï (13).
� ¦¤ë© ª®à¥­ì z 2 (0; x�) íâ®£® ãà ¢­¥­¨ï ®¯à¥¤¥«ï¥â ¯ àã ç¨á¥« x0 = z, y0 = �f(x0) > x�,
ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ ¬ (9), (10). �«¥¤®¢ â¥«ì­®, ¥á«¨ äã­ªæ¨¨  (t), '(a) â ª®¢ë, çâ®
x0 �  (t) � y0, �!n � t � 0, '(a) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ ¬ (11) ¨«¨ (12), â® ¤«ï à¥è¥­¨ï
x(t) ¬®¤¥«¨ (4), (2) ¡ã¤ãâ ¢¥à­ë ãâ¢¥à¦¤¥­¨ï A) ¨ B) «¥¬¬ë 2. � ª, ¢ à ¬ª å ¯à¥¤¯®«®¦¥­¨©
«¥¬¬ 3 ¨ 4 ¬®¦¥â ®ª § âìáï, çâ® ­  ¨­â¥à¢ «¥ u 2 (zm; x�) ¢¥à­® ­¥à ¢¥­áâ¢® u � #(u) «¨¡®
f 0(u), u 2 U�, â ª®¢ , çâ® j�f 0(x�)j > 1. �®íâ®¬ã ¯à¨ ¯à¨¢¥¤¥­­ëå ¢ëè¥ ®£à ­¨ç¥­¨ïå ­   (t)
¨ '(a) ¡ã¤ãâ áãé¥áâ¢®¢ âì x0, y0, ã¤®¢«¥â¢®àïîé¨¥ (7), ­® ¤«ï ¯ àë (u�; w�), ãç áâ¢ãîé¥© ¢
®æ¥­ª å ãâ¢¥à¦¤¥­¨ï B) «¥¬¬ë 2, ¡ã¤¥â ¢ë¯®«­ïâìáï ­¥à ¢¥­áâ¢® u� < w�. �®íâ®¬ã ­¥«ì§ï
£ à ­â¨à®¢ âì áãé¥áâ¢®¢ ­¨¥ lim

t!+1
x(t), ¨ ¬®¤¥«ì (4), (2) ¬®¦¥â ¨¬¥âì ª®«¥¡ â¥«ì­ë¥ à¥è¥­¨ï,

 ¬¯«¨âã¤  ª®â®àëå ®æ¥­¨¢ ¥âáï ãª § ­­®© ¯ à®© (u�; w�). �á«®¢¨ï áãé¥áâ¢®¢ ­¨ï ª®«¥¡ â¥«ì-
­ëå à¥è¥­¨© ¤«ï ¬®¤¥«¨ (4), (2) ç áâ­®£® ¢¨¤  ¯à¨¢¥¤¥­ë ¢ [12].

� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ ¬®¤¥«ì (4), (2), ¢ ª®â®à®© f(x) = K exp(�
x), x � 0, £¤¥
K > 0, 
 > 0 | ­¥ª®â®àë¥ ª®­áâ ­âë [5]. �§ ãá«®¢¨ï ¬®­®â®­­®£® ã¡ë¢ ­¨ï äã­ªæ¨¨ #(u)=u,
u > 0 (ãá«®¢¨¥ ª¢ §¨¢®£­ãâ®áâ¨) ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã K�
 � e, ¯à¨ ¢ë¯®«­¥­¨¨ ª®â®à®£®
ãà ¢­¥­¨¥ (13) ¨¬¥¥â â®«ìª® ®¤­® à¥è¥­¨¥ x� > 0 â ª®¥, çâ® x� = �K exp(�
x�). �¥à ¢¥­áâ¢®
K�
 � e ®¡¥á¯¥ç¨¢ ¥â áãé¥áâ¢®¢ ­¨¥ ¯à¥¤¥«  à¥è¥­¨© ¬®¤¥«¨ (4), (2) ¯à¨ t! +1 ¤«ï «î¡ëå
­ ç «ì­ëå ç¨á«¥­­®áâ¥© ¨ ¢®§à áâ­ëå à á¯à¥¤¥«¥­¨© ¯¥à¢®­ ç «ì­® ¨¬¥îé¨åáï ª«¥â®ª ªà®¢¨.
�á«¨ ¦¥ K�
 > e, â® à¥è¥­¨¥ ãà ¢­¥­¨ï (13) ­¥ ¥¤¨­áâ¢¥­­®. � íâ®¬ á«ãç ¥ ­¥à ¢¥­áâ¢  (7)
¨¬¥îâ â®«ìª® â ª®¥ à¥è¥­¨¥ x0, y0, çâ® ¤«ï ¯ àë (u�; w�), ã¤®¢«¥â¢®àïîé¥© (8), á¯à ¢¥¤«¨¢ë
á®®â­®è¥­¨ï x0 � u� < x� < w� � y0. �®-¢¨¤¨¬®¬ã, ¢ íâ®¬ á«ãç ¥ ¤«ï ­¥ª®â®àëå §­ ç¥­¨©
¯ à ¬¥âà®¢ ¬®¤¥«¨ (4), (2) áãé¥áâ¢ãîâ ª®«¥¡ â¥«ì­ë¥ à¥è¥­¨ï x(t). �¥§ã«ìâ âë à ¡®â [5], [6],
[12] ¯à¨¢®¤ïâ ª ¯à¥¤¯®«®¦¥­¨î, çâ® ­  áãé¥áâ¢®¢ ­¨¥ â ª¨å à¥è¥­¨© §­ ç¨â¥«ì­ë¬ ®¡à §®¬
¢«¨ï¥â ¢¥«¨ç¨­  ¬ ªá¨¬ «ì­®£® § ¯ §¤ë¢ ­¨ï !n.
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