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1. �¢¥¤¥¨¥

� à ¡®â¥ [1] (á¬. â ª¦¥ [2] ¨ [3]) �®«ì ¤®ª § «, çâ® à £ ¯«®áª®© d-âª ¨ ¥ ¯à¥¢®áå®¤¨â
(d � 1)(d � 2)=2. � [4] �¦¥ì ¯®áâ ¢¨« á«¥¤ãîéãî § ¤ çã: \ ©â¨ ¢á¥ ¯«®áª¨¥ d-âª ¨, ¬ ªá¨-
¬ «ìë© à £ ª®â®àëå à ¢¥ (d� 1)(d� 2)=2, d = 5".

� ¤ ®© à ¡®â¥  ¢â®àë  å®¤ïâ ¨¢ à¨ âãî å à ªâ¥à¨áâ¨ªã ¯«®áª¨å d-âª ¥© ¬ ªá¨-
¬ «ì®£® à £  ¨ ¯à¨¢®¤¨¬ ¯®¤à®¡®¥ ®¯¨á ¨¥ â ª¨å âª ¥© ¢ á«ãç ïå d = 4; 5. �â® | ¯¥à¢ë©
è £ ª à¥è¥¨î áä®à¬ã«¨à®¢ ®© ¢ëè¥ § ¤ ç¨ �¦¥ï.

�®à®è® ¨§¢¥áâ®, çâ® £¥®¬¥âà¨ï 4-âª ¨ ®¯à¥¤¥«ï¥âáï ªà¨¢¨§®©K ®¤®© ¨§ ¥¥ 3-¯®¤âª ¥©,
®á®¢ë¬ ¨¢ à¨ â®¬ a ¨ (ª®¢ à¨ âë¬¨) ¯à®¨§¢®¤ë¬¨ ªà¨¢¨§ëK ¨ ¨¢ à¨ â  a. 4-âª ¨
¬ ªá¨¬ «ì®£® à £  å à ªâ¥à¨§ãîâáï ¤¢ã¬ï á¯®á®¡ ¬¨. �®-¯¥à¢ëå, â ª ï âª ì ¨¬¥¥â ¨¢ -
à¨ âãî   «¨â¨ç¥áªãî å à ªâ¥à¨áâ¨ªã: ¯«®áª ï 4-âª ì ¨¬¥¥â ¬ ªá¨¬ «ìë© à £ â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  ªà¨¢¨§  K ®¤®© ¨§ ¥¥ 3-¯®¤âª ¥© ¨ ª®¢ à¨ âë¥ ¯à®¨§¢®¤ë¥ K3 ¨ K4

ªà¨¢¨§ë K ¢ëà ¦ îâáï ç¥à¥§ ®á®¢®© ¨¢ à¨ â a 4-âª ¨ ¨ ª®¢ à¨ âë¥ ¯à®¨§¢®¤ë¥
íâ®£® ¨¢ à¨ â  ¤® âà¥âì¥£® ¯®àï¤ª  ¢ª«îç¨â¥«ì® ¯® ä®à¬ã« ¬, ¯à¨¢¥¤¥ë¬ ¢ ä®à¬ã«¨-
à®¢ª¥ â¥®à¥¬ë 7. �®-¢â®àëå, ¯«®áª ï 4-âª ì ¬ ªá¨¬ «ì®£® à £  ¬®¦¥â ¡ëâì ®å à ªâ¥à¨§®-
¢   ç¨áâ® £¥®¬¥âà¨ç¥áª¨: ¯«®áª ï 4-âª ì ¨¬¥¥â ¬ ªá¨¬ «ìë© à £ â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  ®  «¨¥ à¨§ã¥¬  ¨ ¥¥ ªà¨¢¨§  ®¡à é ¥âáï ¢ ã«ì (â¥®à¥¬  8). � ¬¥â¨¬, çâ® ªà¨¢¨§ 
4-âª ¨ ¥áâì ¢§¢¥è¥ ï áã¬¬  ªà¨¢¨§ ¥¥ ç¥âëà¥å 3-¯®¤âª ¥©.

� áª®«ìª®  ¢â®à ¬ ¨§¢¥áâ®, ¤ ë¥ à¥§ã«ìâ âë ¢¯¥à¢ë¥ ¢ãâà¥¨¬ ®¡à §®¬ ®¯¨áë¢ îâ
4-âª ¨ ¬ ªá¨¬ «ì®£® à £ , ¢ëà ¦ ï á¢®©áâ¢® âª ¨ ¨¬¥âì ¬ ªá¨¬ «ìë© à £ â®«ìª® ç¥à¥§
¨¢ à¨ âë âª ¨.

� ¬¥â¨¬ ¥é¥, çâ® ¢ à ¡®â å �®ã [5], [6] ¨§ãç « áì ¯à®¡«¥¬  à £  ¯«®áª®© 4-âª ¨, ®¤ -
ª®  ©¤¥ë¥ ¨¬ ãá«®¢¨ï ¥ ¡ë«¨ ¨ ¨¢ à¨ âë¬¨, ¨ íää¥ªâ¨¢ë¬¨. �®íâ®¬ã �.�«ïèª¥
(ª®â®àë© ¡ë« § ª®¬ á à¥§ã«ìâ â ¬¨ �®ã) ¢ á¢®¥© ª¨£¥ [3] (x 48, § ¤ ç  A2) ¯¥à¥ç¨á«¨« áà¥¤¨
¥à¥è¥ëå § ¤ ç ¨ â ªãî: \ ©â¨ ¨¢ à¨ âë¥ ãá«®¢¨ï â®£®, çâ® ¯«®áª ï 4-âª ì ¨¬¥¥â à £
1, 2 ¨«¨ 3".

�®«ãç¥ ï  ¢â®à ¬¨ å à ªâ¥à¨áâ¨ª  ¯«®áª¨å 4-âª ¥© ¬ ªá¨¬ «ì®£® à £ , ¢¬¥áâ¥ á å -
à ªâ¥à¨áâ¨ª®© ¯«®áª¨å 4-âª ¥© à £  ¤¢  ¨ ®¤¨, ¤ îâ ¯®«®¥ à¥è¥¨¥ § ¤ ç¨ �«ïèª¥. �á«®-
¢¨ï, ª®â®àë¥  ¢â®à ¬ ã¤ «®áì  ©â¨, ï¢«ïîâáï ª ª ¨¢ à¨ âë¬¨, â ª ¨ íää¥ªâ¨¢ë¬¨, ¨
¨á¯®«ì§ãîâáï ¢ ¥áª®«ìª¨å ¯à¨¬¥à å.

� â §¨ [7]  è¥« ¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï ¤«ï â®£®, çâ®¡ë ¯«®áª ï âª ì ¨¬¥« 
¬ ªá¨¬ «ìë© à £. �  à ¡®â®© [7] ¯®á«¥¤®¢ «¨ áâ âì¨ [8] ¨ [9]. � [10] �¨à¨® ¤ « ¡®«¥¥ ¯®¤à®¡-
®¥ ¨§«®¦¥¨¥ à¥§ã«ìâ â®¢ � â §¨, ®¯ã¡«¨ª®¢ ëå ¢ [7] ¨ [8], ¨ à¥§ã«ìâ â®¢ �¨å ©«¥ ã
[9]. � à ªâ¥à¨áâ¨ª  âª ¥© ¬ ªá¨¬ «ì®£® à £  ¢ [7] ¨ [8] ä®à¬ã«¨àã¥âáï ¡¥§ ¨á¯®«ì§®¢ ¨ï
¨¢ à¨ â®¢ âª ¨.

� ¬¥â¨¬ â ª¦¥, çâ®, å®âï £¥®¬¥âà¨ç¥áª®¥ ®¯¨á ¨¥ ¯«®áª¨å 4-âª ¥© ¬ ªá¨¬ «ì®£® à £ 
¨ ¡ë«® ¨§¢¥áâ® (ª ¦¤ ï â ª ï âª ì  «£¥¡à ¨§ã¥¬ , â. ¥. ®  íª¢¨¢ «¥â  4-âª ¨, ®¡à §®-
¢ ®© ª á â¥«ìë¬¨ ª  «£¥¡à ¨ç¥áª®© ªà¨¢®© ç¥â¢¥àâ®£® ¯®àï¤ª  [2], x 27), ¨å ¨¢ à¨ â ï
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å à ªâ¥à¨áâ¨ª  ¡ë«  ¥¨§¢¥áâ .
�§ â¥®à¥¬ë 8 ¢ëâ¥ª îâ ¨â¥à¥áë¥ á«¥¤áâ¢¨ï ¤«ï £¥®¬¥âà¨¨ âª ¥©. � ç áâ®áâ¨, ¨§ íâ®©

â¥®à¥¬ë ¥¬¥¤«¥® á«¥¤ã¥â â¥®à¥¬  �ã ª à¥ (á«¥¤áâ¢¨¥ 2). �« áá¨ç¥áª ï â¥®à¥¬  �ã ª à¥
ãâ¢¥à¦¤ ¥â, çâ® ¯«®áª ï 4-âª ì ¬ ªá¨¬ «ì®£® à £  «¨¥ à¨§ã¥¬ . �§  è¨å à¥§ã«ìâ â®¢
íâ  â¥®à¥¬  á«¥¤ã¥â ®ç¥¢¨¤ë¬ ®¡à §®¬, â. ª. ãá«®¢¨ï «¨¥ à¨§ã¥¬®áâ¨ ï¢«ïîâáï ç áâìî ãá«®-
¢¨© ¬ ªá¨¬ «ì®áâ¨ à £  (á¬. â¥®à¥¬ã 8). �¥®à¥¬  �ã ª à¥ ã¯®¬¨ « áì ¢ ¬®®£à ä¨ïå ([2],
x 27, á. 239, ¨ [3], x 44). �â¬¥â¨¬, çâ® íâ  â¥®à¥¬  ®á¨â ¨¬ï �ã ª à¥, â. ª. ®  â¥á® á¢ï§  
á ®â®¡à ¦¥¨¥¬ �ã ª à¥ [11], ª®â®à®¥ è¨à®ª® ¨á¯®«ì§ã¥âáï ¯à¨ ¨áá«¥¤®¢ ¨¨ ¯à®¡«¥¬ë à -
£  âª ¨ ( ¯à., [12] ¨ [13]). � ¦® ¯®¤ç¥àªãâì, çâ® íâã â¥®à¥¬ã ¬®¦® à áá¬ âà¨¢ âì ª ª
¤àã£ãî ä®à¬ã«¨à®¢ªã à¥§ã«ìâ â  �®äãá  �¨ ® ¯®¢¥àå®áâïå ¤¢®©®£® ¯¥à¥®á  [14] ¢ â¥à¬¨-
 å âª ¥©. �¥©áâ¢¨â¥«ì®, ¢ íâ¨å â¥à¬¨ å à¥§ã«ìâ â �¨ ¨§ [14] ¬®¦® áä®à¬ã«¨à®¢ âì â ª:
«î¡ ï ¯«®áª ï 4-âª ì ¬ ªá¨¬ «ì®£® à £   «£¥¡à ¨§ã¥¬  (â. ¥. ®¡à §®¢   ª á â¥«ìë¬¨ ª
 «£¥¡à ¨ç¥áª®© ªà¨¢®© ç¥â¢¥àâ®£® ¯®àï¤ª ). �âáî¤  á«¥¤ã¥â, çâ® 4-âª ì ¬ ªá¨¬ «ì®£® à £ 
«¨¥ à¨§ã¥¬  (áà.,  ¯à., á [3], x 44).

�â¬¥â¨¬ â ª¦¥, çâ®  è¥ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë �ã ª à¥ áãé¥áâ¢¥® ¨á¯®«ì§ã¥â ¥¤ ¢-
®  ©¤¥ë¥  ¬¨ (á®¢¬¥áâ® á �.�.�ª¨¢¨á®¬) ¢ [15] ãá«®¢¨ï «¨¥ à¨§ã¥¬®áâ¨.

� ¤ ®© à ¡®â¥  ¢â®àë â ª¦¥  å®¤ïâ ¨¢ à¨ â®¥ ®¯¨á ¨¥ 4-âª ¥© à £  ¤¢  ¨ ®¤¨
(â¥®à¥¬ë 9 ¨ 10) ¨ ¤®ª §ë¢ îâ, çâ®, ¢®®¡é¥ £®¢®àï, â ª¨¥ âª ¨ ¥ «¨¥ à¨§ã¥¬ë (¯à¥¤«®¦¥-
¨ï 5 ¨ 6). �á¯®«ì§ãï â¥®à¥¬ã 8,  ¢â®àë â ª¦¥ ¤®ª §ë¢ îâ çâ® ¤«ï «¨¥ à¨§ã¥¬®© 4-âª ¨
®¡à é¥¨¥ ¢ ã«ì ªà¨¢¨§ë ¥ â®«ìª® ¥®¡å®¤¨¬®, ® ¨ ¤®áâ â®ç® ¤«ï â®£®, çâ®¡ë ®  ¨¬¥« 
¬ ªá¨¬ «ìë© à £, ¨ çâ® ¬ ªá¨¬ «ìë© à £ ¯ à ««¥«¨§ã¥¬®© 4-âª ¨ â ª¦¥, ª ª ¨ âª ¨
� ©¥à£®ä¥à , à ¢¥ 3.

�¢â®àë à áá¬ âà¨¢ îâ ª®ªà¥âë¥ ¯à¨¬¥àë 4-âª ¥© (¯à¨¬¥àë 1, 2, 4, 5 ¨ 6) ¨, ¯à¨¬¥ïï
â¥®à¥¬ã 8, ãáâ  ¢«¨¢ îâ, çâ® ¤¢  ¨§ ¨å (¯à¨¬¥àë 1 ¨ 2) ï¢«ïîâáï ¯à¨¬¥à ¬¨ âª ¥© ¬ ª-
á¨¬ «ì®£® à £ , ¤¢¥ ¤àã£¨å âª ¨ (¯à¨¬¥àë 4 ¨ 5) ¨¬¥îâ à £ 2,   à £ âª ¨ ¨§ ¯à¨¬¥à 
6 à ¢¥ 1. � ª ª ª 4-âª ¨ ¢ ¯à¨¬¥à å 4, 5 ¨ 6 ¥ «¨¥ à¨§ã¥¬ë, â®, ¢®®¡é¥ £®¢®àï, 4-âª ¨
à £  ¤¢  ¨«¨ ®¤¨ ¥ «¨¥ à¨§ã¥¬ë. �¢â®àë â ª¦¥ ¨§ãç îâ ¯à®¡«¥¬ã à £  ¤«ï ¯«®áª¨å 4- ¨
5-âª ¥© á ¯®áâ®ïë¬¨ ®á®¢ë¬¨ ¨¢ à¨ â ¬¨.

2. �á®¢ë¥ ª®áâàãªæ¨¨ ¤«ï âª ¥©   ¯«®áª®áâ¨

2.1. �«®áª¨¥ d-âª ¨. d-âª ì Wd, d � 3, ¢ ®¡« áâ¨ D � R
2 ®¯à¥¤¥«ï¥âáï d ®¤®¬¥àë¬¨

á«®¥¨ï¬¨,  å®¤ïé¨¬¨áï ¢ ®¡é¥¬ ¯®«®¦¥¨¨ (íâ® § ç¨â, çâ® á«®¨ «î¡ëå ¤¢ãå á«®¥¨© âà á-
¢¥àá «ìë). � ¡®à â ª¨å á«®¥¨© ¬®¦® § ¤ âì d äãªæ¨ï¬¨ (¯¥à¢ë¬¨ ¨â¥£à « ¬¨ á«®¥¨©)
hf1; : : : ; fdi â ª¨¬¨, çâ® «î¡ë¥ ¤¢¥ äãªæ¨¨ fi, fj, i 6= j, ¥§ ¢¨á¨¬ë, ¨«¨ á¨áâ¥¬®© ¤¨ää¥à¥æ¨-
 «ìëå 1-ä®à¬ h!1; !2; : : : ; !di â ª®©, çâ® «î¡ë¥ ¤¢¥ à §«¨çë¥ ä®à¬ë ¨§ íâ®© á¨áâ¥¬ë «¨¥©®
¥§ ¢¨á¨¬ë.

� ä¨ªá¨àã¥¬ ª®¡ §¨á h!1; !2i ¨ 3-¯®¤âª ì W3 = h!1; !2; !3i. �®à¬ë !1, !2 ¨ !3 ¬®¦®
®à¬ «¨§®¢ âì â ª, çâ®¡ë

!1 + !2 + !3 = 0:

�¥£ª® ¤®ª § âì, çâ® ¢ íâ®¬ á«ãç ¥ áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ ï ¤¨ää¥à¥æ¨ «ì ï 1-ä®à¬  
â ª ï, çâ® ¤«ï ¢á¥å i = 1; 2; 3 ¢ë¯®«ïîâáï â ª  §ë¢ ¥¬ë¥ áâàãªâãàë¥ ãà ¢¥¨ï [15]

d!i = !i ^ :

�®à¬   ®¯à¥¤¥«ï¥â á¢ï§®áâì �¦¥ï � ¢ ª®ª á â¥«ì®¬ à áá«®¥¨¨, ª®â®à ï ¨¬¥¥â ª®¢ -
à¨ âë© ¤¨ää¥à¥æ¨ «

d� : !i 7�! �!i 
 :

�à¨¢¨§  íâ®© á¢ï§®áâ¨ ¨¬¥¥â ¢¨¤ R� : !i 7�! �!i 
 d. �á«¨ § ¯¨á âì d = K!1 ^ !2, â®
äãªæ¨ï K  §ë¢ ¥âáï äãªæ¨¥© ªà¨¢¨§ë 3-âª ¨ W3.
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� ¬¥â¨¬, çâ® ä®à¬  ªà¨¢¨§ë d ï¢«ï¥âáï ¨¢ à¨ â®¬ 3-âª ¨W3, ¢ â® ¢à¥¬ï ª ª äãªæ¨ï
ªà¨¢¨§ë K | ®â®á¨â¥«ìë© ¨¢ à¨ â âª ¨.

� áèâ ¡®¥ ¯à¥®¡à §®¢ ¨¥ h!1; !2; !3i 7�! h!s
1; !

s
2; !

s
3i, £¤¥ s | ¥¢ëà®¦¤¥ ï £« ¤ª ï

äãªæ¨ï ¨ !s
i = s�1!i, á®åà ï¥â 3-âª ì ¢ â®¬ á¬ëá«¥, çâ® âà®©ª¨ h!1; !2; !3i ¨ h!s

1; !
s
2; !

s
3i

®¯à¥¤¥«ïîâ ®¤ã ¨ âã ¦¥ âª ì. �âàãªâãàë¥ ãà ¢¥¨ï ¤«ï ä®à¬ h!s
1; !

s
2; !

s
3i ¨¬¥îâ ¢¨¤ d!

s
i =

!s
i ^ 

s, £¤¥ s =  + d ln jsj, ¨ ¯®íâ®¬ã d = ds.
�á«¨ ®¯à¥¤¥«¨âì äãªæ¨î ªà¨¢¨§ë Ks ãà ¢¥¨¥¬

ds = Ks!s
1 ^ !

s
2;

â® Ks = s2K. �â® ®§ ç ¥â, çâ® K | ®â®á¨â¥«ìë© ¨¢ à¨ â ¢¥á  ¤¢ .
�ãáâì h@1; @2i | ¡ §¨á, ¤¢®©áâ¢¥ë© ª h!1; !2i. �®«®¦¨¬ @3 = @2 � @1. �®£¤  á«®¨ 3-âª ¨

W3 ï¢«ïîâáï âà ¥ªâ®à¨ï¬¨ ¢¥ªâ®àëå ¯®«¥© @2, @1 ¨ @3.
�¡®§ ç¨¬ ç¥à¥§ �i ª®¢ à¨ âãî ¯à®¨§¢®¤ãî ¢  ¯à ¢«¥¨¨ @i ®â®á¨â¥«ì® á¢ï§®áâ¨

�¦¥ï.
�ãáâì  = g1!1 + g2!2. �®£¤  K = @1(g2)� @2(g1), ¨ ª®¢ à¨ â ï ¯à®¨§¢®¤ ï �i ¤¥©áâ¢ã¥â

  äãªæ¨¨ u ¢¥á  w á«¥¤ãîé¨¬ ®¡à §®¬:

�(w)
i (u) = @i(u)� wgiu:

� ¤ «ì¥©è¥¬ ¡ã¤¥¬ ®¯ãáª âì ¢¥àå¨© ¨¤¥ªá, ª®£¤  ¢¥á u ¨§¢¥áâ¥. �â¬¥â¨¬, çâ® ª®¢ à¨ â ï
¯à®¨§¢®¤ ï ã¤®¢«¥â¢®àï¥â ¯à ¢¨«ã �¥©¡¨æ  ¨ [20]

�
(w+1)
2 �

(w)
1 � �

(w+1)
1 �

(w)
2 = wK:

�«ï d-âª ¨ Wd = h!1; !2; : : : ; !di ¢ë¡¥à¥¬ !i, i � 4, â ª, çâ®¡ë ¨¬¥«¨ ¬¥áâ® ®à¬ «¨§ æ¨¨
ai!1 + !2 + !i+2 = 0 ¤«ï ¢á¥å i = 1; : : : ; d� 2 ¨ a1 = 1.

� ¬¥â¨¬, çâ® ai 6= 0; 1 ¤«ï i � 2. �®«¥¥ â®£®, ¤«ï ä¨ªá¨à®¢ ®£® i § ç¥¨¥ ai(x), x 2 D ,
äãªæ¨¨ ai ¥áâì  £ à¬®¨ç¥áª®¥ ®â®è¥¨¥ ç¥âëà¥å ¯àï¬ëå ¢ T �x (D ), § ¤ ëå ª®¢¥ªâ®à ¬¨
!1;x, !2;x, !3;x, !i+2;x, ¨ ¯®íâ®¬ã ï¢«ï¥âáï ¨¢ à¨ â®¬. �ãªæ¨¨ ai  §ë¢ îâáï ®á®¢ë¬¨
¨¢ à¨ â ¬¨ (áà. [16] ¨«¨ [17], á. 302{303).

2.2. �ãªæ¨¨ âª ¨. �ë¡¥à¥¬ («®ª «ìë¥) ª®®à¤¨ âë x, y ¢ D â ª, çâ®¡ë !1 ^ dx = 0 ¨
!2 ^ dy = 0. �ãáâì !3 ^ df = 0, !i+3 ^ dgi = 0, i = 1; : : : ; d � 3, ¤«ï ¥ª®â®àëå äãªæ¨© f(x; y),
gi(x; y).

�á¯®«ì§ãï ¬ áèâ ¡®¥ ¯à¥®¡à §®¢ ¨¥, ¬®¦® ¤®¡¨âìáï â®£®, çâ® !3 = df . �®£¤  !1 = �fxdx
¨ !2 = �fydy.

�¢®©áâ¢¥ë© ¡ §¨á f@1; @2g ¨¬¥¥â ¢¨¤ @1 = �f�1x @x; @2 = �f�1y @y. �®à¬  á¢ï§®áâ¨ ¢ë-
à ¦ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:  = �H!3, £¤¥ [20] g1 = g2 = H = fxy

fxfy
. �ãªæ¨ï ªà¨¢¨§ë

¢ëà ¦ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬: K = �f�1x f�1y (log(fxf�1y ))xy. �®£¤  ®á®¢ë¥ ¨¢ à¨ âë âª -
¨ ¢ëà ¦ îâáï ç¥à¥§ äãªæ¨¨ âª ¨ â ª:

ai =
fygi+1;x

fxgi+1;y

; £¤¥ i = 2; : : : ; d� 2.

�¯à¥¤¥«¥¨¥ 1. �«®áª ï d-âª ì Wd  §ë¢ ¥âáï («®ª «ì®) ¯ à ««¥«¨§ã¥¬®©, ¥á«¨ ® 
«®ª «ì® íª¢¨¢ «¥â  d-âª ¨, á®áâ®ïé¥© ¨§ ¯ à ««¥«ìëå ¯àï¬ëå ¢ ¥ª®â®à®© ®¡« áâ¨  ä-
ä¨®© ¯«®áª®áâ¨ A

2 .

�®à®è® ¨§¢¥áâ® (á¬.,  ¯à., [3], x 8), çâ® ¯«®áª ï 3-âª ì «®ª «ì® ¯ à ««¥«¨§ã¥¬  â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  K = 0.

�«ï ¯«®áª®© d-âª ¨, d � 4, ¨¬¥¥â ¬¥áâ® á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ (áà. [16] ¨«¨ [17], 7.2.1 ¤«ï
d = 4).
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�¥®à¥¬  1. �«®áª ï d-âª ì Wd = h!1; !2; !3; !4; : : : ; !di «®ª «ì® ¯ à ««¥«¨§ã¥¬  â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  ¥¥ 3-¯®¤âª ì W3 = h!1; !2; !3i «®ª «ì® ¯ à ««¥«¨§ã¥¬  (â. ¥. K = 0) ¨
¢á¥ ®á®¢ë¥ ¨¢ à¨ âë ai ¯®áâ®ïë.

�®ª § â¥«ìáâ¢®. �ãáâì K = 0 ¨ ai = const. �®£¤  W3 = h!1; !2; !3i «®ª «ì® ¯ à ««¥«¨§ã-
¥¬ , ¨ ¬®¦® ¢ë¡à âì â ª¨¥ «®ª «ìë¥ ª®®à¤¨ âë x, y, çâ® !1 = �dx, !2 = �dy, !3 = d(x+ y).
� ª ª ª ai = const, â® !i+2 = d(aix+ y).

� ®¡®à®â, ¯à¥¤¯®«®¦¨¬, çâ® Wd = h!1; !2; !3; !4; : : : ; !di «®ª «ì® ¯ à ««¥«¨§ã¥¬ . �ë¡¥-
à¥¬ â ª¨¥ «®ª «ìë¥ ª®®à¤¨ âë x, y, çâ® ¢ íâ¨å ª®®à¤¨ â å á«®¨ ª ¦¤®£® á«®¥¨ï ¡ã¤ãâ
¯ à ««¥«ìë¬¨ ¯àï¬ë¬¨. �®£¤ 

fx
fy

¨
gi+1;x

gi+1;y

¯®áâ®ïë.
�®íâ®¬ã K = 0 ¨ ai = const ¢ á¨«ã ¢ëè¥¯à¨¢¥¤¥ëå ä®à¬ã« ¤«ï K ¨ ai.

3. �¡¥«¥¢ë ãà ¢¥¨ï

3.1. �« áá¨ç¥áª¨¥  ¡¥«¥¢ë á®®â®è¥¨ï. �â®â à §¤¥«  ç¥¬ á ¨â¥à¯à¥â æ¨¨ ª« á-
á¨ç¥áª®© â¥®à¥¬ë �¡¥«ï ® á«®¦¥¨¨ [18] ¢ â¥à¬¨ å ¯«®áª¨å âª ¥© (áà. [3]). �àï¬ ï «¨¨ï
   ää¨®© ¯«®áª®áâ¨ ®¯à¥¤¥«ï¥âáï ¯ à®© (r; s): rx + sy = 1. �ãáâì (r; s) ã¤®¢«¥â¢®àï¥â ¥-
ª®â®à®¬ã ªã¡¨ç¥áª®¬ã ãà ¢¥¨î,  ¯à¨¬¥à, s2 � 4r3 � g2r � g3 = 0. �á«¨ â®çª  (x; y) § ¤  ,
¯®«ãç ¥¬ ªã¡¨ç¥áª®¥ ãà ¢¥¨¥   r: r3 + ar2 + br + c = 0, £¤¥

a = �
x2

4y2
; b =

1
4

�
g2 +

2x
y

�
; c =

1
4

�
g3 �

1
y2

�
:

�®£¤  ¢ ®¡« áâ¨, ®¯à¥¤¥«ï¥¬®© ¥à ¢¥áâ¢®¬ x4�24xy2�12g2y4 > 0, y 6= 0, íâ® ªã¡¨ç¥áª®¥ ãà ¢-
¥¨¥ ¨¬¥¥â âà¨ à §«¨çëå ¢¥é¥áâ¢¥ëå ª®àï ¨ ¯®íâ®¬ã ®¯à¥¤¥«ï¥â âà¨ ¯®¯ à® âà á¢¥à-
á «ìë¥ ¯àï¬ë¥ (r1(x; y); s1(x; y)), (r2(x; y); s2(x; y)) ¨ (r3(x; y); s3(x; y)), ¯à®å®¤ïé¨¥ ç¥à¥§ â®çªã
(x; y). � ª¨¬ ®¡à §®¬, ¢ ¤ ®© ®¡« áâ¨ ®¯à¥¤¥«ï¥âáï 3-âª ì W3.

�ãáâì g32 � 27g23 6= 0. �®£¤  à¥è¥¨ï ãà ¢¥¨ï s2 � 4r3 � g2r � g3 = 0 ¬®¦® ¯ à ¬¥âà¨-
§®¢ âì äãªæ¨¥© �¥©¥àèâà áá  } : r = }(t), s = }0(t). � à¥§ã«ìâ â¥ ª®à¨ (r1(x; y); s1(x; y)),
(r2(x; y); s2(x; y)) ¨ (r3(x; y); s3(x; y)) á®®â¢¥âáâ¢ãîâ âà¥¬ à¥è¥¨ï¬ (t1(x; y); t2(x; y); t3(x; y)) ãà ¢-
¥¨ï

f(t) = }(t)x+ }0(t)y � 1 = 0:

�§ï¢ ¨â¥£à « Z
t
f 0(t)
f(t)

dt

¯® £à ¨æ¥ ¯ à ««¥«®£à ¬¬  ¯¥à¨®¤®¢,  å®¤¨¬  ¡¥«¥¢® á®®â®è¥¨¥ t1(x; y)+t2(x; y)+t3(x; y) =
const. �® ¯®áâà®¥¨î äãªæ¨¨ t1(x; y), t2(x; y) ¨ t3(x; y) ¯®áâ®ïë   á®®â¢¥âáâ¢ãîé¨å á«®ïå
âª ¨ W3.

�¥¯¥àì à áá¬®âà¨¬ ¯à®¨§¢®«ìãî ¯«®áªãî d-âª ì, ®¯à¥¤¥«¥ãî d äãªæ¨ï¬¨ Wd =
hf1; : : : ; fdi. �®£¤   ¡¥«¥¢® á®®â®è¥¨¥ § ¤ ¥âáï d äãªæ¨ï¬¨ (F1; : : : ; Fd) ®¤®© ¯¥à¥¬¥®© á®
á¢®©áâ¢®¬ F1(f1)+� � �+Fd(fd) = const. �ã¤¥¬ £®¢®à¨âì, çâ® ¤¢   ¡¥«¥¢ëå á®®â®è¥¨ï (F1; : : : ; Fd)
¨ (G1; : : : ; Gd) íª¢¨¢ «¥âë, ¥á«¨ Fi = Gi + consti ¤«ï ¢á¥å i = 1; : : : ; d. �á®, çâ® ¬®¦¥áâ¢®
ª« áá®¢ íª¢¨¢ «¥â®áâ¨  ¡¥«¥¢ëå á®®â®è¥¨© ¤®¯ãáª ¥â áâàãªâãàã ¢¥ªâ®à®£® ¯à®áâà áâ¢ 
¯® ®â®è¥¨î ª ®¯¥à æ¨¨ á«®¦¥¨ï (F1; : : : ; Fd) + (G1; : : : ; Gd) = (F1 +G1; : : : ; Fd +Gd) ¨ ã¬®-
¦¥¨ï   ç¨á«  �(F1; : : : ; Fd) = (�F1; : : : ; �Fd). � §¬¥à®áâì íâ®£® ¢¥ªâ®à®£® ¯à®áâà áâ¢   -
§ë¢ ¥âáï à £®¬ âª ¨.
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�á«¨ d-âª ì § ¤   ¤¨ää¥à¥æ¨ «ìë¬¨ 1-ä®à¬ ¬¨ Wd = h!1; : : : ; !di, â® ¤¨ää¥à¥æ¨à®-
¢ ¨¥  ¡¥«¥¢ëå á®®â®è¥¨© ¯à¨¢®¤¨â ª  ¡¥«¥¢ã ãà ¢¥¨î

�1!1 + � � �+ �d!d = 0

  äãªæ¨¨ (�1; : : : ; �d) ¯à¨ ãá«®¢¨¨, çâ® ¢á¥ ¤¨ää¥à¥æ¨ «ìë¥ 1-ä®à¬ë �i!i § ¬ªãâë. �¡¥-
«¥¢® ãà ¢¥¨¥ ¥áâì á¨áâ¥¬  «¨¥©ëå ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå ¯¥à¢®£® ¯®àï¤ª   
äãªæ¨¨ (�1; : : : ; �d), ¨ à £ âª ¨ à ¢¥ à §¬¥à®áâ¨ ¯à®áâà áâ¢  à¥è¥¨© íâ®£® ãà ¢¥¨ï.

�«¥¤ãîé¨© ¯à¨¬¥à 3-âª ¨ ¨««îáâà¨àã¥â ¢ëè¥¯à¨¢¥¤¥ë¥ ¯®áâà®¥¨ï. � áá¬®âà¨¬
3-âª ì W3, § ¤ ãî äãªæ¨¥© âª ¨

f =
2xy � x+ y

x+ y
:

�®£¤  !1 = �fxdx, !2 = �fydy, !3 = df . �á«®¢¨¥ �1!1 + �2!2 + �3!3 = 0 ¢«¥ç¥â �1 = �2 = �3,  
ãá«®¢¨¥ d(�3!3) = 0 ¯à¨¢®¤¨â ª �1 = �2 = �3 = �(t) ¤«ï ¥ª®â®à®© äãªæ¨¨ �(t).

�áâ «ìë¥ ¤¢  ãá«®¢¨ï d(�!1) = d(�!2) = 0 ¤ îâ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥   �:

2t�(t) + (t2 � 1)�0(t) = 0:

� ª¨¬ ®¡à §®¬,

�(t) =
1

t2 � 1
;

¨  ¡¥«¥¢® á®®â®è¥¨¥ F1(x) + F2(y) + F3(f) = 0 á®®â¢¥âáâ¢ã¥â äãªæ¨ï¬

F1(x) = ln
x+ 1
x

; F2(y) = ln
y

y � 1
; F3(f) = ln

f � 1
f + 1

:

3.2. �¡¥«¥¢ë ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï. � íâ®¬ à §¤¥«¥ ¯à®¢®¤¨âáï ä®à¬ «¨§ -
æ¨ï ¢ëè¥ãª § ëå ¯®áâà®¥¨©. �ãáâì Wd = h!1; : : : ; !di | ¯«®áª ï d-âª ì ¢ ®¡« áâ¨ D � R

2

¨ ¯ãáâì � : E ! D | ¯®¤à áá«®¥¨¥ âà¨¢¨ «ì®£® à áá«®¥¨ï R
d � D ! D , á®áâ®ïé¥¥ ¨§ â®ç¥ª

(x1; : : : ; xd; �), £¤¥ (x1; : : : ; xd) 2 R
d , � 2 D , â ª®¥, çâ®

dP
1
xi!i;� = 0.

�®¤  ¡¥«¥¢ë¬ ãà ¢¥¨¥¬,  áá®æ¨¨à®¢ ë¬ á d-âª ìî Wd, ¡ã¤¥¬ ¯®¨¬ âì â ªãî á¨áâ¥-
¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¯¥à¢®£® ¯®àï¤ª    á¥ç¥¨ï (�1; : : : ; �d) à áá«®¥¨ï � (â. ¥.
dP
1
�i!i = 0), çâ® (áà. [19]) d(�1!1) = � � � = d(�d!d) = 0.

� ¯¨è¥¬  ¡¥«¥¢® ãà ¢¥¨¥ ¢ ï¢®¬ ¢¨¤¥.
� ¤ «ì¥©è¥¬ ¢ë¡¥à¥¬ ¥ª®â®àãî 3-¯®¤âª ì, áª ¦¥¬ h!1; !2; !3i, ¨ ®à¬ «¨§ã¥¬ d-âª ì

ª ª ¨ ¯à¥¦¤¥:

a1!1 + !2 + !3 = 0; a2!1 + !2 + !4 = 0; : : : ; ad�2!1 + !2 + !d = 0;

£¤¥ a1 = 1 ¨ d!3 = 0.
� §®¢¥¬ â ªãî ®à¬ «¨§ æ¨î áâ ¤ àâ®©.
�®£¤ 

d(�1!1) = (�@2(�1) +H�1)!1 ^ !2;

d(�2!1) = (@1(�2)�H�2)!1 ^ !2;

d(�3!3) = (@2(�3)� @1(�3))!1 ^ !2;

d(�i!i) = (ai�2@2(�i)� @1(�i) + �i(H + @2(ai�2)� ai�2H))!1 ^ !2;

£¤¥ i = 4; : : : ; d.
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�à¥¤¯®«®¦¨¬, çâ® �i ï¢«ïîâáï äãªæ¨ï¬¨ ¢¥á  1,   ai | ¢¥á  0. �®£¤  ¢ëè¥¯à¨¢¥¤¥ë¥
ä®à¬ã«ë ¯à¨¨¬ îâ ¢¨¤

d(�1!1) = ��2(�1)!1 ^ !2;

d(�2!1) = �1(�2) !1 ^ !2;

d(�3!3) = (�2(�3)� �1(�3))!1 ^ !2;

d(�i!i) = (�2(ai�2�i)� �1(�i))!1 ^ !2:

�á«®¢¨¥ ®à¬ «¨§ æ¨¨
dP
1
�i!i = 0 ¢«¥ç¥â

�1 =
d�2X
1

aiui; �2 =
d�2X
1

ui;

�i+2 = ui; i = 1; : : : ; d� 2:

�®íâ®¬ã  ¡¥«¥¢® ãà ¢¥¨¥ íª¢¨¢ «¥â® á¨áâ¥¬¥ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

�1(u1) = � � � = �d�2(ud�2) = 0;

�1(u1) + � � �+ �1(ud�2) = 0;

£¤¥ �i = �1 � �2 � ai.
�ãáâì A1 � J1(�) | ¯®¤à áá«®¥¨¥ à áá«®¥¨ï 1-áâàã©, á®®â¢¥âáâ¢ãîé¥¥  ¡¥«¥¢ã ãà ¢¥-

¨î, ¨ Ak � Jk(�) | (k � 1)-¯à®¤®«¦¥¨¥ A1. �¡®§ ç¨¬ ç¥à¥§ �k;k�1 : Ak ! Ak�1 ®£à ¨ç¥¨¥
¥áâ¥áâ¢¥ëå ¯à®¥ªæ¨© Jk(�)! Jk�1(�).

�à¥¤«®¦¥¨¥ 1. �ãáâì k � d� 2. �®£¤  Ak ï¢«ïîâáï ¢¥ªâ®àë¬¨ à áá«®¥¨ï¬¨,   ®â®-
¡à ¦¥¨ï �k;k�1 : Ak  Ak�1 | ¯à®¥ªæ¨ï¬¨. �®«¥¥ â®£®, dimker �k;k�1 = d� k � 2.

�®ª § â¥«ìáâ¢®. �ãáâì ui;r1:::rs | ª®®à¤¨ âë ¢ ¯à®áâà áâ¢¥ áâàã© Jk(�), á®®â¢¥âáâ¢ãî-
é¨¥ ª®¢ à¨ âë¬ ¯à®¨§¢®¤ë¬ �r1 � � � �rs (¯®¤à®¡®áâ¨ á¬.¢ [20]). � íâ¨å ª®®à¤¨ â å  ¡¥«¥¢®
ãà ¢¥¨¥ ¯à¨¨¬ ¥â ¢¨¤

u1;1 = a1u1;2 + a1;2u1;

� � � � � � � � � � � � � � � � � � � � �

ud�2;1 = ad�2ud�2;2 + ad�2;2ud�2;

u1;1 + � � �+ ud�2;1 = 0:

�â® § ç¨â, çâ® u1; :::; ud�2 ï¢«ïîâáï á«®¥¢ë¬¨ ª®®à¤¨ â ¬¨ ¢ à áá«®¥¨¨ D
�
 � E,   u1;2; :::; ud�3;2

| ¢ à áá«®¥¨¨ E
�1;0
 �� A1. �§ï¢ ª®¢ à¨ âë¥ ¯à®¨§¢®¤ë¥  ¡¥«¥¢  ãà ¢¥¨ï, § ¬¥â¨¬, çâ®

u1;22; : : : ; ud�4;22 | á«®¥¢ë¥ ª®®à¤¨ âë ¢ à áá«®¥¨¨ A1
�2;1
 �� A2, ¨ â.¤.

�à¥¤«®¦¥¨¥ 1 ¯®ª §ë¢ ¥â, çâ® ¨¬¥¥âáï á«¥¤ãîé ï ¡ èï ¢¥ªâ®àëå à áá«®¥¨©:

D
�
 � E

�1;0
 �� A1

�2;1
 �� A2

�3;1
 �� � � �

�d�3;d�4
 ����� Ad�3

�d�2;d�3
 ����� Ad�2:

�®á«¥¤ïï ¯à®¥ªæ¨ï Ad�2

�d�2;d�3
�����! Ad�3 ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬. �¥®¬¥âà¨ç¥áª¨ ¥¥ ¬®¦® ¯à¥¤-

áâ ¢«ïâì ª ª «¨¥©ãî á¢ï§®áâì ¢ ¢¥ªâ®à®¬ à áá«®¥¨¨ �d�3 : Ad�3 ! D . � ¬¥â¨¬, çâ®  ¡¥«¥-
¢® ãà ¢¥¨¥ ä®à¬ «ì® ¨â¥£à¨àã¥¬® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  íâ  «¨¥© ï á¢ï§®áâì
ï¢«ï¥âáï ¯«®áª®©.

� §¬¥à®áâì íâ®£® à áá«®¥¨ï à ¢  (d � 2) + (d � 3) + � � � + 1 = (d � 2)(d � 1)=2. �âáî¤ 
á«¥¤ã¥â, çâ® ¯à®áâà áâ¢® à¥è¥¨© Sol(A)  ¡¥«¥¢  ãà ¢¥¨ï A ª®¥ç®¬¥à® ¨

dimSol(A) � (d� 1)(d � 2)=2:

� §¬¥à®áâì dimSol(A)  §ë¢ ¥âáï à £®¬ á®®â¢¥âáâ¢ãîé¥© d-âª ¨ Wd.
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� à¥§ã«ìâ â¥ ¯®«ãç ¥âáï á«¥¤ãîé¨© à¥§ã«ìâ â, ª®â®àë© ¡ë« ¢¯¥à¢ë¥ ¯®«ãç¥ �®«¥¬ [1] (á¬.
â ª¦¥ [2] ¨ [3]).

�¥®à¥¬  2. � £ ¯«®áª®© d-âª ¨ Wd ¥ ¯à¥¢®áå®¤¨â (d� 1)(d � 2)=2:

�à¥¯ïâáâ¢¨¥ ª á®¢¬¥áâ®áâ¨ á¨áâ¥¬ë  ¡¥«¥¢ëå ãà ¢¥¨© § ¤ ¥âáï ¬ã«ìâ¨áª®¡ª®© (á¬. [21]
¨ à §¤¥« 7.1 ¤ ®© áâ âì¨). � âà¨æ   ¡¥«¥¢®© á¨áâ¥¬ë ¨¬¥¥â ¢¨¤



�1 � � � 0
...

. . .
...

0 � � � �d�2

�1 � � � �1


:

�ëç¨á«ïï ¬ã«ìâ¨áª®¡ªã, ¯®«ãç¨¬

(�1)df(�1; : : : ; 0); : : : ; (0; : : : ;�d�2); (�1; : : : ; �1)g = �1�2 � � ��d�2(�1; : : : ; 0) +

+�1�1�3 � � ��d�2(0;�2; : : : ; 0) + � � � +�1 � � ��i�1�1�i+1 � � ��d�2(0; : : : ;�i; : : : ; 0) + � � � +

+�1 � � ��d�3�1(0; : : : ;�d�2)��1 � � ��d�2(�1; : : : ; �1):

�®íâ®¬ã ãá«®¢¨ï á®¢¬¥áâ®áâ¨ á¨áâ¥¬ë  ¡¥«¥¢ëå ãà ¢¥¨© ¨¬¥¥â ¢¨¤

{ = �1u1 + � � �+�d�2ud�2 = 0;

£¤¥ �i = �1 � � ��d�2 � �1��1 � � ��i�1 � �1 ��i+1 � � ��d�2 ��i ï¢«ïîâáï «¨¥©ë¬¨ ¤¨ää¥à¥æ¨ «ì-
ë¬¨ ®¯¥à â®à ¬¨ ¯®àï¤ª  ¥ ¢ëè¥ d� 2.

�®ª §  

�¥®à¥¬  3. d-âª ì ¨¬¥¥â ¬ ªá¨¬ «ìë© à £, à ¢ë© (d � 1)(d � 2)=2, â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  { = 0   Ad�2.

� ¬¥â¨¬, çâ® { ¬®¦® à áá¬ âà¨¢ âì ª ª «¨¥©ãî äãªæ¨î   ¢¥ªâ®à®¬ à áá«®¥¨¨
Ad�2, ¨ ¯®íâ®¬ã â¥®à¥¬  3  ª« ¤ë¢ ¥â (d � 1)(d � 2)=2 ãá«®¢¨©   d-âª ì (  d � 2 äãªæ¨©
âª ¨), ¥®¡å®¤¨¬ëå ¤«ï â®£®, çâ®¡ë âª ì ¨¬¥«  ¬ ªá¨¬ «ìë© à £. � å®¦¤¥¨¥ íâ¨å ãá«®-
¢¨© ®á¨â ç¨áâ®  «£¥¡à ¨ç¥áª¨© å à ªâ¥à. �¨¦¥ ¨å  å®¦¤¥¨¥ ¨««îáâà¨àã¥âáï   ¯à¨¬¥à å
¯«®áª¨å 3-, 4- ¨ 5-âª ¥©. �ëç¨á«¥¨ï ¡ã¤ãâ ¡ §¨à®¢ âìáï   ¨á¯®«ì§®¢ ¨¨ á¢®©áâ¢ ª®¢ à¨-
 âëå ¯à®¨§¢®¤ëå ¨§ [20]. � ¬¥â¨¬ â ª¦¥, çâ® ¤«ï ®¡é¥£® á«ãç ï d-âª ¥© ¢ëà ¦¥¨¥ {,
ª ª ¯à ¢¨«®, ¤®¢®«ì® £à®¬®§¤ª®, ®¤ ª® ¤«ï ª®ªà¥âëå ¯à¨¬¥à®¢ d-âª ¥© ®® ¬®¦¥â ¡ëâì
¨ ¯à®áâë¬.

4. � £ ¯«®áª®© 3-âª ¨

�ãáâì d = 3. �®£¤  ¬ ªá¨¬ «ìë© à £ W3 à ¢¥ 1. �¡¥«¥¢® ãà ¢¥¨¥ ¨¬¥¥â ¢¨¤

�1(u1) = 0; �1(u1) = 0:

�à¥¯ïâáâ¢¨¥ { à ¢® (�1�1 ��1�1)u1 = (�2�1 � �1�2)u1 = Ku1.

�¥®à¥¬  4 ([22]). 3-âª ì W3 ¨¬¥¥â ¬ ªá¨¬ «ìë© à £ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  íâ 
âª ì ¯ à ««¥«¨§ã¥¬ . �¤¨áâ¢¥®¥  ¡¥«¥¢® ãà ¢¥¨¥, ¤®¯ãáª ¥¬®¥ â ª®© 3-âª ìî, | íâ®
ãà ¢¥¨¥ !1 + !2 + !3 = 0 áâ ¤ àâ®© ®à¬ «¨§ æ¨¨.
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5. �«®áª¨¥ 4-âª ¨

5.1. �à¥¯ïâáâ¢¨¥. �§ï¢ áâ ¤ àâãî ®à¬ «¨§ æ¨î 4-âª ¨ W4, ¯®«®¦¨¬ a2 = a:

!1 + !2 + !3 = 0; a !1 + !2 + !4 = 0

¨ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¨¦¨¥ ¨¤¥ªáë ¤«ï ®¡®§ ç¥¨ï ª®¢ à¨ âëå ¯à®¨§¢®¤ëå ®â a,  -
¯à¨¬¥à, a2 = �2(a).

� ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãîéãî ä®à¬ã  ¡¥«¥¢®£® á®®â®è¥¨ï:

(u+ av)!1 + (u+ v)!2 + u!3 + v!4 = 0;

£¤¥ �1 = u+ av, �2 = u+ v, �3 = u, �4 = v. �á¥ á« £ ¥¬ë¥ ï¢«ïîâáï § ¬ªãâë¬¨ 1-ä®à¬ ¬¨ ¯à¨
ãá«®¢¨¨, çâ® u ¨ v ã¤®¢«¥â¢®àïîâ  ¡¥«¥¢ã ãà ¢¥¨î

�1(u)� �2(u) = 0; �1(v) � �2(av) = 0; �1(u) + �1(v) = 0:

�«ï 4-âª ¥© ¡ èï ¯à®¤®«¦¥¨©  ¡¥«¥¢  ãà ¢¥¨ï ¨¬¥¥â ¢¨¤

D
�

 ��� E
�1;0
 ��� A1

�2;1
 ��� A2;

£¤¥ �2;1 : A2 ! A1 ®¯à¥¤¥«ï¥â «¨¥©ãî á¢ï§®áâì   âà¥å¬¥à®¬ ¢¥ªâ®à®¬ à áá«®¥¨¨ �1 :
A1 ! D .

�ã¤¥¬ ¨á¯®«ì§®¢ âì áâ ¤ àâë¥ á«®¥¢ë¥ ª®®à¤¨ âë u; v ¨ u1; : : : ¢ à áá«®¥¨¨ áâàã© ¢¬¥-
áâ® u1; u2; u1;1; : : :

� íâ¨å ª®®à¤¨ â å  ¡¥«¥¢® ãà ¢¥¨¥ ¯à¨¬¥â ¢¨¤

u1 � u2 = 0; v2 � av2 � a2v = 0; u1 + v1 = 0;

  ¯à¥¯ïâáâ¢¨¥ { = (�1�2�1 � �1�1�2)u+ (�1�2�1 ��1�1�2)v à ¢® c0v2 + c1v + c2u.
�àï¬®¥ ¢ëç¨á«¥¨¥ ¯à¨¢®¤¨â ª á«¥¤ãîé¥¬ã à¥§ã«ìâ âã.

�¥®à¥¬  5. � ª ®¨ç¥áª¨å ª®®à¤¨ â å ®£à ¨ç¥¨¥ {   A2 ¨¬¥¥â ¢¨¤

{ = c0v2 + c1v + c2u;

£¤¥

c0 = K +
a11 � aa22 � 2(1 � a)a12

4a(1� a)
+
(�1 + 2a)a21 � a2a22 + 2(1� a)2a1a2

4(1� a)2a2
;

c1 =
K2 �K1

4(1� a)
+
(a� 4)a1 + (11� 20a + 12a2)a2

12(1� a)2a
K +

a112 � a122
4a(1� a)

+

+
a1 � aa2
4a2(1� a)

a22 +
(2a� 1)(a1 � aa2)

4(1� a)2a2
a12 �

a22((1� 2a)a1 + aa2)
4(1� a)2a2

;

c2 =
aK2 �K1

4a(1� a)
+
(1� 2a)a1 � (a� 2)aa2

4(1� a)2a2
K:

�®íää¨æ¨¥â c0 ¢ ¢ëà ¦¥¨¨ { ¨¬¥¥â ¢ãâà¥¨© £¥®¬¥âà¨ç¥áª¨© á¬ëá«. �¬¥®, ®¯à¥¤¥-
«¨¬ ªà¨¢¨§ã 4-âª ¨ ª ª áà¥¤¥¥  à¨ä¬¥â¨ç¥áª®¥ ªà¨¢¨§ ¥¥ 3-¯®¤âª ¥©. �®ç¥¥, à áá¬®âà¨¬
3-¯®¤âª ¨ [1; 2; 3], [1; 2; 4],[1; 3; 4] ¨ [2; 3; 4] 4-âª ¨W4 á ®à¬ «¨§ æ¨ï¬¨, § ¤ ë¬¨ 1-ä®à¬ ¬¨
¨ ®á®¢ë¬ ¨¢ à¨ â®¬,

[1; 2; 3]: !1, !2, !3, !4;
[1; 2; 4]: �1 = a!1, �2 = !2, �3 = !4, �4 = !3;
[1; 3; 4]: �1 = (a� 1)!1, �2 = �!3, �3 = !4, �4 = �!2;
[2; 3; 4]: �1 = (a� 1)!2, �2 = a!3, �3 = �!4, �4 = a!1.
�ãáâì K[l;m; n] | äãªæ¨ï ªà¨¢¨§ë 3-¯®¤âª ¨ [l;m; n]. �¯à¥¤¥«¨¬ 2-ä®à¬ã ªà¨¢¨§ë

L!1 ^ !2 4-âª ¨ á«¥¤ãîé¨¬ ®¡à §®¬:

4L!1 ^ !2 = K[1; 2; 3]!1 ^ !2 +K[1; 2; 4]�1 ^ �2 +K[1; 3; 4]�1 ^ �2 +K[2; 3; 4]�1 ^ �2:
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�®£¤  (¯®¤à®¡®áâ¨ á¬. ¢ [16] ¨«¨ [17], £«. 7)

K[1; 2; 3] = K;

K[1; 2; 4] =
1
a

�
K �

a12
a

+
a1a2
a2

�
;

K[1; 3; 4] =
1

a� 1

�
K +

a2(a1 � a2)
(1� a)2

+
a12 � a22
1� a

�
;

K[2; 3; 4] =
1

a(a� 1)

�
K +

(2a� 1)a1(a1 � a2)
a2(1� a)2

+
a11 � a12
a(1� a)

�
:

�ëç¨á«ïï äãªæ¨î ªà¨¢¨§ë L 4-âª ¨ á ¯®¬®éìî ¤ ®© ä®à¬ã«ë, ¯®«ãç¨¬ á«¥¤ãîéãî
£¥®¬¥âà¨ç¥áªãî ¨â¥à¯à¥â æ¨î ª®íää¨æ¨¥â  c0.

�¥®à¥¬  6 ([7]). �®íää¨æ¨¥â c0 à ¢¥ äãªæ¨¨ ªà¨¢¨§ë 4-âª ¨: c0 = L.

�¥®¬¥âà¨ç¥áª¨© á¬ëá« c0 ¡ë«  ®á¨à®¢  ¢ [9] (â ª¦¥ á¬. ª®¬¬¥â à¨¨ ¢ [10]). �¥¤ ¢®
íâ®â à¥§ã«ìâ â ¡ë« ¤®ª §  ¢ [23].

5.2. 4-âª ¨ ¬ ªá¨¬ «ì®£® à £ . �«®áª ï 4-âª ì ¨¬¥¥â ¬ ªá¨¬ «ìë© à £, à ¢ë©
âà¥¬, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯à¥¯ïâáâ¢¨¥ { â®¦¤¥áâ¢¥® ®¡à é ¥âáï ¢ ã«ì, â. ¥. â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  c0 = c1 = c2 = 0. �â® ¯à¨¢®¤¨â ª á«¥¤ãîé¥¬ã à¥§ã«ìâ âã.

�¥®à¥¬  7. �«®áª ï 4-âª ì W4 ¨¬¥¥â ¬ ªá¨¬ «ìë© à £ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
ªà¨¢¨§  K ¨ ª®¢ à¨ âë¥ ¯à®¨§¢®¤ë¥ K3 ¨ K4 ªà¨¢¨§ë K, £¤¥ @3 = @2� @1 ¨ @4 = a@2� @1,
¢ëà ¦ îâáï ç¥à¥§ ®á®¢®© ¨¢ à¨ â a 4-âª ¨ ¨ ¥£® ª®¢ à¨ âë¥ ¯à®¨§¢®¤ë¥ ¤® âà¥-
âì¥£® ¯®àï¤ª  ¢ª«îç¨â¥«ì®:

K =
�a11 + aa22 + 2(1 � a)a12

4a(1� a)
+
(1� 2a)a21 + a2a22 � 2(1 � a)2a1a2

4(1� a)2a2
;

K3 =
(4� a)a1 � (11 � 20a+ 12a2)a2

3(1 � a)a
K +

a122 � a112
a

+
a4a22
a2

+

+
(2a� 1)a4a12
(1� a)a2

+
2a22(1� a)a1 + a22a4

(1� a)a2
;

K4 =
aa4 � (1� a)a1 � 2aa3

(1� a)a
K:

�§ï¢ ª®¢ à¨ âë¥ ¯à®¨§¢®¤ë¥ �3 ¨ �4 ®â ¯¥à¢®£® ãà ¢¥¨ï â¥®à¥¬ë 7,  ©¤¥¬ K3 ¨ K4.
�à ¢¨¢ ¯®«ãç¥ë¥ § ç¥¨ï á® § ç¥¨ï¬¨, ¯à¨¢¥¤¥ë¬¨ ¢ â¥®à¥¬¥ 7, ¯®«ãç ¥¬ ¤¢  á®®â®-
è¥¨ï (®¨ ¯à¨¢®¤ïâáï ¨¦¥ ¢ ¯à¥¤«®¦¥¨¨ 2) ¬¥¦¤ã ®á®¢ë¬ ¨¢ à¨ â®¬ a 4-âª ¨ ¨ ¥£®
ª®¢ à¨ âë¬¨ ¯à®¨§¢®¤ë¬¨ ¤® âà¥âì¥£® ¯®àï¤ª  ¢ª«îç¨â¥«ì®.

�¡à â®, íâ¨ á®®â®è¥¨ï  àï¤ã á® § ç¥¨ï¬¨ K3 ¨ K4, ¯®«ãç¥ë¬¨ ¤¨ää¥à¥æ¨à®¢ -
¨¥¬ K, ¤ îâ ¢®§¬®¦®áâì ¢®ááâ ®¢¨âì ¢â®à®¥ ¨ âà¥âì¥ ãà ¢¥¨ï â¥®à¥¬ë 7.

�â® ¤®ª §ë¢ ¥â

�à¥¤«®¦¥¨¥ 2. �«®áª ï 4-âª ì ¨¬¥¥â ¬ ªá¨¬ «ìë© à £ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
ªà¨¢¨§  K ¨¬¥¥â ¢¨¤, ãª § ë© ¢ ¯¥à¢®¬ ãà ¢¥¨¨ â¥®à¥¬ë 7, ¨ ®á®¢®© ¨¢ à¨ â a 4-
âª ¨ ¨ ¥£® ª®¢ à¨ âë¥ ¯à®¨§¢®¤ë¥ ¤® âà¥âì¥£® ¯®àï¤ª  ¢ª«îç¨â¥«ì® ã¤®¢«¥â¢®àïîâ
á«¥¤ãîé¨¬ ¤¢ã¬ á®®â®è¥¨ï¬:

6(a� 1)2a2[�a111 + 2(a+ 1)a112 � 3aa122] + a(a� 1)[a(5(7a � 5)a1 � 3(4a2 + 5a� 4)a2)a11 �

�2((13a2 + 18a� 19)a1 + 3a(3 � 5a)a2)a12 + a((19a � 17)a1 + 15aa2)a22] +

+(�34a2 + 49a� 19)a31 + (26a3 + 40a2 � 89a+ 38)a21a2 + a(�31a2 + 53a� 18)a1a
2
2 � 15a

3a32 = 0;

6(a� 1)2a2[3a112 � 2(a + 1)a122 + aa222] + a(a� 1)[(�15a1 + (17� 19a)a2)a11 +
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+2(3(7 � 9a)a1 + (5a2 + 18a � 11)a2)a12 + (3(4a2 + 5a� 4)a1 + a(1� 11a)a2)a22] +

+15(2a � 1)a31 + (56a2 � 101a+ 41)a21a2 + (�10a3 � 41a2 + 58a� 22)a1a
2
2 + a2(5a� 1)a32 = 0:

�â® ¯à¥¤«®¦¥¨¥ ¯®§¢®«ï¥â  ©â¨ £¥®¬¥âà¨ç¥áª¨© á¬ëá« ¯®á«¥¤¨å ¤¢ãå ãà ¢¥¨© â¥®à¥-
¬ë 7.

�à¥¤«®¦¥¨¥ 3. �á«¨ ªà¨¢¨§  4-âª ¨ ®¡à é ¥âáï ¢ ã«ì, â® ãá«®¢¨ï ¯à¥¤«®¦¥¨ï 2
íª¢¨¢ «¥âë «¨¥ à¨§ã¥¬®áâ¨ 4-âª ¨.

�®ª § â¥«ìáâ¢®. �®¦® ¯à®¢¥à¨âì, çâ® ¯à¨ L = 0 ãá«®¢¨ï «¨¥ à¨§ã¥¬®áâ¨ 4-âª ¨, ¯à¨-
¢¥¤¥ë¥ ¢ [15], íª¢¨¢ «¥âë ãá«®¢¨ï¬ ¯à¥¤«®¦¥¨ï 2.

�¥¯¥àì ¬®¦¥¬ áä®à¬ã«¨à®¢ âì â¥®à¥¬ã 7 ¢ ç¨áâ® £¥®¬¥âà¨ç¥áª¨å â¥à¬¨ å.

�¥®à¥¬  8. 4-âª ì ¨¬¥¥â ¬ ªá¨¬ «ìë© à £ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®  «¨¥ à¨-
§ã¥¬  ¨ ¥¥ ªà¨¢¨§  ®¡à é ¥âáï ¢ ã«ì.

� ¬¥ç ¨¥ 1. � áª®«ìª®  ¬ ¨§¢¥áâ®, ãª §  ï å à ªâ¥à¨áâ¨ª  4-âª ¨ ¬ ªá¨¬ «ì®£®
à £  | íâ® ¯¥à¢®¥ ¨¢ à¨ â®¥ ¢ãâà¥¥¥ ®¯¨á ¨¥ â ª¨å âª ¥© ¢ â¥à¬¨ å ¨¢ à¨ â®¢
âª ¥©. �®«¥¥ â®£®, ãá«®¢¨ï â®£®, çâ® 4-âª ì ¨¬¥¥â ¬ ªá¨¬ «ìë© à £, ¢ª«îç îâ ãá«®¢¨¥
«¨¥ à¨§ã¥¬®áâ¨ âª ¨.

� ª¨¬ ®¡à §®¬, ¥áâì âà¨ à §«¨çëå (® íª¢¨¢ «¥âëå ¬¥¦¤ã á®¡®©)   «¨â¨ç¥áª¨å ãá«®-
¢¨ï, ¥®¡å®¤¨¬ëå ¨ ¤®áâ â®çëå ¤«ï â®£®, çâ®¡ë 4-âª ì ¨¬¥«  ¬ ªá¨¬ «ìë© à £:

(i) ãá«®¢¨¥, ¯à¨¢¥¤¥®¥ ¢ â¥®à¥¬¥ 7;
(ii) ®¡à é¥¨¥ ¢ ã«ì ªà¨¢¨§ë 4-âª ¨ ¨ ãá«®¢¨ï ¯à¥¤«®¦¥¨ï 2;
(iii) ®¡à é¥¨¥ ¢ ã«ì ªà¨¢¨§ë 4-âª ¨ ¨ ãá«®¢¨ï «¨¥ à¨§ã¥¬®áâ¨ 4-âª ¨ ¨§ [15].

� ¦¤®¥ ¨§ ¯¥à¥ç¨á«¥ëå ãá«®¢¨© íää¥ªâ¨¢® ¨ ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢ ® ¤«ï ¯à®¢¥àª¨
â®£®, ¨¬¥¥â «¨ ¤  ï 4-âª ì ¬ ªá¨¬ «ìë© à £ (á¬. ¯à¨¬¥àë ¢ ª®æ¥ ¤ ®£® à §¤¥« ).

�§ â¥®à¥¬ë 8 ¢ëâ¥ª îâ ¨â¥à¥áë¥ á«¥¤áâ¢¨ï ¤«ï £¥®¬¥âà¨¨ âª ¥©.
�«ï «¨¥ à¨§ã¥¬ëå 4-âª ¥© ®¡à é¥¨¥ ¢ ã«ì ªà¨¢¨§ë ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç® ¤«ï â®£®,

çâ®¡ë 4-âª ì ¨¬¥«  ¬ ªá¨¬ «ìë© à £.

�«¥¤áâ¢¨¥ 1. �¨¥ à¨§ã¥¬ ï ¯«®áª ï 4-âª ì ¨¬¥¥â ¬ ªá¨¬ «ìë© à £ â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  ¥¥ ªà¨¢¨§  ®¡à é ¥âáï ¢ ã«ì.

� ¬¥ç ¨¥ 2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 8 (¨ á«¥¤áâ¢¨ï 1) áãé¥áâ¢¥® ®¯¨à ¥âáï   ãá«®¢¨ï
«¨¥ à¨§ã¥¬®áâ¨ 4-âª ¥© ¨§ [15]. �«ï «¨¥©®© 4-âª ¨ à¥§ã«ìâ â á«¥¤áâ¢¨ï 1 ¡ë«  ®á¨à®-
¢  ¡¥§ ¤®ª § â¥«ìáâ¢  ¢ [8] (á¬. â ª¦¥ [10], 5.1.3). � è à¥§ã«ìâ â ï¢«ï¥âáï ¡®«¥¥ ®¡é¨¬, ç¥¬
à¥§ã«ìâ â ¤«ï «¨¥©ëå 4-âª ¥© ¢ [8].

�àï¬®¥ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë �ã ª à¥ á ¯®¬®éìî â¥®à¨¨ âª ¥© ¤ ¥â

�«¥¤áâ¢¨¥ 2 (â¥®à¥¬  �ã ª à¥). �«®áª ï 4-âª ì ¬ ªá¨¬ «ì®£® à £  «¨¥ à¨§ã¥¬ .

�®ª § â¥«ìáâ¢®. �â®â à¥§ã«ìâ â á«¥¤ã¥â ¨§ â¥®à¥¬ë 8, â. ª. ãá«®¢¨¥ «¨¥ à¨§ã¥¬®áâ¨ ï¢«ï-
îâáï ç áâìî ãá«®¢¨© â¥®à¥¬ë 8.

�«¥¤áâ¢¨¥ 3. �á«¨ ¯«®áª ï 4-âª ì á ¯®áâ®ïë¬ ®á®¢ë¬ ¨¢ à¨ â®¬ a ¨¬¥¥â ¬ ªá¨-
¬ «ìë© à £, â® ®  ¯ à ««¥«¨§ã¥¬ .

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì®, ¥á«¨ a = const, â® ai = aij = aijk = 0. �á«¨ 4-âª ì ¨¬¥¥â
¬ ªá¨¬ «ìë© à £, â® ¯® â¥®à¥¬¥ 8 L = 0. �®¤áâ ¢«ïï ai = aij = aijk = 0 ¢ à ¢¥áâ¢® L = 0,
¯®«ãç¨¬ K = 0. �®íâ®¬ã âª ì ¯ à ««¥«¨§ã¥¬ .

�«¥¤áâ¢¨¥ 4. � à ««¥«¨§ã¥¬ ï ¯«®áª ï 4-âª ì ï¢«ï¥âáï âª ìî ¬ ªá¨¬ «ì®£® à £ .
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�®ª § â¥«ìáâ¢®. �§ â¥®à¥¬ë 1 á«¥¤ã¥â, çâ® 4-âª ì ¯ à ««¥«¨§ã¥¬  â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  K = 0, a = const. �âáî¤  L = 0. � ª ª ª ¯ à ««¥«¨§ã¥¬ ï 4-âª ì «¨¥ à¨§ã¥¬ , â® ¯®
â¥®à¥¬¥ 8 ®  ¨¬¥¥â ¬ ªá¨¬ «ìë© à £.

�¯à¥¤¥«¥¨¥ 2. 4-âª ì, ¢á¥ 3-¯®¤âª ¨ ª®â®à®© ¯ à ««¥«¨§ã¥¬ë (â. ¥. ï¢«ïîâáï è¥áâ¨-
ã£®«ìë¬¨),  §ë¢ ¥âáï 4-âª ìî � ©¥à£®ä¥à .

� ª¨¥ âª ¨ ¡ë«¨ ¢¢¥¤¥ë � ¥©à£®ä¥à®¬ [24]. �§ â¥®à¥¬ë 8 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 5. 4-âª ¨ � ©¥à£®ä¥à  ¨¬¥îâ ¬ ªá¨¬ «ìë© à £.

�â® á¢®©áâ¢® 4-âª ¥© � ©¥à£®ä¥à  ¡ë«® ¤®ª § ® ¥¤ ¢® ¢ [23].

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬ ¢ ç «¥, çâ® ¯® ®¯à¥¤¥«¥¨î 2 ¨¬¥¥¬ L = 0. � «¥¥ å®à®è®
¨§¢¥áâ®, çâ® ([2], x 10; á¬. â ª¦¥ [16]) 4-âª ¨ � ©¥à£®ä¥à  «¨¥ à¨§ã¥¬ë. �®íâ®¬ã ¯® â¥®à¥¬¥
8 4-âª ¨ � ©¥à£®ä¥à  ¨¬¥îâ ¬ ªá¨¬ «ìë© à £.

�à¨¢¨§  4-âª ¨ ®¯à¥¤¥«ï« áì á ¯®¬®éìî  «ìâ¥à¨à®¢ ëå áã¬¬. � «®£¨ç® ¬®¦®
 ©â¨ âà¨ ¤®¯®«¨â¥«ìëå ¨¢ à¨ â  ¢â®à®£® ¯®àï¤ª , ª®â®àë¥ ¢ëà ¦ îâáï â®«ìª® ¢ â¥à¬¨-
 å ®á®¢®£® ¨¢ à¨ â  a ¨ ¥£® ª®¢ à¨ âëå ¯à®¨§¢®¤ëå ¯¥à¢®£® ¨ ¢â®à®£® ¯®àï¤ª®¢:

M = K[1; 2; 3] � aK[1; 2; 4] � (a� 1)K[1; 3; 4] + a(a� 1)K[2; 3; 4];

P = K[1; 2; 3] + aK[1; 2; 4] � (a� 1)K[1; 3; 4] � a(a� 1)K[2; 3; 4];

Q = K[1; 2; 3] � aK[1; 2; 4] + (a� 1)K[1; 3; 4] � a(a� 1)K[2; 3; 4]:

�®£¤ 

M =
�a11 � 2aa12 � aa22

a(a� 1)
+
(2a� 1)a21 � 2a

2a1a2 + a2a22
a2(a� 1)2

;

P =
(a11 � aa22)
a(a� 1)

+
(1� 2a)a21 + a2a22

a2(a� 1)2
;

Q =
a11 � 2a12 + aa22

a(a� 1)
+
(1� 2a)a21 + 2(2a � 1)a1a2 � a2a22

a2(a� 1)2
:

�á¯®«ì§ãï íâ¨ ¨¢ à¨ âë, ¬®¦® ãáâ ®¢¨âì ®¢ãî ¨¢ à¨ âãî å à ªâ¥à¨áâ¨ªã
4-âª ¥© � ©¥à£®ä¥à .

�à¥¤«®¦¥¨¥ 4. 4-âª ì ï¢«ï¥âáï âª ìî � ©¥à£®ä¥à  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¨-
¢ à¨ âë M , P , Q ¨ L ®¡à é îâáï ¢ ã«ì.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á¨áâ¥¬ã L = M = P = Q = 0 ª ª ®¤®à®¤ãî «¨¥©ãî
á¨áâ¥¬ã ®â®á¨â¥«ì® K[1; 2; 3], K[1; 2; 4], K[1; 3; 4] ¨ K[2; 3; 4]. �¯à¥¤¥«¨â¥«ì íâ®© á¨áâ¥¬ë à ¢¥
�16a2(a� 1)2. � ª ª ª a 6= 0; 1, ®¯à¥¤¥«¨â¥«ì ®â«¨ç¥ ®â 0. �®íâ®¬ã íâ  á¨áâ¥¬  ¨¬¥¥â â®«ìª®
ã«¥¢®¥ à¥è¥¨¥ K[1; 2; 3] = K[1; 2; 4] = K[1; 3; 4] = K[2; 3; 4] = 0.

�«¥¤®¢ â¥«ì®, ¯® ®¯à¥¤¥«¥¨î 2 íâ  4-âª ì ï¢«ï¥âáï 4-âª ìî � ©¥à£®ä¥à . �¡à â®¥
ãâ¢¥à¦¤¥¨¥ ®ç¥¢¨¤®.

5.2.1. � ¯®¬¨¬ ä®à¬ã  ¡¥«¥¢®£® á®®â®è¥¨ï

(u+ av)!1 + (u+ v)!2 + u!3 + v!4 = 0;

£¤¥ ¢á¥ á« £ ¥¬ë¥ ï¢«ïîâáï § ¬ªãâë¬¨ 1-ä®à¬ ¬¨ ¯à¨ ãá«®¢¨¨, çâ® u ¨ v ã¤®¢«¥â¢®àïîâ
 ¡¥«¥¢ã ãà ¢¥¨î

�1(u)� �2(u) = 0; �1(v) � �2(av) = 0; �1(u) + �1(v) = 0:

�«ï ¯à¨«®¦¥¨© ¯à¥¤áâ ¢«ïîâ ¨â¥à¥á ¤¢  á«ãç ï.
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�«ãç © v = 0 ¢®§¬®¦¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  K = 0. �¡¥«¥¢® á®®â®è¥¨¥ ¨¬¥¥â ¢¨¤

u!1 + u!2 + u!3 = 0:

� á«ãç ¥ u = 0  ¡¥«¥¢® ãà ¢¥¨¥ ¤ ¥â

�1(v) = 0; �2(v) =
a2v

a
;

  ãá«®¢¨ï á®¢¬¥áâ®áâ¨

�2�1v � �1�2v = Kv; �2�1v � �1�2v = �1

�
a2
a

�
v

¢«¥ªãâ

K = �1

�
a2
a

�
=

aa12 � a1a2
a2

:

�¡¥«¥¢® á®®â®è¥¨¥ ¯à¥¢à é ¥âáï ¢ av!1 + v!2 + v!4 = 0. �¬¥îâáï â®«ìª® âà¨ á«ãç ï, ª®£¤ 
¢ë¯®«ïîâáï ®¡  ãá«®¢¨ï (¨ â®£¤  u!1+u!2+u!3 = 0, av!1+v!2+v!4 = 0 ï¢«ïîâáï  ¡¥«¥¢ë¬¨
á®®â®è¥¨ï¬¨):

1. ¯ à ««¥«¨§ã¥¬ë¥ 4-âª ¨,
2. 4-âª ¨ � ©¥à£®ä¥à ,
3. 4-âª ¨, ¤«ï ª®â®àëå K[1; 2; 3] = K[1; 2; 4] = 0.

�à¨¬¥à 1. �«®áª ï 4-âª ì, ®¡à §®¢  ï ª®®à¤¨ âë¬¨ «¨¨ï¬¨ y = const, x = const ¨
«¨¨ï¬¨ ãà®¢ï äãªæ¨©

f(x; y) =
x

y
¨ g(x; y) =

1� y

1� x
;

ï¢«ï¥âáï 4-¯®¤âª ìî ¨§¢¥áâ®© 5-âª ¨ �®«ï, ª®â®à ï ¨¬¥¥â à £, à ¢ë© è¥áâ¨, ® ¥ «¨-
¥ à¨§ã¥¬  ([15], ¯à¨¬¥à 7 à §¤¥«  5.2). �à¥âì¥ ¨ ç¥â¢¥àâ®¥ á«®¥¨ï íâ®© 4-âª ¨ ®¡à §®¢ ë
¯ãçª ¬¨ ¯àï¬ëå á æ¥âà ¬¨ ¢ â®çª å (0; 0) ¨ (1; 1) á®®â¢¥âáâ¢¥®. �â  4-âª ì «¨¥©  (¨
¯®íâ®¬ã «¨¥ à¨§ã¥¬ ).

� ª ª ª 3-¯®¤âª ì [1; 2; 3] íâ®© 4-âª ¨ ¯ à ««¥«¨§ã¥¬ , â® ¤®¯ãáª ¥âáï  ¡¥«¥¢® á®®â®è¥-
¨¥

u!1 + u!2 + u!3 = 0:

�àï¬®¥ ¢ëç¨á«¥¨¥ ¯®ª §ë¢ ¥â, çâ® ¢ë¯®«ïîâáï ãá«®¢¨ï â¥®à¥¬ë 7. �®«¥¥ â®£®, ¯àï¬ë¥
¢ëç¨á«¥¨ï ¯®ª §ë¢ îâ, çâ® íâ  4-âª ì ï¢«ï¥âáï 4-âª ìî � ©¥à£®ä¥à , à £ ª®â®à®© à ¢¥
âà¥¬ ¢ á¨«ã á«¥¤áâ¢¨ï 5. �®®â¢¥âáâ¢ãîé¨¥  ¡¥«¥¢ë á®®â®è¥¨ï ¨¬¥îâ ¢¨¤

ln f1 � ln f2 � ln f3 = 0;

ln(1� f1)� ln(1� f2) + ln f4 = 0;

ln
1� f1
f1

� ln
1� f3
f3

� ln(1� f4) = 0;

£¤¥ f1 = x, f2 = y, f3 = x

y
, f4 =

1�y

1�x
.

�à¨¬¥à 2. �«®áª ï 4-âª ì, ®¡à §®¢  ï ª®®à¤¨ âë¬¨ «¨¨ï¬¨ y = const, x = const ¨
«¨¨ï¬¨ ãà®¢ï äãªæ¨©

f(x; y) =
x

y
¨ g(x; y) =

x� xy

y � xy

([15], ¯à¨¬¥à 8 à §¤¥«  5.2) | ¤àã£ ï 4-¯®¤âª ì ¨§¢¥áâ®© 5-âª ¨ �®«ï. �à¥âì¥ ¨ ç¥â¢¥à-
â®¥ á«®¥¨ï íâ®© 4-âª ¨ ï¢«ïîâáï á®®â¢¥âáâ¢¥® ¯ãçª®¬ ¯àï¬ëå á æ¥âà®¬ ¢ â®çª¥ (0; 0) ¨
á«®¥¨¥¬ ªà¨¢ëå ¢â®à®£® ¯®àï¤ª . � [15] ¡ë«® ¤®ª § ®, çâ® íâ  4-âª ì «¨¥ à¨§ã¥¬ .
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� á¨«ã â¥å ¦¥ ¯à¨ç¨, çâ® ¨ ¢ ¯à¨¬¥à¥ 1, ¨¬¥¥¬ K = 0 ¨ ¢ë¯®«ïîâáï ãá«®¢¨ï â¥®à¥¬ë 7.
�®íâ®¬ã à áá¬ âà¨¢ ¥¬ ï ¯«®áª ï 4-âª ì ¨¬¥¥â ¬ ªá¨¬ «ìë© à £, à ¢ë© âà¥¬, á  ¡¥«¥¢ë-
¬¨ á®®â®è¥¨ï¬¨

ln f1 � ln f2 � ln f3 = 0;

ln
�
1
f1
� 1

�
� ln

�
1
f2
� 1

�
+ ln f4 = 0;

ln(1� f1)� ln(1� f3) + ln(1� f4) = 0;

£¤¥ f1 = x, f2 = y, f3 = x

y
, f4 =

x(1�y)

y(1�x)
.

�à¨¬¥à 3. � áá¬®âà¨¬ ¯«®áªãî 4-âª ì, ®¡à §®¢ ãî ª®®à¤¨ âë¬¨ «¨¨ï¬¨
y = const, x = const ¨ «¨¨ï¬¨ ãà®¢ï äãªæ¨©

f(x; y) = x+ y ¨ g(x; y) = x2 + y2:

� ª ¨ ¢ ¯à¨¬¥à¥ 1, á®¢  ¨¬¥¥¬ K = 0, ¯®íâ®¬ã âª ì ¤®¯ãáª ¥â  ¡¥«¥¢® á®®â®è¥¨¥
u!1 + u!2 + u!3 = 0.

�®¦® ¯à®¢¥à¨âì, çâ® ãá«®¢¨ï «¨¥ à¨§ã¥¬®áâ¨ 4-âª ¨ ¨§ [15] ¥ ¢ë¯®«ïîâáï. �®íâ®¬ã
íâ  4-âª ì ¥ «¨¥ à¨§ã¥¬ . �® á«¥¤áâ¢¨î 2 íâ  4-âª ì ¥ ¬®¦¥â ¨¬¥âì ¬ ªá¨¬ «ìë© à £.
�®íâ®¬ã à £ à áá¬ âà¨¢ ¥¬®© 4-âª ¨ ¬®¦¥â ¡ëâì à ¢¥ â®«ìª® 1 ¨«¨ 2.

5.3. 4-âª ¨ à £  ¤¢ . � ª ¡ë«® ®â¬¥ç¥® à ¥¥, 4-âª ì ¤®¯ãáª ¥â  ¡¥«¥¢® ãà ¢¥¨¥
(¨¬¥¥â ¯®«®¦¨â¥«ìë© à £) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ãà ¢¥¨¥

c0v2 + c1v + c2u = 0 (1)

¨¬¥¥â ¥ã«¥¢®¥ à¥è¥¨¥.
�ãáâì ¢ ãà ¢¥¨¨ (1) c0 = 0. �®£¤ , ¥á«¨ ¤¢  ®áâ «ìëå ª®íää¨æ¨¥â  c1 ¨ c2 ãà ¢¥¨ï

(1) â ª¦¥ à ¢ë 0, â® ¯® â¥®à¥¬¥ 7 4-âª ì ¨¬¥¥â ¬ ªá¨¬ «ìë© à £. �á«¨ c0 = 0, ® ®¤¨ ¨§
ª®íää¨æ¨¥â®¢ c1 ¨«¨ c2 ¢ (1) ¥ à ¢¥ 0, â® c1v+ c2u = 0 ¨,  ¯à¨¬¥à, u ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥
ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå ¯¥à¢®£® ¯®àï¤ª , á®áâ®ïé¥© ¨§ ¤¢ãå ãà ¢¥¨©. �®íâ®¬ã
4-âª ì ¤®¯ãáª ¥â ¥ ¡®«¥¥ ®¤®£®  ¡¥«¥¢  ãà ¢¥¨ï (â. ¥. ¨¬¥¥â à £, à ¢ë© 1 ¨«¨ 0).

� ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ª®íää¨æ¨¥â c0 ¢ (1) ®â«¨ç¥ ®â ã«ï. �®£¤  4-âª ì
¥ ¬®¦¥â ¨¬¥âì à £, ¡®«ìè¨© ¤¢ãå.

� íâ®¬ à §¤¥«¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® 4-âª ì ¨¬¥¥â à £ 2.

�¥®à¥¬  9. �«®áª ï 4-âª ì ¨¬¥¥â à £ ¤¢  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  c0 6= 0 ¨

Gij = 0; i; j = 1; 2; (2)

£¤¥

G11 = ac0(c2;2 � c2;1) + ac2(c0;1 � c0;2)� a(1� a)c1c2 +

+ (2a2 � a1 � aa2)c0c2 �Kc20;

G12 = ac0(c1;2 � c1;1) + ac1(c0;1 � c0;2)� a(1� a)c21 +

+ (2a2 � a1 � 2aa2)c0c1 + (a22 + a12 � a22)c20;

G21 = c0(c2;1 � ac2;2) + c2(ac0;2 � c0;1)� 2a2c0c2 + a(1� a)c22;

G22 = c0(c1;1 � ac1;2) + c1(ac0;2 � c0;1) + a(1� a)c1c2 � a2c0c1 �

� a2(1� a)c0c2 + (a22 �K)c20:
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�®ª § â¥«ìáâ¢®. �®¡ ¢¨¢ ãá«®¢¨ï á®¢¬¥áâ®áâ¨ (1) ª  ¡¥«¥¢ë¬ ãà ¢¥¨ï¬ ¨ à¥è¨¢ ¯®«ã-
ç¥ãî á¨áâ¥¬ã ®â®á¨â¥«ì® u1, u2, v1, v2, ¯®«ãç¨¬ äà®¡¥¨ãá®¢ã á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå

u1 = �a2v +
a

c0
(c2u+ c1v);

u2 = �a2v +
a

c0
(c2u+ c1v);

v1 = a2v �
a

c0
(c2u+ c1v);

v2 = �
a

c0
(c2u+ c1v):

�á«®¢¨ï ¨â¥£à¨àã¥¬®áâ¨ ¤«ï íâ®© á¨áâ¥¬ë ¯®«ãç¨¬ ¨§ ª®¬¬ãâ æ¨®ëå á®®â®è¥¨©
�2�1��1�2 = K. �ëç¨á«ïï ª®¬¬ãâ â®àë ¨ ¯®¤áâ ¢«ïï u1, u2, v1 ¨ v2, á ãç¥â®¬ á¨áâ¥¬ë, ¯à¨å®¤¨¬
ª ãá«®¢¨ï¬ ¨â¥£à¨àã¥¬®áâ¨ ¢¨¤ 

G11u+G12v = 0;

G21u+G22v = 0;
(3)

£¤¥ G11, G12, G21 ¨ G22 ®¯à¥¤¥«¥ë ¢ â¥®à¥¬¥ 9.
�â®¡ë 4-âª ì ¨¬¥«  à £ 2, ã¦ë ¤¢  ¥§ ¢¨á¨¬ëå à¥è¥¨ï u ¨ v. �â® ¤®ª §ë¢ ¥â (2).

5.3.1. �à¨¬¥à 4. � áá¬®âà¨¬ ¯«®áªãî 4-âª ì, ®¡à §®¢ ãî ª®®à¤¨ âë¬¨ «¨¨ï¬¨ y =
const, x = const ¨ «¨¨ï¬¨ ãà®¢ï äãªæ¨©

f(x; y) = x+ y ¨ g(x; y) = x2 + y2

(á¬. ¯à¨¬¥à 2).

� ª ã¦¥ ãáâ ®¢«¥®, íâ  4-âª ì ¤®¯ãáª ¥â  ¡¥«¥¢® á®®â®è¥¨¥

u!1 + u!2 + u!3 = 0;

¨ ¥¥ à £ à ¢¥ 1 ¨«¨ 2. � íâ®¬ á«ãç ¥

c0 = �
3(x� y)3(x+ y)

xy5
6= 0;

c1 =
x2 � y2

4x2y3
; c2 = 0;

c0;1 = �
1
2x3

; c0;2 =
1
2y3

;

c1;1 = �
1

2x3y
; c1;2 =

3x2 � y2

4x2y4
;

c2;1 = c2;2 = 0

¨

G11 = G12 = G21 = G22 = 0:

�âáî¤  á«¥¤ã¥â, çâ® ¤«ï íâ®© 4-âª ¨ ¢ë¯®«ïîâáï ãá«®¢¨ï (2). �®íâ®¬ã ¥¥ à £ à ¢¥ 2.
�¢   ¡¥«¥¢ëå á®®â®è¥¨ï ¤«ï íâ®© âª ¨ ¨¬¥îâ ¢¨¤ f1 + f2 � f3 = 0, f 2

1 + f 2
2 � f4 = 0, £¤¥

f1 = x, f2 = y, f3 = x+ y, f4 = x2 + y2.
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�à¨¬¥à 5. � áá¬®âà¨¬ ¯«®áªãî 4-âª ì, ®¡à §®¢ ãî ª®®à¤¨ âë¬¨ «¨¨ï¬¨
y = const, x = const ¨ «¨¨ï¬¨ ãà®¢ï äãªæ¨©

f(x; y) =
x

y
¨ g(x; y) = xy(x+ y):

�®¢  ¨¬¥¥¬ K = 0, ¨ ¬®¦® ¯à®¢¥à¨âì, çâ® ãá«®¢¨ï «¨¥ à¨§ã¥¬®áâ¨ 4-âª ¨ [15] ¥ ¢ë-
¯®«ïîâáï. �® á«¥¤áâ¢¨î 2 à £ íâ®© âª ¨ ¬¥ìè¥ 3.

�¬¥¥¬

c0 =
3y3(x2 � y2)

2x(2x+ y)2(x+ 2y)2
6= 0;

c1 =
3y5(y � x)

2x(2x+ y)2(x+ 2y)2
6= 0; c2 = 0;

c0;1 = c0;2 =
3y4(2x4 � 5x3y � 12x2y2 � 5xy3 + 2y4)

2x(2x+ y)2(x+ 2y)2
;

c1;1 = c1;2 = �
3y6(4x3 � 10x2y � 7xy2 + 4y3)

2x2(2x+ y)3(x+ 2y)4
;

c2;1 = c2;2 = 0

¨ ¢ à¥§ã«ìâ â¥

G11 = G12 = G21 = G22 = 0:

�®íâ®¬ã íâ  4-âª ì ¨¬¥¥â à £ 2.
�¢   ¡¥«¥¢ëå á®®â®è¥¨ï ¨¬¥îâ ¢¨¤

ln f1 � ln f2 � ln f3 = 0;

ln f1 + 2 ln f2 + ln(1 + f3)� ln f4 = 0;

£¤¥ f1 = x, f2 = y, f3 = x

y
, f4 = xy(x+ y).

� áá¬®âà¥¨¥ ¯à¨¬¥à®¢ 4 ¨ 5 ¯à¨¢®¤¨â ª ¢ ¦®¬ã  ¡«î¤¥¨î.

�à¥¤«®¦¥¨¥ 5. � ®¡é¥¬ á«ãç ¥ 4-âª ¨ à £  2 ¥ «¨¥ à¨§ã¥¬ë.

5.4. 4-âª ¨ à £  1. �¥âëà¥ á«ãç ï, ª®£¤  4-âª ì ¬®¦¥â ¨¬¥âì à £ 1, ®¯¨áë¢ ¥â

�¥®à¥¬  10. �«®áª ï 4-âª ì ¨¬¥¥â à £ 1 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«ï¥âáï ®¤®
¨§ á«¥¤ãîé¨å ãá«®¢¨©:

1. c0 = 0, J1 = J2 = 0, £¤¥

J1 = a2c1c2(c1 � c2) + ac22(c1;2 � c1;1) +

+ c1c2(c1;1 + a(c2;1 � c1;2 � c2;2)) + c21(ac2;2 � c2;1);

J2 = c21(c1 � c2)
2K + (c1;11 � c1;12)c1c2(c2 � c1) +

+ c21(c1 � c2)(c2;11 � c2;12) + c2(2c1 � c2)c1;1(c1;2 � c1;1) +

+ c21c2;1(c1;2 � c2;2 + c2;1) + c21c1;1(c2;2 � 2c2;1)

¨ c1 6= c2, c1 6= 0;
2: c0 = 0, c1 = c2 6= 0, ¨ J3 = 0, £¤¥ J3 = (a22 � a12)(1� a) + a2(a2 � a1)� (1� a)2K;
3: c0 = 0, c1 = 0, c2 6= 0, ¨ J4 = 0, £¤¥ J4 = a12a� a1a2 �Ka2;
4: c0 6= 0, ¨ J10 = J11 = J12 = 0, £¤¥

J10 = G11G22 �G21G12;

J11 = c0(G21;1G22 �G22;1G21) + (a2c0 � ac1)G
2
21 ++(ac2 � a2c0 + ac1)G21G22 � ac2G

2
22;

J12 = c0(G21;2G22 �G22;2G21) + (a2c0 � ac1)G
2
21 + a(c2 � c1)G21G22 � c2G

2
22:
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�®ª § â¥«ìáâ¢®. � ç «¥ à áá¬®âà¨¬ á«ãç ©, ª®£¤  c0 = 0,   ®¤¨ ¨§ ª®íää¨æ¨¥â®¢ c1
¨«¨ c2 ¨§ (1) ¥ à ¢¥ 0, ¨ 4-âª ì W4 ¨¬¥¥â à £ 1.

�®£¤  ¨§ ãà ¢¥¨ï (1) á«¥¤ã¥â

u = c1t; v = �c2t (4)

¤«ï ¥ª®â®à®© äãªæ¨¨ t.
�¨ää¥à¥æ¨àãï íâ¨ ãà ¢¥¨ï,  å®¤¨¬

u1 = c1;1t+ c1t1; u2 = c1;2t+ c1t2;

v1 = �c2;1t� c2t1; v1 = �c2;2t� c2t2:

�®¤áâ ¢«ïï íâ¨ ¢ëà ¦¥¨ï ¢  ¡¥«¥¢® ãà ¢¥¨¥, ¯®«ãç¨¬

(c1;1 � c2;1)t+ (c1 � c2)t1 = 0;

(c1;1 � c1;2)t+ c1(t1 � t2) = 0;

(�c2;1 + ac2;2 + a2c2)t� c2t1 + ac2t2 = 0:

(5)

�á«¨ c1 � c2 6= 0 ¨ c1 6= 0, â®, à¥è ï ¯¥à¢ë¥ ¤¢  ãà ¢¥¨ï ®â®á¨â¥«ì® t1 ¨ t2, ¯®«ãç¨¬

t1 =
t(c2;1 � c1;1)
c1 � c2

; t2 =
t(c1;1 � c2;1)

c1
+
t(c2;1 � c1;1)

c1 � c2
: (6)

�®¤áâ ¢«ïï íâ¨ § ç¥¨ï ¢ ¯®á«¥¤¥¥ ãà ¢¥¨¥ ¯à¥¤ë¤ãé¥© á¨áâ¥¬ë, ¯à¨å®¤¨¬ ª ãà ¢¥¨î
J1 = 0, £¤¥ J1 ¢ëà ¦ ¥âáï ª ª ãª § ® ¢ â¥®à¥¬¥ 10.

� «¥¥, ¤¨ää¥à¥æ¨àãï âà¥âì¥ ãà ¢¥¨¥ ¢ (5) ¢  ¯à ¢«¥¨¨ f!2 = 0g ¨ ¨á¯®«ì§ãï á¨¬¬¥-
âà¨çë¥ ¯à®¨§¢®¤ë¥,  å®¤¨¬

t1
c1
(c1;1 � c1;2)�

t

c21

��
c1;11 � c1;12 +

3Kc1
2

�
c1 � (c1;1 � c1;2)c1;1

�
�

�
t1

c1 � c2
(c1;1 � c2;1)�

t

(c1 � c2)2
�
(c1;11 � c2;11)(c1 � c2)� (c1;1 � c2;1)2

�
+

+
t2(c1;1 � c2;1)

c1 � c2
+ t

c1;12 � c2;12
(c1 � c2)2

�
Kt

2
� t

(c1;1 � c2;1)(c1;2 � c2;2)
(c1 � c2)2

= 0:

�®¤áâ ¢«ïï § ç¥¨ï t1 ¨ t2 ¨§ (6) ¢ íâ® ãà ¢¥¨¥, ¯à¨å®¤¨¬ ª ãà ¢¥¨î J2 = 0 â¥®à¥¬ë 10.
�¥¯¥àì à áá¬®âà¨¬ á«ãç © c0 = 0, c1 = c2 6= 0.
�®£¤  u = �v ¨

u1 � u2 = 0; u1 � au2 � a2u = 0:

�¥è ï íâã á¨áâ¥¬ã ®â®á¨â¥«ì® u1 ¨ u2,  å®¤¨¬

u1 =
a2u

1� a
; u2 =

a2u

1� a
:

�á«®¢¨ï á®¢¬¥áâ®áâ¨ íâ¨å ãà ¢¥¨© ¤ ¥â J3 = 0, £¤¥

J3 =
�
a2u

1� a

�
2

�

�
a2u

1� a

�
1

�K =
(a12 � a22)(a� 1)� a2(a1 � a2)

(a� 1)2
�K:

�¥¯¥àì à áá¬®âà¨¬ ¢â®à®© ¨áª«îç¥ë© á«ãç ©: c0 = 0, c1 = 0, c2 6= 0. �®£¤  u = 0. �âáî¤ 

v1 = 0; av2 + a2v = 0;

¨ ¨¬¥¥â ¬¥áâ® ãá«®¢¨¥ á®¢¬¥áâ®áâ¨ J4 = 0, £¤¥ J4 = a12a� a1a2 �Ka2.
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�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® c0 6= 0, ¨ 4-âª ì ¨¬¥¥â à £ 1. �®£¤   ¡¥«¥¢® ãà ¢¥¨¥ á ãá«®¢¨¥¬
á®¢¬¥áâ®áâ¨ { = 0 ¤ ¥â á¨áâ¥¬ã

u1 = �v1;

u2 = �v1;

u1 = �a2v +
1
c0
(c1v + c2u);

v2 = �
1
c0
(c1v + c2u):

� ª ª ª 4-âª ì ¨¬¥¥â à £ 1, á¨áâ¥¬  (3) ¨¬¥¥â ¥ã«¥¢®¥ à¥è¥¨¥. � ª¨¬ ®¡à §®¬, ¥¥
¤¥â¥à¬¨ â ®¡à é ¥âáï ¢ ã«ì:

J10 = G11G22 �G12G21 = 0:

�®§ì¬¥¬,  ¯à¨¬¥à, ¢â®à®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (3) ¨ ¯à®¤¨ää¥à¥æ¨àã¥¬ ¥£®. �®¡ ¢¨¢ ¯®«ãç¥-
ë¥ ãà ¢¥¨ï ª ¢ëè¥ãª § ®© á¨áâ¥¬¥, ¯®«ãç¨¬ J11 = J12 = 0.

5.4.1. �à¨¬¥à 6. � áá¬®âà¨¬ ¯«®áªãî 4-âª ì, ®¡à §®¢ ãî ª®®à¤¨ âë¬¨ «¨¨ï¬¨ y =
const, x = const ¨ «¨¨ï¬¨ ãà®¢ï äãªæ¨©

f(x; y) =
xy2

(x� y)2
¨ g(x; y) =

x2y

(x� y)2
:

� íâ®¬ á«ãç ¥ c0 = 0 ¨ J1 = J2 = 0. �®íâ®¬ã ¯®«ãç ¥¬ âª ì â¨¯  1, ®¯¨á ®£® ¢ â¥®à¥¬¥
10, ¨ íâ  4-âª ì ¨¬¥¥â à £ 1.

�¤¨áâ¢¥®¥  ¡¥«¥¢® á®®â®è¥¨¥ | íâ®

ln f1 � lnf2 + ln f3 � ln f4 = 0;

£¤¥

f1 = x; f2 = y; f3 =
xy2

(x� y)2
; f4 =

x2y

(x� y)2
:

�â®â ¯à¨¬¥à ¤®ª §ë¢ ¥â

�à¥¤«®¦¥¨¥ 6. � ®¡é¥¬ á«ãç ¥ 4-âª ì à £  ®¤¨ ¥ «¨¥ à¨§ã¥¬ .

5.5. 4-âª ì á ¯®áâ®ïë¬¨ ®á®¢ë¬¨ ¨¢ à¨ â ¬¨. � ç «¥ à áá¬®âà¨¬ 4-âª ì
¬ ªá¨¬ «ì®£® à £ , ¤«ï ª®â®à®© ®á®¢®© ¨¢ à¨ â ¯®áâ®ï¥ ¢¤®«ì á«®¥¢ ®¤®£® ¨§ á«®¥¨©
âª ¨.

�¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®¦® ¯à¥¤¯®«®¦¨âì, çâ® a ¯®áâ®ï¥ ¢¤®«ì á«®¥¢ ¢â®à®£® á«®-
¥¨ï, â. ¥. a1 = 0. �®£¤ , à¥è ï á¨áâ¥¬ã c0 = c1 = c2 = 0, ¯®«ãç¨¬

K =
a22

4(a� 1)2
�

a22
4(a� 1)

;

K1 =
a2a22

2(a� 1)2
�

a32
2(a� 1)3

;

K2 =
a2a22

4(a� 1)2
�

a32
4(a� 1)3

:

�¨ää¥à¥æ¨àãï ¯¥à¢®¥ ãà ¢¥¨¥ ¨ ãç¨âë¢ ï ®áâ ¢è¨¥áï ¤¢  ãà ¢¥¨ï, ¯à¨å®¤¨¬ ª ãá«®-
¢¨ï¬

a22 =
a22

a� 1
; a222 =

a32
(a� 1)2

:
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�â®à®¥ ãà ¢¥¨¥ íâ®© á¨áâ¥¬ë ¯®«ãç ¥âáï ª®¢ à¨ âë¬ ¤¨ää¥à¥æ¨à®¢ ¨¥¬ ¯¥à¢®£®. �¥à-
¢®¥ ãà ¢¥¨¥ ¢«¥ç¥â K = 0, ¨ ªà¨¢¨§  ¢á¥å ®áâ «ìëå 3-¯®¤âª ¥© â ª¦¥ ®¡à é ¥âáï ¢ ã«ì.
�àã£¨¬¨ á«®¢ ¬¨, ¤  ï 4-âª ì ¥áâì âª ì � ©¥à£®ä¥à .

� ¤àã£®© áâ®à®ë, ¥á«¨ ¯à¥¤¯®«®¦¨âì, çâ® a1 = 0 ¨ K = 0, â® ¥¤¨áâ¢¥ë¬ ãá«®¢¨¥¬,
®¡¥á¯¥ç¨¢ îé¨¬ ¬ ªá¨¬ «ì®áâì à £ , ï¢«ï¥âáï

a22 �
a22

a� 1
= 0

¨«¨

�2

�
a2

a� 1

�
= 0: (�)

�¥®à¥¬  11. 1: �«®áª ï 4-âª ì, ®á®¢®© ¨¢ à¨ â ª®â®à®© ¯®áâ®ï¥   ®¤®¬ ¨§ á«®-
¥¨© âª ¨, ¨¬¥¥â ¬ ªá¨¬ «ìë© à £, ¥á«¨ ®¤  ¨§ ¥¥ 3-¯®¤âª ¥© ï¢«ï¥âáï ¯ à ««¥«¨§ã¥-
¬®©. �®£¤  ¢á¥ ®áâ «ìë¥ 3-¯®¤âª ¨ ¯ à ««¥«¨§ã¥¬ë ¨ íâ  4-âª ì ï¢«ï¥âáï âª ìî � ©-
¥à£®ä¥à .

2: �á«¨,  ¯à¨¬¥à, a1 = 0 ¨ K[1; 2; 3] = 0, â® 4-âª ì ¨¬¥¥â ¬ ªá¨¬ «ìë© à £, ¥á«¨
a2=(a� 1) ¯®áâ®ï® ¢¤®«ì á«®¥¢ ¯¥à¢®£® á«®¥¨ï, â. ¥. ¥á«¨ ¢ë¯®«ï¥âáï (�).

� ¢¥àè¨¬ ¨§ãç¥¨¥ 4-âª ¥© à §«¨çëå à £®¢ á«¥¤ãîé¥© â¥®à¥¬®©, ¤®ª § â¥«ìáâ¢® ª®â®-
à®© ¨á¯®«ì§ã¥â ¢á¥ ¯®«ãç¥ë¥ à¥§ã«ìâ âë.

�¥®à¥¬  12. �«®áª ï 4-âª ì ®¡é¥£® ¯®«®¦¥¨ï á ¥¯ à ««¥«¨§ã¥¬®© 3-¯®¤âª ìî ¨ ¯®-
áâ®ïë¬ ®á®¢ë¬ ¨¢ à¨ â®¬ ¨¬¥¥â à £ 0.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ 4-âª ì á ¥¯ à ««¥«¨§ã¥¬®© 3-¯®¤âª ìî [1; 2; 3] ¨ ¯®áâ®ï-
ë¬ ®á®¢ë¬ ¨¢ à¨ â®¬ a. �®£¤ 

c0 = K 6= 0; c1 =
K1 �K2

4(a� 1)
; c2 =

K1 � aK2

4a(a� 1)
:

�®íâ®¬ã à £ íâ®© âª ¨ ¥ à ¢¥ 3.
�®¤áâ ¢«ïï íâ¨ ¢ëà ¦¥¨ï ¢ ãà ¢¥¨ï â¥®à¥¬ë 9,  å®¤¨¬

G11 =
5(K2

1 � (a+ 1)K1K2 + aK2
2 )� 4K(4K2(a� 1) +K11 � 2aK12 + a2K22)

16(a� 1)
;

G12 =
5(K1 �K2)2 � 4K(K11 � 2K12 +K22)

16(a � 1)
;

G21 =
�5(K1 � aK2)2 + 4K(K11 � a(a� 1)K12 + a3K22)

16a(a � 1)
;

G22 = �
5(K2

1 � (a+ 1)K1K2 + aK2
2 ) + 4K(4K2(a� 1)�K11 + (1 + a)K12 � aK22)

16(a� 1)
:

�«ï 4-âª ¨ ®¡é¥£® ¯®«®¦¥¨ï Gij 6= 0. � ç¨â, 4-âª ì á ¯®áâ®ïë¬ ®á®¢ë¬ ¨¢ à¨ -
â®¬ ¥ ¬®¦¥â ¨¬¥âì à £ 2.

�â®¡ë ¯à®¢¥à¨âì, ¨¬¥¥â «¨ íâ  4-âª ì à £ 1, § ¬¥â¨¬, çâ® c0 = K 6= 0, â. ª. 3-¯®¤âª ì
[1; 2; 3] ¥ ï¢«ï¥âáï ¯ à ««¥«¨§ã¥¬®©. �®íâ®¬ã, ¥á«¨ âª ì ¤®¯ãáª ¥â ®¤®  ¡¥«¥¢® ãà ¢¥¨¥,
â® ®  ¯à¨ ¤«¥¦¨â ª« ááã 4, ®¯¨á ®¬ã ¢ â¥®à¥¬¥ 10. �â® ¡ã¤¥â ¢ á«ãç ¥, ¥á«¨ J10 = J12 =
J12 = 0. �¤ ª®

J10 = G11G22 �G12G21 =

=
1
64
K[64K5 � 5K2

2K11 + 16aK3K22 � 5(a+ 1)K2
1K22 + 4(a+ 1)KK11K22 +

+ 5K1K2(K12 + aK22)�K12(�5K
2
1 + 4K(4K2 +K11 + aK22))]:
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�®íâ®¬ã ¤«ï 4-âª ¨ ®¡é¥£® ¯®«®¦¥¨ï J10 6= 0. �«¥¤®¢ â¥«ì®, âª ì ¥ ¤®¯ãáª ¥â ¨
®¤®£®  ¡¥«¥¢  ãà ¢¥¨ï ¨ ¨¬¥¥â à £ 0.

6. �«®áª¨¥ 5-âª ¨

6.1. 5-âª ¨ ¬ ªá¨¬ «ì®£® à £ . � áá¬®âà¨¬ ¯«®áªãî 5-âª ì á® áâ ¤ àâ®© ®à¬ -
«¨§ æ¨¥©

!1 + !2 + !3 = 0;

a!1 + !2 + !4 = 0;

b!1 + !2 + !5 = 0;

£¤¥ a ¨ b | ®á®¢ë¥ ¨¢ à¨ âë âª ¨.
�¡¥«¥¢® á®®â®è¥¨¥ ¤«ï â ª®© âª ¨ ¨¬¥¥â ¢¨¤

(w + au+ bv)!1 + (w + u+ v)!2 + w!3 + u!4 + v!5 = 0;

£¤¥ �1 = w + au+ bv, �2 = w + u+ v, �3 = w, �4 = u ¨ �5 = v.
�ãªæ¨¨ w, u ¨ v ã¤®¢«¥â¢®àïîâ  ¡¥«¥¢ã ãà ¢¥¨î

�1(w)� �2(w) = 0;

�1(u)� �2(au) = 0;

�1(v) � �2(bv) = 0;

�1(w) + �1(u) + �1(v) = 0;

  ãá«®¢¨ï á®¢¬¥áâ®áâ¨ ¯à¨¨¬ îâ ¢¨¤

{ = (�1�2�3�1 � �1�2�3�1)(w) + (�1�2�3�1 ��1�1�3�2)(u) +

+ (�1�2�3�1 ��1�2�1�3)(v) = 0:

� ª ®¨ç¥áª¨å ª®®à¤¨ â å à áá«®¥¨ï áâàã©  ¡¥«¥¢® ãà ¢¥¨¥ ¨¬¥¥â ¢¨¤

w1 � w2 = 0;

u1 � au2 � a2u = 0;

v1 � bv2 � b2v = 0;

u1 + v1 + w1 = 0;

¨ ¯à¥¯ïâáâ¢¨¥ { à ¢®

c0w22 ++c1w2 + c2v2 + c3w + c4u+ c5v = 0;

£¤¥

c0 = K +R[a; b] +R[b; a] �
a� a2 + b� b2 � 4ab+ 2a2b+ 2ab2

10(�1 + a)a(a� b)2(�1 + b)b
a1b1 +

+
2a� a2 + 2b� b2 � 4ab+ a2b+ ab2

10(�1 + a)(a� b)2(�1 + b)
a2b2

¨

R[a; b] =
(1 � 3a+ b)a11 + (4a� 3a2 � 3b+ 4ab)a12 + (a2 � 3ab+ a2b)a22

10(�1 + a)a(a� b)
+

+
2a� 6a2 + 6a3 � b+ 4ab� 6a2b� b2 + 2ab2

10(�1 + a)2a2(a� b)2
a21 +

+
4a2 � 8a3 + 3a4 � 6ab+ 14a2b� 8a3b+ 3b2 � 6ab2 + 4a2b2

10(�1 + a)2a2(a� b)2
a1a2 +
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+
�a4 � 2a2b+ 6a3b� a4b� 2a2b2

10(�1 + a)2a2(a� b)2
a22 +

�1 + ab

10(�1 + a)(a� b)2(�1 + b)
a1b2;

  ¢ëà ¦¥¨ï ¤«ï c1, c2, c3, c4 ¨ c5 ¤ ë ¢ à §¤¥«¥ 7.2.

�¥®à¥¬  13. �«®áª ï 5-âª ì ¨¬¥¥â ¬ ªá¨¬ «ìë© à £, à ¢ë© è¥áâ¨, â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  ¨¢ à¨ âë c0, c1, c2, c3, c4 ¨ c5 ®¡à é îâáï ¢ ã«ì.

� ¬¥â¨¬, çâ® ¢ëà ¦¥¨¥ c0 á®¤¥à¦¨â äãªæ¨î ªà¨¢¨§ë K, ¢ â® ¢à¥¬ï ª ª c1, c2 á®¤¥à¦ â
K ¨ «¨¥©ãî ª®¬¡¨ æ¨î ª®¢ à¨ âëå ¯à®¨§¢®¤ëå K1, K2,   c3, c4, c5 á®¤¥à¦ â K, «¨¥©-
ãî ª®¬¡¨ æ¨î ª®¢ à¨ âëå ¯à®¨§¢®¤ëå K1, K2 ¨ ¢â®àë¥ á¨¬¬¥âà¨§®¢ ë¥ ª®¢ à¨ âë¥
¯à®¨§¢®¤ë¥ K11, K12, K22.

�«¥¤áâ¢¨¥ 6. �«ï 5-âª ¨ ¬ ªá¨¬ «ì®£® à £  äãªæ¨ï ªà¨¢¨§ë K 3-¯®¤âª ¨ [1; 2; 3]
¨¬¥¥â á«¥¤ãîé¥¥ ¢ëà ¦¥¨¥ ç¥à¥§ ®á®¢ë¥ ¨¢ à¨ âë a ¨ b ¨ ¨å ª®¢ à¨ âë¥ ¯à®¨§¢®¤ë¥:

K =
a� a2 + b� b2 � 4ab+ 2a2b+ 2ab2

10(�1 + a)a(a� b)2(�1 + b)b
a1b1 �

�
2a� a2 + 2b� b2 � 4ab+ a2b+ ab2

10(�1 + a)(a� b)2(�1 + b)
a2b2 �R[a; b]�R[b; a]:

�«¥¤áâ¢¨¥ 7. �«®áª ï 5-âª ì  «£¥¡à ¨§ã¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®  ¨¬¥¥â ¬ ª-
á¨¬ «ìë© à £ (â. ¥. ¥á«¨ ¨¢ à¨ âë c0, c1, c2, c3, c4 ¨ c5 ®¡à é îâáï ¢ ã«ì) ¨ «¨¥ à¨§ã¥¬ 
(â. ¥. ¥á«¨ ¨¢ à¨ âë «¨¥ à¨§ æ¨¨ 5-âª ¨ I1, I2 ¨

I5 =
@1a� a@2a

a� a2
�
@1b� b@2b

b� b2

®¡à é îâáï ¢ ã«ì).

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì®, ¯® â¥®à¥¬¥ �¨{� à¡ã{�à¨ää¨âá  [25] «¨¥ à¨§ã¥¬ ï
5-âª ì ¬ ªá¨¬ «ì®£® à £   «£¥¡à ¨§ã¥¬ , ¨  ®¡®à®â:  «£¥¡à ¨§ã¥¬ ï 5-âª ì «¨¥ à¨§ã-
¥¬  ¨ ¯® â¥®à¥¬¥ �¡¥«ï [19] ¨¬¥¥â ¬ ªá¨¬ «ìë© à £.

�á«®¢¨ï ¤«ï â®£®, çâ®¡ë ¯«®áª ï 5-âª ì ¨¬¥«  ¬ ªá¨¬ «ìë© à £, ¨¬¥îâ ¢¨¤ c0 = c1 =
c2 = c3 = c4 = c5 = 0,   ãá«®¢¨ï «¨¥ à¨§ã¥¬®áâ¨ 5-âª ¨ § ¯¨áë¢ îâáï ¢ ¢¨¤¥ I1(�) = I2(�) = 0
¨ I5 = 0 [25], £¤¥

I1(�) = �11(�)� 2�12(�)� ��1(�) + 2��2(�) + �1(K);

I2(�) = �22(�)� 2�12(�)� 2��1(�) + ��2(�) + �2(K);
(7)

I5 =
@1a� a@2a

a� a2
�
@1b� b@2b

b� b2
;

� = @1a�a@2a

a�a2
, �i | ª®¢ à¨ âë¥ ¯à®¨§¢®¤ë¥ ¨ �ij | á¨¬¬¥âà¨§®¢ ë¥ ª®¢ à¨ âë¥ ¯à®¨§-

¢®¤ë¥ ¢â®à®£® ¯®àï¤ª .

�®íâ®¬ã ¬®¦¥áâ¢® 5-âª ¥© ¬ ªá¨¬ «ì®£® à £  á®¤¥à¦¨â  «£¥¡à ¨§ã¥¬ë¥ âª ¨. �¨
å à ªâ¥à¨§ãîâáï á«¥¤ãîé¨¬ ®¡à §®¬:

I1 = 0; I2 = 0; I5 = 0:

�á«¨ å®âï ¡ë ®¤¨ ¨§ ¨¢ à¨ â®¢ I1, I2, I5 ¥ ®¡à é ¥âáï ¢ ã«ì, â® ¯®«ãç ¥¬ ¥ «£¥¡à ¨-
§ã¥¬ãî 5-âª ì ¬ ªá¨¬ «ì®£® à £  | \®á®¡ãî âª ì" ( ¯à., [4]).

6.2. �à¨¢¨§  ¯«®áª®© 5-âª ¨. � ª ¨ ¢ á«ãç ¥ 4-âª ¨, ª®íää¨æ¨¥â c0 ¢ ¢ëà ¦¥¨¨ {
¤«ï 5-âª ¨ ¨¬¥¥â ¢ãâà¥¨© £¥®¬¥âà¨ç¥áª¨© á¬ëá«. �¬¥®, ®¯à¥¤¥«¨¬ ªà¨¢¨§ã 5-âª ¨ ª ª
áà¥¤¥¥  à¨ä¬¥â¨ç¥áª®¥ ªà¨¢¨§ ¥¥ 3-¯®¤âª ¥©. �«®áª ï 5-âª ì ¨¬¥¥â ¤¥áïâì 3-¯®¤âª ¥©:
[1; 2; 3], [1; 2; 4], [1; 3; 4], [2; 3; 4], [1; 2; 5], [1; 3; 5], [2; 3; 5], [1; 4; 5], [2; 4; 5], [3; 4; 5].
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�®à¬ «¨§ æ¨¨ á äãªæ¨ï¬¨ ªà¨¢¨§ë ¤«ï 3-¯®¤âª ¥© [1; 2; 3], [1; 2; 4], [1; 3; 4] ¨ [2; 3; 4] ¤ -
ë ¢ 5.1. � «®£¨çë¥ ¢ëà ¦¥¨ï ¤«ï 3-¯®¤âª ¥© [1; 2; 5], [1; 3; 5] ¨ [2; 3; 5] ¬®¦® ¯®«ãç¨âì
¯®¤áâ ®¢ª®© a! b ¨ 4! 5:

[1; 2; 5]: e�1 = b!1, e�2 = !2, e�3 = !5, e�4 = !3;
[1; 3; 5]: e�1 = (b� 1)!1, e�2 = �!3, e�3 = !5, e�4 = �!2;
[2; 3; 5]: e�1 = (b� 1)!2, e�2 = b!3, e�3 = �!5, e�4 = b!1.
�«ï ¯®á«¥¤¨å âà¥å á«ãç ¥¢ ¨¬¥¥¬:

[1; 4; 5]: �1 = (a� b)!1, �2 = �a!1 � !2, �3 = b!1 + !2;
[2; 4; 5]: �1 = b�a

b
!2, �2 = �a!1 � !2, �3 = a

b
(b!1 + !2);

[3; 4; 5]: �1 = (a� b)!3, �2 = (1� b)(a!1 + !2), �3 = (a� 1)(b!1 + !2).

�«ï äãªæ¨© ªà¨¢¨§ë K[l;m; n] ¯®«ãç ¥¬ á«¥¤ãîé¨¥ ¢ëà ¦¥¨ï:

K[1; 2; 5] =
1
b

�
K �

b12
b
+
b1b2
b2

�
;

K[1; 3; 5] =
1

b� 1

�
K +

b2(b1 � b2)
(1� b)2

+
b12 � b22
1� b

�
;

K[2; 3; 5] =
1

b(b� 1)

�
K +

(2b� 1)b1(b1 � b2)
b2(1� b)2

+
b11 � b12
b(1� b)

�

¨

K[1; 4; 5] =
K � a22
b� a

+
b12 � a12 + a(a22 � b22)

(a� b)2
+
(b2 � a2)(a2b� ab2 � a1 + b1)

(a� b)3
;

K[2; 4; 5] =
bK

a(b� a)
�
aa12 � a1a2
a3(b� a)

+
a11b� ab11
a2b(b� a)2

�

�
a12b+ a1b2 � a2b1 � ab12

ab(b� a)2
+
(a1b� ab1)(2bb2 � ab2 � a2b)

ab2(b� a)3
�

�
(a1b� ab1)(a1b2 + 2ab(b1 � a1)� a2b1)

a3b2(b� a)3
;

K[3; 4; 5] =
K

(a� 1)(b� 1)(b � a)
�

aa2(b1 � a1 � b2 + a2)
(a� 1)3(b� 1)(b � a)2

+

+
a2(ab2 � b1 + (b� 1)a2)
(a� 1)3(b� 1)2(b� a)

+
a1(b1 � a1 � b2 + a2)
(a� 1)3(b� 1)(b� a)2

+

+
a1(ab2 � b1 + (b� 1)a2)
(a� 1)3(b� 1)2(b� a)

�
a(b12 � a12 � b22 + a22)
(a� 1)2(b� 1)(b � a)2

�

�
a2(b1 � a1 � b2 + a2
(a� 1)2(b� 1)(b � a)2

+
a(b1 � a1 � b2 + a2)(b2 � a2)

(a� 1)2(b� 1)(b � a)3
�

�
(b1 � ab2)b2

(a� 1)2(b� 1)3(b� a)
�
a2b2 � b12 + ab22 + (b� 1)a22

(a� 1)2(b� 1)2(b� a)
+

+
(b1 � a1 � b2 + a2)(b1 � a1)
(a� 1)2(b� 1)(b � a)3

�
b11 � a11 � b12 + a12
(a� 1)2(b� 1)(b� a)2

�

�
�b11 + a1b2 + ab12 + (b� 1)a12

(a� 1)2(b� 1)2(b� a)
�

(b1 � ab2)b1
(a� 1)2(b� 1)3(b� a)

;

�¯à¥¤¥«¨¬ 2-ä®à¬ã L!1 ^ !2 ªà¨¢¨§ë 5-âª ¨ á«¥¤ãîé¨¬ ®¡à §®¬:

10L!1 ^ !2 = K[1; 2; 3]!1 ^ !2 +K[1; 2; 4]�1 ^ �2 +K[1; 3; 4]�1 ^ �2 +K[2; 3; 4]�1 ^ �2 +

+K[1; 2; 5]e�1 ^ e�2 +K[1; 3; 5]e�1 ^ e�2 +K[2; 3; 5]e�1 ^ e�2 +
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+K[1; 4; 5]�1 ^ �2 +K[2; 4; 5]�1 ^ �2 +K[3; 4; 5]�1 ^ �2:

�àï¬ë¬ ¢ëç¨á«¥¨¥¬ ¯®«ãç¨¬

10L = K + aK[1; 2; 4] + (a� 1)K[1; 3; 4] +

+ a(a� 1)K[2; 3; 4] + bK[1; 2; 5] + (b� 1)K[1; 3; 5] + b(b� 1)K[2; 3; 5] +

+ (b� a)K[1; 4; 5] +
b

a(b� a)
K[2; 4; 5] + (a� 1)(b � 1)(b� a)K[3; 4; 5]

¨ L = c0.

�¥®à¥¬  14. �à¨¢¨§  ¯«®áª®© 5-âª ¨ ¬ ªá¨¬ «ì®£® à £  à ¢  0.

6.3. 5-âª ¨ á ¯®áâ®ïë¬¨ ®á®¢ë¬¨ ¨¢ à¨ â ¬¨. �â®â à §¤¥« § ¢¥àè¨¬ à áá¬®-
âà¥¨¥¬ 5-âª ¥© á ¯®áâ®ïë¬¨ ®á®¢ë¬¨ ¨¢ à¨ â ¬¨. �®¦® ¯à®¢¥à¨âì, çâ® ¢ íâ®¬ á«ãç ¥
c0 á®¢¯ ¤ ¥â á äãªæ¨¥© ªà¨¢¨§ëK 3-¯®¤âª ¨ [1; 2; 3], ¨ ¢ëà ¦¥¨ï ¤«ï c1, c2, c3, c4 ¨ c5 ï¢«ï-
îâáï «¨¥©ë¬¨ ª®¬¡¨ æ¨ï¬¨ Ki, Kij ¨ K2. �àã£¨¬¨ á«®¢ ¬¨, c0 = c1 = c2 = c3 = c4 = c5 = 0
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  K = 0.

�¥®à¥¬  15. �«®áª ï 5-âª ì á ¯®áâ®ïë¬¨ ®á®¢ë¬¨ ¨¢ à¨ â ¬¨ ¨¬¥¥â ¬ ªá¨-
¬ «ìë© à £ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®  ¯ à ««¥«¨§ã¥¬ .

6.4. �¢  ¯à¨¬¥à  5-âª ¥©.

�à¨¬¥à 7. � áá¬®âà¨¬ 5-âª ì �®«ï, ®¡à §®¢ ãî ª®®à¤¨ âë¬¨ «¨¨ï¬¨ y = const,
x = const ¨ «¨¨ï¬¨ ãà®¢ï äãªæ¨©

f(x; y) =
x

y
; g4(x; y) =

1� y

1� x
¨ g5(x; y) =

x� xy

y � xy

([15], ¯à¨¬¥à 8 à §¤¥«  5.2).

� ¬¥â¨¬ ¢ ç «¥, çâ® 3-¯®¤âª ì [1; 2; 3] íâ®© 5-âª ¨ ¯ à ««¥«¨§ã¥¬ , § ç¨â, K = 0.
�«ï íâ®© 5-âª ¨ ¨¬¥¥¬

a =
x(y � 1)
y(x� 1)

; b =
y � 1
x� 1

¨ ci = 0, £¤¥ i = 0; 1; : : : ; 5.
�®íâ®¬ã 5-âª ì �®«ï ¨¬¥¥â ¬ ªá¨¬ «ìë© à £.
�á¯®«ì§ãï ãá«®¢¨ï «¨¥ à¨§ã¥¬®áâ¨ ¯«®áª®© 5-âª ¨ ¨§ [15], ¬®¦® ¯®ª § âì, çâ® 5-âª ì

�®«ï ¥ «¨¥ à¨§ã¥¬ . �¥©áâ¢¨â¥«ì®, ®¤¨ ¨§ ¨¢ à¨ â®¢,   ¨¬¥® ¨¢ à¨ â ¢â®à®£® ¯®-
àï¤ª 

�[1;2;3;4] � �[1;2;3;5] =
@1a� a@2a

a� a2
�
@1b� b@2b

b� b2

¥ ®¡à é ¥âáï ¢ ã«ì.
�«ï íâ®© 5-âª ¨

!1 = �
1
y
dx; !2 =

x

y2
dy; !3 =

1
y
dx�

x

y2
dy;

!4 =
x(y � 1)
(x� 1)y2

dx�
x

y2
dy; !5 =

x(y � 1)
(x� 1)y

dx�
x2

y2
dy:
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�¥è ï  ¡¥«¥¢® ãà ¢¥¨¥, ¯®«ãç¨¬ á«¥¤ãîé¨¥  ¡¥«¥¢ë á®®â®è¥¨ï:

ln f1 � ln f2 � lnf3 = 0;

ln f3 + ln f4 � lnf5 = 0;

ln(1� f1)� ln(1� f2) + ln f4 = 0;

ln(1� f1)� ln(1� f3) + ln(1� f5) = 0;

ln
1� f1
f1

� ln
1� f3
f3

+ ln(1� f4) = 0;

D2(f1)�D2(f2)�D2(f3)�D2(f4) +D2(f5) = 0;

£¤¥

f1 = x; f2 = y; f3 =
x

y
; f4 =

1� y

1� x
; f5 =

x� xy

y � xy

¨

D2(t) = Li2t+
1
2
ln t ln(1� t)�

�2

6
; 0 < t < 1; Li2t =

1X
n=1

tn

n2
;

¨«¨

D2(t) = �
1
2

Z t

0

�
ln j1� sj

s
+
ln jsj
1� s

�
ds�

�2

6
; 0 < t < 1;

¥áâì ¢ à¨ â ¤¨«®£ à¨ä¬  �®¤¦¥àá  [26], [27], ®à¬ «¨§®¢ ë© â ª¨¬ ®¡à §®¬, çâ®¡ë ¢ëà -
¦¥¨¥, áâ®ïé¥¥ ¢ «¥¢®© ç áâ¨ ¯®á«¥¤¥£®  ¡¥«¥¢  á®®â®è¥¨ï, ¡ë«® à ¢® ã«î.

�â®â ¯à¨¬¥à ¯à¨¢®¤¨â ª á«¥¤ãîé¥¬ã à¥§ã«ìâ âã.

�à¥¤«®¦¥¨¥ 7. �®®¡é¥ £®¢®àï, ¯«®áª ï 5-âª ì ¬ ªá¨¬ «ì®£® à £  ¥ ï¢«ï¥âáï «¨¥-
 à¨§ã¥¬®© ( «£¥¡à ¨§ã¥¬®©).

�à¨¬¥à 8. � áá¬®âà¨¬ 5-âª ì, ®¡à §®¢ ãî ª®®à¤¨ âë¬¨ «¨¨ï¬¨ y = const,
x = const ¨ «¨¨ï¬¨ ãà®¢ï äãªæ¨©

f(x; y) =
x

y
; g4(x; y) =

x

(x� 1)(y � 1)
¨ g5(x; y) =

y

(x� 1)(y � 1)
:

�â® ¥áâì 5-¯®¤âª ì [1; 2; 3; 7; 8] 29-âª ¨ K(4) ([28], 7.2.3).

� ª ¢ ¯à¨¬¥à¥ 7, ¨¬¥¥¬

K = 0; a =
1� y

y(x� 1)
; b =

x(1� y)
x� 1

¨ ci = 0, £¤¥ i = 0; 1; : : : ; 5.
�®íâ®¬ã à áá¬ âà¨¢ ¥¬ ï ¯«®áª ï 5-âª ì ¨¬¥¥â ¬ ªá¨¬ «ìë© à £.
� ª¦¥ ¬®¦® ¯à®¢¥à¨âì, çâ® ¢ë¯®«ïîâáï ãá«®¢¨ï «¨¥ à¨§ã¥¬®áâ¨ ([15], á. 445), ¨ ¯®íâ®¬ã

íâ  5-âª ì «¨¥ à¨§ã¥¬  ( «£¥¡à ¨§ã¥¬ ). �®íâ®¬ã à áá¬ âà¨¢ ¥¬ ï 5-âª ì ¡ã¤¥â  «£¥¡à ¨-
§ã¥¬®© 5-âª ìî ¬ ªá¨¬ «ì®£® à £ .

�«ï íâ®© 5-âª ¨

!1 = �
1
y
dx; !2 =

x

y2
dy; !3 =

1
y
dx�

x

y2
dy;

!4 =
1� y

(x� 1)y2
dx�

x

y2
dy; !5 =

x(1� y)
(x� 1)y2

dx�
x

y2
dy:
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�¥è ï  ¡¥«¥¢® ãà ¢¥¨¥, ¯®«ãç¨¬ á«¥¤ãîé¨¥  ¡¥«¥¢ë á®®â®è¥¨ï:

ln f1 � ln f2 � ln f3 = 0;

ln f3 � ln f4 + ln f5 = 0;

ln
f1

1� f1
� ln(1� f2)� ln f4 = 0;

ln(1� f1)� ln
f2

1� f2
+ ln f5 = 0;

f1 � 1
f1

+ f2 � f3 �
1
f4

= 0;

f1 �
1� f2
f2

+ f3 +
1
f5

= 0;

£¤¥

f1 = x; f2 = y; f3 =
x

y
; f4 =

x

(1� x)(1� y)
; f5 =

y

(1� x)(1 � y)
:

7. �à¨«®¦¥¨¥

7.1. �ã«ìâ¨áª®¡ª¨. �á«®¢¨ï á®¢¬¥áâ®áâ¨ ¤«ï «¨¥©ëå (¨ â ª¦¥ ¥«¨¥©ëå) á¨áâ¥¬
ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå ¬®¦® § ¯¨á âì ¢ â¥à¬¨ å ¬ã«ìâ¨áª®¡®ª, ¢¢¥¤¥ëå ¢ [21].
�¨¦¥ ¤ îâáï ä®à¬ã«ë ¤«ï ¬ã«ìâ¨áª®¡®ª, ª®â®àë¥ ¨á¯®«ì§ãîâáï ¢ ¤ ®© áâ âì¥.

� áá¬®âà¨¬ «¨¥©ãî á¨áâ¥¬ã ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå, á®áâ®ïéãî ¨§ n+1 ¤¨ä-
ä¥à¥æ¨ «ì®£® ãà ¢¥¨ï á n ¥¨§¢¥áâë¬¨ äãªæ¨ï¬¨:

a11 � � � a1n
� � � � �

an+11 � � � an+1n



u1
...
un

 = 0;

£¤¥ aij | «¨¥©ë¥ ¤¨ää¥à¥æ¨ «ìë¥ ®¯¥à â®àë.
�ã«ìâ¨áª®¡ª  fa1; : : : ; an+1g áª «ïàëå ¤¨ää¥à¥æ¨ «ìëå ®¯eàaâoà®¢ ai = (ai1; : : : ; ain)

®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

fa1; : : : ; an+1g =
n+1X
i=1

(�1)i�1Ndet (Ai)ai;

£¤¥ Ai | n � n-¬ âà¨æ , ¯®«ãç ¥¬ ï ¨§ ¬ âà¨æë kaijk ¢ëç¥àª¨¢ ¨¥¬ i-© áâà®ª¨, ¨ Ndet |
¥ª®¬¬ãâ â¨¢ ï ¢¥àá¨ï ¤¥â¥à¬¨ â®© äãªæ¨¨, ®¯à¥¤¥«¥®© á ¯®¬®éìî áâ ¤ àâ®© ä®à-
¬ã«ë à §«®¦¥¨ï ¤¥â¥à¬¨ â  ¯® ¯¥à¢®¬ã áâ®«¡æã.

�¡¥«¥¢® ãà ¢¥¨¥ ¡ã¤¥â ãà ¢¥¨¥¬ ¨¬¥® â ª®© ä®à¬ë, ¨ ®® ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬,
¯à¨¢¥¤¥ë¬ ¢ [21]. �®íâ®¬ã ¬ã«ìâ¨áª®¡ª¨ ¤ îâ ãá«®¢¨ï á®¢¬¥áâ®áâ¨  ¡¥«¥¢  ãà ¢¥¨ï.

7.2. �®íää¨æ¨¥âë ¯à¥¯ïâáâ¢¨ï. �¨¦¥ ¢ë¯¨á ë ª®íää¨æ¨¥âë c1, c2, c3, c4 ¨ c5:

c1 =
j1
3ad

; c2 =
j2
3ad

; c3 =
j3
d
; c4 =

j4
6a
; c5 =

j5
6a
;

£¤¥

d = �10a2b2(a� 1)2(b� 1)2(a� b)2

¨

j1 = �3(�1 + b)b2(6a3 � 6a2(1 + b)� b(1 + b) + 2a(1 + b)2)a31 �

� 3ba21(�(�1 + b)b(�6a4 � b2(5 + 2b) + a3(16 + 13b) +

+ ab(13 + 12b + 4b2)� a2(10 + 23b+ 12b2))a2 + a((b+ a2(7� 12b)
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b� 2b3 + a3(�2 + 4b) + a(1� 8b+ 7b2 + 4b3))b1 + b(�(�2 + b)

b2 + a3(�6 + 4b) + a2(3 + 7b� 5b2) + a(1� 6b� b2 + 2b3))b2))�

� a1(3(�1 + b)b2(�6b3 � 3a4(2 + b) + ab2(17 + 8b)�

� a2b(16 + 23b) + a3(4 + 24b+ b2))a22 + 3(�1 + a)

aba2((2(2 � 3b)b2 + a3(�2 + 4b) + a2(1 + 5b� 12b2) +

+ ab(�8 + 9b+ 5b2))b1 + b(�2(�2 + b)b2 + a3(�6 + 4b) +

+ a2(7 + 3b� 4b2) + ab(�8� b+ 3b2))b2) +

+ a(�31a3b2K + 28a4b2K + 3a5b2K + 50a2b3K + 22a3b3K � 69a4b3K �

� 3a5b3K � 19ab4K � 92a2b4K + 70a3b4K + 41a4b4K + 42ab5K +

+ 19a2b5K � 61a3b5K � 23ab6K + 23a2b6K � 3(�1 + b)b2(6a3 �

� b(1 + 2b)� 3a2(2 + 3b) + a(1 + 8b+ 3b2))a11 + 3(�1 + b)b2(�6a4 �

� b2(5 + 2b) + 3a3(4 + 5b) + ab(13 + 12b+ 4b2)� a2(8 + 22b+ 13b2))a12 +

+ 6a3b2a22 � 6a4b2a22 � 24a2b3a22 + 21a3b3a22 + 27ab4a22 � 6a2b4a22 �

� 18a3b4a22 + 6a4b4a22 � 9b
5a22 � 18ab

5a22 + 27a2b5a22 � 9a
3b5a22 +

+ 9b6a22 � 9ab
6a22 + 3a2b6a22 + 3a2b21 � 3a

4b21 � 6abb
2
1 � 6a

2bb21 + 6a3bb21 +

+ 6a4bb21 + 18ab2b21 � 18a
3b2b21 � 18ab

3b21 + 18a2b3b21 � 9a
3b1b2 + 9a4b1b2 +

+ 18a2bb1b2 � 18a
4bb1b2 � 12ab

2b1b2 � 30a
2b2b1b2 + 30a3b2b1b2 +

+ 12a4b2b1b2 + 24ab3b1b2 � 24a3b3b1b2 � 9ab4b1b2 + 9a2b4b1b2 +

+ 6a2b2b22 � 6a
4b2b22 � 18a

2b3b22 + 18a3b3b22 + 3ab4b22 � 3a
3b4b22 � 3a

2bb11 +

+ 3a4bb11 + 3ab2b11 + 12a2b2b11 � 12a3b2b11 � 3a4b2b11 � 12ab3b11 +

+ 12a3b3b11 + 9ab4b11 � 9a2b4b11 + 9a3bb12 � 9a4bb12 � 21a2b2b12 +

+ 21a4b2b12 + 12ab3b12 + 30a2b3b12 � 30a
3b3b12 � 12a

4b3b12 � 21ab
4b12 +

+ 21a3b4b12 + 9ab5b12 � 9a
2b5b12 + 9a3b2b22 � 9a

4b2b22 � 12a
2b3b22 +

+ 12a4b3b22 + 3ab4b22 + 12a2b4b22 � 12a
3b4b22 � 3a

4b4b22 � 3ab
5b22 +

+ 3a3b5b22))� a(�3a2(2 + a(�3 + b))(�1 + b)b3a32 + 3a2ba22((a
2(1� 2b) +

+ b+ b2 � 3b3 + ab(�3 + 4b+ b2))b1 + (�2 + b)b(a2(�2 + b) + b� 2b2 +

+ a(1 + b2))b2) + a2(�3(�1 + b)b2(3a4 � 7a3(1 + b) + 2b2(1 + b)�

� ab(5 + 9b+ 2b2) + a2(3 + 14b+ 6b2))a11 + 3(�1 + b)b2(6b3 +

+ 3a4(2 + b)� ab2(17 + 8b) + a2b(15 + 26b) � a3(4 + 24b+ 3b2))a12 +

+ a(3a(�1 + b)b3(a2(�4 + b)� 3b+ a(3 + 4b� b2))a22 +

+ (�1 + a)(3a(a2(�1 + 2b) + a(�1 + 4b� 6b2) + 2b(1� 3b+ 3b2))b21 +

+ 3a(b2(4� 8b+ 3b2)� 2ab(3� 7b+ 4b2) + a2(3� 6b+ 4b2))b1b2

+ b(�3ab(2a2 + b2 + a(2� 6b+ b2))b22 + (a� b)(�1 + b)

(�3a(1 + a� 3b)b11 � 3a((4 � 3b)b+ a(�3 + 4b))b12 �

� b((a2(23� 19b) + 3b2 + ab(�38 + 31b))K + 3a(a(�3 + b) + b)b22)))))) +

+ 3(�1 + a)a(a� b)b((a� b)(�1 + b)ba111 + (�1 + b)b(3a2 + 2b(1 + b)�

� a(2 + 5b))a112 + 2a2ba122 � 5ab
2a122 + 3b3a122 + 3ab3a122 � 2a

2b3a122 �
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� 3b4a122 + 2ab4a122 � a2b2a222 + ab3a222 + a2b3a222 � ab4a222 + 4a2Kb1 �

� 4a3Kb1 � 8abKb1 + 8a3bKb1 + 12ab2Kb1 � 12a
2b2Kb1 + aa11b1 �

� 2ba11b1 � 2aba11b1 + 3b2a11b1 � 2aa12b1 + 2a2a12b1 + 4ba12b1 �

� 4a2ba12b1 � 6b2a12b1 + 6ab2a12b1 � a2a22b1 + 2aba22b1 + 2a2ba22b1 �

� 3ab2a22b1 + 12a2bKb2 � 12a3bKb2 � 8ab2Kb2 + 8a3b2Kb2 +

+ 4ab3Kb2 � 4a2b3Kb2 + 3aba11b2 � 2b2a11b2 � 2ab2a11b2 + b3a11b2 �

� 6aba12b2 + 6a2ba12b2 + 4b2a12b2 � 4a
2b2a12b2 � 2b

3a12b2 + 2ab3a12b2 �

� 3a2ba22b2 + 2ab2a22b2 + 2a2b2a22b2 � ab3a22b2 � 5a
2bK1 + 5a3bK1 +

+ 5ab2K1 � 5a
3b2K1 � 5ab

3K1 + 5a2b3K1 + 5a2b2K2 � 5a
3b2K2 �

� 5ab3K2 + 5a3b3K2 + 5ab4K2 � 5a
2b4K2));

j2 = �3(�1 + b)b3(6a3 � 6a2(1 + b)� b(1 + b) + 2a(1 + b)2)a31 +

+ 3b2a21((�1 + b)b(�6a4 � b2(5 + 2b) + a3(16 + 13b) +

+ ab(13 + 12b + 4b2)� a2(10 + 23b+ 12b2))a2 + a((2a3(�2 + b) + b3 +

+ a2(6� 7b+ 6b2)� a(3� 6b+ 5b2 + 2b3))b1 + (�1 + a)b(2a2b+

+ b(�1 + 2b)� a(�3 + 5b+ b2))b2)) + ba1(�3(�1 + b)b2(�6b3 �

� 3a4(2 + b) + ab2(17 + 8b)� a2b(16 + 23b) + a3(4 + 24b+ b2))a22 �

� 3aba2((a
4(1 + b) + b2(�1 + 3b) + ab(2� 5b� 5b2) + a3(�5 + b� 4b2) +

+ a2(3� 3b+ 11b2 + b3))b1 � b(�a4(�3 + b) + b2(1 + b) + a3(�5 + b� 4b2)�

� ab(2 + 5b+ b2) + a2(3 + b+ 7b2 + b3))b2) + a(7a3b2K + 8a4b2K � 3a5b2K �

� 14a2b3K � 34a3b3K � 3a4b3K + 3a5b3K + 7ab4K + 44a2b4K + 26a3b4K �

� 5a4b4K � 18ab5K � 31a2b5K + a3b5K + 11ab6K + a2b6K � 3a2(2 + 3b) +

+ 3(�1 + b)b2(6a3 � b(1 + 2b) + a(1 + 8b+ 3b2))a11 +

+ 3(�1 + b)b2(6a4 + b2(5 + 2b)� 3a3(4 + 5b)� ab(13 + 12b+ 4b2) +

+ a2(8 + 22b+ 13b2))a12 � 6a
3b2a22 + 6a4b2a22 + 24a2b3a22 � 21a

3b3a22 �

� 27ab4a22 + 6a2b4a22 + 18a3b4a22 � 6a
4b4a229b

5a22 + 18ab5a22 � 27a
2b5a22 +

+ 9a3b5a22 � 9b6a22 + 9ab6a22 � 3a2b6a22 � 3a4b21 + 9abb21 � 18a
2bb21 +

+ 15a3bb21 + 6a4bb21 � 18ab
2b21 + 21a2b2b21 � 18a

3b2b21 + 12ab3b21 � 6a
2b3b21 �

� 3a3b1b2 + 9a4b1b2 + 6a2bb1b2 � 15a3bb1b2 � 15a4bb1b2 + 9ab2b1b2 � 9a2b2b1b2 +

+ 33a3b2b1b2 + 3a4b2b1b2 � 15ab
3b1b2 + 3a2b3b1b2 � 12a

3b3b1b2 + 3ab4b1b2 +

+ 3a2b4b1b2 � 3a
2b2b22 + 3a3b2b22 � 3a

4b2b22 + 9a2b3b22 � 6a
3b3b22 + 3a4b3b22 �

� 6a2b4b22 + 3a3b4b22 + 3a2bb11 � 6a
3bb11 + 6a4bb11 � 3ab

2b11 � 3a
2b2b11 +

+ 3a3b2b11 � 6a
4b2b11 + 9ab3b11 � 3a

2b3b11 + 3a3b3b11 � 6ab
4b11 + 3a2b4b11 +

+ 3a3bb12 � 9a4bb12 + 3a2b2b12 + 6a3b2b12 + 15a4b2b12 � 6ab3b12 � 6a2b3b12 �

� 18a3b3b12 � 6a4b3b12 + 9ab4b12 + 6a2b4b12 + 9a3b4b12 � 3ab5b12 � 3a2b5b12 �

� 3a3b2b22 + 3a2b3b22 + 9a3b3b22 � 3a4b3b22 � 9a2b4b22 � 3a3b4b22 + 3a4b4b22 +

+ 6a2b5b22 � 3a3b5b22)) + a(3a2(2 + a(�3 + b))(�1 + b)b4a32 �

� 3a2b3a22((�1 + a2(�2 + b) + b� b2 + a(3� 2b+ b2))b1 + b(�4 + 5b) +
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+ a2(3� 4b+ 2b2) + a(�2 + 7b� 8b2 + b3))b2)�

� ba2(�3(�1 + b)b2(3a4 � 7a3(1 + b) + 2b2(1 + b)� ab(5 + 9b+ 2b2) +

+ a2(3 + 14b+ 6b2))a11 + 3(�1 + b)b2(6b3 + 3a4(2 + b)� ab2(17 + 8b) +

+ a2b(15 + 26b)� a3(4 + 24b+ 3b2))a12 + a(3a(�1 + b)b3(a2(�4 + b)� 3b+

+ a(3 + 4b� b2))a22 � 3a(�1 + b)(a2(�2 + b)� 3b+ a(1 + 5b� 2b2))b21 +

+ 3a(a3(1� b+ b2) + b2(3� 5b+ 3b2) + a2(1� 5b+ 7b2 � 4b3) +

+ ab(�2 + b+ b2 � b3))b1b2 + b(�3ab(a3b+ b(�2 + 3b) + a(�4 + 7b� 4b2) +

+ a2(5� 8b+ 2b2))b22 + (a� b)(�1 + b)(3a(1 + a(�2 + b))b11 +

+ 3a(a+ a2(1� 2b)� ab2 + b(�2 + 3b))b12 � b((a3(11� 7b)� 3b2 +

+ 2ab(1 + 4b) + a2(1� 19b+ 7b2))K + 3a(a+ a2(�2 + b) + 2b� 2ab)b22))))) +

+ (�1 + a)a(�3(a� b)2(�1 + b)b3a111 � 3(�2 + 3a� 2b)(a � b)2(�1 + b)b3a112 �

� 6a3b3a122 + 21a2b4a122 � 24ab5a122 � 9a2b5a122 + 6a3b5a122 + 9b6a122 +

+ 18ab6a122 � 12a2b6a122 � 9b7a122 + 6ab7a122 + 3a3b4a222 � 6a2b5a222 �

� 3a3b5a222 + 3ab6a222 + 6a2b6a222 � 3ab
7a222 + 7a3b2Kb1 � 11a

4b2Kb1 �

� 14a2b3Kb1 + 30a3b3Kb1 � a4b3Kb1 + 7ab4Kb1 � 27a
2b4Kb1 � a3b4Kb1 +

+ 8ab5Kb1 + 5a2b5Kb1 � 3ab
6Kb1 � 3ab

2a11b1 + 6a2b2a11b1 + 3b3a11b1 �

� 3a2b3a11b1 � 6b
4a11b1 � 3ab

4a11b1 + 6b5a11b1 � 6a
2b2a12b1 + 3a3b2a12b1 +

+ 3ab3a12b1 � 3a2b3a12b1 + 3a3b3a12b1 + 3b4a12b1 + 9ab4a12b1 � 9a2b4a12b1 �

� 9b5a12b1 + 6ab5a12b1 + 3a2b3a22b1 � 6a3b3a22b1 � 3ab4a22b1 + 6a2b4a22b1 +

+ 3a3b4a22b1 � 3a2b5a22b1 � 3a2b31 � 3a
3b31 + 6abb31 + 12a2bb31 + 6a3bb31 �

� 18ab2b31 � 18a
2b2b31 + 18ab3b31 � 3a

4b2Kb2 + 5a3b3Kb2 + 8a4b3Kb2 �

� a2b4Kb2 � 27a
3b4Kb2 + 7a4b4Kb2 � ab5Kb2 + 30a2b5Kb2 � 14a

3b5Kb2 �

� 11ab6Kb2 + 7a2b6Kb2 � 3ab
3a11b2 + 3b4a11b2 + 6ab4a11b2 � 3a

2b4a11b2 �

� 6b5a11b2 + 3ab5a11b2 + 6a2b3a12b2 � 9a
3b3a12b2 � 9ab

4a12b2 + 9a2b4a12b2 +

+ 3a3b4a12b2 + 3b5a12b2 � 3ab
5a12b2 + 3a2b5a12b2 + 3b6a12b2 � 6ab

6a12b2 +

+ 6a3b3a22b2 � 3a2b4a22b2 � 6a3b4a22b2 � 3ab5a22b2 + 3a3b5a22b2 + 6ab6a22b2 �

� 3a2b6a22b2 + 15a3b21b2 + 6a4b21b2 � 39a
2bb21b2 � 36a

3bb21b2 � 12a
4bb21b2 +

+ 30ab2b21b2 + 69a2b2b21b2 + 36a3b2b21b2 � 48ab
3b21b2 � 39a

2b3b21b2 + 18ab4b21b2 �

� 18a4b1b
2
2 + 51a3bb1b

2
2 + 24a4bb1b

2
2 � 48a

2b2b1b
2
2 � 69a

3b2b1b
2
2 + 12ab3b1b

2
2 +

+ 72a2b3b1b
2
2 + 3a3b3b1b

2
2 � 18ab

4b1b
2
2 � 9a

2b4b1b
2
2 � 6a

2b3b32 + 9a2b4b32 �

� 3a3b4b32 + 3a2bb1b11 + 6a3bb1b11 � 3ab
2b1b11 � 24a

2b2b1b11 � 9a
3b2b1b11 +

+ 18ab3b1b11 + 27a2b3b1b11 � 18ab
4b1b11 � 6a

3bb2b11 � 6a
4bb2b11 + 15a2b2b2b11 +

+ 27a3b2b2b11 + 6a4b2b2b11 � 9ab3b2b11 � 42a2b3b2b11 � 18a3b3b2b11 +

+ 21ab4b2b11 + 21a2b4b2b11 � 9ab5b2b11 � 15a3bb1b12 � 6a4bb1b12 + 39a2b2b1b12 +

+ 36a3b2b1b12 + 12a4b2b1b12 � 24ab3b1b12 � 66a2b3b1b12 � 39a3b3b1b12 +

+ 36ab4b1b12 + 45a2b4b1b12 � 18ab5b1b12 + 18a4bb2b12 � 51a3b2b2b12 �

� 24a4b2b2b12 + 45a2b3b2b12 + 78a3b3b2b12 � 12ab
4b2b12 � 72a

2b4b2b12 �
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� 9a3b4b2b12 + 18ab5b2b12 + 9a2b5b2b12 + 9a4bb1b22 � 27a
3b2b1b22 �

� 9a4b2b1b22 + 24a2b3b1b22 + 30a3b3b1b22 + 3a4b3b1b22 � 6ab
4b1b22 �

� 27a2b4b1b22 � 9a3b4b1b22 + 6ab5b1b22 + 6a2b5b1b22 � 9a3b3b2b22 +

+ 9a2b4b2b22 + 12a3b4b2b22 � 3a4b4b2b22 � 12a2b5b2b22 + 3a3b5b2b22 �

� 3a3b2b111 + 6a2b3b111 + 3a3b3b111 � 3ab4b111 � 6a2b4b111 + 3ab5b111 +

+ 6a3b2b112 + 6a4b2b112 � 12a2b3b112 � 27a3b3b112 � 6a4b3b112 + 6ab4b112 +

+ 36a2b4b112 + 21a3b4b112 � 15ab
5b112 � 24a

2b5b112 + 9ab6b112 � 9a
4b2b122 +

+ 24a3b3b122 + 15a4b3b122 � 21a
2b4b122 � 36a

3b4b122 � 6a
4b4b122 + 6ab5b122 +

+ 27a2b5b122 + 12a3b5b122 � 6ab
6b122 � 6a

2b6b122 � 3a
4b3b222 + 6a3b4b222 +

+ 3a4b4b222 � 3a
2b5b222 � 6a

3b5b222 + 3a2b6b222 � 15a
4b3K1 + 45a3b4K1 +

+ 15a4b4K1 � 45a2b5K1 � 45a3b5K1 + 15ab6K1 + 45a2b6K1 � 15ab7K1 +

+ 15a4b3K2 � 45a3b4K2 � 15a4b4K2 + 45a2b5K2 + 45a3b5K2 � 15ab6K2 �

� 45a2b6K2 + 15ab7K2));

j3 = �(�1 + b)b2(6a3 � 6a2(1 + b)� b(1 + b) + 2a(1 + b)2)Ka21 +

+ 2a2(�2� 5b+ 5b2 + 2b3))Ka2 � ba1(b(3a
4(�1 + b) + 3(�1 + b)b2 �

� 8a3(�1 + b2)� 6ab(�1 + b2) + a((b+ a2(7� 12b)b � 2b3 +

+ a3(�2 + 4b) + a(1� 8b+ 7b2 + 4b3))Kb1 + b((�(�2 + b)b2 +

+ a3(�6 + 4b) + a2(3 + 7b� 5b2) + a(1� 6b� b2 + 2b3))Kb2 +

+ (�1 + b)(3a3 � b2 + ab(3 + 2b)� a2(2 + 5b))(�K1 + bK2)))) �

� a(�a(�1 + b)b2(�6ab+ a2(1 + b) + 2b(1 + b))Ka22 +

+ aba2((b+ 3b2 � 6b3 + a3(�1 + 2b) + ab(�6 + 7b+ 4b2)�

� a2(�2 + b+ 5b2))Kb1 + b((a3(�3 + 2b) + b(�2 + 7b� 3b2)�

� a2(�7 + b+ 2b2) + a(�2� 4b� b2 + 2b3))Kb2 +

+ (�1 + b)(a3 � 3b2 + ab(5 + 2b)� a2(2 + 3b))(�K1 + bK2))) +

+ (�1 + a)(�(�1 + b)b2(�a+ 3a2 + b� 4ab+ b2)Ka11 �

� (�1 + b)b2(3a3 � 3b2 + ab(7 + 4b)� a2(4 + 7b))Ka12 +

+ a((�1 + b)b2(3b2 + a2(1 + b)� ab(4 + b))Ka22 +

+ (a2(�1 + 2b) + a(�1 + 4b� 6b2) + 2b(1� 3b+ 3b2))Kb21 +

+ b1((b
2(4� 8b+ 3b2)� 2ab(3� 7b+ 4b2) + a2(3� 6b+ 4b2))Kb2 +

+ b(a(3� 5b)b+ a2(�1 + 2b) + b2(�2 + 3b))(�K1 + aK2)) +

+ b(�b(2a2 + b2 + a(2� 6b+ b2))Kb22 +

+ b(a(5� 3b)b+ (�2 + b)b2 + a2(�3 + 2b))b2(�K1 + aK2) +

+ (a� b)(�1 + b)(�(1 + a� 3b)Kb11 + (a(3� 4b) + b(�4 + 3b))Kb12 �

� b((a(�3 + b) + b)Kb22 � (a� b)(�10K2 + 5aK2 + 5bK2 +K11 �

� (a+ b)K12 + abK22)))))));

j4 = �6(�1 + b)b2(6a3 � 6a2(1 + b)� b(1 + b) + 2a(1 + b)2)a31b2 �

� 6ba21(�(�1 + b)b(�6a4 � b2(5 + 2b) + a3(16 + 13b) + ab(13 + 12b + 4b2)�
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� a2(10 + 23b+ 12b2))a2b2 + a((b+ a2(7� 12b)b � 2b3 + a3(�2 + 4b) +

+ a(1� 8b+ 7b2 + 4b3))b1b2 + b(�(�1 + a)(2a2b+ b(�1 + 2b)�

� a(�3 + 5b+ b2))b22 + (�1 + b)(6a3 � 6a2(1 + b)� b(1 + b) +

+ 2a(1 + b)2)(bK � b12)))) + 2a1(�3(�1 + b)b2(�6b3 � 3a4(2 + b) +

+ ab2(17 + 8b)� a2b(16 + 23b) + a3(4 + 24b+ b2))a22b2 �

� 3aba2((�1 + a)(2(2 � 3b)b2 + a3(�2 + 4b) + a2(1 + 5b� 12b2) +

+ ab(�8 + 9b+ 5b2))b1b2 + b((a4(�3 + b)� b2(1 + b) + ab(2 + 5b+ b2) +

+ a3(5� b+ 4b2)� a2(3 + b+ 7b2 + b3))b22 + (�1 + b)(3a4 + 3b2 �

� 8a3(1 + b)� 6ab(1 + b) + 2a2(2 + 7b+ 2b2))(bK � b12))) +

+ a(�3a(2a2(1� 3b)b+ a3(�1 + 2b)� 2b(1 � 3b+ 3b2) +

+ a(1� 2b+ 6b3))b21b2 + ab1(3(a3(�3 + 4b) + b2(5� 8b+ b2) +

+ a2(3� 3b2 � 4b3) + ab(�5 + 2b+ 7b2 + b3))b22 +

+ b(b(3a3(�5 + 3b) + a2(14 + b2)� b(3� 7b+ b2) +

+ a(�3 + 3b� 14b2 + 2b3))K + 3(b+ a2(7� 12b)b� 2b3 +

+ a3(�2 + 4b) + a(1� 8b+ 7b2 + 4b3))b12 � 3(�1 + b)(3a3 � b2 + ab(3 + 2b)�

� a2(2 + 5b))b22)) + b(3a2(1 + a2 + a(�1 + b)� 2b)(�1 + b)bb32 +

+ b2(9a
3bK + 5a4bK � 3a5bK � 20a2b2K � 34a3b2K + 9a4b2K + 3a5b2K +

+ 8ab3K + 54a2b3K + 9a3b3K � 8a4b3K � 22ab4K � 23a2b4K + a3b4K +

+ 11ab5K + a2b5K + 3(�1 + b)b(6a3 � b(1 + 2b)� 3a2(2 + 3b) +

+ a(1 + 8b+ 3b2))a11 + 3(�1 + b)b(6a4 + b2(5 + 2b)� 3a3(4 + 5b)�

� ab(13 + 12b + 4b2) + a2(8 + 22b+ 13b2))a12 � 6a3ba22 + 6a4ba22 +

+ 24a2b2a22 � 21a
3b2a22 � 27ab

3a22 + 6a2b3a22 + 18a3b3a22 � 6a
4b3a22 +

+ 9b4a22 + 18ab4a22 � 27a
2b4a22 + 9a3b4a22 � 9b

5a22 + 9ab5a22 �

� 3a2b5a22 + 3a2b11 � 3a
4b11 � 3abb11 � 12a

2bb11 + 12a3bb11 + 3a4bb11 +

+ 12ab2b11 � 12a
3b2b11 � 9ab

3b11 + 9a2b3b11 � 9a
3b12 + 9a4b12 + 24a2bb12 �

� 9a3bb12 � 12a4bb12 � 12ab2b12 � 21a2b2b12 + 24a3b2b12 � 3a4b2b12 +

+ 18ab3b12 � 12a2b3b12 + 9a3b3b12 � 3ab4b12 � 3a2b4b12 � 3a3bb22 +

+ 3a2b2b22 + 9a3b2b22 � 3a4b2b22 � 9a2b3b22 � 3a3b3b22 + 3a4b3b22 +

+ 6a2b4b22 � 3a
3b4b22) + 3a(�1 + b)b(3a3 � b2 + ab(3 + 2b)�

� a2(2 + 5b))(�b112 + b122 + b(K1 �K2))))) �

� a(�6a2(2 + a(�3 + b))(�1 + b)b3a32b2 � 6a
2ba22((a

2(�1 + 2b)�

� ab(�3 + 4b+ b2) + b(�1� b+ 3b2))b1b2 + b(�(b(�4 + 5b) +

+ a2(3� 4b+ 2b2) + a(�2 + 7b� 8b2 + b3))b22 + (�1 + b)(�6ab+ a2(1 + b) +

+ 2b(1 + b))(bK � b12))) + 2a2(3a2(2a2(1� 3b)b+ a3(�1 + 2b)�

� 2b(1� 3b+ 3b2) + a(1� 2b+ 6b3))b21b2 � a2b1(�3(a3(3� 5b+ 2b2) +

+ b2(�5 + 5b+ 3b2)� ab(�6 + 4b+ 7b2 + b3)� a2(3 + 2b� 11b2 + 3b3))b22 +

+ b(b(a3(�4 + b) + a2(8 + 10b� 6b2)� 3b(1� 4b+ b2) + ab(�17 + 2b2))K +
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+ 3(b+ 3b2 � 6b3 + a3(�1 + 2b) + ab(�6 + 7b+ 4b2)� a2(�2 + b+ 5b2))b12 �

� 3(�1 + b)(a3 � 3b2 + ab(5 + 2b)� a2(2 + 3b))b22)) +

+ b(�3a2b(a3b+ b(�2 + 3b) + a(�4 + 7b� 4b2) + a2(5� 8b+ 2b2))b32 +

+ b2(�3(�1 + b)b(3a4 � 7a3(1 + b) + 2b2(1 + b)� ab(5 + 9b+ 2b2) +

+ a2(3 + 14b+ 6b2))a11 + 3(�1 + b)b(6b3 + 3a4(2 + b)� ab2(17 + 8b) +

+ a2b(15 + 26b)� a3(4 + 24b+ 3b2))a12 + a(�a3bK + 12a4bK � 17a3b2K �

� 25a4b2K � 14ab3K + 26a2b3K + 41a3b3K + 10a4b3K + 3b4K + 12ab4K �

� 48a2b4K � 11a3b4K � 3b5K + 8ab5K + 7a2b5K + 3a(�1 + b)b2(a2(�4 + b)�

� 3b+ a(3 + 4b� b2))a22 � 3(�1 + a)a(�1 + b)(a+ a2 � 4ab+ b(�1 + 3b))b11 +

+ 9a3b12 � 9a
4b12 � 15a

2bb12 � 3a
3bb12 + 21a4bb12 + 18ab2b12 � 3a

2b2b12 �

� 18a3b2b12 � 9a4b2b12 � 15ab3b12 + 30a2b3b12 � 9ab4b12 + 3a2b4b12 + 3a3bb22 �

� 6a4bb22 + 3a2b2b22 � 3a3b2b22 + 9a4b2b22 � 6ab3b22 + 3a2b3b22 � 3a3b3b22 �

� 3a4b3b22 + 6ab4b22 � 6a2b4b22 + 3a3b4b22))� 3a2(�1 + b)b(a3 � 3b2 +

+ ab(5 + 2b)� a2(2 + 3b))(�b112 + b122 + b(K1 �K2)))) +

+ (�1 + a)a(30a3b3K2 � 30a4b3K2 � 60a2b4K2 + 30a3b4K2 +

+ 30a4b4K2 + 30ab5K2 + 30a2b5K2 � 60a3b5K2 � 30ab6K2 + 30a2b6K2 �

� 6a3b3Ka22 + 24a2b4Ka22 � 18ab
5Ka22 � 18a

2b5Ka22 + 6a3b5Ka22 +

+ 18ab6Ka22 � 6a2b6Ka22 � 6a2bKb21 + 8a3bKb21 + 12ab2Kb21 � 18a
2b2Kb21 �

� 16a3b2Kb21 � 8ab
3Kb21 + 34a2b3Kb21 � 6ab

4Kb21 � 6a
2b2a111b2 + 12ab3a111b2 +

+ 6a2b3a111b2 � 6b4a111b2 � 12ab4a111b2 + 6b5a111b2 + 12a2b2a112b2 �

� 18a3b2a112b2 � 24ab3a112b2 + 36a2b3a112b2 + 18a3b3a112b2 + 12b4a112b2 �

� 18ab4a112b2 � 48a
2b4a112b2 + 42ab5a112b2 � 12b

6a112b2 + 12a3b2a122b2 �

� 42a2b3a122b2 + 48ab4a122b2 + 18a2b4a122b2 � 12a
3b4a122b2 � 18b

5a122b2 �

� 36ab5a122b2 + 24a2b5a122b2 + 18b6a122b2 � 12ab
6a122b2 � 6a

3b3a222b2 +

+ 12a2b4a222b2 + 6a3b4a222b2 � 6ab
5a222b2 � 12a

2b5a222b2 + 6ab6a222b2 +

+ 20a3bKb1b2 � 22a4bKb1b2 � 42a2b2Kb1b2 + 10a3b2Kb1b2 + 44a4b2Kb1b2 +

+ 28ab3Kb1b2 + 68a2b3Kb1b2 � 84a3b3Kb1b2 � 56ab4Kb1b2 + 28a2b4Kb1b2 +

+ 6ab5Kb1b2 � 6a3ba22b1b2 + 18a2b2a22b1b2 + 12a3b2a22b1b2 � 12ab3a22b1b2 �

� 30a2b3a22b1b2 + 18ab4a22b1b2 + 4a3b2Kb22 � 8a
4b2Kb22 � 18a

2b3Kb22 +

+ 36a3b3Kb22 � 14a
4b3Kb22 + 2ab4Kb22 � 32a

2b4Kb22 + 22a3b4Kb22 + 22ab5Kb22 �

� 14a2b5Kb22 � 12a
3b2a22b

2
2 + 6a2b3a22b

2
2 + 12a3b3a22b

2
2 + 6ab4a22b

2
2 �

� 6a3b4a22b
2
2 � 12ab

5a22b
2
2 + 6a2b5a22b

2
2 + 6a2b21b

2
2 + 6a3b21b

2
2 � 12abb

2
1b

2
2 �

� 24a2bb21b
2
2 � 12a

3bb21b
2
2 + 36ab2b21b

2
2 + 36a2b2b21b

2
2 � 36ab

3b21b
2
2 � 18a

3b1b
3
2 +

+ 36a2bb1b32 + 30a3bb1b32 � 24ab
2b1b

3
2 � 66a

2b2b1b
3
2 � 12a

3b2b1b
3
2 + 36ab3b1b32 +

+ 18a2b3b1b32 + 12a2b2b42 � 18a
2b3b42 + 6a3b3b42 + 6a2b2Kb11 � 18a3b2Kb11 �

� 6ab3Kb11 + 18a2b3Kb11 + 18a3b3Kb11 � 24a2b4Kb11 + 6ab5Kb11 � 6a2bb22b11 �

� 6a3bb22b11 + 6ab2b22b11 + 30a2b2b22b11 + 6a3b2b22b11 � 24ab
3b22b11 � 24a

2b3b22b11 +

69



+ 18ab4b22b11 � 6(a� b)ba11(�(a� 2ab+ b(�2 + 3b))b1b2 �

� b((1 + (�2 + a)b)b22 + (�1 + b)(1� 3a+ b)(bK � b12)))�

� 6(a� b)ba12(2(a� 3ab2 + a2(�1 + 2b) + b(�2 + 3b))b1b2 +

+ b((a2(�3 + b)� b(1 + b) + 2a(1 + b2))b22 +

+ (�1 + b)(3a2 + 3b� 4a(1 + b))(bK � b12))) �

� 36a3b2Kb12 + 42a4b2Kb12 + 78a2b3Kb12 � 42a3b3Kb12 � 42a4b3Kb12 �

� 42ab4Kb12 � 42a
2b4Kb12 + 78a3b4Kb12 + 42ab5Kb12 � 36a

2b5Kb12 +

+ 6a3b2a22b12 � 24a
2b3a22b12 + 18ab4a22b12 + 18a2b4a22b12 � 6a

3b4a22b12 �

� 18ab5a22b12 + 6a2b5a22b12 + 6a2b21b12 + 6a3b21b12 � 12abb
2
1b12 �

� 24a2bb21b12 � 12a
3bb21b12 + 36ab2b21b12 + 36a2b2b21b12 � 36ab

3b21b12 �

� 18a3b1b2b12 + 36a2bb1b2b12 + 18a3bb1b2b12 � 24ab2b1b2b12 � 30a2b2b1b2b12 +

+ 12a3b2b1b2b12 + 12ab3b1b2b12 � 42a2b3b1b2b12 + 36ab4b1b2b12 + 18a3bb22b12 �

� 30a2b2b22b12 � 48a
3b2b22b12 + 24ab3b22b12 + 66a2b3b22b12 + 24a3b3b22b12 �

� 36ab4b22b12 � 18a
2b4b22b12 � 6a

2bb11b12 � 6a
3bb11b12 + 6ab2b11b12 +

+ 30a2b2b11b12 + 6a3b2b11b12 � 24ab
3b11b12 � 24a

2b3b11b12 + 18ab4b11b12 +

+ 18a3bb212 � 42a
2b2b212 � 24a

3b2b212 + 24ab3b212 + 48a2b3b212 + 6a3b3b212 �

� 24ab4b212 � 6a
2b4b212 + 6a4b2Kb22 � 24a

3b3Kb22 + 18a2b4Kb22 + 18a3b4Kb22 �

� 6a4b4Kb22 � 18a2b5Kb22 + 6a3b5Kb22 � 6a3b21b22 � 6a
4b21b22 + 18a2bb21b22 +

+ 18a3bb21b22 + 12a4bb21b22 � 12ab
2b21b22 � 24a

2b2b21b22 � 24a
3b2b21b22 +

+ 12ab3b21b22 + 12a2b3b21b22 + 18a4b1b2b22 � 36a3bb1b2b22 � 18a4bb1b2b22 +

+ 6a2b2b1b2b22 + 36a3b2b1b2b22 � 12a4b2b1b2b22 + 12ab3b1b2b22 � 6a2b3b1b2b22 +

+ 24a3b3b1b2b22 � 12ab
4b1b2b22 � 12a

2b4b1b2b22 + 18a3b2b22b22 � 18a
2b3b22b22 �

� 24a3b3b22b22 + 6a4b3b22b22 + 24a2b4b22b22 � 6a
3b4b22b22 + 6a3bb11b22 + 6a4bb11b22 �

� 12a2b2b11b22 � 18a
3b2b11b22 � 6a

4b2b11b22 + 6ab3b11b22 + 18a2b3b11b22 +

+ 12a3b3b11b22 � 6ab
4b11b22 � 6a

2b4b11b22 � 18a
4bb12b22 + 48a3b2b12b22 +

+ 12a4b2b12b22 � 30a2b3b12b22 � 42a3b3b12b22 + 6a4b3b12b22 + 30a2b4b12b22 �

� 6a3b4b12b22 � 6a3bb1b112 + 18a2b2b1b112 + 12a3b2b1b112 � 12ab3b1b112 �

� 30a2b3b1b112 + 18ab4b1b112 + 6a3b2b2b112 � 18a2b3b2b112 � 12a3b3b2b112 +

+ 12ab4b2b112 + 30a2b4b2b112 � 18ab
5b2b112 + 6a3bb1b122 + 6a4bb1b122 �

� 18a2b2b1b122 � 18a
3b2b1b122 � 12a

4b2b1b122 + 12ab3b1b122 + 24a2b3b1b122 +

+ 24a3b3b1b122 � 12ab
4b1b122 � 12a

2b4b1b122 � 6a
3b2b2b122 � 6a

4b2b2b122 +

+ 18a2b3b2b122 + 18a3b3b2b122 + 12a4b3b2b122 � 12ab
4b2b122 � 24a

2b4b2b122 �

� 24a3b4b2b122 + 12ab5b2b122 + 12a2b5b2b122 � 6a4bb1b222 + 12a3b2b1b222 +

+ 6a4b2b1b222 � 6a2b3b1b222 � 12a3b3b1b222 + 6a2b4b1b222 + 6a4b2b2b222 �

� 12a3b3b2b222 � 6a4b3b2b222 + 6a2b4b2b222 + 12a3b4b2b222 � 6a2b5b2b222 +

+ 6a3b2b1112 � 12a2b3b1112 � 6a3b3b1112 + 6ab4b1112 + 12a2b4b1112 �

� 6ab5b1112 � 6a
3b2b1122 � 6a

4b2b1122 + 12a2b3b1122 + 18a3b3b1122 +
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+ 6a4b3b1122 � 6ab
4b1122 � 18a

2b4b1122 � 12a
3b4b1122 + 6ab5b1122 + 6a2b5b1122 +

+ 6a4b2b1222 � 12a
3b3b1222 � 6a

4b3b1222 + 6a2b4b1222 + 12a3b4b1222 �

� 6a2b5b1222 � 15a3b2b1K1 + 24a2b3b1K1 + 9a3b3b1K1 � 9ab4b1K1 � 12a2b4b1K1 +

+ 3ab5b1K1 � a3b2b2K1 + 29a4b2b2K1 + 2a2b3b2K1 � 75a3b3b2K1 � 29a4b3b2K1 �

� ab4b2K1 + 69a2b4b2K1 + 82a3b4b2K1 � 23ab5b2K1 � 83a2b5b2K1 + 30ab6b2K1 +

+ 7a3b2b1K2 + 7a4b2b1K2 � 8a2b3b1K2 � 21a3b3b1K2 � a4b3b1K2 + ab4b1K2 +

+ 15a2b4b1K2 + 2a3b4b1K2 � ab5b1K2 � a2b5b1K2 � 27a
4b2b2K2 + 78a3b3b2K2 +

+ 21a4b3b2K2 � 81a
2b4b2K2 � 66a

3b4b2K2 + 30ab5b2K2 + 75a2b5b2K2 �

� 30ab6b2K2 � 6a
3b3K11 + 12a2b4K11 + 6a3b4K11 � 6ab

5K11 � 12a
2b5K11 +

+ 6ab6K11 + 6a3b3K12 + 6a4b3K12 � 12a
2b4K12 � 18a

3b4K12 � 6a
4b4K12 +

+ 6ab5K12 + 18a2b5K12 + 12a3b5K12 � 6ab6K12 � 6a2b6K12 � 6a4b3K22 +

+ 12a3b4K22 + 6a4b4K22 � 6a2b5K22 � 12a3b5K22 + 6a2b6K22));

j5 = �6(�1 + b)b2(6a3 � 6a2(1 + b)� b(1 + b) + 2a(1 + b)2)a31a2 �

� 2ba21(�3(�1 + b)b(�b2(5 + 2b) + a3(10 + 7b) + ab(12 + 11b+ 4b2)�

� a2(8 + 19b+ 10b2))a22 � a(�1 + b)b(a(3a3 + a2(4� 17b) +

+ (3� 4b)b+ a(�6 + 9b+ 8b2))K + 3(6a3 � 6a2(1 + b)� b(1 + b) +

+ 2a(1 + b)2)a12 � 3(2a3(1 + b)� b2(1 + b)� 2a2(1 + 2b+ 2b2) +

+ ab(3 + 3b+ 2b2))a22) + 3aa2((b+ a2(7� 12b)b� 2b3 + a3(�2 + 4b) +

+ a(1� 8b+ 7b2 + 4b3))b1 + b(�(�2 + b)b2 + a3(�6 + 4b) +

+ a2(3 + 7b� 5b2) + a(1� 6b� b2 + 2b3))b2))�

� a1(�6(�1 + b)b3(a3(�13 + b) + 6b2 � 2ab(7 + 4b) + 2a2(5 + 9b))a32 +

+ 6aba22((a
3(3� 6b) + 2b2(�2 + 3b) + ab(7� 5b� 9b2) +

+ a2(�2� 5b+ 14b2 + b3))b1 + b(2(�2 + b)b2 + ab(8 + 3b� 4b2) +

+ a3(10 � 8b+ b2) + a2(�8� 5b+ 4b2 + b3))b2) +

+ 2aa2(�21a3b2K + 20a4b2K + 35a2b3K + 14a3b3K � 39a4b3K �

� 17ab4K � 70a2b4K + 50a3b4K + 19a4b4K + 39ab5K + 14a2b5K �

� 43a3b5K � 22ab6K + 21a2b6K � 3(�1 + b)b2(6a3 � b(1 + 2b)�

� 3a2(2 + 3b) + a(1 + 8b+ 3b2))a11 + 3(�1 + b)b2(�2b2(4 + b) +

+ 2a3(7 + 4b) + ab(19 + 15b+ 4b2)� a2(12 + 27b+ 11b2))a12 � 27a
2b3a22 +

+ 30a3b3a22 + 45ab4a22 � 21a
2b4a22 � 33a

3b4a22 � 18b
5a22 � 27ab

5a22 +

+ 51a2b5a22 + 3a3b5a22 + 18b6a22 � 18ab
6a22 � 3a

2b6a22 + 3a2b21 � 3a
4b21 �

� 6abb21 � 6a
2bb21 + 6a3bb21 + 6a4bb21 + 18ab2b21 � 18a

3b2b21 � 18ab
3b21 +

+ 18a2b3b21 � 9a
3b1b2 + 9a4b1b2 + 18a2bb1b2 � 18a4bb1b2 � 12ab2b1b2 �

� 30a2b2b1b2 + 30a3b2b1b2 + 12a4b2b1b2 + 24ab3b1b2 � 24a3b3b1b2 �

� 9ab4b1b2 + 9a2b4b1b2 + 6a2b2b22 � 6a
4b2b22 � 18a

2b3b22 + 18a3b3b22 +

+ 3ab4b22 � 3a
3b4b22 � 3a

2bb11 + 3a4bb11 + 3ab2b11 + 12a2b2b11 � 12a
3b2b11 �

� 3a4b2b11 � 12ab
3b11 + 12a3b3b11 + 9ab4b11 � 9a

2b4b11 + 9a3bb12 � 9a
4bb12 �
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� 21a2b2b12 + 21a4b2b12 + 12ab3b12 + 30a2b3b12 � 30a
3b3b12 � 12a

4b3b12 �

� 21ab4b12 + 21a3b4b12 + 9ab5b12 � 9a
2b5b12 + 9a3b2b22 � 9a

4b2b22 �

� 12a2b3b22 + 12a4b3b22 + 3ab4b22 + 12a2b4b22 � 12a3b4b22 � 3a4b4b22 �

� 3ab5b22 + 3a3b5b22) + a2b(6(�1 + b)b(3a3 � b2 + ab(3 + 2b)�

� a2(2 + 5b))a112 � 6b(b2 � b4 + 2a3(�1 + b2) + a2(2 + 2b� 4b3) +

+ ab(�3 + b2 + 2b3))a122 + 6a2b2a222 � 6a3b2a222 � 12ab3a222 + 6a2b3a222 +

+ 6a3b3a222 + 6b4a222 + 6ab4a222 � 12a
2b4a222 � 6b

5a222 + 6ab5a222 +

+ 6a2Kb1 � 14a
3Kb1 + 2a4Kb1 + 6abKb1 � 6a

2bKb1 + 28a3bKb1 �

� 4a4bKb1 � 28ab
2Kb1 � 2a

3b2Kb1 + 30ab3Kb1 � 18a
2b3Kb1 � 6aa12b1 +

+ 12a3a12b1 � 6ba12b1 + 48aba12b1 � 42a
2ba12b1 � 24a

3ba12b1 � 42ab
2a12b1 +

+ 72a2b2a12b1 + 12b3a12b1 � 24ab3a12b1 + 6a2a22b1 � 6a3a22b1 � 18aba22b1 +

+ 6a2ba22b1 + 12a3ba22b1 + 12b2a22b1 + 18ab2a22b1 � 30a2b2a22b1 +

+ 34a2b2Kb2 � 18b3a22b1 + 18ab3a22b1 + 6a2bKb2 � 24a3bKb2 + 6a4bKb2 �

� 4a4b2Kb2 � 16ab
3Kb2 � 20a

2b3Kb2 + 12a3b3Kb2 + 8ab4Kb2 � 2a
2b4Kb2 �

� 6aba12b2 � 18a
2ba12b2 + 36a3ba12b2 + 36ab2a12b2 � 42a

2b2a12b2 �

� 24a3b2a12b2 � 12b
3a12b2 + 6ab3a12b2 + 30a2b3a12b2 + 6b4a12b2 �

� 12ab4a12b2 + 18a2ba22b2 � 18a
3ba22b2 � 30ab

2a22b2 + 18a2b2a22b2 +

+ 12a3b2a22b2 + 12b3a22b2 + 6ab3a22b2 � 18a2b3a22b2 � 6b4a22b2 +

+ 6ab4a22b2 + 9a3bK1 � 3a4bK1 � 24a2b2K1 + 3a3b2K1 + 3a4b2K1 +

+ 15ab3K1 + 15a2b3K1 � 12a3b3K1 � 15ab4K1 + 9a2b4K1 � a3bK2 +

+ a4bK2 + 8a2b2K2 � 14a3b2K2 � 7ab3K2 + 13a2b3K2 + 13a3b3K2 �

� a4b3K2 � 20a
2b4K2 + 2a3b4K2 + 7ab5K2 � a2b5K2))�

� a(2(�1 + b)b2a22(3(3a
3(1 + b)� 2b2(1 + b) + 2ab(2 + 4b+ b2)�

� a2(2 + 9b+ 5b2))a11 + b(a(a3(14� 3b)� 3b2 + ab(7 + 4b)�

� a2(10 + 9b))K + 3(a3(�13 + b) + 6b2 � 2ab(7 + 4b) + 2a2(5 + 9b))a12)) +

+ aba2(6(�1 + a)(a� b)2(�1 + b)ba111 � 6(�1 + b)b(3a3(1 + b)� 2b2(1 + b) +

+ 2ab(2 + 4b+ b2)� a2(2 + 9b+ 5b2))a112 + 24a2b2a122 � 30a3b2a122 �

� 42ab3a122 + 30a2b3a122 + 30a3b3a122 + 18b4a122 + 18ab4a122 � 54a2b4a122 �

� 18b5a122 + 24ab5a122 � 2a
3Kb1 + 8a4Kb1 + 12a2bKb1 � 20a

3bKb1 �

� 16a4bKb1 � 4ab
2Kb1 + 34a3b2Kb1 + 6ab3Kb1 � 24a

2b3Kb1 + 6a3b3Kb1 �

� 6a2a11b1 + 6a3a11b1 + 18aba11b1 � 6a
2ba11b1 � 12a

3ba11b1 � 12b
2a11b1 �

� 18ab2a11b1 + 30a2b2a11b1 + 18b3a11b1 � 18ab
3a11b1 + 12a2a12b1 �

� 18a3a12b1 � 42aba12b1 + 30a2ba12b1 + 36a3ba12b1 + 24b2a12b1 +

+ 30ab2a12b1 � 84a2b2a12b1 � 36b3a12b1 + 54ab3a12b1 � 6a2b3a12b1 �

� 18a3bKb2 + 30a4bKb2 � 2a2b2Kb2 � 28a4b2Kb2 � 4ab3Kb2 + 28a2b3Kb2 �

� 6a3b3Kb2 + 6a4b3Kb2 + 2ab4Kb2 � 14a2b4Kb2 + 6a3b4Kb2 � 18a2ba11b2 +

+ 18a3ba11b2 + 30ab2a11b2 � 18a
2b2a11b2 � 12a

3b2a11b2 � 12b
3a11b2 �
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� 6ab3a11b2 + 18a2b3a11b2 + 6b4a11b2 � 6ab
4a11b2 + 48a2ba12b2 � 60a

3ba12b2 �

� 48ab2a12b2 + 30a2b2a12b2 + 48a3b2a12b2 + 24b3a12b2 � 18ab
3a12b2 �

� 24a2b3a12b2 � 6a3b3a12b2 � 12b4a12b2 + 24ab4a12b2 � 6a2b4a12b2 +

+ a3bK1 � 7a4bK1 � 2a2b2K1 + 20a3b2K1 + ab3K1 � 13a2b3K1 � 13a3b3K1 +

+ 7a4b3K1 + 14a2b4K1 � 8a3b4K1 � ab5K1 + a2b5K1 � 9a3b2K2 + 15a4b2K2 +

+ 12a2b3K2 � 15a3b3K2 � 15a4b3K2 � 3ab4K2 � 3a2b4K2 + 24a3b4K2 +

+ 3ab5K2 � 9a
2b5K2) + 6(�1 + a)a((�1 + b)b2(�3b2 � a2(4 + b) + ab(7 + b))a212 +

+ (a� b)(�1 + b)b2a11(a(1 + a� 3b)K + (�1 + 3a� b)a12 � (a� b)(1 + b)a22) +

+ a12((�1 + b)b3(�a2(�5 + b) + a(�8 + b)b+ 3b2)a22 + a((a+ a2 � 2b� 4ab�

� 2a2b+ 6b2 + 6ab2 � 6b3)b21 + (a2(�3 + 6b� 4b2) + b2(�4 + 8b� 3b2) +

+ 2ab(3� 7b+ 4b2))b1b2 + b(b(2a2 + b2 + a(2� 6b+ b2))b22 �

� (a� b)(�1 + b)(�(1 + a� 3b)b11 + (a(3 � 4b) + b(�4 + 3b))b12 �

� b((a(7 � 6b) + b(�6 + 7b))K + (a(�3 + b) + b)b22))))) +

+ a(5a3b2K2 � 10a2b3K2 � 10a3b3K2 + 5ab4K2 + 20a2b4K2 + 5a3b4K2 �

� 10ab5K2 � 10a2b5K2 + 5ab6K2 � (�1 + b)b3(�a2(�3 + b) + a(�4 + b)b+ b2)Ka22 �

� (a� b)2(�1 + b)b2a1112 � a2b2a1122 + 2ab3a1122 � b4a1122 + a2b4a1122 � 2ab5a1122 +

+ b6a1122 + a2b3a1222 � 2ab4a1222 � a2b4a1222 + b5a1222 + 2ab5a1222 � b6a1222 �

� a2ba112b1 + 3ab2a112b1 + 2a2b2a112b1 � 2b3a112b1 � 5ab3a112b1 + 3b4a112b1 +

+ a2ba122b1 � 3ab2a122b1 � 2a2b2a122b1 + 2b3a122b1 + 5ab3a122b1 � 3b4a122b1 �

� a2Kb21 � a3Kb21 + 2abKb21 + 4a2bKb21 + 2a3bKb21 � 6ab
2Kb21 � 6a

2b2Kb21 +

+ 6ab3Kb21 � 3a
2b2a112b2 + 5ab3a112b2 + 2a2b3a112b2 � 2b

4a112b2 � 3ab
4a112b2 +

+ b5a112b2 + 3a2b2a122b2 � 5ab
3a122b2 � 2a

2b3a122b2 + 2b4a122b2 + 3ab4a122b2 �

� b5a122b2 + 3a3Kb1b2 � 6a
2bKb1b2 � 6a

3bKb1b2 + 4ab2Kb1b2 + 14a2b2Kb1b2 +

+ 4a3b2Kb1b2 � 8ab3Kb1b2 � 8a2b3Kb1b2 + 3ab4Kb1b2 � 2a2b2Kb22 �

� 2a3b2Kb22 + 6a2b3Kb22 � ab4Kb22 � a2b4Kb22a
2bKb11 + a3bKb11 � ab2Kb11 �

� 5a2b2Kb11 � a3b2Kb11 + 4ab3Kb11 + 4a2b3Kb11 � 3ab4Kb11 � 3a3bKb12 +

+ 7a2b2Kb12 + 7a3b2Kb12 � 4ab
3Kb12 � 14a

2b3Kb12 � 4a
3b3Kb12 + 7ab4Kb12 +

+ 7a2b4Kb12 � 3ab
5Kb12 � 3a

3b2Kb22 + 4a2b3Kb22 + 4a3b3Kb22 � ab4Kb22 �

� 5a2b4Kb22 � a3b4Kb22 + ab5Kb22 + a2b5Kb22 + a3bb1K1 � 3a
2b2b1K1 �

� 2a3b2b1K1 + 2ab3b1K1 + 5a2b3b1K1 � 3ab
4b1K1 + 3a3b2b2K1 � 5a

2b3b2K1 �

� 2a3b3b2K1 + 2ab4b2K1 + 3a2b4b2K1 � ab5b2K1 � a3bb1K2 + 3a2b2b1K2 +

+ 2a3b2b1K2 � 2ab3b1K2 � 5a2b3b1K2 + 3ab4b1K2 � 3a3b2b2K2 + 5a2b3b2K2 +

+ 2a3b3b2K2 � 2ab4b2K2 � 3a2b4b2K2 + ab5b2K2 � a3b2K11 + 2a2b3K11 +

+ a3b3K11 � ab4K11 � 2a2b4K11 + ab5K11 + a3b2K12 � 2a2b3K12 + ab4K12 �

� a3b4K12 + 2a2b5K12 � ab6K12 � a3b3K22 + 2a2b4K22 + a3b4K22 � ab5K22 �

� 2a2b5K22 + ab6K22))):
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