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1. �¢¥¤¥¨¥

� ¤ ç ¬ ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï à á¯à¥¤¥«¥ë¬¨ á¨áâ¥¬ ¬¨, ®¯¨áë¢ ¥¬ë¬¨ í««¨¯â¨ç¥-
áª¨¬¨ ãà ¢¥¨ï¬¨ á ä §®¢ë¬¨ ®£à ¨ç¥¨ï¬¨, ¯®á¢ïé¥® §  ¯®á«¥¤¨¥ ¤¥áïâì «¥â ¤®áâ â®ç®
¡®«ìè®¥ ª®«¨ç¥áâ¢® à ¡®â ( ¯à., [1]{[9]). �á®¢®¥ ¢¨¬ ¨¥ ã¤¥«ï«®áì  ¢â®à ¬¨ ¤®ª § â¥«ì-
áâ¢ã ¯à¨æ¨¯  ¬ ªá¨¬ã¬  �®âàï£¨ , ¨§ãç¥¨î á¢ï§¨ ãáâ®©ç¨¢®áâ¨ § ¤ ç¨ (¢ â®¬ ¨«¨ ¨®¬
¥áâ¥áâ¢¥®¬ á¬ëá«¥) ¯à¨ ®¤®¬¥à®¬ ¢®§¬ãé¥¨¨ ä §®¢®£® ®£à ¨ç¥¨ï ª ª á ¢ë¯®«¨¬®áâìî
¯à¨æ¨¯  ¬ ªá¨¬ã¬ , â ª ¨ á ¢ë¯®«¨¬®áâìî à¥£ã«ïà®£® ¯à¨æ¨¯  ¬ ªá¨¬ã¬  [8].

�â«¨ç¨¥ ¤ ®© à ¡®âë ®â [1]{[9] § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬. �®-¯¥à¢ëå, ¢ ª ç¥áâ¢¥ \®á®¢®-
£® í«¥¬¥â  â¥®à¨¨" §¤¥áì ¯à¨¨¬ ¥âáï ¥ ®¯â¨¬ «ì®¥ ã¯à ¢«¥¨¥,   ¬¨¨¬¨§¨àãîé ï ¯®á«¥-
¤®¢ â¥«ì®áâì (¬. ¯.) ®¡ëçëå ã¯à ¢«¥¨© | â ª  §ë¢ ¥¬®¥ ¬¨¨¬¨§¨àãîé¥¥ ¯à¨¡«¨¦¥®¥
à¥è¥¨¥ (¬. ¯. à.) ¢ á¬ëá«¥ �¦.� à£¨ [10]. �â® ¯®§¢®«ï¥â à áá¬®âà¥âì § ¤ çã (á¥¬¥©áâ¢® § ¤ ç)
á äãªæ¨® «ìë¬ ¯ à ¬¥âà®¬ ¢ ä §®¢®¬ ®£à ¨ç¥¨¨ ¢ ¥¥  ¨¡®«ìè¥© ®¡é®áâ¨ ¡¥§ ª ª¨å-
«¨¡® ¤®¯®«¨â¥«ìëå ¯à¥¤¯®«®¦¥¨©, á¢ï§ ëå á áãé¥áâ¢®¢ ¨¥¬ ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï
(®¡ëç®£® ¨«¨ ®¡®¡é¥®£®), ¥ ¯à¨¡¥£ ï ª à áè¨à¥¨î ¢ á¬ëá«¥ [10]. �®«ãç ¥¬ë¥ ¢ áâ âì¥
¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ¤«ï ¬. ¯. à., ª®â®àë¥ ¬ë  §ë¢ ¥¬ ¯à¨æ¨¯®¬ ¬ ªá¨¬ã¬  ¤«ï ¬. ¯. à.,
¯à¥¢à é îâáï \¢ ¯à¥¤¥«¥" ¢ ®¡ëçë© ¯à¨æ¨¯ ¬ ªá¨¬ã¬  �®âàï£¨  (¢ á«ãç ¥ áãé¥áâ¢®¢ -
¨ï ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï). �®-¢â®àëå, à áá¬ âà¨¢ ¥¬ ¢®§¬ãé¥¨¥ § ¤ ç¨ | ¢®§¬ãé¥¨¥
ä §®¢®£® ®£à ¨ç¥¨ï ¢ ¬¥âà¨ª¥  ¨¡®«¥¥ ¥áâ¥áâ¢¥®£® (¡¥áª®¥ç®¬¥à®£®) ¯à®áâà áâ¢  ¢®§-
¬ãé¥¨© C(X), £¤¥ X � 
 | ª®¬¯ ªâ,   ª®â®à®¬ ¤®«¦® ¢ë¯®«ïâìáï ä §®¢®¥ ®£à ¨ç¥¨¥, 

| ®¡« áâì § ¤ ¨ï í««¨¯â¨ç¥áª®© ªà ¥¢®© § ¤ ç¨. �-âà¥âì¨å, ¢ à ¡®â¥ ®¡áã¦¤ îâáï ¥ â®«ìª®
ãá«®¢¨ï à¥£ã«ïà®áâ¨ ¯®«ãç ¥¬®£® ¯à¨æ¨¯  ¬ ªá¨¬ã¬  ¤«ï ¬. ¯. à., ® ¨ ãá«®¢¨ï ¥£® ®à-
¬ «ì®áâ¨ (á®®â¢¥âáâ¢ãîé¨¥ ¯®ïâ¨ï [11]{[14] ¢¢®¤ïâáï ¢ áâ âì¥). �,  ª®¥æ, ¢-ç¥â¢¥àâëå, ¢
áâ âì¥ ¨á¯®«ì§ã¥âáï ¯à¨æ¨¯¨ «ì® ¨®© ¯® áà ¢¥¨î á [1]{[9] ¬¥â®¤ ¤®ª § â¥«ìáâ¢  [15]. �â®â
¬¥â®¤ § ª«îç ¥âáï ¢  ¯¯à®ªá¨¬ æ¨¨ ¨áå®¤®© § ¤ ç¨ (á¥¬¥©áâ¢  § ¤ ç) á ä §®¢ë¬ ®£à ¨ç¥-
¨¥¬ (á ª®â¨ã «ìë¬ ç¨á«®¬ äãªæ¨® «ìëå ®£à ¨ç¥¨©) ¯®á«¥¤®¢ â¥«ì®áâìî § ¤ ç (á¥-
¬¥©áâ¢ § ¤ ç) á ª®¥çë¬ ç¨á«®¬ äãªæ¨® «ìëå ®£à ¨ç¥¨© ¨ ª®¥ç®¬¥àë¬ ¯ à ¬¥âà®¬
¢ ®£à ¨ç¥¨ïå, ¯®«ãç¥¨¨ ¢  ¯¯à®ªá¨¬¨àãîé¨å § ¤ ç å ¯à¨æ¨¯  ¬ ªá¨¬ã¬  ¤«ï ¬. ¯. à. ¨
§ ¢¥àè îé¥¬ ¯à¥¤¥«ì®¬ ¯¥à¥å®¤¥ ¢ ¯®«ãç ¥¬ëå à¥§ã«ìâ â å ¯à¨ áâà¥¬«¥¨¨ ª ¡¥áª®¥ç®áâ¨
ç¨á«   ¯¯à®ªá¨¬¨àãîé¨å äãªæ¨® «ìëå ®£à ¨ç¥¨©. �à¨ â ª®©  ¯¯à®ªá¨¬ æ¨¨ áâ ®¢¨â-
áï ¢®§¬®¦ë¬ ®¤®¢à¥¬¥® § ¯¨á âì   ®á®¢¥ à¥§ã«ìâ â®¢ [11]{[14] ãá«®¢¨ï ®à¬ «ì®áâ¨
 ¯¯à®ªá¨¬¨àãîé¨å § ¤ ç á ª®¥çë¬ ç¨á«®¬ äãªæ¨® «ìëå ®£à ¨ç¥¨© ¨ ¨á¯®«ì§®¢ âì ¨å
¤«ï ¤®ª § â¥«ìáâ¢  ãá«®¢¨© ®à¬ «ì®áâ¨ ¢ ¨áå®¤®© § ¤ ç¥ á ä §®¢ë¬ ®£à ¨ç¥¨¥¬.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(ª®¤ë ¯à®¥ªâ®¢ 95-01-00701, 98-01-00793).
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� ¯¥à¢®© ç áâ¨ à ¡®âë ¯®ª §ë¢ ¥âáï, çâ® ¯®â®ç¥ç®¬ã ¯à¨æ¨¯ã ¬ ªá¨¬ã¬  ¤«ï ¬. ¯. à.
(®¡ëç®¬ã ¯®â®ç¥ç®¬ã ¯à¨æ¨¯ã ¬ ªá¨¬ã¬  ¢ á«ãç ¥ áãé¥áâ¢®¢ ¨ï ®¯â¨¬ «ì®£® ã¯à ¢«¥-
¨ï) ã¤®¢«¥â¢®àï¥â «î¡®¥ ¬. ¯. à. («î¡®¥ ®¯â¨¬ «ì®¥ ã¯à ¢«¥¨¥ ¢ á«ãç ¥ ¥£® áãé¥áâ¢®¢ ¨ï),
¥á«¨ â®«ìª® § ¤ ç  ¨¬¥¥â á¬ëá« (§ ç¥¨¥ § ¤ ç¨ ª®¥ç® ¯à¨ à áá¬ âà¨¢ ¥¬®¬ § ç¥¨¨ ¯ à -
¬¥âà ). �¤¥áì ¯®ª §ë¢ ¥âáï â ª¦¥, çâ® ¤®áâ â®çë¬ ãá«®¢¨¥¬ ®à¬ «ì®áâ¨ § ¤ ç¨ ï¢«ï¥âáï
¢ á®¢®ªã¯®áâ¨ á ¥ª®â®àë¬¨ áâ ¤ àâë¬¨ ¯à¥¤¯®«®¦¥¨ï¬¨ ® ¢ë¯ãª«®áâ¨ äãªæ¨©, § ¤ -
îé¨å ¨áå®¤ë¥ ¤ ë¥ § ¤ ç¨, ãá«®¢¨¥ �«¥©â¥à . �â®à ï ç áâì à ¡®âë ¯®á¢ïé¥  ¨§ãç¥¨î
á¢ï§¨ ãá«®¢¨© à¥£ã«ïà®áâ¨ ¨ ®à¬ «ì®áâ¨ à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ á ¤¨ää¥à¥æ¨ «ìë¬¨
á¢®©áâ¢ ¬¨ äãªæ¨¨ § ç¥¨© (çã¢áâ¢¨â¥«ì®áâì). �¤¥áì ¯®ª §ë¢ ¥âáï, çâ® á«¥¤áâ¢¨¥¬ ®à-
¬ «ì®áâ¨ ¯à¨ ¥ª®â®à®¬ ä¨ªá¨à®¢ ®¬ § ç¥¨¨ q 2 C(X) ï¢«ï¥âáï «¨¯è¨æ¥¢®áâì ¥¥ äãª-
æ¨¨ § ç¥¨© ¢ ®ªà¥áâ®áâ¨ â®çª¨ q ¨ çâ® à¥£ã«ïà®áâì § ¤ ç¨ á ä §®¢ë¬ ®£à ¨ç¥¨¥¬ ¥áâì
â¨¯¨ç®¥ á¢®©áâ¢® ¯®¤®¡®£® à®¤  § ¤ ç, â. ª. ®® ¨¬¥¥â ¬¥áâ® ¤«ï § ç¥¨© äãªæ¨® «ì®£®
¯ à ¬¥âà  ¨§ ¥ª®â®à®£®, ¯® ªà ©¥© ¬¥à¥, ¢áî¤ã ¯«®â®£® ¬®¦¥áâ¢ , ¯à¨ ¤«¥¦ é¥£® ¬®-
¦¥áâ¢ã ¢á¥å â¥å § ç¥¨© ¯ à ¬¥âà , ¤«ï ª®â®àëå § ¤ ç  \¨¬¥¥â á¬ëá«" (äãªæ¨ï § ç¥¨©
ª®¥ç ). �¤¥áì ¦¥ ®¡áã¦¤ ¥âáï ¢®§¬®¦®áâì ãá¨«¥¨ï ¯®á«¥¤¥£® à¥§ã«ìâ â .

2. �®áâ ®¢ª  § ¤ ç¨

�ãáâì U � Rm | ª®¬¯ ªâ, 
 | ®£à ¨ç¥ ï ®¡« áâì ¢ Rn, D � fu 2 L1(
) : u(x) 2 U
¯®çâ¨ ¢áî¤ã   
g. � áá¬®âà¨¬ á¥¬¥©áâ¢® § ¢¨áïé¨å ®â äãªæ¨® «ì®£® ¯ à ¬¥âà  q ®¯â¨-
¬¨§ æ¨®ëå § ¤ ç

I0(u)! inf; I1(u) 2M+ q; u 2 D; q 2 C(X) � B | ¯ à ¬¥âà; (Pq)

£¤¥

I0(u) �
Z



F (x; z[u](x); u(x))dx; I1(u) � G(�; z[u](�));

M � C(X) | ¢ë¯ãª«®¥ § ¬ªãâ®¥ ¬®¦¥áâ¢® ¢á¥å ¥¯à¥àë¢ëå ¥¯®«®¦¨â¥«ìëå äãªæ¨©

  X, X � 
 | ª®¬¯ ªâ, z[u] 2
�

W 1
2(
) | á®®â¢¥âáâ¢ãîé¥¥ ã¯à ¢«¥¨î u 2 D á« ¡®¥ à¥è¥¨¥

¢ á¬ëá«¥ [16] § ¤ ç¨ �¨à¨å«¥ ¤«ï ¯®«ã«¨¥©®£® í««¨¯â¨ç¥áª®£® ãà ¢¥¨ï á ¤¨¢¥à£¥â®©
£« ¢®© ç áâìî

@

@xi
ai;j(x)zxj + a(x; z; u(x)) = 0; z(x) = 0; x 2 S: (2.1)

�ç¨â ¥¬, çâ®   ¨áå®¤ë¥ ¤ ë¥ § ¤ ç¨ (Pq)  «®¦¥ë á«¥¤ãîé¨¥ ãá«®¢¨ï:

a) äãªæ¨¨G, @G=@z : 
�R1 ! R1 ¥¯à¥àë¢ë ¯® (x; z), äãªæ¨¨ F , @F=@z : 
�R1�Rm !
R1, a, @a=@z : 
�R1�Rm ! R1 ¨§¬¥à¨¬ë ¢ á¬ëá«¥ �¥¡¥£  ¯® (x; z; u) ¨ ¥¯à¥àë¢ë ¯®
(z; u) ¯à¨ ¯®çâ¨ ¢á¥å x, äãªæ¨¨ ai;j : 
! R1, i; j = 1; : : : ; n, «¨¯è¨æ¥¢ë;

¡) á¯à ¢¥¤«¨¢ë ®æ¥ª¨

�j�j2 � ai;j(x)�i�j � �j�j2; �; � > 0; ai;j(x) = aj;i(x);

ja(x; 0; u)j + j@a(x; z; u)=@zj � az(x) +N(M) 8x 2 
; z 2 S1M ; u 2 U;
@a(x; z; u)=@z � 0 8(x; z; u) 2 
�R1 � U;

£¤¥ az 2 Lq=2(
), q > n ([16], á. 181), Sn
M � fx 2 Rn : jxj < Mg;

¢) á¯à ¢¥¤«¨¢a ®æ¥ªa

jF (x; 0; u)j + j@F (x; z; u)=@zj � fz(x) +N(M) 8x 2 
; z 2 S1
M ; u 2 U;

£¤¥ fz 2 Lq=2(
), q > n, N(M) > 0 | ¥ã¡ë¢ îé ï äãªæ¨ï ¯¥à¥¬¥®£® M > 0;
£) £à ¨æ  S � @
 ï¢«ï¥âáï «¨¯è¨æ¥¢®©.
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�¢¥¤¥¬   ¬®¦¥áâ¢¥ D ¬¥âà¨ªã �ª« ¤  d(u1; u2) � measfx 2 
 : u1(x) 6= u2(x)g, ¯à¥¢à â¨¢
¥£® â¥¬ á ¬ë¬ ¢ ¯®«®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®. �®£« á® [10] ¬. ¯. à. ¢ § ¤ ç¥ (Pq)  §ë¢ ¥âáï
¯®á«¥¤®¢ â¥«ì®áâì ã¯à ¢«¥¨© ui 2 D, i = 1; 2; : : : , â ª ï, çâ®

I0(u
i) � �(q) + i; ui 2 D"i

q ; i; "i � 0; i; "i ! 0; i!1; (2.2)

£¤¥ D"
q � fu 2 D : �(I1(u);M + q) � "g, �(I;M + q) � inf

x2M
jx + q � Ij(0)X , �(q) � �+0(q) �

lim
"!+0

�"(q) � �0(q), �"(q) � inf
u2D"

q

I0(u), �"(q) � +1, ¥á«¨ D"
q = ;, jqj(0)X � kqkC(X). �à¨ íâ®¬

äãªæ¨î � : B ! R1 [ f+1g ¯à¨ïâ®  §ë¢ âì äãªæ¨¥© § ç¥¨© § ¤ ç¨ (Pq).
3. �á¯®¬®£ â¥«ìë¥ à¥§ã«ìâ âë

�à¨¢¥¤¥¬ á¢¥¤¥¨ï ® á¢®©áâ¢ å à¥è¥¨© ¨áå®¤®© ªà ¥¢®© § ¤ ç¨ (2.1),   â ª¦¥ á®¯àï¦¥®©
ªà ¥¢®© § ¤ ç¨.

�¥¬¬  3.1. �«ï «î¡®£® ã¯à ¢«¥¨ï u 2 D áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ z[u] 2
�

W 1
2(
) \ C(�)(
) § ¤ ç¨ �¨à¨å«¥ (2:1) â ª®¥, çâ®

kz[u]k(1)2;
 + jz[u]j(�)



� C1;

£¤¥ � 2 (0; 1), C1 > 0| ¯®áâ®ï ï, ¥ § ¢¨áïé ï ®â u 2 D. �¥è¥¨¥ z[u] ¥¯à¥àë¢® ¢ ¬¥âà¨ª¥
W 1

2 (
) \ C(�)(
) § ¢¨á¨â ®â u 2 D.
�®ª § â¥«ìáâ¢® «¥¬¬ë á¬. ¢ ([5]; [8], â¥®à¥¬  2.1).

�¥¬¬  3.2. �ãªæ¨® « I0 : D ! R1 ¨ ®¯¥à â®à I1 : D ! B � C(X) ®£à ¨ç¥ë ¨ ¥¯à¥-

àë¢ë. �ãªæ¨ï § ç¥¨© � : B ! R1 [ f+1g ¯®«ã¥¯à¥àë¢  á¨§ã.

�®ª § â¥«ìáâ¢®.�¥à¢®¥ ãâ¢¥à¦¤¥¨¥ «¥¬¬ë ¥áâì âà¨¢¨ «ì®¥ á«¥¤áâ¢¨¥ «¥¬¬ë 3.1 ¨ ãá«®-
¢¨©   äãªæ¨¨ F , G. �®ª § â¥«ìáâ¢® ¢â®à®£® ¨ç¥¬ ¥ ®â«¨ç ¥âáï ®â ¤®ª § â¥«ìáâ¢    «®-
£¨ç®£® ãâ¢¥à¦¤¥¨ï ¢ [12], [13].

�¥¬¬  3.3. �«ï «î¡®£® ã¯à ¢«¥¨ï u 2 D á®¯àï¦¥ ï § ¤ ç 

@

@xj
ai;j(x)�xi + @a(x; z[u](x); u(x))=@z� =  (x); �(x) = 0; x 2 S; (3.1)

¯à¨ «î¡®© äãªæ¨¨  2 Lq=2(
), q > n, ®¤®§ ç® à §à¥è¨¬  ¢
�

W 1
2(
) \ C(�)(
), ¯à¨ç¥¬

à¥è¥¨¥ �[u;  ] íâ®© § ¤ ç¨ ã¤®¢«¥â¢®àï¥â ®æ¥ª ¬

j�[u;  ]j(�)



� C2k kq=2;
; k�[u;  ]k(1)2;
 + j�[u;  ]j1;
 � C3k kq=2;
;
£¤¥ ¯®áâ®ïë¥ � 2 (0; 1), C2; C3 > 0 ¥ § ¢¨áïâ ®â u 2 D,  2 Lq=2(
).

�®ª § â¥«ìáâ¢® «¥¬¬ë ¬®¦®  ©â¨ ¢ ([5]; [8], «¥¬¬  2.2; [17], â¥®à¥¬ë 8.6, 8.16, 8.29).
�à¨¢¥¤¥¬ â ª¦¥ ¥®¡å®¤¨¬ë¥ á¢¥¤¥¨ï ® § ¤ ç¥ �¨à¨å«¥ ¤«ï «¨¥©®£® í««¨¯â¨ç¥áª®£®

ãà ¢¥¨ï á ¬¥à®© � ¤®  ¢ ¯à ¢®© ç áâ¨. �®á¯®«ì§ã¥¬áï ¤«ï íâ®£® à¥§ã«ìâ â ¬¨ à ¡®âë [8].

�¥¬¬  3.4. �«ï «î¡®£® ã¯à ¢«¥¨ï u 2 D ¨ «î¡®© ¡®à¥«¥¢áª®© ¬¥àë � 2 M(
), £¤¥ M(
)
| ¬®¦¥áâ¢® ¢á¥å à¥£ã«ïàëå ¡®à¥«¥¢áª¨å ¬¥à   
 (M(
) � C�0 (
), C0(
) | ¯à®áâà áâ¢®

¢á¥å ¥¯à¥àë¢ëå äãªæ¨©   
, ®¡à é îé¨åáï ¢ 0   @
), áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥

�[u; �] 2
�

W 1
�(
), � < n=(n� 1), § ¤ ç¨

@

@xj
ai;j(x)�xi + @a(x; z[u](x); u(x))=@z� = �; �(x) = 0; x 2 S; (3.2)

¯à¨ç¥¬

k�[u; �]k(1)�;
 � Cj�j 8u 2 D;
£¤¥ ¯®áâ®ï ï C > 0 § ¢¨á¨â «¨èì ®â �.
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� ¬¥ç ¨¥ 3.1. �â¬¥â¨¬, çâ® ¥¤¨áâ¢¥®áâì à¥è¥¨© z[u], �[u;  ], �[u; �] ¯àï¬®© ¨ á®¯àï-
¦¥®© § ¤ ç ®¡¥á¯¥ç¨¢ ¥âáï §  áç¥â ãá«®¢¨ï @a(x; z; u)=@z � 0 (á¬. ãá«®¢¨¥ ¡)), ¡« £®¤ àï
ª®â®à®¬ã, ª ª ¨§¢¥áâ®, á¯¥ªâàë «¨¥ à¨§®¢ ®© ¨ á®¯àï¦¥®© § ¤ ç á¤¢¨£ îâáï ¢ ®¡« áâì
(�1; 0) (¯®¤à®¡¥¥ á¬.,  ¯à., ¢ [17], â¥®à¥¬  8.6).

4. �à¨æ¨¯ ¬ ªá¨¬ã¬  ¤«ï ¬. ¯. à. ¢ § ¤ ç¥ á ä §®¢ë¬¨ ®£à ¨ç¥¨ï¬¨

�®ª ¦¥¬ ¢ ¤ ®¬ à §¤¥«¥ â¥®à¥¬ã ® ¥®¡å®¤¨¬ëå ãá«®¢¨ïå   í«¥¬¥âë ¯à®¨§¢®«ì®£®
¬. ¯. à. ¢ ¨áå®¤®© § ¤ ç¥ (Pq). �â¨ ¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ¬®¦®  §ë¢ âì â ª¦¥ ¯à¨æ¨¯®¬
¬ ªá¨¬ã¬  ¤«ï ¬. ¯. à.

�¥®à¥¬  4.1. �ãáâì �(q) < 1 ¨ us, s = 1; 2; : : : , | ¬. ¯. à. ¢ á¬ëá«¥ (2:2) ¢ § ¤ ç¥ (Pq).
�®£¤  áãé¥áâ¢ãîâ ¯®á«¥¤®¢ â¥«ì®áâì ç¨á¥« s � 0, s = 1; 2; : : : , s ! 0, s ! 1, ¯®á«¥-

¤®¢ â¥«ì®áâì ¯ à (�s0; �
s), �s0 � 0, �s 2 M(
), �s0 + j�sj = 1, á ¯®«®¦¨â¥«ì®© ¬¥à®© �s,

á®áà¥¤®â®ç¥®©   ¬®¦¥áâ¢¥ fx 2 X : jG(x; z[us](x)) � q(x)j � sg, â ª¨¥, çâ®Z


max
v2U

f�s0(H0(x; z[u
s](x); v; �0[u

s](x))�H0(x; z[u
s](x); us(x); �0[u

s](x))) +

+ (H(x; z[us](x); v; �s[us](x))�H(x; z[us](x); us(x); �s[us](x)))gdx � s;

£¤¥ �s[us] � �[us;�@G(�; z[us](�))=@z�s] | à¥è¥¨¥ á®¯àï¦¥®© § ¤ ç¨ (3:2) ¯à¨ u = us, � =
�@G(�; z[us](�))=@z�s,

H0(x; z; u; �) � �a(x; z; u) � F (x; z; u); H(x; z; u; �) � �a(x; z; u):

� ¬¥ç ¨¥ 4.1. �§ â¥®à¥¬ë 4.1 á«¥¤ã¥â, çâ® ¥á«¨ ã¯à ¢«¥¨¥ u0 2 D0
q â ª®¢®, çâ® I0(u

0) =
�(q), â® ®® ã¤®¢«¥â¢®àï¥â ®¡ëç®¬ã ¯à¨æ¨¯ã ¬ ªá¨¬ã¬  (�s0 = �0, �s = �, s =  = 0).
�¥áª®«ìª® ¢¨¤®¨§¬¥ïï à ááã¦¤¥¨ï ¯à¨¢®¤¨¬®£® ¨¦¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 4.1, ¬®¦®
¯®ª § âì, çâ® â ª®© ¦¥ ®¡ëçë© ¯à¨æ¨¯ ¬ ªá¨¬ã¬  á¯à ¢¥¤«¨¢ ¨ ¤«ï «î¡®£® ã¯à ¢«¥¨ï
u0 2 D0

q â ª®£®, çâ® I0(u
0) = �0(q).

�®ª § â¥«ìáâ¢®. �à¨¬¥¨¬ ¬¥â®¤ à ¡®âë [15]. � ª ª ª us, s = 1; 2; : : : , ¥áâì ¬. ¯. à. ¢ § ¤ ç¥
(Pq), â®, ®ç¥¢¨¤®, ®  ¦¥ ¥áâì ¬. ¯. ¨ ¢ § ¤ ç¥

J(u) � maxfI0(u)� �(q); G(x; z[u](x)) � q(x); x 2 Xg ! inf; u 2 D;
á ã«¥¢®© ¨¦¥© £à ìî, â. ¥.

J(us) � inf
u2D

J(u) + "s; "s � 0; "s ! 0; s!1: (4.1)

�à¨¬¥ïï ¢ á¨«ã (4.1) ª äãªæ¨® «ã J ¢ à¨ æ¨®ë© ¯à¨æ¨¯ �ª« ¤  [18], ¯®«ãç ¥¬ ã¯à -
¢«¥¨¥ u1;s 2 D, ¤ îé¥¥ à¥è¥¨¥ ¢ § ¤ ç¥

Js(u) � J(u) +
p
"s d(u; u

1;s)! inf; u 2 D; (4.2)

¨ ã¤®¢«¥â¢®àïîé¥¥ ¥à ¢¥áâ¢ ¬

d(us; u1;s) � p
"s; J(u1;s) � J(us): (4.3)

�ãáâì bX | áç¥â ï ¢áî¤ã ¯«®â ï á¥âì ª®¬¯ ªâ  X, bXk � fxk;1; : : : ; xk;lkg � bX | ª®¥ç ï
1=k-á¥âì ª®¬¯ ªâ  X, bXk � bXk+1, k = 1; 2; : : : �¯¯à®ªá¨¬¨àã¥¬ § ¤ çã (4.2) ¯®á«¥¤®¢ â¥«ì®-
áâìî § ¤ ç

Js;k(u) � maxfI0(u)� �(q); Ikj (u)� q(xk;j); j = 1; : : : ; lkg+p
"s d(u; u

1;s)! inf;

u 2 D; k = 1; 2; : : : ;
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£¤¥ äãªæ¨® « Ikj ®¯à¥¤¥«¥ à ¢¥áâ¢®¬ Ikj (u) � G(xk;j ; z[u](xk;j)). �®¦® ãâ¢¥à¦¤ âì, çâ®
¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

inf
u2D

Js;k(u)! inf
u2D

Js(u) = Js(u1;s) = J(u1;s); k !1: (4.4)

�¥©áâ¢¨â¥«ì®, á ®¤®© áâ®à®ë, «¥£ª® § ¬¥â¨âì, çâ®

lim sup
k!1

inf
u2D

Js;k(u) � J(u1;s): (4.5)

�à¥¤¯®«®¦¨¬, á ¤àã£®© áâ®à®ë, çâ® ¯à¨ ¥ª®â®à®¬ � > 0

lim inf
k!1

inf
u2D

Js;k(u) � �� + J(u1;s): (4.6)

�®£¤  áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì®áâì ã¯à ¢«¥¨© vk 2 D, k = 1; 2; : : : ; â ª ï, çâ®

Js;k(vk) � ��
2
+ J(u1;s); k = 1; 2; : : : (4.7)

�§ (4.7) ¢ á¨«ã à ¢®¬¥à®© ®£à ¨ç¥®áâ¨ ¨ à ¢®áâ¥¯¥®© ¥¯à¥àë¢®áâ¨ á¥¬¥©áâ¢  à¥è¥-
¨© fz[u] : u 2 Dg � C(
) (á¬. ®æ¥ªã «¥¬¬ë 3.1) ¨ ãá«®¢¨©   äãªæ¨¨ F , G á«¥¤ã¥â, çâ®
áãé¥áâ¢ã¥â ®¬¥à k0 > 0 â ª®©, çâ®

J(vk0) +
p
"s d(vk0 ; u1;s) � ��

4
+ J(u1;s):

�®á«¥¤¥¥ ¥à ¢¥áâ¢® ¯à®â¨¢®à¥ç¨â ®¯â¨¬ «ì®áâ¨ ã¯à ¢«¥¨ï u1;s ¨, á«¥¤®¢ â¥«ì®, (4.6) ¥
¬®¦¥â ¨¬¥âì ¬¥áâ , ®âªã¤  ¢ á®¢®ªã¯®áâ¨ á (4.5) ¨ ¢ëâ¥ª ¥â á¯à ¢¥¤«¨¢®áâì (4.4).

� á¨«ã (4.4), ®ç¥¢¨¤®, ¨¬¥¥¬

Js;k(u1;s) � inf
u2D

Js;k(u) + �k; �k � 0; �k !1; k !1;

¨, § ç¨â, ¬®¦¥¬ ¯à¨¬¥¨âì ¢ à¨ æ¨®ë© ¯à¨æ¨¯ [18] ¥é¥ à §, ® â¥¯¥àì ã¦¥ ª äãªæ¨® «ã
Js;k(�). �®«ãç ¥¬ ã¯à ¢«¥¨¥ u1;s;k 2 D, ¤ îé¥¥ à¥è¥¨¥ ¢ § ¤ ç¥

Js;k(u) +
p
�k d(u; u

1;s;k)! inf; u 2 D; (4.8)

¨ ã¤®¢«¥â¢®àïîé¥¥ ¥à ¢¥áâ¢ ¬

d(u1;s; u1;s;k) �
p
�k; J(u1;s;k) � J(u1;s): (4.9)

A¯¯à®ªá¨¬¨àã¥¬ ª ¦¤ãî ¨§ § ¤ ç (4.8) á¥¬¥©áâ¢®¬ \á£« ¦¥ëå" § ¤ ç

Js;k;h(u) � maxfI0(u)� �(q); Ik;hj (u)� q(xk;j); j = 1; : : : ; lkg+
+
p
"s d(u; u

1;s) +
p
�k d(u; u

1;s;k)! inf; u 2 D; h 2 [0; h0]; (4.10)

£¤¥

Ik;hj (u) � 1=meas(Sh(xk;j) \ 
)
Z

Sh(xk;j)\


G(x; z[u](x))dx;

Sh(xk;j) | è à ¢ Rn à ¤¨ãá  h á æ¥âà®¬ ¢ xk;j . �« £®¤ àï à ¢®¬¥à®© ®£à ¨ç¥®áâ¨ ¨
à ¢®áâ¥¯¥®© ¥¯à¥àë¢®áâ¨ (á¬. ®æ¥ªã «¥¬¬ë 3.1) ¬®¦¥áâ¢  à¥è¥¨© fz[u] : u 2 Dg,
¬®¦® ãâ¢¥à¦¤ âì, çâ® ¨¬¥¥â ¬¥áâ® ¯à¥¤¥«ì®¥ á®®â®è¥¨¥

inf
u2D

Js;k;h(u)! inf
u2D

Js;k(u) = Js;k(u1;s;k)

¨, á«¥¤®¢ â¥«ì®, ®¯ïâì ¬®¦¥¬ § ¯¨á âì

Js;k;h(u1;s;k) � inf
u2D

Js;k;h(u) + h; h � 0; h ! 0; h! 0; (4.11)
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â. ¥. ã¯à ¢«¥¨¥ u1;s;k ï¢«ï¥âáï h-®¯â¨¬ «ìë¬ ¢ § ¤ ç¥ (4.10). �¤¥áì ¤«ï ¯®«ãç¥¨ï ¥®¡å®¤¨-
¬ëå ãá«®¢¨© áã¡®¯â¨¬ «ì®áâ¨ ã¯à ¢«¥¨ï u1;s;k ¢ § ¤ ç¥ (4.10) æ¥«¥á®®¡à §® ¢®á¯®«ì§®¢ âìáï
à¥§ã«ìâ â ¬¨ à ¡®âë [19], â. ª. Js;k;h ï¢«ï¥âáï äãªæ¨® «®¬ â¨¯  äãªæ¨® «  J�;� ¢ [19]. �áâ -
®¢¨¬áï ªà âª®   áå¥¬¥ ¯®«ãç¥¨ï íâ¨å ãá«®¢¨© áã¡®¯â¨¬ «ì®áâ¨. �à¨¬¥ïï ¢ á¨«ã (4.11)
¢ à¨ æ¨®ë© ¯à¨æ¨¯ [18] ª äãªæ¨® «ã Js;k;h, ¯®«ãç ¥¬ ã¯à ¢«¥¨¥ u1;s;k;h 2 D, ª®â®à®¥
¤ ¥â à¥è¥¨¥ ¢ § ¤ ç¥

Js;k;h(u) +
p
h d(u1;s;k;h; u)! inf; u 2 D; (4.12)

¨ ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ ¬

d(u1;s;k; u1;s;k;h) � p
h; J(u1;s;k;h) � J(u1;s;k):

� ¯¨è¥¬ ¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ®¯â¨¬ «ì®áâ¨ ã¯à ¢«¥¨ï u1;s;k;h ¢ § ¤ ç¥ (4.12), ª®â®àë¥ ®¤®-
¢à¥¬¥® ¬®¦® âà ªâ®¢ âì ª ª ¨ ãá«®¢¨ï áã¡®¯â¨¬ «ì®áâ¨ ã¯à ¢«¥¨ï u1;s;k ¢ § ¤ ç¥ (4.10).

�ãáâì U� | áç¥â®¥ ¢áî¤ã ¯«®â®¥ ¯®¤¬®¦¥áâ¢® ¬®¦¥áâ¢  U (U� = U , ¥á«¨ U áç¥â® ¨«¨
ª®¥ç®). �¯à¥¤¥«¨¬ ¢ à¨ æ¨î u1;s;k;h;", 0 � " � "0, ã¯à ¢«¥¨ï u1;s;k;h

u1;s;k;h;"(x) �

8><
>:
u1;s;k;h(x); x 2 
 n S

p=1;:::;p1
r=1;:::;rp


"
p;r;

up;r 2 U�; x 2 
"
p;r; p = 1; : : : ; p1; r = 1; : : : ; rp;

£¤¥ 
"
p;r �

n
x � (x1; : : : ; xn) 2 Rn : xp1 � "

rP
m=1

p;m < x1 � xp1 � "
r�1P
m=1

p;m; xpi � "r < xi � xpi �
"(r� 1); i = 2; : : : ; n

o
, xp 2 
, p = 1; : : : ; p1, |  ¡®à â®ç¥ª �¥¡¥£  äãªæ¨© a(x; z[u1;s;k;h](x); v)�

a(x; z[u1;s;k;h](x); u1;s;k;h(x)), F (x; z[u1;s;k;h](x); v) � F (x; z[u1;s;k;h](x); u1;s;k;h(x)), x 2 
, ¤«ï ¢á¥å
v 2 U� ®¤®¢à¥¬¥®, p;r, p = 1; : : : ; p1, r = 1; : : : ; rp, |  ¡®à ¥®âà¨æ â¥«ìëå ç¨á¥« â ª®©,

çâ®
p1P
p=1

rpP
r=1

p;r � 1, up;r 2 U�, p = 1; : : : ; p1, r = 1; : : : ; rp, |  ¡®à ¢¥ªâ®à®¢, "0 > 0 | ¤®áâ â®ç®

¬ «®¥ ç¨á«®, § ¢¨áïé¥¥ ®â  ¡®à®¢ p;r, xp, â ª®¥, çâ® ¬®¦¥áâ¢  
"0
p �

nh
xp1�"0

rpP
m=1

p;m; xp1

io
�n nQ

i=2
[xpi � "0rp; x

p
i ]
o
, p = 1; : : : ; p1, ¯®¯ à® ¥ ¯¥à¥á¥ª îâáï.

�¡®§ ç¨¬ ç¥à¥§ N ¬®¦¥áâ¢® ¢á¥å ª®¥çëå  ¡®à®¢ n � fxp; p;r; up;r; p = 1; : : : ; p1; r =
1; : : : ; rpg, ®¯à¥¤¥«ïîé¨å ¢ à¨ æ¨î u1;s;k;h;" ¨ ã¤®¢«¥â¢®àïîé¨å ¯¥à¥ç¨á«¥ë¬ ¢ëè¥ ãá«®¢¨-
ï¬   â®çª¨ xp, ç¨á«  p;r ¨ ¢¥ªâ®àë up;r. �®¦® ãâ¢¥à¦¤ âì, çâ® á¯à ¢¥¤«¨¢  á«¥¤ãîé ï
  «®£¨ç ï «¥¬¬¥ 7 ¢ [19]

�¥¬¬  4.1. �à¨ «î¡®¬ ä¨ªá¨à®¢ ®¬  ¡®à¥ n 2 N á¯à ¢¥¤«¨¢ë à ¢¥áâ¢  ¤«ï ¯¥à¢ëå

¢ à¨ æ¨© �I0(u1;s;k;h;n), �I
k;h
j (u1;s;k;h;n) äãªæ¨® «®¢ I0, I

k;h
j , j = 1; : : : ; lk,

�I0(u
1;s;k;h;n) � lim

"!0
(I0(u

1;s;k;h;")� I0(u
1;s;k;h))="n =

= �
p1X
p=1

rpX
r=1

p;r(H0(xp; z[u1;s;k;h](xp); up;r; �0[u1;s;k;h](xp))�

�H0(xp; z[u1;s;k;h](xp); u1;s;k;h(xp); �0[u1;s;k;h](xp)));

�Ik;hj (u1;s;k;h;n) � lim
"!0

(Ik;hj (u1;s;k;h;")� Ik;hj (u1;s;k;h))="n =

= �
p1X
p=1

rpX
r=1

p;r(H(xp; z[u1;s;k;h](xp); up;r; �k;hj [u1;s;k;h](xp))�

�H(xp; z[u1;s;k;h](xp); u1;s;k;h(xp); �k;hj [u1;s;k;h](xp)));

38



£¤¥ �0[u1;s;k;h]; �
k;h
j [u1;s;k;h] 2

�

W 1
2(
) | à¥è¥¨ï á®¯àï¦¥®© § ¤ ç¨ (3:1) ¯à¨ u = u1;s;k;h ¨ ¯à¨

 (x) = �rzF (x; z[u1;s;k;h](x); u1;s;k;h(x)),  (x) = �1=meas(Sh(xk;j)\
)�k;hj (x)@G(x; z[u1;s;k;h](x))=@z
á®®â¢¥âáâ¢¥®,

�k;hj (x) � f1; x 2 Sh(xk;j) \ 
; 0; x 2 
 n Sh(xk;j)g:

�ãáâì fi1; : : : ; ikg � f0; 1; : : : ; lkg |  ¡®à  ªâ¨¢ëå ¨¤¥ªá®¢, â. ¥. ¢á¥å â¥å ¨¤¥ªá®¢, ¤«ï
ª®â®àëå á¯à ¢¥¤«¨¢ë à ¢¥áâ¢ 

Js;k;h(u1;s;k;h)� �j(u
1;s;k;h)�p"s d(u1;s;k;h; u1;s)�

p
�k d(u

1;s;k;h; u1;s;k) = 0;

£¤¥ ¯à¨ïâë ®¡®§ ç¥¨ï �0(u) � I0(u)� �(q), �j(u) � Ik;hj (u)� q(xk;h), j = 1; : : : ; lk.
�« £®¤ àï  ää¨®áâ¨ ¯® ¯ à ¬¥âà ¬ p;r ¢ëà ¦¥¨© ¤«ï ¯¥à¢ëå ¢ à¨ æ¨© �I0(u1;s;k;h;n),

�Ik;hj (u1;s;k;h;n), ¬®¦¥áâ¢® ¢¥ªâ®à®¢ ¯¥à¢ëå ¢ à¨ æ¨© K � f(�I0(u1;s;k;h;n); �Ik;h1 (u1;s;k;h;n); : : : ;
�Ik;hlk

(u1;s;k;h;n)) 2 Rlk+1 : n 2 Ng � Rlk+1 ¢ë¯ãª«® (íâ® ¤®ª §ë¢ ¥âáï á ¯®¬®éìî áâ ¤ àâëå
¤«ï ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï à ááã¦¤¥¨©). �¡®§ ç¨¬ ç¥à¥§ K

{
¯à®¥ªæ¨î K   ¯®¤¯à®áâà -

áâ¢® R{ ¢¥ªâ®à®¢ (yi1 ; : : : ; yi{ ) ¯à®áâà áâ¢  R
lk+1 ¢¥ªâ®à®¢ (y0; y1; : : : ; ylk). � ¯®¬®éìî ¤®áâ â®ç-

® âà ¤¨æ¨®ëå à ááã¦¤¥¨© ¬®¦® ¯®ª § âì, çâ® ¢ë¯ãª«®¥ ¬®¦¥áâ¢® K
{
¥ ¯¥à¥á¥ª ¥âáï á

¢ë¯ãª«ë¬ ¬®¦¥áâ¢®¬ K�
{
� f(yi1 ; : : : ; yi{ ) 2 R{ : yij < �2(p"s +

p
�k +

p
h); j = 1; : : : ;{g

(¯¥à¥á¥ª ¥¬®áâì K
{
¨ K�

{
¯à®â¨¢®à¥ç¨â ®¯â¨¬ «ì®áâ¨ ã¯à ¢«¥¨ï u1;s;k;h) ¨, § ç¨â, ®â¤¥-

«ï¥âáï ®â ¥£® ¢¥ªâ®à®¬ �s;k;h 2 R{, �s;k;h � (�s;k;hi1 ; : : : ; �s;k;hi{ ), �s;k;hij � 0, j = 1; : : : ;{,
j�s;k;hj = 1. �®¯®«ïï íâ®â ¢¥ªâ®à ã«¥¢ë¬¨ ª®¬¯®¥â ¬¨ (á®®â¢¥âáâ¢ãîé¨¬¨ ¯ áá¨¢ë¬
¨¤¥ªá ¬) ¤® ¢¥ªâ®à  �s;k;h 2 Rlk+1 (á®åà ï¥¬ ¤«ï ¥£® ¯à¥¦¥¥ ®¡®§ ç¥¨¥), �s;k;h �
(0; : : : ; 0; �s;k;hi1 ; 0; : : : ; 0; �s;k;hi{ ; 0; : : : ; 0), ¯®«ãç ¥¬

�s;k;h0 �I0(u
1;s;k;h;n) +

lkX
j=1

�s;k;hj �Ik;hj (u1;s;k;h;n) �

� �2
lkX
j=0

�s;k;hj (
p
"s +

p
�k +

p
h) 8n 2N;

�s;k;h0 (Js;k;h(u1;s;k;h)� I0(u
1;s;k;h) + �(q)�

�p"s d(u1;s;k;h; u1;s)�
p
�k d(u

1;s;k;h; u1;s;k)) = 0; (4.13)

�s;k;hj (Js;k;h(u1;s;k;h)� Ik;hj (u1;s;k;h) + q(xk;j)�
�p"s d(u1;s;k;h; u1;s)�

p
�k d(u1;s;k;h; u1;s;k)) = 0; j = 1; : : : ; lk:

�§ íâ¨å á®®â®è¥¨© ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â á«¥¤ãîé ï «¥¬¬ , ¥á«¨ ¢ ª ç¥áâ¢¥  ¡®à®¢ n
¡à âì ¢á¥¢®§¬®¦ë¥ \®¤®â®ç¥çë¥"  ¡®àë ¢¨¤  fx1 � x; 1;1 = 1; u1;1 � v; p1 = 1; rp = 1g ¨
ãç¥áâì, çâ® äãªæ¨¨ a, F ¥¯à¥àë¢ë ¯® ª®¬¯®¥â¥ u,   ¬®¦¥áâ¢® U� ¢áî¤ã ¯«®â® ¢ U .

�¥¬¬  4.2. �ãé¥áâ¢ã¥â ¢¥ªâ®à �s;k;h 2 Rlk+1,

lkX
j=0

�s;k;hj = 1; �s;k;hj � 0; j = 0; 1; : : : ; lk;
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ã¤®¢«¥â¢®àïîé¨© á®®â®è¥¨ï¬ (4:13), â ª®©, çâ®

Z



max
v2U

�
�s;k;h0 (H0(x; z[u

1;s;k;h](x); v; �0[u
1;s;k;h](x))�

�H0(x; z[u
1;s;k;h](x); u1;s;k;h(x); �0[u

1;s;k;h](x))) +

+
lkX
j=1

�s;k;hj (H(x; z[u1;s;k;h](x); v; �k;hj [u1;s;k;h](x)) �

�H(x; z[u1;s;k;h](x); u1;s;k;h(x); �k;hj [u1;s;k;h](x)))
�
dx � 2meas
(

p
"s +

p
�k +

p
h );

£¤¥ �0[u1;s;k;h] | à¥è¥¨¥ á®¯àï¦¥®© § ¤ ç¨ (3:1) ¯à¨ u = u1;s;k;h,  (x) = �rzF (x; z[u1;s;k;h](x);
u1;s;k;h(x)); �k;hj [u1;s;k;h] | à¥è¥¨¥ â®© ¦¥ á®¯àï¦¥®© § ¤ ç¨ ¯à¨ u = u1;s;k;h,

 (x) � �(1=meas(Sh(xkj ) \ 
))�k;hj (x)@G(x; z[u1;s;k;h](x))=@z:

�¯à¥¤¥«¨¬ á®áà¥¤®â®ç¥ãî   ¬®¦¥áâ¢¥
lk[
i=1

Sh(xk;i) \ 
 ¬¥àã � ¤®  �s;k;h á ¯®¬®éìî
à ¢¥áâ¢ 

�s;k;h(E) �
lkX
j=1

Z
E
�s;k;hj (1=meas(Sh(x

k;j) \ 
))�k;hj (x)dx;

£¤¥ E � 
 | ¡®à¥«¥¢áª®¥ ¬®¦¥áâ¢®. �à¨ íâ®¬, ®ç¥¢¨¤®, ¢ë¯®«ï¥âáï à ¢¥áâ¢®

�s;k;h0 + j�s;k;hj = 1: (4.14)

�®£¤  «¥¬¬  4.2 ¬®¦¥â ¡ëâì ¯¥à¥¯¨á   ¢ ¢¨¤¥ á«¥¤ãîé¥© «¥¬¬ë.

�¥¬¬  4.3. �ãé¥áâ¢ã¥â â ª ï ¯ à  (�s;k;h0 ; �s;k;h) á ¯®«®¦¨â¥«ì®© ¬¥à®© � ¤®  �s;k;h 2
M(
), �s;k;h0 � 0, �s;k;h0 + j�s;k;hj = 1, á®áà¥¤®â®ç¥®©   á®¢®ªã¯®áâ¨ â¥å ¬®¦¥áâ¢ Sh(xk;j)\

, j = 1; : : : ; lk, ¤«ï ª®â®àëå

Js;k;h(u1;s;k;h)� Ik;hj (u1;s;k;h) + q(xk;j)�p"s d(u1;s;k;h; u1;s)�
p
�k d(u1;s;k;h; u1;s;k) = 0;

çâ®Z



max
v2U

f�s;k;h0 (H0(x; z[u
1;s;k;h](x); v; �0[u

1;s;k;h](x))�
�H0(x; z[u1;s;k;h](x); u1;s;k;h(x); �0[u1;s;k;h](x))) +

+ (H(x; z[u1;s;k;h](x); v; �s;k;h[u1;s;k;h](x)) �
�H(x; z[u1;s;k;h](x); u1;s;k;h(x); �s;k;h[u1;s;k;h](x)))gdx �

� 2meas
(
p
"s +

p
�k +

p
h );

£¤¥ �s;k;h[u1;s;k;h] | à¥è¥¨¥ § ¤ ç¨ (3:2) á � = �@G(�; z[u1;s;k;h](�))=@z�s;k;h, u = u1;s;k;h.

� á®®â®è¥¨ïå «¥¬¬ë 4.3 ¬®¦¥¬ ¯¥à¥©â¨ ª ¯à¥¤¥«ã: á ç «  ¯à¨ h! 0 ¢ á¨«ã ®æ¥ª¨ (4.9),
  § â¥¬ ¯à¨ k ! 1 ¢ á¨«ã ®æ¥ª¨ (4.3). �à¨ íâ¨å ¯à¥¤¥«ìëå ¯¥à¥å®¤ å, ¥áâ¥áâ¢¥®, ¨á¯®«ì-
§ãîâáï ãá«®¢¨¥ ®à¬¨à®¢ª¨ (4.14), �-á« ¡ ï ª®¬¯ ªâ®áâì ¥¤¨¨ç®£® è à  ¯à®áâà áâ¢  ¬¥à
� ¤® , ¯®«®¦¨â¥«ì®áâì ¬¥à �s;k;h ¨  ¯à¨®àë¥ ®æ¥ª¨ «¥¬¬ 3.1, 3.4. �ë ®¯ãáª ¥¬ ¯®¤à®¡-
®áâ¨ íâ¨å, á ®¤®© áâ®à®ë, ¤®áâ â®ç® £à®¬®§¤ª¨å,   á ¤àã£®© áâ®à®ë, ¢¯®«¥ ®ç¥¢¨¤ëå
¯à¥¤¥«ìëå ¯¥à¥å®¤®¢, ¢ à¥§ã«ìâ â¥ ª®â®àëå ¯à¨å®¤¨¬ ª á«¥¤ãîé¥© «¥¬¬¥.
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�¥¬¬  4.4. �ãé¥áâ¢ã¥â ¯ à  (�s0; �
s) á ¯®«®¦¨â¥«ì®© ¬¥à®© � ¤®  �s 2M(
),

�s0 � 0; �s0 + j�sj = 1;

á®áà¥¤®â®ç¥®©   ¬®¦¥áâ¢¥ fx 2 X : J(u1;s)�G(x; z[u1;s](x)) + q(x) = 0g, â ª ï, çâ®Z


max
v2U

f�s0(H0(x; z[u
1;s](x); v; �0[u

1;s](x)) �H0(x; z[u
1;s](x); u1;s(x); �0[u

1;s](x))) +

+ (H(x; z[u1;s](x); v; �s[u1;s](x)) �H(x; z[u1;s](x); u1;s(x); �s[u1;s](x)))gdx � 2meas

p
"s;

£¤¥ �s[u1;s] | à¥è¥¨¥ á®¯àï¦¥®© § ¤ ç¨ (3:2) á � = �@G(�; z[u1;s](�))=@z�s, u = u1;s.

�,  ª®¥æ, ¯¥à¢ ï ¨§ ®æ¥®ª (4.3) ¢ á®¢®ªã¯®áâ¨ á  ¯à¨®àë¬¨ ®æ¥ª ¬¨ «¥¬¬ 3.1, 3.3, 3.4
¤ îâ ¢®§¬®¦®áâì ¯¥à¥¯¨á âì ¯®á«¥¤îî «¥¬¬ã ¢ â¥à¬¨ å ¨áå®¤®£® ¬. ¯. à. us, s = 1; 2; : : : �
à¥§ã«ìâ â¥ â ª®£® ¢¯®«¥ ®ç¥¢¨¤®£®, ® ¤®áâ â®ç® £à®¬®§¤ª®£® ¯¥à¥¯¨áë¢ ¨ï ¯®«ãç ¥¬ ¢á¥
á®®â®è¥¨ï ¤®ª §ë¢ ¥¬®© â¥®à¥¬ë. �

5. �¥£ã«ïà®áâì, ®à¬ «ì®áâì, ãá«®¢¨¥ �«¥©â¥à 

� á¢ï§¨ á â¥®à¥¬®© 4.1 ¥áâ¥áâ¢¥® ¢¢¥áâ¨ á«¥¤ãîé¥¥ ®¯à¥¤¥«¥¨¥ [11]{[14] áâ æ¨® à®©,
®à¬ «ì®© áâ æ¨® à®©, à¥£ã«ïà®© áâ æ¨® à®© ¨  ®à¬ «ì®© áâ æ¨® à®© ¢ § ¤ ç¥ (Pq)
¯®á«¥¤®¢ â¥«ì®áâ¥©.

�¯à¥¤¥«¥¨¥ 5.1. �®á«¥¤®¢ â¥«ì®áâì us 2 D, s = 1; 2; : : : ,  §®¢¥¬ áâ æ¨® à®© ¢ § ¤ ç¥
(Pq), ¥á«¨ áãé¥áâ¢ãîâ ¯®á«¥¤®¢ â¥«ì®áâì ç¨á¥« s � 0, s ! 0, s!1, â ª ï, çâ® us 2 Ds

q , s =
1; 2; : : : , ®£à ¨ç¥ ï ¯®á«¥¤®¢ â¥«ì®áâì ¯ à (�s0; �

s), �s0 � 0, �s 2M(
), �s0+j�sj 6= 0, ¨¬¥îé ï
â®«ìª® ¥ã«¥¢ë¥ ¯à¥¤¥«ìë¥ â®çª¨ (�0; �) 6= 0, á ¯®«®¦¨â¥«ì®© ¬¥à®© �s, á®áà¥¤®â®ç¥®©  
¬®¦¥áâ¢¥ fx 2 X : jG(x; z[us](x)) � q(x)j � sg, â ª ï, çâ®Z



max
v2U

f�s0(H0(x; z[u
s](x); v; �0[u

s](x))�H0(x; z[u
s](x); us(x); �0[u

s](x))) +

+ (H(x; z[us](x); v; �s[us](x))�H(x; z[us](x); us(x); �s[us](x)))gdx � s;

£¤¥ �s[us] | à¥è¥¨¥ á®¯àï¦¥®© § ¤ ç¨ 3.2 á u = us, � = �@G(�; z[us](�))=@z�s.
�¯à¥¤¥«¥¨¥ 5.2. �â æ¨® àãî ¢ § ¤ ç¥ (Pq) ¯®á«¥¤®¢ â¥«ì®áâì us 2 Ds

q , s = 1; 2; : : : ,
s � 0, s ! 0, s! 1,  §®¢¥¬ ®à¬ «ì®© (à¥£ã«ïà®©,  ®à¬ «ì®©), ¥á«¨ ¢á¥ (áãé¥áâ¢ãîâ,
¥ áãé¥áâ¢ãîâ) á®®â¢¥âáâ¢ãîé¨¥ ¥© á®£« á® ®¯à¥¤¥«¥¨î 5.1 ¯®á«¥¤®¢ â¥«ì®áâ¨ ¬®¦¨â¥«¥©
(�s0; �

s), s = 1; 2; : : : , ¨¬¥îâ (¨¬¥îé¨¥, ¨¬¥îé¨¥) ¯à¥¤¥«ìë¥ â®çª¨ (�0; �) «¨èì á ª®¬¯®¥-
â®© («¨èì á ª®¬¯®¥â®©, á ª®¬¯®¥â®©) �0 > 0. � ¤ ç  (Pq)  §ë¢ ¥âáï ®à¬ «ì®© ( ®à-
¬ «ì®©), ¥á«¨ ¢á¥ ¥¥ áâ æ¨® àë¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ ®à¬ «ìë ( ®à¬ «ìë). � ¤ ç  (Pq)
 §ë¢ ¥âáï à¥£ã«ïà®©, ¥á«¨ ¢ ¥© áãé¥áâ¢ãîâ à¥£ã«ïàë¥ áâ æ¨® àë¥ ¯®á«¥¤®¢ â¥«ì®áâ¨.

�®ª ¦¥¬ ¤ «¥¥, çâ® ¤®áâ â®çë¬ ãá«®¢¨¥¬ ®à¬ «ì®áâ¨ ¢ â ª  §ë¢ ¥¬®© \«¨¥©® ¢ë¯ã-
ª«®©" § ¤ ç¥ (Pq) ï¢«ï¥âáï ãá«®¢¨¥ �«¥©â¥à . �«ï íâ®£® ¤®ª ¦¥¬ ¯à¥¤¢ à¨â¥«ì® á«¥¤ãîéãî
«¥¬¬ã.

�¥¬¬  5.1. �ãáâì z 2
�

W 1
2(
) ï¢«ï¥âáï à¥è¥¨¥¬ «¨¥©®© ªà ¥¢®© § ¤ ç¨

@

@xi
ai;j(x)zxj + a(x)z = f(x); z(x) = 0; x 2 S;

á ã¤®¢«¥â¢®àïîé¨¬¨ ãá«®¢¨î ¡) ª®íää¨æ¨¥â ¬¨ ai;j ¨ á ª®íää¨æ¨¥â ¬¨ a; f 2 Lq=2(
),
q > n, a(x) � 0 ¯®çâ¨ ¢áî¤ã   
. �®£¤  ¤«ï «î¡®© ¬¥àë � 2M(
) á¯à ¢¥¤«¨¢® à ¢¥áâ¢®Z



z(x)�(dx) =

Z


�(x)f(x)dx; (5.1)
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£¤¥ � 2
�

W 1
�(
), � < n=(n� 1), ¥áâì à¥è¥¨¥ á®¯àï¦¥®© § ¤ ç¨

@

@xj
ai;j(x)�xi + a(x)� = �; �(x) = 0; x 2 S: (5.2)

�®ª § â¥«ìáâ¢®. �®   «®£¨¨ á [10] (á¬.,  ¯à., ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë IV.2.6) �-á« ¡®
 ¯¯à®ªá¨¬¨àã¥¬ à ¤®®¢áªãî ¬¥àã � 2M(
) ¯®á«¥¤®¢ â¥«ì®áâìî ¬¥à �k 2M(
), k = 1; 2; : : : ,
ª ¦¤ ï ¨§ ª®â®àëå á®áà¥¤®â®ç¥  ¢ ª®¥ç®¬ ç¨á«¥ ¯®¯ à® à §«¨çëå â®ç¥ª fxk;1; : : : ; xk;lkg
®¡« áâ¨ 
,

�k �
lkX
j=1

�k;j�xk;j ; �k ! � �-á« ¡®; k !1; (5.3)

£¤¥ �k;j | ¥ª®â®àë¥ à ¢®¬¥à® ¯® k = 1; 2; : : : , j = 1; : : : ; lk ®£à ¨ç¥ë¥ ç¨á« , �xk;j | ¬¥à 
�¨à ª , á®áà¥¤®â®ç¥ ï ¢ â®çª¥ xk;j . � ¦¤ãî ¨§ ¬¥à �k  ¯¯à®ªá¨¬¨àã¥¬ ¯®á«¥¤®¢ â¥«ì®áâìî

á®áà¥¤®â®ç¥ëå   ¬®¦¥áâ¢¥
lk[
j=1

Sh(xk;j) ¬¥à �k;ht 2M(
), t = 1; 2; : : : ,

�k;ht �
lkX
j=1

�k;j(1=meas(Sht(x
k;j) \ 
))�k;ht;j; �k;ht;j(E) �

Z
E

�k;htj (x)dx;

�k;ht ! �k �-á« ¡®; t!1;

(5.4)

£¤¥ E � 
 | ¡®à¥«¥¢áª®¥ ¬®¦¥áâ¢®, �k;hj | å à ªâ¥à¨áâ¨ç¥áª ï äãªæ¨ï è à  Sh(xk;j), �k;ht;j

| á®áà¥¤®â®ç¥ ï   è à¥ Sh(xk;j) ¬¥à  � ¤® , ª®â®àãî ¬®¦® ®â®¦¤¥áâ¢¨âì á ®¡ëç®©
¬¥à®© �¥¡¥£    ãª § ®¬ è à¥. �®¦¥¬ § ¯¨á âì

Z



z(x)�k;ht(dx) =
lkX
j=1

�k;j(1=meas(Sht(x
k;j) \ 
))

Z



z(x)�k;ht;j(dx) =

=
lkX
j=1

�k;j(1=meas(Sht(x
k;j) \
))

Z



z(x)�k;htj (x)dx:

�®«ì§ãïáì §¤¥áì «¥¬¬®© 2 ¨§ [19] ® ¯à¥¤áâ ¢«¥¨¨ «¨¥©®£® äãªæ¨® «    ¬®¦¥áâ¢¥ à¥è¥-
¨© «¨¥©®© ªà ¥¢®© § ¤ ç¨ �¨à¨å«¥, ¯®«ãç ¥¬ à ¢¥áâ¢®Z




z(x)�k;ht(dx) =
Z



�k;ht(x)f(x)dx;

£¤¥ �k;ht 2
�

W 1
2(
) �

�

W 1
�(
) | à¥è¥¨¥ á®¯àï¦¥®© § ¤ ç¨ (5.2) á � = �k;ht . �¥à¥å®¤ï ¢

¯®á«¥¤¥¬ à ¢¥áâ¢¥ ¢ á¨«ã ®æ¥ª¨ «¥¬¬ë 3.4 (k�k;htk(1)�;
 � K á ¥§ ¢¨áïé¥© ®â k, t ¯®áâ®ï®©
K > 0, á¬. â ª¦¥ «¥¬¬ã 2.4 ¢ [8]), ª®¬¯ ªâ®£® ¢«®¦¥¨ï W 1

� (
) ¢ Lp(
) á p < n�=(n � �),
¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï � ¨ �-á« ¡ëå ¯à¥¤¥«ìëå á®®â®è¥¨© (5.3), (5.4) ª ¯à¥¤¥«ã á ç « 
¯à¨ t!1,   § â¥¬ ¯à¨ k !1, ¯®«ãç ¥¬ à ¢¥áâ¢® (5.1).

�¥®à¥¬  5.1. �ãáâì ¢ § ¤ ç¥ (Pq) äãªæ¨ï a, § ¤ îé ï \¯à ¢ãî" ç áâì ãà ¢¥¨ï, ¨¬¥¥â
¢¨¤ a(x; z; u) � a1(x)z+ a2(x; u),   äãªæ¨ï G, § ¤ îé ï ä §®¢®¥ ®£à ¨ç¥¨¥, ¢ë¯ãª«  ¯® z ¯à¨
¢á¥å x. �ãáâì â ª¦¥ u0 2 D | â ª®¥ ã¯à ¢«¥¨¥, çâ® G(x; z[u0](x))�q(x) � � 8x 2 X,  > 0,
â. ¥. ¢ § ¤ ç¥ (Pq) ¢ë¯®«ï¥âáï ãá«®¢¨¥ �«¥©â¥à . �®£¤  § ¤ ç  (Pq) ï¢«ï¥âáï ®à¬ «ì®©.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë ¥¢¥à® ¨ ¯ãáâì us 2 D, s =
1; 2; : : : , | áâ æ¨® à ï ¯®á«¥¤®¢ â¥«ì®áâì ¢ § ¤ ç¥ (Pq) â ª ï, çâ® á®®â¢¥âáâ¢ãîé ï ¯®á«¥-
¤®¢ â¥«ì®áâì ¯ à (�s0; �

s), s = 1; 2; : : : , ¨¬¥¥â ¯à¥¤¥«ìãî â®çªã (�0; �) á ª®¬¯®¥â®© �0 = 0.
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�®£¤  á ãç¥â®¬ ¯®«®¦¨â¥«ì®áâ¨ ¬¥àë �s, ¢ë¯ãª«®áâ¨ ¯® z äãªæ¨¨ G ¨ «¥¬¬ë 5.1 ¬®¦¥¬
§ ¯¨á âì ¤«ï «î¡®£® u 2 DZ




(G(x; z[u](x)) �G(x; z[us](x)))�s(dx) �

�
Z



rzG(x; z[us](x))(z[u](x) � z[us](x))�s(dx) =

=
Z



�s[us](x)(a(x; z[us](x); us(x))� a(x; z[us](x); u(x)))dx =

=
Z


(H(x; z[us](x); us(x); �s[us](x)) �H(x; z[us](x); u(x); �s [us](x)))dx; (5.5)

£¤¥ �s[us] | à¥è¥¨¥ á®¯àï¦¥®© § ¤ ç¨ (3.2) á u = us, � = �@G(�; z[us](�))=@z�s . �à¨ íâ®¬,
®ç¥¢¨¤®, à §®áâì z[u](x)� z[us](x) ¥áâì à¥è¥¨¥ «¨¥ à¨§®¢ ®© ªà ¥¢®© § ¤ ç¨

@

@xi
ai;j(x)zxj + a1(x)z = a2(x; u(x)) � a2(x; us(x)); z(x) = 0; x 2 S:

�§ ¯à¥¤¥«ì®£® á®®â®è¥¨ï �s0 ! 0, s ! 1, ¥à ¢¥áâ¢  (5.5), áâ æ¨® à®áâ¨ ¯®á«¥¤®¢ -
â¥«ì®áâ¨ us, s = 1; 2; : : : , ¯®«ãç ¥¬ ¤«ï ¥ª®â®à®© áå®¤ïé¥©áï ª ã«î ¯®á«¥¤®¢ â¥«ì®áâ¨
¥®âà¨æ â¥«ìëå ç¨á¥«  s, s = 1; 2; : : : ,Z




(G(x; z[u](x)) �G(x; z[us](x)))�s(dx) �

�
Z


f�s0(H0(x; z[u

s](x); us(x); �0[u
s](x)) �H0(x; z[u

s](x); u(x); �0[u
s](x))) +

+ (H(x; z[us](x); us(x); �s[us](x)) �H(x; z[us](x); u(x); �s [us](x)))gdx +
+
Z



f��s0(H0(x; z[us](x); us(x); �0[us](x))�H0(x; z[us](x); u(x); �0[us](x)))gdx � � s:

� â® ¦¥ ¢à¥¬ï ¢ á¨«ã á®áà¥¤®â®ç¥®áâ¨ ¯®«®¦¨â¥«ì®© ¬¥àë �s   ¬®¦¥áâ¢¥ fx 2 X :
jG(x; z[us](x)) � q(x)j � sg, ¥¢ëà®¦¤¥®áâ¨ «î¡®© ¯à¥¤¥«ì®© ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ ¬¥à
�s, s = 1; 2; : : : , ¬¥àë ¨ ãá«®¢¨ï �«¥©â¥à  ¬®¦¥¬ § ¯¨á âìZ




(G(x; z[u0](x)) �G(x; z[us](x)))�s(dx) � ��

¤«ï ¥ª®â®à®£® ç¨á«  � > 0. �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ £®¢®à¨â ® â®¬, çâ® â¥®à¥¬  ¤®ª §  .

�à¨¬¥ç ¨¥ ¯à¨ ª®àà¥ªâãà¥. �á¥ à¥§ã«ìâ âë ¤ ®© à ¡®âë ¬®£ãâ ¡ëâì \§ ¬ªãâë" ¨
§ ¯¨á ë ¢ â¥à¬¨ å ®¡®¡é¥ëå ®¯â¨¬ «ìëå ã¯à ¢«¥¨© ¢ á¬ëá«¥ [10]. �¤ ª® ¬ë ¥ ¤¥-
« ¥¬ íâ®£® §¤¥áì ¯® ¤¢ã¬ ¯à¨ç¨ ¬. �®-¯¥à¢ëå, à áè¨à¥¨¥ § ¤ ç¨ ¯®âà¥¡®¢ «® ¡ë § ¬¥â®£®
ã¢¥«¨ç¥¨ï ®¡ê¥¬  áâ âì¨. �, ¢®-¢â®àëå, ä®à¬ã«¨à®¢ª  ¯à¨æ¨¯  ¬ ªá¨¬ã¬  ¤«ï ¬. ¯. à. ®¡« -
¤ ¥â ®¯à¥¤¥«¥ë¬ ¯à¥¨¬ãé¥áâ¢®¬ á ¯à¨ª« ¤®© â®çª¨ §à¥¨ï, â. ª. ¥ ¨á¯®«ì§ã¥â ®¡®¡é¥ëå
ã¯à ¢«¥¨©, ï¢«ïîé¨åáï  ¡áâà ªâë¬¨ ¬¥à ¬¨.
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