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�®à®è® ¨§¢¥áâ­® [1], çâ® ¤«ï «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ¯¥à¨®¤¨ç¥áª¨¬¨ ª®-
íää¨æ¨¥­â ¬¨ á¯à ¢¥¤«¨¢  äã­¤ ¬¥­â «ì­ ï â¥®à¥¬  �«®ª¥{�ï¯ã­®¢ , ª®â®à ï ãâ¢¥à¦¤ ¥â,
çâ® ¬ âà¨æ ­â X(t) ãà ¢­¥­¨ï

x0(t) = A(t)x(t)

á !-¯¥à¨®¤¨ç¥áª®© ¢¥é¥áâ¢¥­­®© ¬ âà¨æ¥© ª®íää¨æ¨¥­â®¢ ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ X(t) = F (t)eRt,
£¤¥ R | ¯®áâ®ï­­ ï ¢¥é¥áâ¢¥­­ ï ¬ âà¨æ  á® á«¥¤®¬, à ¢­ë¬ ­ã«î, ¥á«¨ SpA(t) � 0,   F (t) |
¢¥é¥áâ¢¥­­ ï ¬ âà¨æ -äã­ªæ¨ï, ¢ ®¡é¥¬ á«ãç ¥ ¯¥à¨®¤  2!, ª®â®à ï ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬
F (0) = I ¨ detF (t) � 1. �â  â¥®à¥¬  ®¡ê¥¤¨­ï¥â ¤¢  à §«¨ç­ëå ¯à¥¤«®¦¥­¨ï: â¥®à¥¬ã �«®ª¥
[2] ®¡ ®¡é¥¬ ¢¨¤¥ à¥è¥­¨ï â ª®£® ãà ¢­¥­¨ï ¨ â¥®à¥¬ã �ï¯ã­®¢  [3] ® ¯à¨¢®¤¨¬®áâ¨.

� [4] ¯®«ãç¥­ë ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï â®£®, çâ® ¬ âà¨æ -äã­ªæ¨ï

F (t) = A0 +Ak cos
2�k
!

t+Bk sin
2�k
!

t

ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ F (0) = I ¨ detF (t) � 1, â. ¥. ¬®¦¥â ¢ëáâã¯ âì ¢ ª ç¥áâ¢¥ ¯¥à¢®£®
á®¬­®¦¨â¥«ï ¢ ¯à¥¤áâ ¢«¥­¨¨ ¬ âà¨æ ­â  X(t). � ¤ ­­®© áâ âì¥ ãáâ ­®¢«¥­ë  ­ «®£¨ç­ë¥
ãá«®¢¨ï ¤«ï ¬ âà¨æ-äã­ªæ¨©

F (t) = A0 +Ak cos
2�k
!

t+Bk sin
2�k
!

t+An cos
2�n
!

t+Bn sin
2�n
!

t; (�)

£¤¥ t 2 R; A0, Ak, Bk, An, Bn | ¯®áâ®ï­­ë¥ ª¢ ¤à â­ë¥ ¬ âà¨æë ¢â®à®£® ¯®àï¤ª , ¯à¨ç¥¬ áà¥¤¨
¬ âà¨æ Ai, Bi ¯® ªà ©­¥© ¬¥à¥ ®¤­  ®â«¨ç­  ®â ­ã«¥¢®© ¤«ï i = k ¨ i = n; ! | ¯à®¨§¢®«ì­®¥
¯®«®¦¨â¥«ì­®¥ ç¨á«®; k ¨ n| ­¥ à ¢­ë¥ ¬¥¦¤ã á®¡®© ­ âãà «ì­ë¥ ç¨á« . �«ï ®¯à¥¤¥«¥­­®áâ¨
¡ã¤¥¬ áç¨â âì, çâ® n > k.

� ¤ «ì­¥©è¥¬, ¥á«¨ ¬ âà¨æ -äã­ªæ¨ï F (t) ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥ (�) ¨ ã¤®¢«¥â¢®àï¥â ãá«®-
¢¨ï¬ F (0) = I ¨ detF (t) � 1, ¡ã¤¥¬ £®¢®à¨âì, çâ® F (t) 2 
!

2
.

� áá¬®âà¨¬ ¯®¤¬­®¦¥áâ¢® M = fk; n � k; 2k; n; n + k; 2ng ¬­®¦¥áâ¢  N ­ âãà «ì­ëå
ç¨á¥«. �¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ âà¨ ¢®§¬®¦­®áâ¨:

A) M á®áâ®¨â ¨§ è¥áâ¨ ç¨á¥«, ¥á«¨ n 6= 2k ¨ n 6= 3k;
�) M á®áâ®¨â ¨§ ¯ïâ¨ ç¨á¥«, ¥á«¨ n = 3k;
�) M á®áâ®¨â ¨§ ç¥âëà¥å ç¨á¥«, ¥á«¨ n = 2k.
�¨¦¥ à áá¬ âà¨¢ ¥âáï ¢ ®á­®¢­®¬ á«ãç © A). �®áâ â®ç­® ¯à®áâ® ¤®ª §ë¢ ¥âáï

�¥®à¥¬  1. �á«¨ ¨¬¥¥â ¬¥áâ® á«ãç © A), â® ¤«ï ¢ª«îç¥­¨ï F (t) 2 
!
2
­¥®¡å®¤¨¬® ¨ ¤®-

áâ â®ç­®, çâ®¡ë ¢ë¯®«­ï«¨áì á«¥¤ãîé¨¥ á®®â­®è¥­¨ï :

A0A
�

0
+
1
2
[AkA

�

k +BkB
�

k +AnA
�

n +BnB
�

n ] = I; (1)

A0A
�

k +AkA
�

0
= 0; (2)

A0B
�

k +BkA
�

0
= 0; (3)
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AkA
�

n +AnA
�

k +BkB
�

n +BnB
�

k = 0; (4)

AkB
�

n +BnA
�

k �BkA
�

n �AnB
�

k = 0; (5)

AkA
�

k �BkB
�

k = 0; (6)

AkB
�

k +BkA
�

k = 0; (7)

A0A
�

n +AnA
�

0
= 0; (8)

A0B
�

n +BnA
�

0
= 0; (9)

AkA
�

n +AnA
�

k �BkB
�

n �BnB
�

k = 0; (10)

AkB
�

n +BnA
�

k +BkA
�

n +AnB
�

k = 0; (11)

AnA
�

n �BnB
�

n = 0; (12)

AnB
�

n +BnA
�

n = 0; (13)

A0 +Ak +An = I; (14)

£¤¥ ç¥à¥§ A� ®¡®§­ ç¥­  ¬ âà¨æ , ¯à¨á®¥¤¨­¥­­ ï ª ¬ âà¨æ¥ A.

�«¥¤áâ¢¨¥. �á«¨ ¨¬¥¥â ¬¥áâ® á«ãç © A) ¨ F (t) 2 
!
2
, â® ¬ âà¨æë A0, Ak, Bk, An, Bn ã¤®-

¢«¥â¢®àïîâ ãá«®¢¨ï¬

AkA
�

n +AnA
�

k = (SpAkA
�

n )I = 0; (15)

AkB
�

n +BnA
�

k = (SpAkB
�

n )I = 0; (16)

BkB
�

n +BnB
�

k = (SpBkB
�

n )I = 0; (17)

AnB
�

k +BkA
�

n = (SpAnB
�

k )I = 0; (18)

SpA0 = 2detA0; (19)

SpAk = 2detAk; (20)

SpAn = 2detAn; (21)

SpBk = SpBn = 0: (22)

� «¥¥ ¨á¯®«ì§ãîâáï ­¥ª®â®àë¥ à¥§ã«ìâ âë ¤«ï ¬ âà¨æ ¢â®à®£® ¯®àï¤ª , ª®â®àë¥ ä®à¬ã«¨-
àãîâáï ¢ ¢¨¤¥ ­¥áª®«ìª¨å «¥¬¬ ¨ ¨å á«¥¤áâ¢¨©. �¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨ íâ¨å ãâ¢¥à¦¤¥­¨©
«¥£ª® ¬®¦­® á ¯®¬®éìî ­¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª¨.

�¥¬¬  1. �«ï «î¡ëå ¬ âà¨æ A, B ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

det(A+B) = detA+ detB + Sp(AB�):

�¥¬¬  2. �ãáâì A ¨ B | ­¥­ã«¥¢ë¥ ¬ âà¨æë â ª¨¥, çâ®

SpA = SpB = SpAB� = 0:

�®£¤  detB < 0, ¥á«¨ detA > 0, ¨ detB � 0, ¥á«¨ detA = 0.

�«¥¤áâ¢¨¥. �ãáâì SpA = SpB = SpAB� = 0, ¯à¨ç¥¬ A 6= 0, detA = detB = 0. �®£¤ 
B = �A, £¤¥ � 2 R.

�¥¬¬  3. �ãáâì ­¥­ã«¥¢ë¥ ¬ âà¨æë A ¨ B ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

SpA = SpB = SpAB� = detA = 0;

detB 6= 0:
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�á«¨ ¬ âà¨æ  C â ª ï, çâ® SpC = SpAC� = SpBC� = 0, â® detC = 0.

�«¥¤áâ¢¨¥. �á«¨ SpA = SpB = 0 ¨ ¬ âà¨æë A ¨ B «¨­¥©­® ­¥§ ¢¨á¨¬ë, â® ¬­®¦¥áâ¢®
à¥è¥­¨© á¨áâ¥¬ë

SpAX� = 0; SpBX� = 0;

£¤¥ SpX = 0, ®¤­®¬¥à­®.

�à¥¤¯®«®¦¨¬, çâ® ¬ âà¨æë Bk ¨ Bn, ¢å®¤ïé¨¥ ¢ à §«®¦¥­¨¥ ¬ âà¨æë-äã­ªæ¨¨ F (t), ª®«-
«¨­¥ à­ë. �®£¤  á¯à ¢¥¤«¨¢ 

�¥¬¬  4. �ãáâì F (t) 2 
!
2
, ¨¬¥¥â ¬¥áâ® á«ãç © A),   ¬ âà¨æë Bk ¨ Bn ª®««¨­¥ à­ë.

�®£¤  detBk = detBn = 0.

�®ª § â¥«ìáâ¢®. �á«¨ Bk = Bn = 0, â® ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë á¯à ¢¥¤«¨¢®. �ãáâì â¥¯¥àì, ¯®
ªà ©­¥© ¬¥à¥, ®¤­  ¨§ ¬ âà¨æ Bk, Bn ®â«¨ç­  ®â ­ã«¥¢®©, ­ ¯à¨¬¥à Bk 6= 0. �®£¤  Bn = �Bk

¯® ãá«®¢¨î «¥¬¬ë ¨, á«¥¤®¢ â¥«ì­®, detBn = �2 detBk. �®íâ®¬ã, ¥á«¨ detBk = 0, â® ¯®«ãç ¥¬
detBn = 0, â. ¥. ¨ ¢ íâ®¬ á«ãç ¥ ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë ®áâ ¥âáï ¢ á¨«¥. �®ª ¦¥¬ â¥¯¥àì, çâ®
¯à¥¤¯®«®¦¥­¨¥ detBk 6= 0 ¯à¨¢®¤¨â ª ¯à®â¨¢®à¥ç¨î. �¥©áâ¢¨â¥«ì­®, ¨§ íâ®£® ¯à¥¤¯®«®¦¥­¨ï
¢ëâ¥ª ¥â, çâ® � = 0, â. ª. ãá«®¢¨¥ (17) ¢ íâ®© á¨âã æ¨¨ ¯à¨­¨¬ ¥â ¢¨¤

SpBkB
�

n = SpfBk[�Bk]
�g = �SpBkB

�

k = 2�detBk = 0:

� ª¨¬ ®¡à §®¬, Bn = 0,   íâ® á®¢¬¥áâ­® á (12) ¢«¥ç¥â detAn = 0. �«¥¤®¢ â¥«ì­®, ¢ á¨«ã (21)
¯®«ãç ¥¬ SpAn = 0. �â ª, ¬ âà¨æ  An ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨î SpAn = detAn = 0. �à®¬¥
íâ®£®, An 6= 0, ¨­ ç¥ ¡ë F (t) =2 
!

2
, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î «¥¬¬ë.

� áá¬®âà¨¬ ¬ âà¨æã Ck = Ak �
1

2
SpAkI. �«ï íâ®© ¬ âà¨æë ¨¬¥¥¬

SpCk = Sp[Ak �
1

2
SpAkI] = SpAk �

1

2
SpAk 2 = 0;

SpCkA
�

n = Spf[Ak �
1

2
SpAkI]A

�

n g = SpAkA
�

n �
1

2
SpAk SpAn = 0

¢ á¨«ã (15) ¨ SpAn = 0;

SpCkB
�

k = Spf[Ak �
1

2
SpAkI]B

�

k g = SpAkB
�

k �
1

2
SpAk SpBk = 0

¢ á¨«ã (7) ¨ (22);

detCk = detAk �
1

2
SpAk Sp(AkI) + 1

4
(SpAk)2 = detAk �

1

4
(SpAk)2 = detAk � (detAk)2:

� ª¨¬ ®¡à §®¬, ¬ âà¨æë An, Bk ¨ Ck ã¤®¢«¥â¢®àïîâ ¢á¥¬ ãá«®¢¨ï¬ «¥¬¬ë 3. � á¨«ã íâ®©
«¥¬¬ë ¨¬¥¥¬ detCk = 0 ¨, á«¥¤®¢ â¥«ì­®, detAk�(detAk)2 = 0, â. ¥. detAk «¨¡® à ¢¥­ ­ã«î, «¨¡®
à ¢¥­ ¥¤¨­¨æ¥. �® detAk = detBk ¢ á¨«ã (6),   detBk 6= 0 ¯® ­ è¥¬ã ¯à¥¤¯®«®¦¥­¨î, ¯®íâ®¬ã
detAk = detBk = 1. � ¤àã£®© áâ®à®­ë, ¬ âà¨æë An ¨ Bk ã¤®¢«¥â¢®àïîâ ¢á¥¬ ãá«®¢¨ï¬ «¥¬¬ë 2,
çâ® á«¥¤ã¥â ¨§ (18) ¨ ­ è¥£® ¯à¥¤¯®«®¦¥­¨ï. �à¨¬¥­¨¢ íâã «¥¬¬ã, ¯®«ãç ¥¬ detBk � 0, çâ®
¯à¨¢®¤¨â ª ¯à®â¨¢®à¥ç¨î.

� áá¬®âà¨¬ á«ãç ©, ª®£¤  ¬ âà¨æë Bk ¨ Bn, ¢å®¤ïé¨¥ ¢ à §«®¦¥­¨¥ ¬ âà¨æë-äã­ªæ¨¨ F (t),
«¨­¥©­® ­¥§ ¢¨á¨¬ë.

�¥¬¬  5. �ãáâì F (t) 2 
!
2
, ¨¬¥¥â ¬¥áâ® á«ãç © A) ¨ ¬ âà¨æë Bk ¨ Bn «¨­¥©­® ­¥§ ¢¨-

á¨¬ë. �®£¤  detBk ¨ detBn ®â«¨ç­ë ®â ­ã«ï ¨ ¥¤¨­¨æë.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ ¢­ ç «¥, çâ® detBk ®â«¨ç¥­ ®â ­ã«ï. �à¥¤¯®«®¦¨¬ ¯à®â¨¢-
­®¥, â. ¥. detBk = 0. �®£¤  ¢ á¨«ã (17), (22) ¨ «¥¬¬ë 2 ¨¬¥¥¬ detBn � 0. �® detBn ­¥ ¬®¦¥â
à ¢­ïâìáï ­ã«î, ¨­ ç¥ ¯® á«¥¤áâ¢¨î «¥¬¬ë 2 ¡ë«® ¡ë ¢¥à­® á®®â­®è¥­¨¥ Bn = �Bk,   íâ® ¯à®-
â¨¢®à¥ç¨â «¨­¥©­®© ­¥§ ¢¨á¨¬®áâ¨ Bk ¨ Bn. �«¥¤®¢ â¥«ì­®, detBn < 0. � áá¬®âà¨¬ ¬ âà¨æã
Cn = An �

1

2
SpAnI. �­ «®£¨ç­® â®¬ã, ª ª ¢ «¥¬¬¥ 4 ¤«ï ¬ âà¨æ Ck, Cn ¨¬¥¥¬

SpCn = 0; SpCnB
�

k = 0; SpCnB
�

n = 0;

detCn = detAn � (detAn)
2:
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� ª¨¬ ®¡à §®¬, ¬ âà¨æë Bk, Bn ¨ Cn ã¤®¢«¥â¢®àïîâ ¢á¥¬ ãá«®¢¨ï¬ «¥¬¬ë 3. �®íâ®¬ã,
¯à¨¬¥­ïï íâã «¥¬¬ã, ¯®«ãç ¥¬ detCn = 0,   ®âáî¤  ¨ ¨§ ¢ëà ¦¥­¨ï detCn ç¥à¥§ detAn á«¥¤ã¥â,
çâ® detAn à ¢¥­ «¨¡® ­ã«î, «¨¡® ¥¤¨­¨æ¥. � ¤àã£®© áâ®à®­ë, ¢ á¨«ã (12) detAn = detBn, a
detBn, ª ª ¡ë«® ¯®ª § ­®, ¬¥­ìè¥ ­ã«ï, çâ® ¯à¨¢®¤¨â ª ¯à®â¨¢®à¥ç¨î.

�¥¯¥àì ®áâ «®áì ¯®ª § âì, çâ® detBk ®â«¨ç¥­ ®â ¥¤¨­¨æë. �¯ïâì ¯à¥¤¯®«®¦¨¬ ¯à®â¨¢-
­®¥, â. ¥. detBk = 1. �®£¤  ¢ á¨«ã «¥¬¬ë 2 ¨ (17) ¯®«ãç ¥¬ detBn < 0. � áá¬®âà¨¬ ¬ âà¨æã
Ck = Ak �

1

2
SpAkI. � ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 4 ¡ë«® ¯®ª § ­®, çâ® SpCk = SpCkB

�

k = 0 ¨
detCk = detAk � (detAk)2, ¯®íâ®¬ã ¨§ ¯à¥¤¯®«®¦¥­¨ï detBk = 1 ¨ ãá«®¢¨ï (6) ¯®«ãç ¥¬, çâ®
detCk = 0,   íâ® á®¢¬¥áâ­® á «¥¬¬®© 2 ¢«¥ç¥â à ¢¥­áâ¢® Ck = 0.

� ª¨¬ ®¡à §®¬, Ak = 1

2
SpAkI. �§ (6) ¨ ­ è¥£® ¯à¥¤¯®«®¦¥­¨ï ¯®«ãç ¥¬, çâ® detAk = 1,  

íâ® á®¢¬¥áâ­® á (20) ¢«¥ç¥â á®®â­®è¥­¨¥ SpAk = 2, á«¥¤®¢ â¥«ì­®, Ak = I. �âáî¤ , ¨á¯®«ì§ãï
(15), ¯®«ãç ¥¬ SpAn = 0, çâ® ¢¬¥áâ¥ á (21) ¤ ¥â à ¢¥­áâ¢® detAn = 0. � ¤àã£®© áâ®à®­ë, ¨§ (12)
á«¥¤ã¥â, çâ® detAn = detBn < 0, â. ¥. ¯à¨è«¨ ª ¯à®â¨¢®à¥ç¨î.

�®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥­¨© ¤«ï ¬ âà¨æë Bn ¯à®¢®¤¨âáï â®ç­® â ª ¦¥, â®«ìª® ã ¢á¥å ¬ -
âà¨æ ¨­¤¥ªá k ­ã¦­® ¨§¬¥­¨âì ­  n ¨ ­ ®¡®à®â.

�¥®à¥¬  2. �á«¨ F (t) 2 
!
2
, ¨¬¥¥â ¬¥áâ® á«ãç © A) ¨ ¬ âà¨æë Bk ¨ Bn, ¢å®¤ïé¨¥ ¢

à §«®¦¥­¨¥ (�), ª®««¨­¥ à­ë, â® F (t) ®¡ï§ â¥«ì­® ¨¬¥¥â ¢¨¤

F (t) = I � (�+ n)B0 + �B0 cos
2�k
!

t+ �B0 cos
2�n
!

t+ �B0 sin
2�k
!

t+ �B0 sin
2�n
!

t; (23)

£¤¥ B0 | ­¥­ã«¥¢ ï ª¢ ¤à â­ ï ¬ âà¨æ  ¢â®à®£® ¯®àï¤ª , ã ª®â®à®© ®¯à¥¤¥«¨â¥«ì ¨ á«¥¤

à ¢­ë ­ã«î,   �, �, �, � | ¯à®¨§¢®«ì­ë¥ ¢¥é¥áâ¢¥­­ë¥ ç¨á«  â ª¨¥, çâ® �2+�2 6=0 ¨ �2+�2 6=0.

�®ª § â¥«ìáâ¢®. �á¯®«ì§ãï ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë 4 ¨ (22), ¯®«ãç ¥¬, çâ® ¯®áâ®ï­­ë¥ ¬ -
âà¨æë Bk ¨ Bn, ¢å®¤ïé¨¥ ¢ à §«®¦¥­¨¥ (�) ¬ âà¨æë-äã­ªæ¨¨ F (t), ã¤®¢«¥â¢®àïîâ á®®â­®è¥-
­¨ï¬

detBk = detBn = SpBk = SpBn = 0:

�®íâ®¬ã ®âáî¤  ¢ á¨«ã (6) ¨ (12) ¯®«ãç ¥¬ detAk = detAn = 0 ¨ â. ª. Ak ¨ An ã¤®¢«¥â¢®àïîâ
ãá«®¢¨ï¬ (20) ¨ (21), â® SpAk = SpAn = 0.

� ª¨¬ ®¡à §®¬, ¢á¥ ¬ âà¨æë Ak, An, Bk, Bn ¨¬¥îâ á«¥¤, à ¢­ë© ­ã«î, ®¯à¥¤¥«¨â¥«¨, à ¢­ë¥
­ã«î, ¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (7), (13), (15), (16), (17) ¨ (18). �® ãá«®¢¨î â¥®à¥¬ë áà¥¤¨ íâ¨å
¬ âà¨æ ¯® ¬¥­ìè¥© ¬¥à¥ ¤¢¥ ­¥­ã«¥¢ë¥, ¯®íâ®¬ã ¢ á¨«ã á«¥¤áâ¢¨ï «¥¬¬ë 2 «¨­¥©­ ï ®¡®«®çª ,
¯®à®¦¤¥­­ ï ¬ âà¨æ ¬¨ Ak, An, Bk, Bn, ¡ã¤¥â ®¤­®¬¥à­ë¬ ¯®¤¯à®áâà ­áâ¢®¬. �¡®§­ ç¨¢ ç¥à¥§
B0 «î¡ãî ¡ §¨á­ãî ¬ âà¨æã íâ®£® ¯®¤¯à®áâà ­áâ¢  ¨ ¨á¯®«ì§ãï (14), ¯®«ãç ¥¬, çâ® F (t) ¨¬¥¥â
¢¨¤ (23).

�¥®à¥¬  3. �á«¨ F (t) 2 
!
2
, ¨¬¥¥â ¬¥áâ® á«ãç © A) ¨ ¬ âà¨æë Bk ¨ Bn, ¢å®¤ïé¨¥ ¢

à §«®¦¥­¨¥ (�), «¨­¥©­® ­¥§ ¢¨á¨¬ë, â® F (t) ¨¬¥¥â ¢¨¤

F (t) = [detBkI +BkB
�

n ] cos
2�k
!

t+Bk sin
2�k
!

t+ [detBnI �BkB
�

n ] cos
2�n
!

t+Bn sin
2�n
!

t
(24)

«¨¡® ¢¨¤

F (t) = [detBkI �BkB
�

n ] cos
2�k
!

t+Bk sin
2�k
!

t+ [detBnI +BkB
�

n ] cos
2�n
!

t+Bn sin
2�n
!

t;
(240)

£¤¥ SpBk = SpBn = 0 ¨ ¬ âà¨æë Bk, Bn ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬

detBk 2 (�1; 0) [ (1;+1); (25)

detBk + detBn = 1; (26)

SpBkB
�

n = 0: (27)
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�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á¨áâ¥¬ã

SpXB�

k = 0; SpXB�

n = 0; SpX = 0 (28)

®â­®á¨â¥«ì­® ­¥¨§¢¥áâ­®© ª¢ ¤à â­®© ¬ âà¨æë X ¢â®à®£® ¯®àï¤ª . � á¨«ã á«¥¤áâ¢¨ï «¥¬¬ë 4
¬­®¦¥áâ¢® à¥è¥­¨© á¨áâ¥¬ë (28) | ®¤­®¬¥à­®¥ ¯®¤¯à®áâà ­áâ¢®. �¥£ª® ¢¨¤¥âì, çâ® ¬ âà¨-
æ  Ck = Ak �

1

2
SpAkI ï¢«ï¥âáï ­¥­ã«¥¢ë¬ à¥è¥­¨¥¬ íâ®© á¨áâ¥¬ë. �¥©áâ¢¨â¥«ì­®, â®, çâ®

SpCkB
�

k = 0 ¨ SpCk = 0, ¡ë«® ¯®ª § ­® ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 4. � «¥¥, ¨á¯®«ì§ãï ãá«®-
¢¨ï (16) ¨ (22), ¯®«ãç ¥¬

SpCkB
�

n = SpAkB
�

n �
1

2
SpAk SpB

�

n = 0:

� ª®­¥æ, detCk = detAk � (detAk)2 = detBk � (detBk)2 6= 0, â. ª. ¯® «¥¬¬¥ 5 detBk ®â«¨ç¥­
®â ­ã«ï ¨ ¥¤¨­¨æë. � ª¨¬ ®¡à §®¬, ¬ âà¨æã Ck ¬®¦­® ¢§ïâì ¢ ª ç¥áâ¢¥ ¡ §¨á  ¯®¤¯à®áâà ­áâ¢ 
à¥è¥­¨© á¨áâ¥¬ë (28).

� ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 5 ¡ë«® ¯®ª § ­®, çâ® ¬ âà¨æ  Cn = An �
1

2
SpAnI â ª¦¥ ï¢«ï¥âáï

à¥è¥­¨¥¬ á¨áâ¥¬ë (28), á«¥¤®¢ â¥«ì­®, Cn = �Ck, £¤¥ � 2 R.
� ¬¥â¨¬, çâ® � 6= 0. �¥©áâ¢¨â¥«ì­®, ¥á«¨ ¡ë � = 0, â® Cn = 0 ¨ An = 1

2
SpAnI ¨«¨ ¢ á¨«ã (21)

An = detAnI. �âáî¤  ¯®«ãç ¥¬ detAn = (detAn)2 ¨, á«¥¤®¢ â¥«ì­®, detAn à ¢¥­ «¨¡® ­ã«î,
«¨¡® ¥¤¨­¨æ¥. �® detAn = detBn ¢ á¨«ã ãá«®¢¨ï (12),   ¯® «¥¬¬¥ 5 detBn ®â«¨ç¥­ ®â ­ã«ï ¨
¥¤¨­¨æë.

�¡®§­ ç¨¬ ç¥à¥§ �i ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë Bi, £¤¥ i ¯à¨­¨¬ ¥â §­ ç¥­¨ï k ¨ n. �¥¯¥àì,
¨á¯®«ì§ãï (20) ¨ (21), ¤«ï ¬ âà¨æ Ak ¨ An ¯®«ãç ¥¬

Ak = detAkI + Ck; An = detAnI + �Ck;

¨«¨ ¢ á¨«ã (6) ¨ (12)
Ak = �kI + Ck; An = �nI + �Ck:

�ëç¨á«ïï ®¯à¥¤¥«¨â¥«¨ ¬ âà¨æ Ak ¨ An ¯® «¥¬¬¥ 1 ¨ ãç¨âë¢ ï, çâ® SpCk = 0, ¯®«ãç¨¬

�k = �2

k + detCk; �n = �2

n + �2 detCk;

  ®âáî¤  á«¥¤ã¥â à ¢¥­áâ¢®

�2�k(1� �k) = �n(1� �n): (29)

�®¬¨¬® íâ®£® ¨¬¥¥¬ AkA
�

n = [�kI + Ck][�nI + �Ck]� = �k�nI + �k�C
�

k + �nCk + �CkC
�

k ¨, â. ª.
SpAkA

�

n = 0, SpCk = 0 ¨ CkC
�

k = detCkI, ¯®«ãç ¥¬

SpAkA
�

n = 2�k�n + 2��k(1� �k) = 0

¨«¨

�n + �(1� �k) = 0: (30)

�¥¯¥àì á®®â­®è¥­¨¥ (29) ¬®¦­® § ¯¨á âì, ãç¨âë¢ ï (30), ¢ ¢¨¤¥

���k�n = �n(1� �n)

¨«¨ ¯®á«¥ á®ªà é¥­¨ï ­  �n 6= 0
���k = 1� �n:

�®¤áâ ¢«ïï íâ® ¢ (30), ¯®«ãç ¥¬ �n + �+ 1� �n = 0, ®âªã¤  � = �1,   ãá«®¢¨¥ (30) ¯à¨­¨¬ ¥â
¢¨¤

�k + �n = detBk + detBn = 1:

�®íâ®¬ã Ak = �kI +Ck, An = (1� �k)I �Ck, Ak +An = I ¨, á«¥¤®¢ â¥«ì­®, A0 = 0.
� ª ª ª �k+�n = 1, â® ç¨á«  �k ¨ �n ­¥ ¬®£ãâ ¡ëâì ®¤­®¢à¥¬¥­­® ¬¥­ìè¥ ­ã«ï. � ¤àã£®© áâ®-

à®­ë, ®­¨ ­¥ ¬®£ãâ ¡ëâì ®¤­®¢à¥¬¥­­® ¯®«®¦¨â¥«ì­ë¬¨ ¢ á¨«ã «¥¬¬ë 2 ¨ ãá«®¢¨ï SpBkB
�

n = 0.
�«¥¤®¢ â¥«ì­®, �k�n = �k(1� �k) < 0, â. ¥. �k 2 (�1; 0) [ (1;+1).
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�¥¯¥àì ¤«ï ®ª®­ç ­¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ®áâ «®áì ãáâ ­®¢¨âì ¢¨¤ ¬ âà¨æë Ck. �ç¥-
¢¨¤­®, çâ® ¢ ª ç¥áâ¢¥ Ck ¬®£ãâ ¡ëâì â®«ìª® â¥ à¥è¥­¨ï á¨áâ¥¬ë (28), ã ª®â®àëå ®¯à¥¤¥«¨-
â¥«ì à ¢¥­ �k(1 � �k). �¥£ª® ¢¨¤¥âì, çâ® ¬ âà¨æ  BkB

�

n ï¢«ï¥âáï ­¥­ã«¥¢ë¬ à¥è¥­¨¥¬ á¨-
áâ¥¬ë (28), ¯®íâ®¬ã «î¡®¥ à¥è¥­¨¥ á¨áâ¥¬ë ¨¬¥¥â ¢¨¤ X = �BkB

�

n , £¤¥ � 2 R. �âáî¤ 
detX = �2 detBkB

�

n = �2�k(1 � �k) ¨, á«¥¤®¢ â¥«ì­®, Ck = �BkB
�

n . �¥àï Ck = BkB
�

n , ¯®«ã-
ç ¥¬ à §«®¦¥­¨¥ (24),   ¡¥àï Ck = �BkB

�

n , ¯®«ãç ¥¬ à §«®¦¥­¨¥ (240).

�¥à¥©¤¥¬ â¥¯¥àì ª ¨§ãç¥­¨î ¤®áâ â®ç­ëå ãá«®¢¨© ¯à¨­ ¤«¥¦­®áâ¨ ¬ âà¨æë-äã­ªæ¨¨ F (t)
¬­®¦¥áâ¢ã 
!

2
, ª®£¤  ¨¬¥¥â ¬¥áâ® á«ãç © A). �ª §ë¢ ¥âáï, çâ® ­¥®¡å®¤¨¬ë¥ ãá«®¢¨ï, ¯®«ã-

ç¥­­ë¥ ¢ â¥®à¥¬ å 2 ¨ 3, ®¤­®¢à¥¬¥­­® ï¢«ïîâáï ¨ ¤®áâ â®ç­ë¬¨. � ¨¬¥­­®, á¯à ¢¥¤«¨¢ë
á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï.

�¥®à¥¬  4. �á«¨ ¬ âà¨æ -äã­ªæ¨ï F (t) ¨¬¥¥â à §«®¦¥­¨¥

F (t) = I � (�+ �)B0 + �B0 cos
2�k
!

t+ �B0 cos
2�n
!

t+ �B0 sin
2�k
!

t+ �B0 sin
2�n
!

t;

£¤¥ B0 | ­¥­ã«¥¢ ï ª¢ ¤à â­ ï ¬ âà¨æ  ¢â®à®£® ¯®àï¤ª , ã ª®â®à®© ®¯à¥¤¥«¨â¥«ì ¨ á«¥¤

à ¢­ë ­ã«î,   �, �, �, � | ¯à®¨§¢®«ì­ë¥ ¢¥é¥áâ¢¥­­ë¥ ç¨á«  â ª¨¥, çâ® �2+�2 6=0 ¨ �2+�2 6=0,
k ¨ n | ­ âãà «ì­ë¥ ç¨á«  â ª¨¥, çâ® n > k, n 6= 2k, n 6= 3k, â® ¬ âà¨æ -äã­ªæ¨ï F (t)
¯à¨­ ¤«¥¦¨â 
!

2
.

�®ª § â¥«ìáâ¢®. �§ ¯à¥¤áâ ¢«¥­¨ï F (t) ¨¬¥¥¬

A0 = I � (�+ �)B0; Ak = �B0; An = �B0; Bk = �B0;

Bn = �B0; F (0) = A0 +Ak +An = I:

�®, çâ® F (t) ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥ (�), á«¥¤ã¥â ¨§ ­¥à ¢¥­áâ¢ 

(�2 + �2)(�2 + �2) 6= 0:

�áâ «®áì ¯à®¢¥à¨âì, çâ® F (t)F�(t) � I, â. ¥. ¯à®¢¥à¨âì á¯à ¢¥¤«¨¢®áâì á®®â­®è¥­¨© (1){(13).
� ª ª ª ¬ âà¨æë Ak, An, Bk, Bn ª®««¨­¥ à­ë ¬ âà¨æ¥ B0, ¤«ï ª®â®à®© ¢ á¨«ã ãá«®¢¨© â¥®à¥¬ë
¨¬¥¥¬

B0 +B�

0
= SpB0I = 0; B0B

�

0
= detB0I = 0;

â®

AkA
�

k = AkA
�

n = AkB
�

k = AkB
�

n = AnA
�

n = AnB
�

k = AnB
�

n = BkB
�

k = BkB
�

n = BnB
�

n = 0: (31)

�âáî¤  á«¥¤ã¥â, çâ® ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï (4){(7) ¨ (10){(13). � «¥¥, «¥£ª® ¢¨¤¥âì, çâ®
¬ âà¨æë A0A

�

j ¨ A0B
�

j ¤«ï j = k ¨ j = n ª®««¨­¥ à­ë ¬ âà¨æ¥ B0, ¯®íâ®¬ã ¨¬¥îâ ¬¥áâ®
á®®â­®è¥­¨ï (2), (3), (8), (9). �¯à ¢¥¤«¨¢®áâì á®®â­®è¥­¨ï (1) á«¥¤ã¥â ¨§ (31) ¨ â®£®, çâ®

A0A
�

0
= [I � (�+ �)B0][I � (�+ �)B0]� = I � (�+ �)[B0 +B�

0
] + (�+ �)2B0B

�

0
= I:

� ª¨¬ ®¡à §®¬, ¯®ª § ­®, çâ® ¨¬¥îâ ¬¥áâ® á®®â­®è¥­¨ï (1){(14), â. ¥. F (t) 2 
!
2
.

�¥®à¥¬  5. �á«¨ F (t) ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

F (t) = [detBkI �BkB
�

n ] cos
2�k
!

t+Bk sin
2�k
!

t+ [detBnI �BkB
�

n ] cos
2�n
!

t+Bn sin
2�n
!

t;

£¤¥ SpBk = SpBn = 0 ¨ ¬ âà¨æë Bk, Bn ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (25){(27),   k ¨ n | ­ âã-

à «ì­ë¥ ç¨á«  â ª¨¥, çâ® n > k, n 6= 2k, n 6= 3k, â® ¬ âà¨æ -äã­ªæ¨ï F (t) ¯à¨­ ¤«¥¦¨â 
!
2
.
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�®ª § â¥«ìáâ¢®. �ã¦­® ã¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨ á®®â­®è¥­¨© (1){(14). �¬¥¥¬

Ak = detBkI �BkB
�

n ; A0 = 0; An = detBnI �BkB
�

n :

�âáî¤  § ª«îç ¥¬, çâ® ¨¬¥îâ ¬¥áâ® á®®â­®è¥­¨ï (2), (3), (8), (9) ¨ (14). �à®¬¥ â®£®,

detAk = det[(detBk)I �BkB
�

n ] = (detBk)2 + detBkB
�

n = detBk[detBk + detBn] = detBk;

çâ® á¯à ¢¥¤«¨¢® ¢ á¨«ã «¥¬¬ë 1 ¨ ãá«®¢¨© (26) ¨ (27) â¥®à¥¬ë. �­ «®£¨ç­® ¯®«ãç ¥¬
detAn = detBn ¨, á«¥¤®¢ â¥«ì­®, ¨¬¥îâ ¬¥áâ® á®®â­®è¥­¨ï (1), (6) ¨ (12).

� «¥¥

AkB
�

k = [detBkI �BkB
�

n ]B
�

k = (detBk)B
�

k �BkB
�

nB
�

k =

= (detBk)B
�

k � (BnB
�

k )
�B�

k = (detBk)B
�

k �BnB
�

k Bk = detBk[B
�

k �Bn] 2 L:

�¤¥áì ¢®á¯®«ì§®¢ «¨áì ®ç¥¢¨¤­ë¬¨ á¢®©áâ¢ ¬¨ (AB)� = B�A�, A�A = detAI,   â ª¦¥ â¥¬,
çâ® ¯® ãá«®¢¨ï¬ â¥®à¥¬ë SpBk = SpBn = SpBkB

�

n = 0. �­ «®£¨ç­® ¯à®¢¥àï¥âáï, çâ® ¬ âà¨æë
AkB

�

n , AnB
�

k , AnB
�

n ¨¬¥îâ á«¥¤, à ¢­ë© ­ã«î, ¯®íâ®¬ã á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï (5), (7), (11)
¨ (13). � ª®­¥æ,

AkA
�

n = [detBkI �BkB
�

n ][detBnI �BkB
�

n ] =

= detBk detBnI � detBnBkB
�

n � detBk[BkB
�

n ]
� �BkB

�

n [BkB
�

n ]
� = �BkB

�

n ;

  ®âáî¤  á«¥¤ãîâ á®®â­®è¥­¨ï (4) ¨ (10). � ª¨¬ ®¡à §®¬, ¯®ª § ­®, çâ® F (t) 2 
!
2
, â. ª. ¨¬¥îâ

¬¥áâ® á®®â­®è¥­¨ï (1){(14).
� § ª«îç¥­¨¥ ¯à¨¢¥¤¥¬ ¡¥§ ¤®ª § â¥«ìáâ¢  ®¤¨­ ¨§ à¥§ã«ìâ â®¢, ®â­®áïé¨åáï ª á«ãç î �).

�¥®à¥¬  6. �á«¨

F (t) = A0 +Ak cos
2�k
!

t+Bk sin
2�k
!

t+An cos
2�n
!

t+Bn sin
2�n
!

t 2 TP !
2
;

¯à¨ç¥¬ n = 3k, jAnj = jBnj = 0 ¨ ¬ âà¨æë An, Bn «¨­¥©­® ­¥§ ¢¨á¨¬ë, â® ­¥®¡å®¤¨¬® A0 = 0,
Ak = I �An ¨ Bk | ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ á¨áâ¥¬ë

SpX = �3 SpBn; Sp(XA�

n ) = �SpBn; Sp(XB�

n ) = SpAn; jXj = 1 + SpAn:

�¨â¥à âãà 
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