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�¥«ì ¤ ­­®© áâ âì¨ | ®¡®¡é¥­¨¥ ¨§¢¥áâ­ëå ª®­áâàãªæ¨© G-áâ¥¯¥­¨ [1]{[7] á ¯®§¨æ¨¨ â¥®à¨¨
¡®à¤¨§¬®¢ ¨ G-à áá«®¥­¨©. �¤¥áì ¯à¥¤« £ ¥âáï ª®­áâàãªæ¨ï ®¡®¡é¥­­®© áâ¥¯¥­¨ ®â®¡à ¦¥­¨©,
íª¢¨¢ à¨ ­â­ëå ®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï ª®¬¯ ªâ­ëå £àã¯¯ �¨, á® §­ ç¥­¨ï¬¨ ¢ ª« áá å íª¢¨-
¢ à¨ ­â­® ®á­ é¥­­ëå ¡®à¤¨§¬®¢ £« ¤ª¨å G-¬­®£®®¡à §¨©; ®â¬¥ç¥­ë á¢ï§¨ á ¯à®¡«¥¬®© à §à¥-
è¨¬®áâ¨ ­¥«¨­¥©­ëå ãà ¢­¥­¨©, § ¤ ­­ëå íª¢¨¢ à¨ ­â­ë¬¨ ®â®¡à ¦¥­¨ï¬¨. � ¤ ­­®© áâ âì¥
¨á¯®«ì§ãîâáï ¨ ¬¥â®¤ë, à §¢¨âë¥ ¢ [8]{[10].

1. �àã¯¯  ®á­ é¥­­ëå G-¡®à¤¨§¬®¢ ¬­®£®®¡à §¨ï Xn+k. �â ª, ¯ãáâì G | ª®¬¯ ªâ­ ï £àã¯-
¯  �¨, Xn+k | £« ¤ª®¥ G-¬­®£®®¡à §¨¥,   Mn | ª®¬¯ ªâ­®¥ ¨­¢ à¨ ­â­®¥ ¯®¤¬­®£®®¡à §¨¥ ¢
Xn+k. �ãáâì ¢ N(Mn) § ¤ ­® ¤¥©áâ¢¨¥ £àã¯¯ë G â ª, çâ® à áá«®¥­¨¥ � = (N(Mn); �;Mn) íª¢¨-
¢ à¨ ­â­®. � ­  ¬­®£®®¡à §¨¨Mn § ¤ ­  á¨áâ¥¬  sk(x) = fs1(x); : : : ; sk(x)g ­¥¯à¥àë¢­ëå, ­¥¢ë-
à®¦¤¥­­ëå íª¢¨¢ à¨ ­â­ëå á¥ç¥­¨© à áá«®¥­¨ï �, ®¡à §ãîé¨å ¡ §¨á ¢ á«®¥ Nx(Mn), x 2 Mn.

�¯à¥¤¥«¥­¨¥ 1.1. � àã (Mn; sk) ­ §®¢¥¬ G-®á­ é¥­­ë¬ G-¯®¤¬­®£®®¡à §¨¥¬ ¢ Xn+k.

�  ¬­®¦¥áâ¢¥ â ª¨å ¯ à ¥áâ¥áâ¢¥­­® ¢¢¥áâ¨ ®â­®è¥­¨¥ íª¢¨¢ «¥­â­®áâ¨ (G-¡®à¤ ­â­®áâ¨).

�¯à¥¤¥«¥­¨¥ 1.2. � àã (Mn
0 ; s

k
0) ­ §®¢¥¬ G-¡®à¤ ­â­®© ¢ Xn+k ¯ à¥ (Mn

1 ; s
k
1), ¥á«¨ ¢

G-¬­®£®®¡à §¨¨ Xn+k � [0; 1] (á âà¨¢¨ «ì­ë¬ ¤¥©áâ¢¨¥¬ G ­  [0; 1]) áãé¥áâ¢ã¥â G-®á­ é¥­­®¥
¯®¤¬­®£®®¡à §¨¥ (V n+1; sk), ªà ¥¬ ª®â®à®£® ï¢«ï¥âáï Mn

0 [M
n
1 ¨ sk j @V n+1 = sk0 [ s

k
1.

2. �â¥¯¥­ì íª¢¨¢ à¨ ­â­®£® ®â®¡à ¦¥­¨ï ¬­®£®®¡à §¨ï. � áá¬®âà¨¬ ¤¢  ª®¬¯ ªâ­ëå
G-¬­®£®®¡à §¨ï Xn+k ¨ Y k. �ãáâì f : Xn+k ! Y k, C1 | £« ¤ª®¥ G-®â®¡à ¦¥­¨¥, ¤«ï ª®â®-
à®£® y0 2 Y k ï¢«ï¥âáï à¥£ã«ïà­ë¬ §­ ç¥­¨¥¬ ¨ â ª®¥, çâ® f(x) 6= y0 ¯à¨ x 2 @Xn+k. �¡®-
§­ ç¨¬ ç¥à¥§ GY0 = H áâ ¡¨«¨§ â®à â®çª¨ y0. �¥©áâ¢¨¥ G ­  Xn+k ¨­¤ãæ¨àã¥â ¤¥©áâ¢¨¥ H
­  Mn = f�1(y0). �®¤£àã¯¯  H â ª¦¥ ¤¥©áâ¢ã¥â ¨ ­  ¯à®áâà ­áâ¢¥ TXn+k ¯à¨ ¯®¬®é¨ ¤¨ä-
ä¥à¥­æ¨ «®¢ Dh(x), h 2 H. �  TXn+k áãé¥áâ¢ã¥â ¬¥âà¨ª , ¨­¢ à¨ ­â­ ï ®â­®á¨â¥«ì­® â ª®-
£® ¤¥©áâ¢¨ï, â. ¥. hux; vxix = hDh(x)ux;Dh(x)vxihx ¤«ï «î¡®£® h 2 H. �«¥¤®¢ â¥«ì­®, h 2 H
¯¥à¥¢®¤¨â Nx(Mn) ¢ Nhx(Mn). � ä¨ªá¨àã¥¬ â¥¯¥àì ¢ TY0(Y

k) ¡ §¨á fe1; : : : ; ekg. �â®¡à ¦¥­¨¥
Df(x), x 2 Mn, ¨­¤ãæ¨àã¥â ­¥¢ëà®¦¤¥­­®¥ ®â®¡à ¦¥­¨¥ ¯à®áâà ­áâ¢  Nx(Mn) ¢ TY0(Y

k). � -
ª¨¬ ®¡à §®¬, ¢ ª ¦¤®© â®çª¥ x 2 Mn ¬®¦­® ¯®áâà®¨âì ­¥¢ëà®¦¤¥­­ë© k-à¥¯¥à (®á­ é¥­¨¥)
sk(x) = fs1(x); : : : ; sk(x)g, sj(x) 2 Nx(Mn), â ª®©, çâ® Df(x)sj(x) = ej .

�  ­®à¬ «ì­®¬ à áá«®¥­¨¨ N(Mn) ª H-¯®¤¬­®£®®¡à §¨î Mn = f�1(y0) ¬®¦­® ®¯à¥¤¥«¨âì
¤¥©áâ¢¨¥ £àã¯¯ë H â ª, çâ®¡ë à áá«®¥­¨¥ � = (N(Mn); �;Mn) ¡ë«® íª¢¨¢ à¨ ­â­ë¬,   k-
à¥¯¥à­®¥ ¯®«¥ sk(x) = fs1(x); : : : ; sk(x)g ¡ë«® H-®á­ é¥­¨¥¬.

�¯à¥¤¥«¥­¨¥ 2.1. � §®¢¥¬ H-áâ¥¯¥­ìî ®â®¡à ¦¥­¨ï f : Xn+k ! Y k ®â­®á¨â¥«ì­® à¥£ã-
«ïà­®£® §­ ç¥­¨ï y0 2 Y k ¨ ®à¨¥­â¨àãîé¥£® à¥¯¥à  ek = fe1; : : : ; ekg ¯à®áâà ­áâ¢  Y k ª« áá
¡®à¤¨§¬®¢ [Mn; sk]H 2 HBn(Xn+k), â. ¥.

degH(f;X
n+k; y0; e

k) = [Mn; sk]H :
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�áâ¥áâ¢¥­­®, çâ® ¤«ï «î¡®© § ¬ª­ãâ®© ¯®¤£àã¯¯ë L � H ®¯à¥¤¥«¥­  L-áâ¥¯¥­ì
degL(f;X

n+k; y0; e
k) = [M; sk]L. �®®¡é¥ £®¢®àï, ¥á«¨ L � K | ¤¢¥ § ¬ª­ãâë¥ ¯®¤£àã¯¯ë ¢ H, â®

®¯à¥¤¥«¥­® ¥áâ¥áâ¢¥­­®¥ ®â®¡à ¦¥­¨¥ á®®â¢¥âáâ¢ãîé¨å ª« áá®¢ ¡®à¤¨§¬®¢ IL;K : KBn(Xn+k)!
LBn(Xn+k), IL;K [Mn; sk]H = [M; sk]K . �à¨ íâ®¬ ®â®¡à ¦¥­¨¨K-áâ¥¯¥­ì degK(f;X

n+k; y0; e
k) ¯à¥-

®¡à §ã¥âáï ¢ L-áâ¥¯¥­ì degL(f;X
n+k; y0; e

k), IL;K : degK(f;X
n+k; y0)! degL(f;X

n+k; y0).
�¢¥¤¥¬ ­  ¬­®¦¥áâ¢¥ â ª¨å à¥¯¥à®¢ ­¥ª®â®à®¥ ®â­®è¥­¨¥ íª¢¨¢ à¨ ­â­®áâ¨ ¨ ¯®ª ¦¥¬ ­¥-

§ ¢¨á¨¬®áâì áâ¥¯¥­¨ ®â ¢ë¡®à  à¥¯¥à  ¨§ ª« áá  íª¢¨¢ «¥­â­®áâ¨.

�¯à¥¤¥«¥­¨¥ 2.2. �ãáâì ek0 ¨ e
k
1 |¤¢  ¡ §¨á­ëå à¥¯¥à  ¢ TY0(Y

k). � §®¢¥¬ ¨å L-¨§®â®¯­ë¬¨
(L � H), ¥á«¨ áãé¥áâ¢ã¥â á¥¬¥©áâ¢® L-®â®¡à ¦¥­¨© �t : Y k ! Y k, t 2 [0; 1], ã¤®¢«¥â¢®àïîé¥¥
ãá«®¢¨ï¬

1) �t(y0) = y0 ¤«ï «î¡®£® t 2 [0; 1] ¨ �t | «®ª «ì­ë© ¤¨ää¥®¬®àä¨§¬ ¢ â®çª¥ y0 2 Y k;
2) D�0(y0) = Id,   D�(y0)1 ¯¥à¥¢®¤¨â à¥¯¥à ek1 ¢ e

k
0 .

�« áá íª¢¨¢ «¥­â­®áâ¨ à¥¯¥à  ek ®¡®§­ ç¨¬ ç¥à¥§ [ek]L.

�¥®à¥¬  2.1. �¢  ®àâ®­®à¬¨à®¢ ­­ëå à¥¯¥à  ek0 , e
k
1 ¯à®áâà ­áâ¢  TY0(Y

k) = Rk L-¨§®-
â®¯­ë ¬¥¦¤ã á®¡®© (â. ¥ [ek0 ]L = [ek1 ]L) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á¢ï§ë¢ îé ï ¨å ¬ âà¨æ 

A 2 SO(k) ª®¬¬ãâ¨àã¥â á «î¡ë¬ í«¥¬¥­â®¬ ¯®¤£àã¯¯ë L � O(k) (¤¥©áâ¢ãîé¥© ­  ª á â¥«ì-

­®¬ ¯à®áâà ­áâ¢¥ TY0(Y
k) = Rk ¯®áà¥¤áâ¢®¬ ¤¨ää¥à¥­æ¨ «®¢), â. ¥. ¯à¨­ ¤«¥¦¨â æ¥­âà «¨-

§ â®àã CSO(k)(L) ¯®¤£àã¯¯ë L ¢ £àã¯¯¥ O(k).

�¥®à¥¬  2.2. �ãáâì ¤«ï ­¥ª®â®à®© § ¬ª­ãâ®© ¯®¤£àã¯¯ë L � H ¡ §¨á­ë¥ à¥¯¥àë ek0 ¨ ek1
L-¨§®â®¯­ë (â. ¥. [ek0 ]L = [ek1 ]L), â®£¤ 

degL(f;X
n+k; y0; e

k
0) = degL(f;X

n+k; y0; e
k
1):

� á¢ï§¨ á íâ¨¬ ¡ã¤¥¬ ®¡®§­ ç âì áâ¥¯¥­ì â ª¦¥ á¨¬¢®«®¬ degL(f;X
n+k; y0; [ek]L). �¡®§­ ç¨¬

ç¥à¥§ �(L) ¬­®¦¥áâ¢® ª« áá®¢ L-¨§®â®¯­ëå à¥¯¥à®¢ ¯à®áâà ­áâ¢  Rk = Ty0(Y
k). � ª ¨ à ­¥¥,

�(L) á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬ SO(k)=CSO(k)(L), £¤¥ CSO(k)(L) | æ¥­âà «¨§ â®à ¯®¤£àã¯¯ë L ¢
£àã¯¯¥ SO(k), â. ¥. CSO(k)(L) = fA 2 SO(k) : Ah = hA ¤«ï «î¡®£® h 2 Lg.

�¯à¥¤¥«¥­¨¥ 2.3. � §®¢¥¬ L-áâ¥¯¥­ìî (L � H = Gy0) C
1-£« ¤ª®£®, íª¢¨¢ à¨ ­â­®£® ®â®-

¡à ¦¥­¨ï f : Xn+k ! Y k ®â­®á¨â¥«ì­® à¥£ã«ïà­®£® §­ ç¥­¨ï y0 á¨áâ¥¬ã

degL(f;X
n+k; y0) = fdegL(f;X

n+k; y0; [ek]L); [ek]L 2 �(L)g:

�¥®à¥¬  2.3. �ãáâì f0 ¨ f1 | ¤¢  C1-£« ¤ª¨å G-®â®¡à ¦¥­¨ï ¯à®áâà ­áâ¢  Xn+k ¢ Y k,

¤«ï ª®â®àëå y0 ï¢«ï¥âáï à¥£ã«ïà­ë¬ §­ ç¥­¨¥¬,   F (x; t) | C1-£« ¤ª ï ¤®¯ãáâ¨¬ ï G-£®¬®-
â®¯¨ï ¬¥¦¤ã ­¨¬¨. �®£¤  â ª¦¥ ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

degL(f0;X
n+k; y0) = degL(f1;X

n+k; y0):

� ª ¨§¢¥áâ­®, ®¡ëç­ ï áâ¥¯¥­ì deg(f;Xn+k; y0) ®â®¡à ¦¥­¨ï f : Xn+k ! Y n+k ­¥ § ¢¨á¨â
®â ¢ë¡®à  à¥£ã«ïà­®£® §­ ç¥­¨ï y0 2 Y n+k ¢ â®¬ á¬ëá«¥, çâ® ¥á«¨ y0 ¨ y1 | ¤¢  à §«¨ç­ëå
à¥£ã«ïà­ëå §­ ç¥­¨ï ¨§ ®¤­®© ª®¬¯®­¥­âë á¢ï§­®áâ¨ ¯à®áâà ­áâ¢  Y n+k, â® deg(f;Xn+k; y0) =
deg(f;Xn+k; y1). �®ª ¦¥¬, çâ® ¤«ï íª¢¨¢ à¨ ­â­®© áâ¥¯¥­¨ degL(f;X

n+k; y0) á ­¥ª®â®àë¬ ¨§¬¥-
­¥­¨¥¬ ¢ë¯®«­ï¥âáï  ­ «®£¨ç­®¥ á¢®©áâ¢®.

�¥®à¥¬  2.4. �ãáâì y0 ¨ y1 | ¤¢  à¥£ã«ïà­ëå §­ ç¥­¨ï ¤«ï f : Xn+k ! Y k ¨§ ®¤­®©

ª®¬¯®­¥­âë á¢ï§­®áâ¨ ¯à®áâà ­áâ¢  (Y k)L = Fix(L; Y k) = fy 2 Y k, gy = y ¤«ï «î¡®£® g 2 Lg,
£¤¥ L � H = Gy0, â®£¤ 

degL(f;X
n+k; y0) = degL(f;X

n+k; y1):
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3. �à¨¥­â¨à®¢ ­­ ï á¨­£ã«ïà­ ï áâ¥¯¥­ì íª¢¨¢ à¨ ­â­ëå ®â®¡à ¦¥­¨©. � ¬¥â¨¬,çâ® áã-
é¥áâ¢ã¥â £®¬®¬®àä¨§¬ £àã¯¯ë GBn(X) ¢ £àã¯¯ã 
n(G) ®à¨¥­â¨à®¢ ­­ëå íª¢¨¢ à¨ ­â­ëå ¡®à-
¤¨§¬®¢ £àã¯¯ë G

' : GBn(X)! 
n(G);

'([Mn; vk]H) = [G;Mn] 2 
n(G)

¨ £®¬®¬®àä¨§¬ " : 
n(G) ! 
n�r, [G;Mn] ! [Mn=G] 2 
n�r, £¤¥ dimG = r, 
n�r | ®¡ëç­ ï
£àã¯¯  ®à¨¥­â¨à®¢ ­­ëå ¡®à¤¨§¬®¢ �®¬ .

� áá¬®âà¨¬ ­¥ª®â®à®¥ £« ¤ª®¥ íª¢¨¢ à¨ ­â­®¥ ®â®¡à ¦¥­¨¥ f : X � Rn+k ! Rk (G ¤¥©-
áâ¢ã¥â ®àâ®£®­ «ì­®), ¤«ï ª®â®à®£® 0 2 Rk ï¢«ï¥âáï à¥£ã«ïà­ë¬ §­ ç¥­¨¥¬ ¨ f(x) 6= 0, ª®£¤ 
x =2 @X. �ç¥¢¨¤­® f�1(0) =Mn ï¢«ï¥âáï § ¬ª­ãâë¬ G-¬­®£®®¡à §¨¥¬ à §¬¥à­®áâ¨ n.

�¯à¥¤¥«¥­¨¥ 3.1. �«¥¬¥­â deg(G; f;X; 0) = '(degG(f;X; 0; e
k)) = [G;Mn] 2 
n(G) ­ §®¢¥¬

®à¨¥­â¨à®¢ ­­®© á¨­£ã«ïà­®© G-áâ¥¯¥­ìî íª¢¨¢ à¨ ­â­®£® ®â®¡à ¦¥­¨ï f : X 2 Rn+k ! Rk

®â­®á¨â¥«ì­® à¥£ã«ïà­®£® §­ ç¥­¨ï 0 2 Rk.

�¯à¥¤¥«¥­¨¥ 3.2. �«¥¬¥­â d(G; f;X; 0) = "(deg(G; f;X; 0)) 2 
n�r ­ §®¢¥¬ ®à¨¥­â¨à®¢ ­-
­®© G-áâ¥¯¥­ìî íª¢¨¢ à¨ ­â­®£® ®â®¡à ¦¥­¨ï ®â­®á¨â¥«ì­® à¥£ã«ïà­®£® §­ ç¥­¨ï 0 2 V .

�¥®à¥¬  3.1. �ãáâì G | ª®­¥ç­ ï £àã¯¯  à ­£  r, á¢®¡®¤­® ¤¥©áâ¢ãîé ï ­  ¬­®¦¥áâ¢¥

X � Rk, £¤¥ X | ®âªàëâ®¥ ®£à ­¨ç¥­­®¥, ¨­¢ à¨ ­â­®¥ ¯®¤¬­®¦¥áâ¢®,   f : X � Rk ! Rk

| ¤®¯ãáâ¨¬®¥, ­¥¯à¥àë¢­®¥, íª¢¨¢ à¨ ­â­®¥ ®â®¡à ¦¥­¨¥. �®£¤ 

deg(f;X; 0) = rd(G; f;X; 0):

�â ª, ¯ãáâì â¥¯¥àì f : X � W ! V | íª¢¨¢ à¨ ­â­®¥ ®â®¡à ¦¥­¨¥, V | ¯à®áâà ­áâ¢®
®àâ®£®­ «ì­®£® ¯à¥¤áâ ¢«¥­¨ï £àã¯¯ëG,   ­ W = V �Rn £àã¯¯  �¨G ¤¥©áâ¢ã¥â âà¨¢¨ «ì­® ¯®
¢â®à®© ª®¬¯®­¥­â¥. � ä¨ªá¨àã¥¬ ª ªãî-­¨¡ã¤ì ¯®¤£àã¯¯ã H � G ¨ à áá¬®âà¨¬ G-®â®¡à ¦¥­¨¥
fH : XH �WH ! V H . �¥©áâ¢¨¥ £àã¯¯ë G ¨­¤ãæ¨àã¥â ­  XH á¢®¡®¤­®¥ ¤¥©áâ¢¨¥ £àã¯¯ë �¥©«ï
W (H) ¯®¤£àã¯¯ë H,   fH | W (H)-®â®¡à ¦¥­¨¥. �¯à¥¤¥«¥­  íª¢¨¢ à¨ ­â­ ï áâ¥¯¥­ì â¨¯ 

�«ìà¨å {�à ¢æ¥¢¨ç 

d(G; f;X; 0) = fd(W (H); fH ;XH ; 0)gH�G:

�¥®à¥¬  3.2. � á«ãç ¥, ª®£¤  G = S1, H = Zk, W (H) = S1 ¨ f : X � V � R1 ! V , íª¢¨-
¢ à¨ ­â­ ï áâ¥¯¥­ì d(S1; f;X; 0) á®¢¯ ¤ ¥â á® áâ¥¯¥­ìî �«ìà¨å {�à ¢æ¥¢¨ç  S1-deg(f;X; 0).

4. �à¨«®¦¥­¨ï íª¢¨¢ à¨ ­â­®© áâ¥¯¥­¨ d(G; f;X) ª â¥®à¨¨ ¡¨äãàª æ¨©. �à¥¤¯®«®¦¨¬,
çâ® W = Rn | ¯à®áâà ­áâ¢® ®àâ®£®­ «ì­®£® ¯à¥¤áâ ¢«¥­¨ï ª®¬¯ ªâ­®© £àã¯¯ë �¨ G. �ãáâì
Mk | ­¥ª®â®à®¥ £« ¤ª®¥ k-¬¥à­®¥ ¯®¤¬­®£®®¡à §¨¥, ¢«®¦¥­­®¥ ¢ WG � Rk. �¡®§­ ç¨¬ ç¥à¥§
Tx(Mk) ¨ Nx(Mk) ª á â¥«ì­®¥ ¨ ­®à¬ «ì­®¥ ¯à®áâà ­áâ¢® ¢ Mk ¢ â®çª¥ x, â. ¥. W � Rk =
Tx(Mk)�Nx(Mk).

�¨¬¢®«®¬ CM ®¡®§­ ç¨¬ ª« áá ­¥¯à¥àë¢­ëå íª¢¨¢ à¨ ­â­ëå ®â®¡à ¦¥­¨© f : W �Rk !W
â ª¨å, çâ®

1) f ¤¨ää¥à¥­æ¨àã¥¬  ¢ ª ¦¤®© â®çª¥ x 2 Mk ¨ ¯à®¨§¢®¤­ ï Df(x) ­¥¯à¥àë¢­® § ¢¨á¨â
®â x 2Mk;

2) Mk � f�1(0), â. ¥. ¤«ï ¢á¥å x 2Mk ¢ë¯®«­ï¥âáï f(x) = 0.
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�ãáâì f 2 CM , á¨¬¢®«®¬ �(f) ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® Mk-á¨­£ã«ïà­ëå â®ç¥ª ®â®¡à ¦¥­¨ï f ,
â. ¥.

�(f) = fx 2M ; Df(x)jNX(Mk) : Nx(Mk)!W ­¥ ¨§®¬®àä¨§¬g:

�¡®§­ ç¨¬ C1
M = ff 2 CM , f ¥áâì ª« áá C1 ­  ¬­®¦¥áâ¢¥ W �Rk n �(f)g.

�â ª, ¯ãáâì f 2 C1
M . � §®¢¥¬ â®çª¨ ¨§ Mk âà¨¢¨ «ì­ë¬¨ à¥è¥­¨ï¬¨ ãà ¢­¥­¨ï

f(x) = 0: (1)

�á¥ ®áâ «ì­ë¥ à¥è¥­¨ï íâ®£® ãà ¢­¥­¨ï ­ §®¢¥¬ ­¥âà¨¢¨ «ì­ë¬¨.

�¯à¥¤¥«¥­¨¥ 4.1. � §®¢¥¬ â®çªã x0 2Mk â®çª®© ¡¨äãàª æ¨¨ ãà ¢­¥­¨ï (1), ¥á«¨ ¢ «î¡®©
®ªà¥áâ­®áâ¨ â®çª¨ x0 2Mk áãé¥áâ¢ã¥â ­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1). �­®¦¥áâ¢® â®ç¥ª
¡¨äãàª æ¨¨ ®¡®§­ ç¨¬ ç¥à¥§ B(f) �Mk.

�®áª®«ìªã ¨§ ãá«®¢¨ï, çâ® x0 2 Mk ï¢«ï¥âáï â®çª®© ¡¨äãàª æ¨¨, ­¥¬¥¤«¥­­® á«¥¤ã¥â, çâ®
x0 2 �(f) (â. ¥. B(f) � �(f)), â® ­ á ¡ã¤¥â ¨­â¥à¥á®¢ âì ¯à®¡«¥¬  ¡¨äãàª æ¨¨ «¨èì ¤«ï x0 2
�(f), f 2 C1

M . � ª¨¬ ®¡à §®¬, ¨áá«¥¤ã¥¬ ¢®¯à®á: ª®£¤  ®â Mk-á¨­£ã«ïà­®© â®çª¨ x0 2 �(f)
®â¢¥â¢«ï¥âáï ­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1)? �ä®à¬ã«¨àã¥¬ ãá«®¢¨¥, ¤®áâ â®ç­®¥ ¤«ï
â®£®, çâ®¡ë ¨§®«¨à®¢ ­­ ï Mk-á¨­£ã«ïà­ ï â®çª  ®â®¡à ¦¥­¨ï f ¡ë«  â®çª®© ¡¨äãàª æ¨¨.
�®á¯®«ì§ã¥¬áï ¤«ï íâ®£® íª¢¨¢ à¨ ­â­®© ®à¨¥­â¨à®¢ ­­®© áâ¥¯¥­ìî.

�â ª, ¯ãáâì x0 2 �(f) | ¨§®«¨à®¢ ­­ ï Mk-á¨­£ã«ïà­ ï â®çª  ®â®¡à ¦¥­¨ï f .
� áá¬®âà¨¬ ®âªàëâãî ®£à ­¨ç¥­­ãî ®ªà¥áâ­®áâì D â®çª¨ x0 ¢ M â ªãî, çâ® D \ �(f) =

fx0g. �®áª®«ìªã D | ª®¬¯ ªâ­®¥ ¯®¤¬­®¦¥áâ¢® ¢ Mk, â® áãé¥áâ¢ã¥â ¤®áâ â®ç­® ¬ «®¥ " > 0
â ª®¥, çâ® ®£à ­¨ç¥­¨¥ ®â®¡à ¦¥­¨ï  : N(Mk) ! W � Rn,  (x; v) = x + v ­  ¬­®¦¥áâ¢®
N(D; ") = f(x; v) 2 N(Mk); x 2 D, kvk � "g, ¥áâì íª¢¨¢ à¨ ­â­®¥ ¢«®¦¥­¨¥. � ª ª ª ¬ë ¬®¦¥¬
¢ë¡à âì " áª®«ì ã£®¤­® ¬ «ë¬, â® ¬®¦­® áç¨â âì, çâ® f(x + v) 6= 0 ¤«ï «î¡®£® x 2 @D ¨
kvk � ". �®áª®«ìªã @D \ �(f) = ?, â® ¢á¥ â®çª¨ x ¨§ @D ­¥ ï¢«ïîâáï M -á¨­£ã«ïà­ë¬¨ ¤«ï f .
�¡®§­ ç¨¬ U =  (N(D; ")) ¨ ­ §®¢¥¬ ¬­®¦¥áâ¢® U á¯¥æ¨ «ì­®© ®ªà¥áâ­®áâìî ¨§®«¨à®¢ ­­®©
M -á¨­£ã«ïà­®© â®çª¨ x0 2 �(f).

�ãáâì ' : U ! R | ¨­¢ à¨ ­â­ ï ­¥¯à¥àë¢­ ï äã­ªæ¨ï â ª ï, çâ® '(x) < 0 ¤«ï x 2 D ¨
'(x) > 0 ¤«ï ¢á¥å x = u+v; u 2 D, kvk = ". � §®¢¥¬ â ªãî äã­ªæ¨î ¤®¯®«­¨â¥«ì­®© äã­ªæ¨¥©.
�¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ f' : U ! W � R, f'(x) = (f(x); '(x)); x 2 U . �á­®, çâ® f'(x) 6= 0 ¤«ï
¢á¥å x 2 @U ¨, á«¥¤®¢ â¥«ì­®, ®¯à¥¤¥«¥­  íª¢¨¢ à¨ ­â­ ï áâ¥¯¥­ì d(G; f'; U).

�¥®à¥¬  4.1. �ª¢¨¢ à¨ ­â­ ï áâ¥¯¥­ì d(G; f'; U) ­¥ § ¢¨á¨â ®â ¢ë¡®à  á¯¥æ¨ «ì­®©

®ªà¥áâ­®áâ¨ U ¨ ¤®¯®«­¨â¥«ì­®© äã­ªæ¨¨ '(x). �à®¬¥ â®£®, ¥á«¨ d(G; f'; U) 6= 0, â® x0 ¥áâì
â®çª  ¡¨äãàª æ¨¨ ®â®¡à ¦¥­¨ï f .

�¢â®à ¢ëà ¦ ¥â ¡« £®¤ à­®áâì á¢®¥¬ã ­ ãç­®¬ã àãª®¢®¤¨â¥«î ¯à®ä¥áá®àã �®à¨á®¢¨çã
�à¨î �à¨£®àì¥¢¨çã §  ¯®¬®éì ¢ ¯®áâ ­®¢ª¥ § ¤ ç¨ ¨  ªâ¨¢­ãî ¯®¤¤¥à¦ªã ¢ à ¡®â¥.
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