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�¢¥¤¥­¨¥

� ­ ¨¡®«¥¥ ®¡é¥© ¬ â¥¬ â¨ç¥áª®© ä®à¬¥ á¯¨­®àë ¡ë«¨ ¢¢¥¤¥­ë �.� àâ ­®¬ ¢ 1913 £. [1],
  § â¥¬ ¢ 1928 £. ¯¥à¥®âªàëâë � ­ ¤¥à � à¤¥­®¬ [2] ¢ á¢ï§¨ á ä¨§¨ç¥áª¨¬¨ ¨áá«¥¤®¢ ­¨ï¬¨
�¨à ª . �¯¨­®àë ¤ îâ «¨­¥©­®¥ ¯à¥¤áâ ¢«¥­¨¥ £àã¯¯ë ¢à é¥­¨© ¯à®áâà ­áâ¢  n ¨§¬¥à¥­¨©,
¯à¨ç¥¬ ª ¦¤ë© á¯¨­®à ®¯à¥¤¥«¥­ ¯à¨ ¯®¬®é¨ 2� á®áâ ¢«ïîé¨å (n = 2� + 1 ¨«¨ 2�). �¯¨­®àë
ç¥âëà¥å¬¥à­®£® ¯à®áâà ­áâ¢  ¢å®¤ïâ ¢ §­ ¬¥­¨â®¥ ãà ¢­¥­¨¥ �¨à ª  ¤«ï í«¥ªâà®­ , ¯à¨ç¥¬
ç¥âëà¥ ¢®«­®¢ëå äã­ªæ¨¨ ï¢«ïîâáï ­¨ ç¥¬ ¨­ë¬, ª ª á®áâ ¢«ïîé¨¬¨ á¯¨­®à .

�¥®à¨ï á¯¨­®à®¢ ¢ à¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥-¢à¥¬¥­¨ ®¡é¥© â¥®à¨¨ ®â­®á¨â¥«ì­®áâ¨ ¡ë-
«  à §¢¨â  ¢ à ¡®â å [3]{[5]. �¨¬¬¥âà¨ç¥áª¨© â¥­§®à í­¥à£¨¨-¨¬¯ã«ìá  ¤«ï á¯¨­®à­ëå ¯®«¥©
á ¯à®¨§¢®«ì­ë¬¨ äã­ªæ¨ï¬¨ � £à ­¦  ¡ë« ¯®«ãç¥­ �.�®§¥­ä¥«ì¤®¬ ¢ 1940 £. [6]. � à ¡®-
â¥ �®§¥­ä¥«ì¤  à ááã¦¤¥­¨ï ¯à¨ ¯à¨¬¥­¥­¨¨ â¥®à¥¬ë ��eâ¥à ª ¯®áâà®¥­¨î § ª®­®¢ á®åà ­¥-
­¨ï ­¥ ­®áïâ ª®¢ à¨ ­â­ë© å à ªâ¥à, ª®¢ à¨ ­â­ ï § ¯¨áì § ª®­®¢ á®åà ­¥­¨ï ¤®áâ¨£ ¥âáï
á ¯®¬®éìî ®áâà®ã¬­ëå ¯à¥®¡à §®¢ ­¨©. �®¢ à¨ ­â­®¥ ¯®áâà®¥­¨¥ á¨¬¬¥âà¨ç¥áª®£® â¥­§®à 
í­¥à£¨¨-¨¬¯ã«ìá  ¤«ï á¯¨­®à­ëå ¯®«¥© ¯®«ãç¥­® ¢ [7] ¯ãâ¥¬ ¯à¨¬¥­¥­¨ï ¯à®¨§¢®¤­®© �¨ á¯¨-
­®à®¢, ¯à¥¤«®¦¥­­®© �.�®á¬ ­ [8] ¨ ®¡®á­®¢ ­­®© á â¥®à¥â¨ª®-£àã¯¯®¢®© â®çª¨ §à¥­¨ï ¢ [9].
�¥®à¥â¨ª®-£àã¯¯®¢®¥ ®¡®á­®¢ ­¨¥ ¯à®¨§¢®¤­®© �¨ á¯¨­®à®¢ âà¥¡ã¥â à áá¬®âà¥­¨ï á¯¨­®à®¢ ¢
¯à®¨§¢®«ì­ëå ­¥®àâ®£®­ «ì­ëå à¥¯¥à å. �®íâ®¬ã ¢®§­¨ª ¥â ¯à®¡«¥¬  ¯®áâà®¥­¨ï á¯¨­®à­®£®
 ­ «¨§  ¢ ¯à®¨§¢®«ì­ëå à¥¯¥à å, ¢ ¯¥à¢ãî ®ç¥à¥¤ì ¯à®¡«¥¬  ¯®áâà®¥­¨ï ª®¢ à¨ ­â­®© ¯à®¨§-
¢®¤­®© ¨ ¯à®¨§¢®¤­®© �¨ ¢ ¯à®¨§¢®«ì­ëå à¥¯¥à å.

1. �àã¯¯  Spin(4) [10]

� áá¬®âà¨¬ ¯à®áâà ­áâ¢®-¢à¥¬ï �¨­ª®¢áª®£®, ®â­¥á¥­­®¥ ª ­¥ª®â®à®© ®àâ®£®­ «ì­®© ¤¥ª à-
â®¢®© á¨áâ¥¬¥ ª®®à¤¨­ â, ¨ ®¡®§­ ç¨¬ ç¥à¥§ ��� (��� = 0, � 6= �; �00 = 1, �11 = �22 = �33 = �1) ¥£®
¬¥âà¨ç¥áª¨© â¥­§®à. �¤¥áì ¨ ¤ «¥¥ ¢á¥ ¨­¤¥ªáë, ªà®¬¥ § £« ¢­ëå « â¨­áª¨å, ¯à¨­¨¬ îâ §­ -
ç¥­¨ï 0, 1, 2, 3; § £« ¢­ë¥ « â¨­áª¨¥ | 1, 2, 3, 4. �¢¥¤¥¬ á¨áâ¥¬ã ç¥âëà¥å 4� 4 ¬ âà¨æ �¨à ª 

� á ª®¬¯«¥ªá­ë¬¨ í«¥¬¥­â ¬¨ 
� = (
�AB), (
� = ���
�), ã¤®¢«¥â¢®àïîé¨å á®®â­®è¥­¨î


�
� + 
�
� = 2���I;

£¤¥ I | ¥¤¨­¨ç­ ï 4�4 ¬ âà¨æ . � âà¨æë �¨à ª  ®¯à¥¤¥«ïîâáï á â®ç­®áâìî ¤® ¢ë¡®à  ¡ §¨á 
¢ 4-¬¥à­®¬ ª®¬¯«¥ªá­®¬ ¯à®áâà ­áâ¢¥ ¨ ¢ â¥®à¥â¨ç¥áª®© ä¨§¨ª¥ ¨å ®¡ëç­® ¢ë¡¨à îâ ¢ ¢¨¤¥
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(¯à¥¤áâ ¢«¥­¨¥ �¨à ª )


0 =

0
BBB@
1 0 0 0
0 1 0 0
0 0 �1 0
0 0 0 �1

1
CCCA ; 
1 =

0
BBB@
0 0 0 �1
0 0 �1 0
0 1 0 0
1 0 0 0

1
CCCA ;


2 =

0
BBB@
0 0 0 i

0 0 �i 0
0 �i 0 0
i 0 0 0

1
CCCA ; 
3 =

0
BBB@
0 0 �1 0
0 0 0 1
1 0 0 0
0 �1 0 0

1
CCCA : (1)

� âà¨æë I, 
�, 
�
�, 
�
�

, 
�
�


� (� 6= � 6= 
 6= �) «¨­¥©­® ­¥§ ¢¨á¨¬ë; ¢ ¨å «¨­¥©­®©
®¡®«®çª¥ ­ ¤ ¯®«¥¬ ¢¥é¥áâ¢¥­­ëå ç¨á¥« á®¢®ªã¯­®áâì ­¥®á®¡¥­­ëå ¬ âà¨æ ®¡à §ã¥â £àã¯¯ã �¨
� ®â­®á¨â¥«ì­® ®¡ëç­®£® ã¬­®¦¥­¨ï ¬ âà¨æ. �®¤¬­®¦¥áâ¢® G � �, ¯®à®¦¤¥­­®¥ ¬ âà¨æ ¬¨ �
á det � = 1, ¤«ï ª®â®àëå «¨­¥©­ ï ®¡®«®çª  M ¬ âà¨æ 
� á ¢¥é¥áâ¢¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨
®áâ ¥âáï ¨­¢ à¨ ­â­®© ¯à¨ ¯à¥®¡à §®¢ ­¨¨ �M��1 = M; â®¦¥ ¯à¥¤áâ ¢«ï¥â £àã¯¯ã �¨, ®­ 
­ §ë¢ ¥âáï £àã¯¯®© Spin(4). �á«¨ ¯®«®¦¨âì �
���1 = A��
�, â® ¬ âà¨æ  A = (A��) ¯à¥¤áâ ¢«ï¥â
¯à¥®¡à §®¢ ­¨¥ �®à¥­æ  ¢ L(4). �àã¯¯ë L(4) ¨ Spin(4) «®ª «ì­® ¨§®¬®àä­ë, £àã¯¯  Spin(4)
£®¬®¬®àä­  £àã¯¯¥ L(4), ï¤à® £®¬®¬®àä¨§¬  á®áâ®¨â ¨§ ¬ âà¨æ �I, ¢ ¨â®£¥ £àã¯¯  Spin(4) ¤¢ -
¦¤ë ­ ªàë¢ ¥â £àã¯¯ã L(4). �á«¨ ¯à¥®¡à §®¢ ­¨¥ �®à¥­æ  L ¨§ á¢ï§­®© ª®¬¯®­¥­âë ¥¤¨­¨æë
¨¬¥¥â ¢¨¤ L = exp(K), K � � | ª®á®á¨¬¬¥âà¨ç¥áª ï ¬ âà¨æ : �K = �KT�, â® á®®â¢¥âáâ¢ã-
îé¥¥ ¯à¥®¡à §®¢ ­¨¥ � ¨§ Spin(4) ¨¬¥¥â ¢¨¤ � = � exp(
�
�K�

� ). �à¨ ¢ë¡®à¥ ¬ âà¨æ �¨à ª 
¢ ¢¨¤¥ (1) ¤«ï ¢à¥¬¥­­®£® ¨ ¯à®áâà ­áâ¢¥­­®£® ®âà ¦¥­¨© ¢ ¯à®áâà ­áâ¢¥ �¨­ª®¢áª®£® á®®â-
¢¥âáâ¢ãîé¨¥ ¯à¥®¡à §®¢ ­¨ï á®®â¢¥âáâ¢¥­­® ¨¬¥îâ ¢¨¤ �(T )
1
2
3 ¨ �(P )
0, £¤¥ �2(T ) = �1,
�2(P ) = �1.

2. �¨¬ ­®¢ë ¨ á¯¨­®à­ë¥ ¬­®£®®¡à §¨ï

�ãáâì V ¥áâì ¯à®áâà ­áâ¢¥­­®-¢à¥¬¥­­®¥ à¨¬ ­®¢® ¬­®£®®¡à §¨¥ á ¬¥âà¨ª®© ds2 =
g��(x)dx�dx� á¨£­ âãàë (+;�;�;�) ¢ «®ª «ì­ëå ª®®à¤¨­ â å x�. �¥à¥§ E(V ) ®¡®§­ ç¨¬ £« ¢-
­®¥ à áá«®¥­¨¥ «¨­¥©­ëå à¥¯¥à®¢ ¬­®£®®¡à §¨ï V ,   ç¥à¥§ O(V ) | £« ¢­®¥ à áá«®¥­¨¥ ®àâ®-
­®à¬¨à®¢ ­­ëå à¥¯¥à®¢ á £àã¯¯®© L(4) ¢ ª ç¥áâ¢¥ áâàãªâãà­®© £àã¯¯ë. �à¥¤¯®« £ ¥¬, çâ® V
®à¨¥­â¨àã¥¬®, â. ¥. O(V ) ¤®¯ãáª ¥â áã¦¥­¨¥ áâàãªâãà­®© £àã¯¯ë L(4) ¤® L0(4)-á¢ï§­®© ª®¬-
¯®­¥­âë ¥¤¨­¨æë ¢ L(4). �¥¯¥à ¢ â®çª¥ x ­  V ¡ã¤¥¬ ®¡®§­ ç âì e(x), ®­ § ¤ ¥âáï ç¥âëàì¬ï
«¨­¥©­® ­¥§ ¢¨á¨¬ë¬¨ ¢¥ªâ®à­ë¬¨ ¯®«ï¬¨, ¨¬¥îé¨¬¨ ¢ «®ª «ì­ëå ª®®à¤¨­ â å ¢¨¤ ea�(x),
£¤¥ �| ª®®à¤¨­ â­ë© ¨­¤¥ªá, a| ­®¬¥à ¢¥ªâ®à  à¥¯¥à . � àï¤ã á à¥¯¥à®¬ (ea�) à áá¬ âà¨¢ -
¥¬ ¨ ª®à¥¯¥à ea�(x), ª®â®à®¬ã á®®â¢¥âáâ¢ã¥â ¡ §¨á �a = ea�(x)dx

� ¢ ¯à®áâà ­áâ¢¥ 1-ä®à¬. �á«¨
à¥¯¥à e = (ea�) ®àâ®­®à¬¨à®¢ ­­ë©, â® ea�eb�g��(x) = �ab, £¤¥ �ab = (1;�1;�1;�1). �®ª «ì­ë¥
ª®®à¤¨­ âë ¢ E(V ) ¬®¦­® ¯®áâà®¨âì á«¥¤ãîé¨¬ ®¡à §®¬. �¥¯¥à (ea�) ­ §ë¢ ¥âáï ­ âãà «ì­ë¬,
¥á«¨ «¨­¥©­ë¥ ®¯¥à â®àë ea

� @
@x�

¨¬¥îâ ¢¨¤ ea� @
@x�

= @
@xa

, â. ¥. ea� = ��a . �«ï ¯à®¨§¢®«ì­®£® à¥-
¯¥à  e(x) ¯®«ãç¨¬ e(x)a� = ��b A

b
a, ¨ «®ª «ì­ë¥ ª®®à¤¨­ âë à¥¯¥à  e(x) ¡ã¤ãâ ¨¬¥âì ¢¨¤ (x;A),

£¤¥ A = (Aba). �«ï ­ âãà «ì­®£® à¥¯¥à  ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§­ ç¥­¨¥ @x. �á«¨ @y | ­ âã-

à «ì­ë© à¥¯¥à ¤«ï ª àâë á ª®®à¤¨­ â ¬¨ y�, â® @y = @y

@x
@x, £¤¥ @y

@x
=
�
@y�

@x�

�
| ïª®¡¨¥¢  ¬ âà¨æ .

�á«¨ ¢ ­®¢®© ª àâ¥ \®âáç¥â" à¥¯¥à®¢ ­ ç¨­ âì á­®¢  á ­ âãà «ì­®£®, â® ¢ ®¡« áâ¨ ¯¥à¥á¥ç¥­¨ï
¤¢ãå ª àâ á «®ª «ì­ë¬¨ ª®®à¤¨­ â ¬¨ x ¨ y ¢ ª®®à¤¨­ â å y ¨¬¥¥¬ e(x)! (y(x); A(y(x))), â. ¥.
äã­ªæ¨¨ ¯¥à¥å®¤   yx ¯à¥¤áâ ¢«ïîâ á®¡®© ¯®áâ®ï­­ë¥ ¥¤¨­¨ç­ë¥ 4 � 4 ¬ âà¨æë I. � á«ãç ¥
O(V ) â®¦¥ ¬®¦­® ¯®¤®¡à âì  â« á, ¤«ï ª®â®à®£® äã­ªæ¨¨ ¯¥à¥å®¤  à ¢­ë ¥¤¨­¨ç­®© ¬ âà¨æ¥,
¥á«¨ ¢ O(V ) áãé¥áâ¢ã¥â á¥ç¥­¨¥ lo : V ! O(V ), x ! lo(x) â ª®¥, çâ® ­  ¯¥à¥á¥ç¥­¨¨ ª àâ ¨¬¥-
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¥¬ lo(y) !
@y

@x
lo(x). � ª ¦¤®¬ã ®àâ®­®à¬¨à®¢ ­­®¬ã à¥¯¥àã ®â­¥á¥¬ â ª¦¥ ¬ âà¨æë �¨à ª ,

¢­¥è­¨¥ ¨­¤¥ªáë ª®â®àëå ã¦¥ ¡ã¤¥¬ ®¡®§­ ç âì áâà®ç­ë¬¨ ¡ãª¢ ¬¨ « â¨­áª®£®  «ä ¢¨â .
� àï¤ã á £« ¢­ë¬ à áá«®¥­¨¥¬O(V ) ®àâ®­®à¬¨à®¢ ­­ëå à¥¯¥à®¢ ¬®¦­® ¢¢¥áâ¨ £« ¢­®¥ à á-

á«®¥­¨¥ S(V ) á¯¨­®à­ëå à¥¯¥à®¢ á® áâàãªâãà­®© £àã¯¯®© Spin(4), ª®â®à®¥ ¬®¦­® ¯®«ãç¨âì ¨§
O(V ) ¯ãâ¥¬ à áè¨à¥­¨ï O(V ). �®íâ®¬ã à áá«®¥­¨¥ á¯¨­®à®¢ ¬®¦­® áç¨â âì  áá®æ¨¨à®¢ ­­ë¬
á à áá«®¥­¨¥¬ O(V ) ®àâ®£®­ «ì­ëå à¥¯¥à®¢ ¨«¨ á à áá«®¥­¨¥¬ S(V ) á¯¨­®à­ëå à¥¯¥à®¢.

3. �®¢ à¨ ­â­ ï ¯à®¨§¢®¤­ ï á¯¨­®à®¢

�®¢ à¨ ­â­ ï ¯à®¨§¢®¤­ ï ®â á¯¨­®à  ¢¯¥à¢ë¥ ¯®«ãç¥­  �.�.�®ª®¬ ¢ [3]. �«ï ¯®«ãç¥­¨ï
ª®¢ à¨ ­â­®© ¯à®¨§¢®¤­®© á¯¨­®à  ¨á¯®«ì§®¢ «áï â®â ä ªâ, çâ® ¡¨«¨­¥©­ë¥ ª®¬¡¨­ æ¨¨ á¯¨-
­®à®¢ Ai =  �i , £¤¥ �0 = I, �i = 
5
i
0 (i = 1; 2; 3), �4 = �i
2, �5 = 
0
2, ®¡à §ãîâ ®¤¨­
ç¥âëà¥å¢¥ªâ®à (i = 0; 1; 2; 3) ¨ ¤¢  ¨­¢ à¨ ­â  i = 4; 5, ¤«ï ª®â®àëå § ª®­ ¯ à ««¥«ì­®£® ¯¥-
à¥­®á  ¯à¨ ¡¥áª®­¥ç­® ¬ «ëå ¯à¥®¡à §®¢ ­¨ïå ¨§¢¥áâ¥­. �à¥¤¯®« £ ï, çâ® ¯à¨à é¥­¨¥ á¯¨-
­®à  ¯à¨ â ª®¬ ¯à¥®¡à §®¢ ­¨¨ ¯à®¯®àæ¨®­ «ì­® ¨áå®¤­®¬ã á¯¨­®àã á ­¥ª®â®à®© ¬ âà¨æ¥©
¯à®¯®àæ¨®­ «ì­®áâ¨ ¨ ¤¨ää¥à¥­æ¨ «ã á¬¥é¥­¨ï, â. ¥. � =

P
elCldsl , £¤¥ Cl | ¬ âà¨æ  ¯à®-

¯®àæ¨®­ «ì­®áâ¨, dsl | ®àâ®£®­ «ì­ë¥ ª®¬¯®­¥­âë á¬¥é¥­¨ï (¨ ­¥ï¢­® ¯à¥¤¯®« £ ï ¢ë¯®«­¥-
­¨ï ¯à ¢¨«  �¥©¡­¨æ ), áà ¢­¨¢ ï § ª®­ë ¯à¥®¡à §®¢ ­¨ï Ai á § ª®­®¬ ¯à¥®¡à §®¢ ­¨ï ¢¥ª-
â®à  ¨ ¨­¢ à¨ ­â , ¯®«ãç¨¬ á¨áâ¥¬ã ¬ âà¨ç­ëå ãà ¢­¥­¨© ­  ¬ âà¨æã ¯à®¯®àæ¨®­ «ì­®áâ¨.
C+

l�i + �iCl =
P
ek
ikl�k (i = 0{3) ¨ C+

l�i + �iCl = 0 (¤«ï i = 4; 5): �¡é¥¥ à¥è¥­¨¥ íâ¨å ãà ¢-
­¥­¨© á®¤¥à¦¨â ­ àï¤ã á å®à®è® ¨§¢¥áâ­®© á¢ï§­®áâìî �®ª   ¤¤¨â¨¢­ë© ç«¥­, ¯à®¯®àæ¨®­ «ì-
­ë© ¥¤¨­¨ç­®© ¬ âà¨æ¥, ª®â®àë© ¨­â¥à¯à¥â¨àã¥âáï �®ª®¬ ª ª ¯®â¥­æ¨ « í«¥ªâà®¬ £­¨â­®£®
¯®«ï. �â®â ¯à®¨§¢®« ¢ ®¯à¥¤¥«¥­¨¨ ª®¢ à¨ ­â­®© ¯à®¨§¢®¤­®© á¯¨­®à  ãáâà ­ï¥âáï ¯ãâ¥¬ ­ -
«®¦¥­¨ï á«¥¤ãîé¥£® âà¥¡®¢ ­¨ï: ª®¢ à¨ ­â­ ï ¯à®¨§¢®¤­ ï ¬¥âà¨ç¥áª®£® á¯¨­®à  ¢ ¯à®áâà ­-
áâ¢¥ á¯¨­®à®¢ ¤®«¦­  ¡ëâì à ¢­  ­ã«î [11].

�§ïé­ë© á¯®á®¡ ¯®áâà®¥­¨ï ª®¢ à¨ ­â­®© ¯à®¨§¢®¤­®© á¯¨­®à®¢ ¯à¥¤«®¦¥­ �.�¨å­¥à®¢¨-
ç¥¬ [10]. �  à¨¬ ­®¢®¬ ¬­®£®®¡à §¨¨ áãé¥áâ¢ã¥â á¢ï§­®áâì, ®¯à¥¤¥«ï¥¬ ï á¨¬¢®« ¬¨ �à¨áâ®ä-
ä¥«ï ®â ¬¥âà¨ç¥áª®£® â¥­§®à  ¨ ­ §ë¢ ¥¬ ï à¨¬ ­®¢®© á¢ï§­®áâìî. �¢ï§­®áâì ­  à áá«®¥­¨¨
«¨­¥©­ëå à¥¯¥à®¢ ­ §ë¢ ¥âáï «¨­¥©­®© á¢ï§­®áâìî,   ­  à áá«®¥­¨¨ ®àâ®£®­ «ì­ëå à¥¯¥à®¢ |
«®à¥­æ¥¢®©. �®à¥­æ¥¢  á¢ï§­®áâì â®£¤  ¨ â®«ìª® â®£¤  ï¢«ï¥âáï à¨¬ ­®¢®© á¢ï§­®áâìî, ª®£¤ 
 áá®æ¨¨à®¢ ­­ ï á ­¥© «¨­¥©­ ï á¢ï§­®áâì ®¡« ¤ ¥â ­ã«¥¢ë¬ ªàãç¥­¨¥¬ ¨ 1-ä®à¬  ! = (!ab)
¯à¨ § ¤ ­­®¬ á¥ç¥­¨¨ eo(x) ­  £« ¢­®¬ à áá«®¥­¨¨ O(V ) ¨¬¥¥â ¢¨¤

!ab(�) = �cabc�
c;

£¤¥ cabc | ª®íää¨æ¨¥­âë ¢à é¥­¨ï �¨çç¨, �� | ¢¥ªâ®à­®¥ ¯®«¥. �.�¨å­¥à®¢¨ç íâ®© ä®à¬¥
á¢ï§­®áâ¨ ­  O(V ) áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ á¯¨­®à­ãî á¢ï§­®áâì � ­  S(V ) ¯® § ª®­ã �(Vz) =
p0�1!(pVz), £¤¥ p(Vz) | ¯à®¥ªæ¨ï ­ O(V ) ª á â¥«ì­®£® ¢¥ªâ®à  Vz ª z ­  S(V ) ¨ p0|¨§®¬®àä¨§¬
 «£¥¡àë �¨ £àã¯¯ë Spin(4) ­   «£¥¡àã �¨ L(4). �®á«¥ ¢¢¥¤¥­¨ï ­¥ª®â®à®£® «®ª «ì­®£® á¥ç¥­¨ï
¢ S(V ) ä®à¬  á¢ï§­®áâ¨ � ®ª §ë¢ ¥âáï à ¢­®©

� =
1
4
!ab
a


b:

�á«¨ M | ­¥ª®â®à®¥ 4-¬¥à­®¥ ª®¬¯«¥ªá­®¥ ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢®, ­  ª®â®à®¬ ¤¥©áâ¢ã¥â
Spin(4), â® ª®­âà ¢ à¨ ­â­ë© 1-á¯¨­®à  ¢ â®çª¥ x 2 V ®¯à¥¤¥«ï¥âáï ª ª ®â®¡à ¦¥­¨¥ z !  (z)
¨§ ��1(x) ¢ M â ª®¥, çâ®

 (z��1) = � (z) (� 2 Spin(4)):

�®¢ à¨ ­â­ ï ¯à®¨§¢®¤­ ï á¯¨­®à  ��r� ¢ ­ ¯à ¢«¥­¨¨ ¢¥ªâ®à  �� ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

��r� = ��@� +
1
4
!ab(�)
a


b : (2)
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� ¤ «ì­¥©è¥¬, á«¥¤ãï [12], ¡ã¤¥¬ à áá¬ âà¨¢ âì á¯¨­®àë ª ª í«¥¬¥­âë á¯¨­®à­®£® à áá«®¥­¨ï,
 áá®æ¨¨à®¢ ­­®£® á £« ¢­ë¬ à áá«®¥­¨¥¬ O(V ) ®àâ®£®­ «ì­ëå à¥¯¥à®¢. �áá®æ¨¨à®¢ ­­®¥ à á-
á«®¥­¨¥ á® áâ ­¤ àâ­ë¬ á«®¥¬ M , ­  ª®â®à®¬ £àã¯¯  Spin(4), ª ª ¯à¥¤áâ ¢«¥­¨¥ £àã¯¯ë L(4),
¤¥©áâ¢ã¥â ¯à ¢®áâ®à®­­¨¬ ®¡à §®¬

L 2 L(4); L : M !M;  ! ��1(L) =  � L;

®¯à¥¤¥«ï¥âáï ª ª ä ªâ®à-¯à®áâà ­áâ¢® â¥­§®à­®£® ¯à®¨§¢¥¤¥­¨ï O(V ) �M ®â­®á¨â¥«ì­® ¤¥©-
áâ¢¨ï £àã¯¯ë L(4). �ãáâì ¤«ï ª ¦¤®£® x 2 V ¯à¥¤áâ ¢¨â¥«ì ª« áá  íª¢¨¢ «¥­â­®áâ¨ ¢ë¡à ­
¢ ¢¨¤¥ (x;L(x);  ), £¤¥ L(x) § ¤ ¥â ­¥ª®â®à®¥ ¯®«¥ à¥¯¥à®¢, a  2 M . �á«¨  ¯à®¡¥£ ¥â M , â®
(x;L(x);  ) ¡ã¤¥â ®¯à¥¤¥«ïâì á«®©Mx ¢ â®çª¥ x. � ¦¤ë© í«¥¬¥­â z = (x;L1) 2 O(V ) ¯®à®¦¤ ¥â
®â®¡à ¦¥­¨¥

M !Mx;  ! z �  = (x;L(x);  � (L1
�1L(x))):

�à¨¢ ï

t! (x(t); L(x(t))(1 � t!(�)) �  (x) = (x;L(x(t);  � (1 + t!(�))) =
�
x;L(x(t));

�
1�

t

4
!ab(�)
a


b

��
 

¯à¥¤áâ ¢«ï¥â á®¡®© £®à¨§®­â «ì­ë© ¯ãâì ¢  áá®æ¨¨à®¢ ­­®¬ à áá«®¥­¨¨ ¨ ®¯à¥¤¥«ï¥â ¯ à «-
«¥«ì­ë© ¯¥à¥­®á  (x) ¨§ â®çª¨ x ¢ â®çªã x(t). �®íâ®¬ã ª®¢ à¨ ­â­ ï ¯à®¨§¢®¤­ ï r� ¢ ­ -
¯à ¢«¥­¨¨ ¢¥ªâ®à  � ¥áâì

r� = lim
t!0

 (x(t)) �  (x) � (1 + t!(�))
t

= ��@� +
1
4
!ab(�)
a


b :

�ë ¯à¨å®¤¨¬ ª â®¬ã ¦¥ à¥§ã«ìâ âã (2).

4. �à®¨§¢®¤­ ï �¨ á¯¨­®à 

�à®¨§¢®¤­ãî �¨ á¯¨­®à­ëå ¯®«¥© ¡ã¤¥¬ áâà®¨âì ¯®  ­ «®£¨¨ á ¯à®¨§¢®¤­ë¬¨�¨ ¢¥ªâ®à­ëå
¯®«¥© ([12], á. 36). � ¯®¬®éìî ¡¥áª®­¥ç­® ¬ «®£® ¯à¥®¡à §®¢ ­¨ï ª®®à¤¨­ â x ! x0 = x + t�

¢¥ªâ®à­®¬ã ¯®«î A�(x�t�) ¢ â®çª¥ x�t� ¬®¦­® á®¯®áâ ¢¨âì ã¢«¥ç¥­­®¥ ¢¥ªâ®à­®¥ ¯®«¥ ¢ â®çª¥
x ¯® ¯à ¢¨«ã eA�(x) = @x0�

@x�
A�(x � t�): �à®¨§¢®¤­ ï �¨ ¢¥ªâ®à­®£® ¯®«ï A� ¢¤®«ì ¢¥ªâ®à­®£®

¯®«ï X = ��@� ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

LXA
� = lim

t!0
(A�(x)� eA�(x))=t = [X;A]�;

£¤¥ A = A�@�. �à¨ íª¢¨¢ «¥­â­®¬ ®¯à¥¤¥«¥­¨¨ ¯à®¨§¢®¤­®© �¨ ¢¥ªâ®à­®£® ¯®«ï ­  ï§ëª¥
à¥¯¥à®¢ à¥¯¥àã e(x� t�) ¢ â®çª¥ x� t� ­ã¦­® á®¯®áâ ¢¨âì ã¢«¥ç¥­­ë© à¥¯¥à ¢ â®çª¥ x

ee(x) = (eea�); eea� = ea
�(x� t�)

@x0�

@x�
= (�ba + tKa

b + �)eb�(x); Ka
b = �eb�LXea

�:

� ¬ âà¨ç­ëå ®¡®§­ ç¥­¨ïå ee = e(1 + tK + �). �ã¦­® áç¨â âì, çâ® ¯à¨ ¯¥à¥å®¤¥ ®â e(x � t�) ªee(x) à¥¯¥à­ë¥ ª®¬¯®­¥­âë ­¥ ¨§¬¥­ïîâáï, ã¢«¥ç¥­­ë¥ §­ ç¥­¨ï eAa(x) ¯®«ãç îâáï á ¯®¬®éìî
¯à¥®¡à §®¢ ­¨ï (1 + tK + �) ¯à¨ ¯¥à¥å®¤¥ ®â ee(x) ª e(x)

eAa(x) = Ab(x� t�)(�ab + tKb
a + �):

�á«¨ ¯®«®¦¨âì
LxA

a = lim
t!0

(Aa(x)� eAa(x))=t;
â® ¯®«ãç¨¬

LXA
a = ��@�A

a �Kb
aAb = X(Aa)�Kb

aAb = ea�LXA
�: (3)

�«¥¤ã¥â § ¬¥â¨âì, çâ® ¯à¨ â ª®¬ ¯®¤å®¤¥ ª ®¯à¥¤¥«¥­¨î ¯à®¨§¢®¤­ëå �¨ ¢¥ªâ®à  ¯à®¨§¢®¤­ë¥
�¨ ¢¥ªâ®à®¢ à¥¯¥à  ®ª §ë¢ îâáï à ¢­ë¬¨ ­ã«î. �¥ªâ®àë à¥¯¥à  ea� å à ªâ¥à¨§ãîâáï ¤¢ã¬ï
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¨­¤¥ªá ¬¨ à §«¨ç­®© ¯à¨à®¤ë, ª ¦¤®¬ã ¨§ ª®â®àëå ­ã¦­® á®¯®áâ ¢«ïâì á®®â¢¥âáâ¢ãîé¨¥ ®¯¥-
à æ¨¨ ¯à®¨§¢®¤­®© �¨,   ¨å áã¬¬ à­®¥ ¤¥©áâ¢¨¥ ¯à¨¢®¤¨â ¢ ¨â®£¥ ª ­ã«¥¢®¬ã §­ ç¥­¨î. �á«¨
e(x) | ®àâà¥¯¥à, â® á®®â¢¥âáâ¢ãîé¥¥ ¯à¥®¡à §®¢ ­¨¥ (1+ tK+ �) ¢ ®¡é¥¬ á«ãç ¥ ¯à®¨§¢®«ì­®£®
¢¥ªâ®à  �� ­¥ ï¢«ï¥âáï ¯à¥®¡à §®¢ ­¨¥¬ �®à¥­æ , ¯®íâ®¬ã, çâ®¡ë ¯®«ãç¨âì ¯à®¨§¢®¤­ãî �¨
á¯¨­®à , �.�®á¬ ­ [8] ¨á¯®«ì§ã¥â ¯à¥®¡à §®¢ ­¨¥ KA = (K �K�)=2, £¤¥ K� | �-á®¯àï¦¥­­®¥
¯à¥®¡à §®¢ ­¨¥ ª K. � âà¨æ  K ¢ (3) ¤«ï á«ãç ï á¯¨­®à®¢ § ¬¥­ï¥âáï ­  � 1

4
KAb

a
a

b. �®£¤ 

¤«ï ¯à®¨§¢®¤­®© �¨ á¯¨­®à  ¯®«ãç ¥âáï ¢ëà ¦¥­¨¥

LX = X( )�
1
4
KAb

a
a

b : (4)

�à¨ â ª®¬ ®¯à¥¤¥«¥­¨¨ ¯à®¨§¢®¤­®© �¨ á¯¨­®à®¢ ­¥¢®§¬®¦­® ¯à®¢®¤¨âì ¯®á«¥¤®¢ â¥«ì­® áâà®-
£¨¥ à ááã¦¤¥­¨ï ¯® ¯à¨¬¥­¥­¨î â¥®à¥¬ë ��¥â¥à ª ¢ë¢®¤ã § ª®­®¢ á®åà ­¥­¨ï ¤«ï á¯¨­®à­ëå
¯®«¥©. �ã¦­® ã¬¥âì ¯à¥®¡à §®¢ë¢ âì á¯¨­®àë ¯à¨ ­¥«®à¥­æ¥¢ëå ¯à¥®¡à §®¢ ­¨ïå à¥¯¥à  ¨«¨,
çâ® â® ¦¥ á ¬®¥, ã¬¥âì à áá¬ âà¨¢ âì á¯¨­®àë ¢ ¯à®¨§¢®«ì­ëå, ­¥®àâ®­®à¬¨à®¢ ­­ëå à¥¯¥à å.

5. �¯¨­®àë ¢ ¯à®¨§¢®«ì­ëå à¥¯¥à å

�«ï â®£® çâ®¡ë ¨¬¥âì ¢®§¬®¦­®áâì à áá¬ âà¨¢ âì á¯¨­®àë ¢ ¯à®¨§¢®«ì­ëå à¥¯¥à å, ­¥®¡-
å®¤¨¬® § ¤ ¢ âì § ª®­ ¯à¥®¡à §®¢ ­¨ï á¯¨­®à®¢ ¯à¨ ¯¥à¥å®¤¥ ®â ®¤­®£® à¥¯¥à  ª ¤àã£®¬ã á
¯®¬®éìî ¯à®¨§¢®«ì­®£® «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï A, â. ¥. ­¥®¡å®¤¨¬® ¯à¥¤áâ ¢«¥­¨¥ £àã¯¯ë
�®à¥­æ  L(4) ¢ ¯à®áâà ­áâ¢¥ á¯¨­®à®¢ à áè¨à¨âì ¤® ¯à¥¤áâ ¢«¥­¨ï ¯®«­®© «¨­¥©­®© £àã¯¯ë
GL(4). �«ï íâ®£® ¢®á¯®«ì§ã¥¬áï ¯®«ïà­ë¬ à §«®¦¥­¨¥¬ ¢ ¯à®áâà ­áâ¢¥ �¨­ª®¢áª®£® [9]: ¢áï-
ª®¥ ­¥®á®¡¥­­®¥ «¨­¥©­®¥ ¯à¥®¡à §®¢ ­¨¥ A ¢ ¯à®áâà ­áâ¢¥ �¨­ª®¢áª®£® ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬
¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï á¨¬¬¥âà¨ç¥áª®£® ¯à¥®¡à §®¢ ­¨ï S (ST � = �S) ¨ ¯à¥®¡à §®-
¢ ­¨ï �®à¥­æ  L ¨«¨ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï á¨¬¬¥âà¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨© T ¨ S ¨ ¯à¥®¡à -
§®¢ ­¨ï �®à¥­æ  L. �à¥®¡à §®¢ ­¨¥ S ¨¬¥¥â â® ¦¥ á ¬®¥ ª®à­¥¢®¥ ¯®¤¯à®áâà ­áâ¢®, çâ® ¨
¯à¥®¡à §®¢ ­¨¥ ��1AT�A, á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¯à¥®¡à §®¢ ­¨ï S ¯®«®¦¨â¥«ì­ë ¨«¨ ¨¬¥îâ
¯®«®¦¨â¥«ì­ãî ¢¥é¥áâ¢¥­­ãî ç áâì. � âà¨æ  ¯à¥®¡à §®¢ ­¨ï T ¢ ª ­®­¨ç¥áª®¬ ¡ §¨á¥ ¯à¥-
®¡à §®¢ ­¨ï ��1AT �A ¨¬¥¥â ¢¨¤

T =

0
BBB@
0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1

1
CCCA :

�á«¨ e = (ea�) | ¯à®¨§¢®«ì­ë© à¥¯¥à ¢ ¯à®áâà ­áâ¢¥ �¨­ª®¢áª®£®, â® gab = ea
�eb

���� |
à¥¯¥à­ë¥ ª®¬¯®­¥­âë ¬¥âà¨ç¥áª®£® â¥­§®à . �á«¨ à¥¯¥à e ®àâ®­®à¬¨à®¢ ­­ë©, â® ¢ íâ®¬ á«ãç ¥
¡ã¤¥¬ ¯à¨¬¥­ïâì ¤«ï gab ®¡®§­ ç¥­¨¥ �ab.

�«ï ª ¦¤®£® à¥¯¥à  e ¢ ¯à®áâà ­áâ¢¥ �¨­ª®¢áª®£®, å à ªâ¥à¨§ã¥¬®£® ¬¥âà¨ç¥áª¨¬ â¥­§®-
à®¬, áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ ¯à¥®¡à §®¢ ­¨¥ P , ª®â®à®¥ ¥áâì ¨«¨ á¨¬¬¥âà¨ç¥áª®¥ ¯à¥®¡à §®¢ -
­¨¥ ¨«¨ ¯à®¨§¢¥¤¥­¨¥ á¨¬¬¥âà¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨© T ¨ S ¨ ª®â®à®¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î
P T gP = �.

�«ï â®£® çâ®¡ë à áè¨à¨âì ¯à¥¤áâ ¢«¥­¨¥ £àã¯¯ë �®à¥­æ  L(4) ¤® ¯à¥¤áâ ¢«¥­¨ï GL(4),
á«¥¤ãï [9], á¯¨­®à  (¯ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ íâ® ª®­âà ¢ à¨ ­â­ë© á¯¨­®à â¨¯  (1; 0)), ¯à¨-
¯¨á ­­ë© ª à¥¯¥àã e, ¡ã¤¥¬ à áá¬ âà¨¢ âì ¢¬¥áâ¥ á ¯à¥®¡à §®¢ ­¨¥¬ P , ª®â®à®¥ ¬¥âà¨ç¥áª¨©
â¥­§®à g, ¯à¨¯¨á ­­ë© ª â®¬ã ¦¥ à¥¯¥àã, ¯¥à¥¢®¤¨â ¢ � : P T gP = �. � ª¨¬ ®¡à §®¬, á¯¨­®à
 , ®â­¥á¥­­ë© ª à¥¯¥àã e, ¡ã¤¥â å à ªâ¥à¨§®¢ âìáï ¨­¤¥ªá®¬ P :  P , çâ® ¡ã¤¥¬ ®¡®§­ ç âì
á ¯®¬®éìî ¯ àë ( ;P ). �á«¨ â¥¯¥àì ¯à¥®¡à §®¢ ­¨¥ A ¯¥à¥¢®¤¨â à¥¯¥à e0 = (e0a

�) ¢ à¥¯¥à
e = (ea�) : e = e0A; ea

� = e0b
�Aa

b, â® ¤¥©áâ¢¨¥ ¯à¥®¡à §®¢ ­¨ï, á®®â¢¥âáâ¢ãîé¥£® «¨­¥©­®¬ã
¯à¥®¡à §®¢ ­¨î A, ­  ¯ àã (P; ), ®¡®§­ ç ¥¬®¥ ª ª A � (P; ), ®¯à¥¤¥«¥­® á«¥¤ãîé¨¬ ®¡à §®¬:

A � (P; ) = (P 0;  0);
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£¤¥ ¯à¥®¡à §®¢ ­¨¥ P 0 ¯à¨¯¨á ­® ª à¥¯¥àã e0,  0 = �(L) , L = P 0�1AP ,   �(L) | á¯¨­-
¯à¥®¡à §®¢ ­¨¥, á®®â¢¥âáâ¢ãîé¥¥ ¯à¥®¡à §®¢ ­¨î �®à¥­æ  L.

�ë ¯®«ãç¨«¨ ¯à¥¤áâ ¢«¥­¨¥ ¯®«­®© «¨­¥©­®© £àã¯¯ë GL(4) ¢ ¯à®áâà ­áâ¢¥ ¯ à (P; ). �â®-
¡ë ã¡¥¤¨âìáï ¢ íâ®¬, ­ã¦­® ¯®ª § âì, çâ® ¯à¨ à áá¬®âà¥­¨¨ ¯¥à¥å®¤  e0 ! e00 � B ¢ë¯®«­ï¥âáï
á®®â­®è¥­¨¥

B � (A � (P; )) = (BA) � (P; ): (5)

�®«®¦¨¬
B � (P 0;  0) = (P 00;  00);

£¤¥, ¯® ®¯à¥¤¥«¥­¨î, P 00 á®®â¢¥âáâ¢ã¥â à¥¯¥àã e00,    00 = �(L0) 0 ¯à¨ L0 = P 00�1BP . �¬¥¥¬

e = e00(BA);

 00 = �(L0) 0 = �(L0)�(L) = �(L0L) = �(P 00�1BP 0�1P 0AP ) = �(P 00�1(BA)P ) ;

çâ® ®§­ ç ¥â (5). �á«¨ ®£à ­¨ç¨âìáï à áá¬®âà¥­¨¥¬ â®«ìª® ®àâ®­®à¬¨à®¢ ­­ëå à¥¯¥à®¢ e, e0,
â® P = P 0 = 1 (1 | â®¦¤¥áâ¢¥­­®¥ ¯à¥®¡à §®¢ ­¨¥ ¢ ¯à®áâà ­áâ¢¥ �¨­ª®¢áª®£®), A = L ,
â. ¥. A ¥áâì ¯à¥®¡à §®¢ ­¨¥ �®à¥­æ , ¨ ¬ë ¯®«ãç ¥¬ ®¡ëç­®¥ ¯à¥¤áâ ¢«¥­¨¥ £àã¯¯ë �®à¥­æ  ¢
¯à®áâà ­áâ¢¥ á¯¨­®à®¢

A � (1;  ) = (1;�(A) ):

� ª®­ ¯à¥®¡à §®¢ ­¨ï á®¯àï¦¥­­ëå (ª®¢ à¨ ­â­ëå) á¯¨­®à®¢ ¯à¨ ¯à¥®¡à §®¢ ­¨¨ e0 ! e = e0A

¡ã¤¥â ¨¬¥âì ¢¨¤
 
0

=  ��1(L):

� ¦¤®¬ã à¥¯¥àã e ¯à¨¯¨áë¢ îâáï ¨ ¬ âà¨æë 
a (¨å á­®¢  ­ §®¢¥¬ ¬ âà¨æ ¬¨ �¨à ª ), ¯à¥-
®¡à §ãîé¨¥áï ¯® § ª®­ã


0a = Ab
a�(L)
b��1(L)

¨ ã¤®¢«¥â¢®àïîé¨¥ ¯¥à¥áâ ­®¢®ç­ë¬ á®®â­®è¥­¨ï¬


a
b + 
b
a = 2gab � 1:

�¥«¨ç¨­ë  
a ¯à¨ ¯à¥®¡à §®¢ ­¨ïå à¥¯¥à®¢ ¯à¥®¡à §ãîâáï ¯® ¢¥ªâ®à­®¬ã § ª®­ã

 
0


0a 0 = Ab
a 
b :

�® ¬ë ª ª ¦¤®¬ã à¥¯¥àã ¡ã¤¥¬ ¯à¨¯¨áë¢ âì ®¡ëç­ë¥ ¬ âà¨æë �¨à ª  (1), â. ª. ¢ ¤ «ì-
­¥©è¥¬ ¬ âà¨æë �¨à ª  ¨á¯®«ì§ãîâáï â®«ìª® ¯à¨ à áá¬®âà¥­¨¨ â ª¨å á¯¨­-¯à¥®¡à §®¢ ­¨©,
¢ ª®â®àëå ¬ âà¨æë �¨à ª  áç¨â îâáï ®¡ëç­ë¬¨.

6. �®¢ à¨ ­â­ ï ¯à®¨§¢®¤­ ï á¯¨­®à®¢ ¢ ¯à®¨§¢®«ì­ëå à¥¯¥à å

�ãáâì E(V ) | £« ¢­®¥ à áá«®¥­¨¥ «¨­¥©­ëå à¥¯¥à®¢ á® á¢ï§­®áâìî !,  áá®æ¨¨à®¢ ­­®©
c à¨¬ ­®¢®© á¢ï§­®áâìî ­  O(V ) ¨ á®®â¢¥âáâ¢ãîé¥© «®ª «ì­®¬ã á¥ç¥­¨î z(x) = (x;A(x)),
x 2 V , A(x) 2 GL(4). �á«¨ x(t) = x + t� | ¯ãâì ¢ V , ¯®à®¦¤¥­­ë© ¢¥ªâ®à­ë¬ ¯®«¥¬ ��, â®
á®®â¢¥âáâ¢ãîé¨© £®à¨§®­â «ì­ë© ¯ãâì ¤«ï ¬ «ëå §­ ç¥­¨© t ¡ã¤¥â ¯à¥¤áâ ¢«ïâì á®¡®© ªà¨¢ãî
t! (x(t); A(x(t)) � (1� t!(�))). �à¨á®¥¤¨­¥­­®¥ à áá«®¥­¨¥ á® áâ ­¤ àâ­ë¬ á«®¥¬ F , ­  ª®â®à®¬
GL(4) ¤¥©áâ¢ã¥â ¯à ¢®áâ®à®­­¨¬ ®¡à §®¬:

A 2 GL(4); A : F ! F; 	! 	 � A;

®¯à¥¤¥«ï¥âáï ª ª ä ªâ®à-¯à®áâà ­áâ¢® â¥­§®à­®£® ¯à®¨§¢¥¤¥­¨ï ®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï £àã¯-
¯ë GL(4). �ãáâì ¤«ï ª ¦¤®£® x 2 V ¯à¥¤áâ ¢¨â¥«ì ª« áá  íª¢¨¢ «¥­â­®áâ¨ ¢ë¡à ­ ¢ ¢¨¤¥
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(x;A(x);	), £¤¥ A(x) § ¤ ¥â ­¥ª®â®à®¥ ¯®«¥ à¥¯¥à®¢, 	 2 F . �á«¨ 	 ¯à®¡¥£ ¥â F , â® f(x;A(x);	)g
¡ã¤¥â ¯à¥¤áâ ¢«ïâì á®¡®© á«®© Fx ¢ â®çª¥ x. � ¦¤ë© í«¥¬¥­â z = (x;B) ¯®à®¦¤ ¥â ®â®¡à ¦¥­¨¥

F ! Fx; 	! z �	 = (x;A(x);	 � (B�1A(x))):

�à¨¢ ï
t! (x(t); A(x(t))(1 � t!(�))):	(x) = (x(t); A(x(t));	(x) � (1 + t!(t)))

ï¢«ï¥âáï £®à¨§®­â «ì­ë¬ ¯ãâ¥¬ ¢ ¯à¨á®¥¤¨­¥­­®¬ à áá«®¥­¨¨ ¨ ®¯à¥¤¥«ï¥â ¯ à ««¥«ì­ë© ¯¥-
à¥­®á 	(x) ¨§ â®çª¨ x ¢ â®çªã x(t). �®íâ®¬ã ª®¢ à¨ ­â­ ï ¯à®¨§¢®¤­ ï r�	 ¢ ­ ¯à ¢«¥­¨¨
¢¥ªâ®à  � ¥áâì

r�	 = lim
t!0

	(x(t))�	(x) � (1 + t!(�))
t

= ��@�	�	(x) � !(�):

� ­ è¥¬ á«ãç ¥ 	 = (P; ). �¥¢®¥ ¤¥©áâ¢¨¥ A : 	 ! A � 	 ¯à¥®¡à §ã¥âáï ¢ ¯à ¢®¥ ¯® ¯à ¢¨«ã
A : 	! A�1 �	 = 	0, 	0 = (P 0;  0), g0 = AT gA, P 0T g0P 0 = �,  0 = �(L0) , L0 = P 0�1A�1P . �ãáâì P
| á¨¬¬¥âà¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥. �á«¨ ¯à¥¤¯®«®¦¨âì, çâ® ¯à¨ ¯à¥®¡à §®¢ ­¨¨ e0 = e(1 + t!)
¨¬¥¥â ¬¥áâ® g0 = (1+ t!)T g(1 + t!) = g+ t(!T g+ g!), â. ¥. �g = !T g+ g! = @�g, P 0 = P + t�P , £¤¥
�P | �-á¨¬¬¥âà¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥, â® �P ¤®«¦­® ã¤®¢«¥â¢®àïâì ãà ¢­¥­¨î

(�P )T gP + P T g�P = �P T �gP:

�á«¨ ãç¥áâì, çâ® P T gP = �, â® íâ® ãà ¢­¥­¨¥ § ¯¨è¥âáï ¢ ¢¨¤¥

P�P + �PP = �Q; (6)

£¤¥ �Q = �P 2��1�gP 2 | á¨¬¬¥âà¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥. �¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï ¡ã¤¥¬ ¨á-
ª âì ¢ ¢¨¤¥

�P =
1X

m;n=0

amn(P � 1)m�Q(P � 1)n;

£¤¥ amn = anm. �¨¬¬¥âà¨ç­®áâì amn ¯® ¨­¤¥ªá ¬m ¨ n ®¡¥á¯¥ç¨¢ ¥â �-á¨¬¬¥âà¨ç­®áâì �P . �«ï
amn ¯®«ãç ¥¬ á¨áâ¥¬ã ãà ¢­¥­¨©

2a00 = 1;

2am0 + am�1 0 = 0; m � 1;

2amn + am�1 n + am n�1 = 0; m; n � 1;

à¥è¥­¨¥ ª®â®à®© ¨¬¥¥â ¢¨¤

amn =
(�1)m+n

2m+n+1
Cm
m+n:

�«ï L0 = 1 + t�L,  0 = �(L0) =  + t� ­ å®¤¨¬

�L = �P�1�P � P�1!P; � =
1
4

a


b(�L)ab :

� ¨â®£¥ ¤«ï ª®¢ à¨ ­â­®© ¯à®¨§¢®¤­®© ®â 	 = (P; ) ¯®«ãç ¥¬

r�P = ��@�P � �P = ��@�P �
1X

m;n=0

(�1)m+n

2m+n+1
Cm
m+n(P � 1)m�Q(P � 1)n;

r� = ��@� +
1
4

a


b(P�1�P + P�1!P )ab :

� ®àâ®­®à¬¨à®¢ ­­®¬ à¥¯¥à¥, £¤¥ P = I, g = � ¨ @�g = 0, ¨¬¥¥¬ r�P = 0,   r� ®¯à¥¤¥«ï-
¥âáï ä®à¬ã«®© (2). �ª §ë¢ ¥âáï, ¢®®¡é¥, r�P = 0 ¢¢¨¤ã â®£®, çâ® @�P = �P . �¥©áâ¢¨â¥«ì­®,
¨§ P T gP = �, ¤¨ää¥à¥­æ¨àãï ¯® ­ ¯à ¢«¥­¨î ��, ¯®«ãç ¥¬ ãà ¢­¥­¨¥ @�PP�1 + P�1@� =
�P��1@�gP , ª®â®à®¥ íª¢¨¢ «¥­â­® ãà ¢­¥­¨î (6), ¯®íâ®¬ã @�P = �P .
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�®ª ¦¥¬, çâ® ¯à¨ «î¡ëå ¯à¥®¡à §®¢ ­¨ïå à¥¯¥à  e = e0A ª®¢ à¨ ­â­ ï ¯à®¨§¢®¤­ ï r� 

â®¦¥ ¥áâì á¯¨­®à, â. ¥. r� 
0 = �r� . �«ï á¢ï§­®áâ¨ ! ¯à¨ ¯à¥®¡à §®¢ ­¨ïå à¥¯¥à  ¨¬¥¥¬ § ª®­

¯à¥®¡à §®¢ ­¨ï
!0 = A!A�1 +A@�A

�1:

�à¥®¡à §®¢ ­¨¥ �®à¥­æ  L ¨ á®®â¢¥âáâ¢ãîé¥¥ á¯¨­-¯à¥®¡à §®¢ ­¨¥ � á¢ï§ ­ë ãà ¢­¥­¨¥¬
�
��1 = L�1
, £¤¥ 
 = (
a): �¨ää¥à¥­æ¨àãï íâ® ãà ¢­¥­¨¥ ¢ ­ ¯à ¢«¥­¨¨ ¢¥ªâ®à  ��, ­ å®¤¨¬

��1@��
 � 
��1@�� = �L�1@�L
;

®âªã¤ 

@�� =
�
4

TL�1@�L
;

£¤¥ 
T = (
a). �á«¨ ¢®á¯®«ì§®¢ âìáï â¥¬, çâ® A = P 0LP�1, â® ­ å®¤¨¬

�L0 = �P 0�1@�P
0 � P 0�1!0P 0 = @�LL

�1 + L@�P
�1PL�1 � LP�1!PL�1:

�®¤áâ ¢«ïï íâ® ¢ëà ¦¥­¨¥ ¢ r� 
0; ¨¬¥¥¬

r� 
0 = �r� + @�� +

�
4

T �L
 �

1
4

T (@�LL

�1 + L@�P
�1PL�1 � LP�1!P )
� :

� ¯®á«¥¤­¥¬ á« £ ¥¬®¬ ¯à ¢®© ç áâ¨, ¯®«ì§ãïáì ãà ¢­¥­¨ï¬¨ 
TL = �
T��1 ¨ �
��1 = L�1
,
¬­®¦¨â¥«ì � ¬®¦­® ¢ë­¥áâ¨, â®£¤  ¢á¥ á« £ ¥¬ë¥ ¯à ¢®© ç áâ¨, ­ ç¨­ ï á® ¢â®à®£®, ¢ áã¬¬¥
¤ îâ ­ã«ì. �â® ®§­ ç ¥â r� 

0 = �r� :

7. �à®¨§¢®¤­ ï �¨ á¯¨­®à®¢ ¢ ¯à®¨§¢®«ì­ëå à¥¯¥à å

�ãáâì ¤ ­® ­¥ª®â®à®¥ ¯®«¥ à¥¯¥à  e(x) = (ea�(x)), ª ª®â®à®¬ã ¯à¨¢ï§ ­ë ª®­âà ¢ à¨ ­â­®¥
á¯¨­®à­®¥ ¯®«¥ 1-£® à ­£   (x) ¨ � | á¨¬¬¥âà¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥ P . �¥áª®­¥ç­® ¬ «®¥
¯à¥®¡à §®¢ ­¨¥ x0 = x + t� â®çªã x � t� ¯¥à¥¢®¤¨â ¢ â®çªã x, à¥¯¥à e(x � t�) | ¢ à¥¯¥à ee(x) =
e(1+ tK+ � � � ). �à¨ íâ®¬ ¯¥à¥å®¤¥ áç¨â ¥¬, çâ®  (x� t�), P (x� t�) ¨ g(x� t�) ­¥ ¬¥­ïîâáï. �­¨
¬¥­ïîâáï ¯à¨ ¯¥à¥å®¤¥ ®â ee(x) ª e(x). �¡à §ë  (x�t�), P (x�t�) ¨ g(x�t�) ®¡®§­ ç¨¬ ç¥à¥§ e (x),eP (x) ¨ eg(x). �ç¥¢¨¤­®, eg(x) = g(x)�t(KT g+@�g+gK). �®£¤  ¢ à §«®¦¥­¨¨ eP (x) = P (x)+t�P (x)
¢ à¨ æ¨ï �P ®¯à¥¤¥«ï¥âáï ¨§ eP eg eP = � ª ª à¥è¥­¨¥ ãà ¢­¥­¨ï

�P T gP + P T g�P = P T (KT g + gK + @�g)P;

ª®â®à®¥ íª¢¨¢ «¥­â­® ãà ¢­¥­¨î (6) á �Q = P 2��1(KT g+gK+@�g)P 2. �à¥®¡à §®¢ ­¨¥ �®à¥­æ 
L, á®®â¢¥âáâ¢ãîé¥¥ ¯¥à¥å®¤ã ®â ee(x) ª e(x) ¢ëç¨á«ï¥âáï ª ª

L = eP�1(1 + tK)P (x� t�) = 1� tP�1(�P + @�P �KP ):

�®£¤  ¤«ï ¯à®¨§¢®¤­ëå �¨ ¨¬¥¥¬

L�g = @�g +KT g + gK;

L�P = ��P; (7)

L� = @� +
1
4

TP�1(�P + @�P �KP )
 :

� ®àâà¥¯¥à¥, ª®£¤  g = � ¨ P = 1, ­ å®¤¨¬

L�� = 2�KC ; KC =
1
2
(��1KT� +K);

L�1 = �KC ;

L� = @� �
1
4

TKA
 :
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�®á«¥¤­¥¥ ¢ëà ¦¥­¨¥ ¯à¥¤áâ ¢«ï¥â ¯à®¨§¢®¤­ãî �¨ á¯¨­®à  (4), ­ ©¤¥­­ãî �.�®á¬ ­. �®®â-
­®è¥­¨ï (7) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

L�gab = rb�a +ra�b;

L�P = ��P;

L� = r� +
1
4

TP�1(�P �r�P )
 ;

£¤¥ r� = (rb�
a),   ãà ¢­¥­¨¥, ª®â®à®¬ã ã¤®¢«¥â¢®àï¥â �P , ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

P�P + �PP = P 2��1L�gP
2:

�â®¡ë ãâ¢¥à¦¤ âì, çâ® L� á­®¢  ¥áâì á¯¨­®à, ­¥®¡å®¤¨¬® á­ ç «  ¤®ª § âì, çâ® 1
4

TP�1�P
 

¥áâì á¯¨­®à, ®¤­ ª® ª ª®¢® ¯®¢¥¤¥­¨¥ íâ®£® ¢ëà ¦¥­¨ï ¯à¨ ¯à®¨§¢®«ì­ëå ¯à¥®¡à §®¢ ­¨ïå à¥-
¯¥à®¢, ¢ëïá­¨âì ­¥ ã¤ ¥âáï. �¤ ¥âáï ®¤­ ª® ®¡êïá­¨âì, ¯®ç¥¬ã ¤«ï á¯¨­®à­ëå ¯®«¥© ­¥ ¢ë¯®«-
­ï¥âáï á¢®©áâ¢® ¯à®¨§¢®¤­ëå �¨ ¤«ï ¢¥ªâ®à­ëå ¨ â¥­§®à­ëå ¯®«¥©, § ª«îç îé¥¥áï ¢ â®¬, çâ®
ª®¬¬ãâ â®à ¯à®¨§¢®¤­ëå �¨ ¥áâì ¯à®¨§¢®¤­ ï �¨ ¢¤®«ì ª®¬¬ãâ â®à .

�á«¨ à áá¬®âà¥âì ¥é¥ ¢¥ªâ®à­®¥ ¯®«¥ �� ¨ ®¡®§­ ç¨âì M = �e�1L�e, N = �e�1L[�;�]e, â®
¬®¦­® ¯®ª § âì, çâ®

[L�; L�] = @[�; ] +
1
4

T (@�KA � @�MA + [KA;MA])
 ;

L[�;�] =
n
[L�; L�] +

1
4

T [KC ;MC ]


o
 : (8)

�®ï¢«¥­¨¥ ¢â®à®£® á« £ ¥¬®£® ¢ ¯à ¢®© ç áâ¨ ¯®á«¥¤­¥£® á®®â­®è¥­¨ï ¬®¦­® ®¡êïá­¨âì á«¥¤ã-
îé¨¬ ®¡à §®¬. �®§ì¬¥¬ P = 1+tL�1 = 1�tMC ¨ ¯® ä®à¬ã«¥ (7) á®áç¨â ¥¬ L�( +tL� )jP=1�tMC

.
�¥à¥§ L�fL� g ¡ã¤¥¬ ®¡®§­ ç âì §­ ç¥­¨¥ ¯à®¨§¢®¤­®© íâ®£® ¢ëà ¦¥­¨ï ¯® t ¯à¨ t = 0: �á«¨
â¥¯¥àì ª®¬¬ãâ â®à®¬ ¤¢ãå ¯à®¨§¢®¤­ëå �¨ ¤«ï  áç¨â âì L�fL� g �L�fL� g; â® ¤«ï ­¥£® ¬ë
¢ â®ç­®áâ¨ ¯®«ãç¨¬ ¯à ¢ãî ç áâì (8).
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