
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2001 ���������� ò 11 (474)

��� 517.983

�.�. ������

� ������������ P������ ������ ����

��� ����P������� �����P����������� �P�������

��P���� ��P����

� ¡  å®¢®¬ ¯à®áâà áâ¢¥ E à áá¬ âà¨¢ ¥âáï  ¡áâà ªâ ï § ¤ ç  �®è¨

v0(t) = Av(t); t > 0; (1)

v(0) = v0; (2)

£¤¥ A | «¨¥©ë© § ¬ªãâë© ®¯¥à â®à á ¯«®â®© ¢ E ®¡« áâìî ®¯à¥¤¥«¥¨ï D(A) ¨ â ª®©, çâ®
¯à¨ k > 0,  > 0 à ¢®¬¥à® ª®àà¥ªâ  § ¤ ç  �®è¨

u00(t) + k cth tu0(t) +
�
k

2

�2

u(t) = Au(t); (3)

u(0) = u0; u0(0) = 0: (4)

�« áá â ª¨å ®¯¥à â®à®¢ A, á«¥¤ãï ([1], ¯. 1.9; [2]), ®¡®§ ç¨¬ ç¥à¥§ G
k,   à §à¥è îé¨© ®¯¥-

à â®à § ¤ ç¨ (3), (4) (®¯¥à â®à ï äãªæ¨ï �¥¦ ¤à  (���)) | ç¥à¥§ P 
k (t). T ª¨¬ ®¡à §®¬,

à¥è¥¨¥ § ¤ ç¨ (3), (4) ¨¬¥¥â ¢¨¤ u(t) = P 
k (t)u0.

� à ¬¥âà  > 0 ¢¢¥¤¥ ¢ ãà ¢¥¨¥ (3), ª®â®à®¥ ¡ã¤¥¬  §ë¢ âì  ¡áâà ªâë¬ ãà ¢¥¨-
¥¬ �¥¦ ¤à , çâ®¡ë ¯®¤ç¥àªãâì, çâ® ¯à¨  ! 0 ®® ¯à¥¢à é ¥âáï ¢  ¡áâà ªâ®¥ ãà ¢¥¨¥
�©«¥à {�ã áá® {� à¡ã

u00(t) +
k

t
u0(t) = Au(t): (5)

� ¯®á«¥¤¥¥ ¢à¥¬ï ¢ â¥®à¨¨ áâ ¡¨«¨§ æ¨¨ à¥è¥¨ï § ¤ ç¨ �®è¨ ¤«ï ¯ à ¡®«¨ç¥áª¨å ãà ¢¥-
¨© ¯®«ãç¥® ¥¬ «® ®ª®ç â¥«ìëå à¥§ã«ìâ â®¢. �¡§®à ¯ã¡«¨ª æ¨© ¯® ¤ ®© â¥¬ â¨ª¥ ¬®¦®
 ©â¨ ¢ [3], [4]. �â¨ à¥§ã«ìâ âë ä®à¬ã«¨àãîâáï ¢ â¥à¬¨ å ãáà¥¤¥¨©  ç «ì®© äãªæ¨¨ ¯®
¯à®áâà áâ¢¥ë¬ ¯¥à¥¬¥ë¬, ¢§ïâë¬ ¯® â¥« ¬, ®£à ¨ç¥ë¬ ¯®¢¥àå®áâï¬¨ ãà®¢ï äã-
¤ ¬¥â «ì®£o à¥è¥¨ï. �ª § ë¥ ãáà¥¤¥¨ï ï¢«ïîâáï à¥è¥¨ï¬¨ á®®â¢¥âáâ¢ãîé¥© § ¤ ç¨
�®è¨ ¢¨¤  (5), (4) ¤«ï £¨¯¥à¡®«¨ç¥áª®£® ãà ¢¥¨ï, çâ® ¯®§¢®«¨«® ¨áá«¥¤®¢ âì ¢ [5]{[7] ¢®¯à®áë
¯®¢¥¤¥¨ï à¥è¥¨ï  ¡áâà ªâ®© § ¤ ç¨ �®è¨ (1), (2) ¯à¨ t!1 ¢ ¯à¥¤¯®«®¦¥¨¨ à ¢®¬¥à®©
ª®àà¥ªâ®áâ¨ § ¤ ç¨ (5), (4). � ©¤¥ë¥ ªà¨â¥à¨¨ áâ ¡¨«¨§ æ¨¨ áä®à¬ã«¨à®¢ ë ¢ â¥à¬¨ å
à §à¥è îé¥£® ®¯¥à â®à  § ¤ ç¨ (5), (4),  §¢ ®£®  ¢â®à®¬ ®¯¥à â®à®© äãªæ¨¥© �¥áá¥«ï
(���), ¨ ï¢«ïîâáï  ¡áâà ªâë¬¨   «®£ ¬¨ ¨§¢¥áâëå à¥§ã«ìâ â®¢ ¤«ï ¯ à ¡®«¨ç¥áª¨å ãà ¢-
¥¨©.

� ®â«¨ç¨¥ ®â à ¡®â [8], [9], £¤¥ ãá«®¢¨ï áâ ¡¨«¨§ æ¨¨ à¥è¥¨ï § ¤ ç¨ (1), (2) ä®à¬ã«¨àã-
îâáï ¢ â¥à¬¨ å à ¢®¬¥à® ®£à ¨ç¥®© ¯®«ã£àã¯¯ë, ¯®à®¦¤¥®© ®¯¥à â®à®¬ A, ¢ [5]{[7]
¨¬¥® §  áç¥â áã¦¥¨ï ª« áá  ®¯¥à â®à®¢ A á ¬®¦¥áâ¢  £¥¥à â®à®¢ ¯®«ã£àã¯¯ë ¤® ¬®¦¥-
áâ¢  £¥¥à â®à®¢ ���, ¯®«ãç ¥âáï ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ à¥è¥¨ï § ¤ ç¨ �®è¨ (1), (2),
ª®â®à®¥ «¥¦¨â ¢ ®á®¢¥ ªà¨â¥à¨ï áâ ¡¨«¨§ æ¨¨ ¨ ¯®§¢®«ï¥â à áá¬ âà¨¢ âì § ¤ çã (1), (2) ¨ á
£¥¥à â®à®¬ à áâãé¥© ¯à¨ t!1 ¯®«ã£àã¯¯ë.
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� ¤ ®© à ¡®â¥ ¢¬¥áâ® à §à¥è îé¥£® ®¯¥à â®à  (���) § ¤ ç¨ (5), (4) ¡ã¤¥â ¨á¯®«ì§®-
¢  à §à¥è îé¨© ®¯¥à â®à (���) § ¤ ç¨ (3), (4), çâ® ¢ ¯à¨¬¥¥¨¨ ª ãà ¢¥¨ï¬ ¢ ç áâëå
¯à®¨§¢®¤ëå á®®â¢¥âáâ¢ã¥â ¨á¯®«ì§®¢ ¨î ¢¬¥áâ® áà¥¤¨å �ã áá®  ¤àã£¨å áà¥¤¨å ¯® ¯à®-
áâà áâ¢¥ë¬ ¯¥à¥¬¥ë¬. �®¢ë¥ ãá«®¢¨ï áâ ¡¨«¨§ æ¨¨ à¥è¥¨ï § ¤ ç¨ (1), (2) «ãçè¥ ¯à¨-
á¯®á®¡«¥ë,  ¯à¨¬¥à, ª ãà ¢¥¨î â¥¯«®¯à®¢®¤®áâ¨ ¢ á«ãç ¥, ª®£¤  A | ®¯¥à â®à � ¯« á ,
§ ¯¨á ë© ¢ ª®®à¤¨ â å ¢ëâïãâ®£® í««¨¯á®¨¤  ([10], á. 138),   â ª¦¥ ª ¨§ãç ¥¬®¬ã ¢ [11]
ãà ¢¥¨î â¥¯«®¯à®¢®¤®áâ¨ ¢ ¯à®áâà áâ¢¥ Sn ®âà¨æ â¥«ì®© ªà¨¢¨§ë, à ¢®© (�2), ¢ íâ®¬
á«ãç ¥ A = �2 + 2(n � 1)2=4, £¤¥ �2 | ®¯¥à â®à � ¯« á {�¥«ìâà ¬¨. �®®â¢¥âáâ¢ãîé¨¥ ¯à¨-
¬¥àë ¯à¨¢¥¤¥ë ¢ ª®æ¥ áâ âì¨.

�â¬¥â¨¬, çâ®, ª ª ¤®ª § ® ¢ ([1], ¯. 1.9; [2]), ¬®¦¥áâ¢  G
k ¨ Gk ®¯¥à â®à®¢ A, á ª®â®àë¬¨

à ¢®¬¥à® ª®àà¥ªâë § ¤ ç¨ (3), (4) ¨ (5), (4), á®¢¯ ¤ îâ,   ¢ [12] ¯à¨¢®¤ïâáï ¥®¡å®¤¨¬ë¥ ¨
¤®áâ â®çë¥ ãá«®¢¨ï   à¥§®«ì¢¥âã ®¯¥à â®à  A, ®¡¥á¯¥ç¨¢ îé¨¥ à ¢®¬¥àãî ª®àà¥ªâ®áâì
§ ¤ ç (3), (4) ¨ (5), (4). � íâ®© ¦¥ à ¡®â¥ ¤®ª § ®, çâ® ¥á«¨ A 2 Gk, â® á íâ¨¬ ®¯¥à â®à®¬
§ ¤ ç  (1), (2) â ª¦¥ à ¢®¬¥à® ª®àà¥ªâ , ¨ ¥¥ à¥è¥¨¥ ¬®¦¥â ¡ëâì ¢ëà ¦¥® ç¥à¥§ ���.

� ¤ «ì¥©è¥¬  ¬ ¯® ¤®¡¨âáï ¢ëà ¦¥¨¥ à¥è¥¨ï § ¤ ç¨ (1), (2) ç¥à¥§ ��� P 
k (t). � ([1],

¯. 1.9) ãáâ ®¢«¥®, çâ® ¥á«¨ A 2 G
k, â® à¥è¥¨¥ § ¤ ç¨ (1), (2) ¬®¦¥â ¡ëâì § ¯¨á ® ¢ ¢¨¤¥

v(t) =
1

2k=2�
�
k+1
2

�p
t

Z 1

0
exp

�
� s2

4t

�
shs


�


shs
d

ds

�k=2��sh s


�k�1

P 
k (s)v0

�
ds; (6)

£¤¥ v0 2 D(A[k=2]+1).
� á«ãç ¥, ª®£¤  ¤à®¡ ï ç áâì fk=2g 6= 0, ¤à®¡ ï áâ¥¯¥ì ®¯¥à â®à  1

sh t
d
dt
¯à¨ � > 0 ®¯à¥-

¤¥«ï¥âáï à ¢¥áâ¢ ¬¨ �
1
sh t

d

dt

���
f(t) =

1
�(�)

Z t

0
(cht� chs)��1 sh sf(s)ds;

�
1
sh t

d

dt

��

f(t) =
�

1
sh t

d

dt

�[�]+1� 1
sh t

d

dt

�f�g�1

f(t):

�á«¨ fk=2g = 0, â® à ¢¥áâ¢® (6) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

v(t) =
1

�
�
k+1
2

�p
t

Z 1

0

�
shs


�k�
� 

2 sh s
d

ds

�k=2

exp
�
� s2

4t

�
P 
k (s)v0 ds: (7)

�áá«¥¤®¢ ¨¥ áâ ¡¨«¨§ æ¨¨ à¥è¥¨ï § ¤ ç¨ (1), (2) ¡ã¤¥â ®¯¨à âìáï   á«¥¤ãîéãî â¥®à¥¬ã,
¢ëâ¥ª îéãî ¨§ â ã¡¥à®¢áª®© â¥®à¥¬ë 4.21.3 ¨§ ([13], c. 172).

�¥®à¥¬  1 ([1], â¥®à¥¬  2.2.10). �«ï ¥¯à¥àë¢®© ®£à ¨ç¥®© äãªæ¨¨ u0(t) ¨ p > 0 ¯à¥-
¤¥« (á« ¡ë© ¯à¥¤¥«)

lim
t!1

2�p

�
�
p+1
2

�
tp=2+1=2

Z 1

0
sp exp

�
� s2

4t

�
u0(s)ds = l

áãé¥áâ¢ã¥â â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â ¯à¥¤¥« (á« ¡ë© ¯à¥¤¥«)

lim
t!1

1
t

Z t

0

u0(s)ds = l:

�ä®à¬ã«¨àã¥¬ â¥¯¥àì ªà¨â¥à¨¨ áâ ¡¨«¨§ æ¨¨ à¥è¥¨ï § ¤ ç¨ (1), (2), ª®â®àë¥ ¡ã¤ãâ § ¢¨-
á¥âì ®â ç¨á«  k=2, â®ç¥¥ ®â â®£®, æ¥«®¥ íâ® ç¨á«® ¨«¨ ¤à®¡®¥.

�¥®à¥¬  2. �ãáâì A 2 G
k, k=2 2 N , v0 2 D(A) ¨ äãªæ¨ï K

k (t)P

k (t)v0, £¤¥

K
k (t) =

p
�

2t�
�
k+1
2

��sht


�k�
� 

2 sh t
d

dt

�k=2�1


sh t
;
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®£à ¨ç¥ . �®£¤  ¤«ï â®£® çâ®¡ë áãé¥áâ¢®¢ « ¯à¥¤¥« (á« ¡ë© ¯à¥¤¥«)

lim
t!1

v(t) = l (8)

à¥è¥¨ï § ¤ ç¨ (1), (2), ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë áãé¥áâ¢®¢ « ¯à¥¤¥« (á« ¡ë© ¯à¥¤¥«)

lim
t!1

1
t

Z t

0

K
k (s)P


k (s)v0 ds = l: (9)

�¥®à¥¬  3. �ãáâì A 2 G
k, fk=2g 6= 0, v0 2 D(A) ¨ äãªæ¨ï K

2[k=2]+2(t)P

2[k=2]+2(t)v0 ®£à ¨-

ç¥ . �®£¤  ¤«ï â®£® çâ®¡ë áãé¥áâ¢®¢ « ¯à¥¤¥« (á« ¡ë© ¯à¥¤¥«) (8), ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®,
çâ®¡ë áãé¥áâ¢®¢ « ¯à¥¤¥« (á« ¡ë© ¯à¥¤¥«)

lim
t!1

1
t

Z t

0
K

2[k=2]+2(t)P

2[k=2]+2(t)v0 ds = l: (10)

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �á¯®«ì§ãï à ¢¥áâ¢®�
shs


�2n�


sh s
d

ds

�n

Z(s) =
nX
i=1

ai;n(ch s)
�
sh s


�i

Z(i)(s);

£¤¥ ai;n(ch s) | â ª¨¥ ª®íää¨æ¨¥âë à §«®¦¥¨ï, çâ®

lim
s!1

ai;n(ch s)
exp((n� i)s)

= �i;n2i�n;

äãªæ¨î v(t) ¢ (7) § ¯¨è¥¬ ¢ ¢¨¤¥

v(t) =
1

�(k=2 + 1=2)(�2)k=2pt
nX
i=1

Z 1

0
ai;n(ch s)

�
shs


�i
@iZ(t; s)

@si
P 
k (s)v0ds; (11)

£¤¥ n = k=2, Z(t; s) = exp
�� s2=(4t)

�
.

� ¬¥â¨¬, çâ® ¯à¨ á¤¥« ëå ¯à¥¤¯®«®¦¥¨ïå ®¡ ®£à ¨ç¥®áâ¨ äãªæ¨¨ K
k (s)P


k (s)v0 ¯®-

¢¥¤¥¨¥ à¥è¥¨ï v(t) ¯à¨ t!1 ®¯à¥¤¥«ï¥âáï á« £ ¥¬ë¬, á®¤¥à¦ é¨¬

@Z(t; s)
@s

= � s

2t
exp

�
� s2

4t

�
;

â. ª. ¯à¨ ¤ «ì¥©è¥¬ ¤¨ää¥à¥æ¨à®¢ ¨¨ äãªæ¨¨ @Z(t; s)=@s ¡ã¤ãâ ¯®ï¢«ïâìáï á« £ ¥¬ë¥,
á®¤¥à¦ é¨¥ «¨¡® ¤®¯®«¨â¥«ìë© ¬®¦¨â¥«ì s=t, «¨¡® ¬¥ìèãî áâ¥¯¥ì s. �â¨ á« £ ¥¬ë¥
¢ á¨«ã â¥®à¥¬ë 1 ¡ã¤ãâ ¨¬¥âì ¯à¥¤¥«, à ¢ë© ã«î (á¬. ¯®ïá¥¨¥ ª á«ãç î k = 4 ¯®á«¥
¤®ª § â¥«ìáâ¢  â¥®à¥¬ë), ¯®íâ®¬ã ¨§ (8) ¨ (11) ¨¬¥¥¬

lim
t!1

v(t) = lim
t!1

1

�(k=2 + 1=2)(�2)k=2pt
Z 1

0

a1;n(ch s)
sh s


@Z(t; s)
@s

P 
k (s)v0ds =

= lim
t!1

1

�(k=2 + 1=2)
p
t

1Z
0

�
sh s


�k�
� 

2 sh s
d

ds

�k=2�1 �
2 sh s

@Z(t; s)
@s

P 
k (s)v0ds =

= lim
t!1

1

2t
p
�t

Z 1

0
s2 exp

�
� s2

4t

�
K

k (s)P

k (s)v0 ds: (12)

� á¨«ã (12) ¨ â¥®à¥¬ë 1 ¯à¨ p = 2 à ¢¥áâ¢® (8) à ¢®á¨«ì® à ¢¥áâ¢ã (9). �

� ç áâ®áâ¨, ¥á«¨ k = 2, â®

K
2 (t) =

sh t
t

; v(t) =
1

2t
p
�t

Z 1

0

s2 exp
�
� s2

4t

�
shs
s

P 
2 (s)v0 ds;
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¨ à ¢¥áâ¢® (9) ¨¬¥¥â ¢¨¤

lim
t!1

1
t

Z t

0

shs
s

P 
2 (s)v0 ds = l; (13)

çâ® á®¢¯ ¤ ¥â á ¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®çë¬ ãá«®¢¨¥¬ áâ ¡¨«¨§ æ¨¨, § ¯¨á ë¬ ¢ â¥à¬¨ å
��� Y2(t) (á¬. [1], â¥®à¥¬  2.2.10; [7]), â. ª. ¢ íâ®¬ á«ãç ¥ ¢ á¨«ã â¥®à¥¬ë 1.9.13 ¨§ [1]

sh t
t

P 
2 (t) = Y2(t):

�á«¨ k = 4, â® à¥è¥¨¥ § ¤ ç¨ (1), (2) ¨¬¥¥â ¢¨¤

v(t) =
1

12t2
p
�t

Z 1

0
s3 exp

�
� s2

4t

�
1
s

�
shs


�2

P 
4 (s)v0 ds�

� 1

6t
p
�t

Z 1

0
s exp

�
� s2

4t

�
1
s

�
sh s


�2

P 
4 (s)v0 ds+

+
1

6t
p
�t

Z 1

0

s2 exp
�
� s2

4t

�
shs ch s

s
P 
4 (s)v0 ds: (14)

� íâ®¬ á«ãç ¥

K
4 (t) =

sh t ch t
3t

¨ ¯®¢¥¤¥¨¥ à¥è¥¨ï ¯à¨ t ! 1 ®¯à¥¤¥«ï¥âáï âà¥âì¨¬ á« £ ¥¬ë¬, áâ®ïé¨¬ ¢ ¯à ¢®© ç áâ¨
ä®à¬ã«ë (14), ¯®áª®«ìªã

1

t
p
t

Z 1

0
s exp

�
� s2

4t

�
ds =

2p
t
! 0 ¯à¨ t!1;

1

t2
p
t

Z 1

0
s3 exp

�
� s2

4t

�
ds =

8p
t

Z 1

0
x exp(�x)dx! 0 ¯à¨ t!1:

�§ à ¢¥áâ¢  (14) â ª¦¥ ¢¨¤®, çâ® ¥á«¨  «®¦¨âì ¬¥e¥ ¦¥áâª¨¥ ®£à ¨ç¥¨ï, ç¥¬ ¢ ãá«®-
¢¨¨ â¥®à¥¬ë, â. ¥. ¥á«¨ âà¥¡®¢ âì ®£à ¨ç¥®áâì äãªæ¨¨

�
sh t
t

�2

P 
4 (t)v0;

â® âà¥âì¥ á« £ ¥¬®¥, ª ª á«¥¤ã¥â ¨§ â¥®à¥¬ë 1, ¢®®¡é¥ £®¢®àï, ¥ ®¡ï§ ® ¨¬¥âì ¯à¥¤¥« (®®
¬®¦¥â ¨¬¥âì ¯à¥¤¥« ¯®á«¥ ¤¥«¥¨ï  

p
t ).

�â¬¥â¨¬ â ª¦¥ ®â«¨ç¨¥ à áá¬ âà¨¢ ¥¬®£® á«ãç ï  > 0 ®â ¯à¥¤¥«ì®£® á«ãç ï  = 0. �á«¨
à §à¥è îé¨© ®¯¥à â®à ¤«ï § ¤ ç¨ (5), (4) ¯à¨ k = 4 à ¢®¬¥à® ®£à ¨ç¥, â® ¢ á«ãç ¥  = 0
¢á¥ âà¨ á« £ ¥¬ëå ¤ îâ ¢ª« ¤ ¢ ¯®¢¥¤¥¨¥ à¥è¥¨ï, ª®£¤  t!1.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �ãáâì v0 2 D(A[k=2]+1). �®á¯®«ì§®¢ ¢è¨áì ¢ (6) ¢ëà ¦¥¨¥¬
¤«ï ¤à®¡®© áâ¥¯¥¨ ®¯¥à â®à  1

sh t
d
dt
, § ¯¨è¥¬ à¥è¥¨¥ v(t) ¢ ¢¨¤¥

v(t) =
1

�(k=2 + 1=2)�(1 � fk=2g)2k=2pt
Z 1

0

exp
�
� s2

4t

�
shs


�


sh s
d

ds

�[k=2]+1

�

�
�Z s

0

�
ch s� ch �

2

��fk=2g�sh s


�k

P 
k (�)v0 d�

�
ds: (15)
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�à¨¬¥ïï ¢ (15) ä®à¬ã«ã á¤¢¨£  ¯® ¯ à ¬¥âàã ¢ ��� ([1], â¥®à¥¬  1.9.3), ¯®á«¥ ¨â¥£à¨à®¢ ¨ï
¯® ç áâï¬ ¯®«ãç¨¬

v(t) =
1

�([k=2] + 3=2)
p
t
�

�
Z 1

0
exp

�
� s2

4t

��
sh s


�2[k=2]+2�
� 

2 sh s
d

ds

�[k=2]+1

P 
2[k=2]+2(s)v0 ds: (16)

�â® à ¢¥áâ¢® ¢ á¨«ã ¯«®â®áâ¨ D(A[k=2]+1) ¢ E ([1], â¥®à¥¬ë 1.9.13, 1.1.30) á¯à ¢¥¤«¨¢® ¨
¤«ï v0 2 D(A).

� ¢¥áâ¢® (16)   «®£¨ç® à ¢¥áâ¢ã (7), ¥á«¨ ¢¬¥áâ® ¯ à ¬¥âà  k § ¯¨á âì ¯ à ¬¥âà
2[k=2] + 2, ¯®íâ®¬ã ¤ «ì¥©è¥¥ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 3 ¯®¢â®àï¥â (á á®®â¢¥âáâ¢ãîé¥© § -
¬¥®© ¯ à ¬¥âà  k) ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �

� ç áâ®áâ¨, ¥á«¨ 0 < k=2 < 1, â® ªà¨â¥à¨© áâ ¡¨«¨§ æ¨¨ à¥è¥¨ï § ¤ ç¨ (1), (2) ¨¬¥¥â
¢¨¤ (13), â. ¥. á®¢¯ ¤ ¥â á ªà¨â¥à¨¥¬ áâ ¡¨«¨§ æ¨¨ ¤«ï k=2 = 1. �«ï 1 < k=2 < 2 ªà¨â¥à¨©
áâ ¡¨«¨§ æ¨¨ â ª®© ¦¥, ª ª ¤«ï k=2 = 2 ¨ â. ¤.

�á¯®«ì§ãï ã¦¥ ã¯®¬¨ ¢èãîáï ä®à¬ã«ã á¤¢¨£  ¯® ¯ à ¬¥âàã ¢ ���, ªà¨â¥à¨© áâ ¡¨«¨§ -
æ¨¨ (10) ¬®¦® § ¯¨á âì ¢ â¥à¬¨ å ��� P 

k (t).

�«¥¤áâ¢¨¥. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 3. �®£¤  ªà¨â¥à¨© áâ ¡¨«¨§ æ¨¨ à¥è¥¨ï
§ ¤ ç¨ (1), (2) ¨¬¥¥â ¢¨¤

lim
t!1

1
t

Z t

0

L
k(t; y)P


k (y)v0 dy = l;

£¤¥

L
k(t; y) =

2�k=2
p
�

�(k=2 + 1=2)�(1 + [k=2] � k=2)

�
sh y


�k

�

�
Z t

y

shs
s

�
ch s� ch y

2

�[k=2]�k=2�
� 

shs
d

ds

�[k=2]


sh s
ds:

� á«ãç ¥, ª®£¤   ç «ì®¥ ãá«®¢¨¥ v0 ®¡« ¤ ¥â ¯®¢ëè¥®© £« ¤ª®áâìî, ¬®¦® ãª § âì
¥é¥ ®¤¨ ªà¨â¥à¨© áâ ¡¨«¨§ æ¨¨, ª®â®àë© ï¢«ï¥âáï ¥¯®áà¥¤áâ¢¥ë¬ á«¥¤áâ¢¨¥¬ â¥®à¥¬ë 1,
¯à¨¬¥¥®© ª à ¢¥áâ¢ã (6).

�¥®à¥¬  4. �ãáâì A 2 G
k, v0 2 D(A[k=2]+1) ¨ äãªæ¨ï

sht


�


sh t
d

dt

�k=2��sht


�k�1

P 
k (t)v0

�

®£à ¨ç¥ . �®£¤  ªà¨â¥à¨© áâ ¡¨«¨§ æ¨¨ à¥è¥¨ï § ¤ ç¨ (1), (2) ¨¬¥¥â ¢¨¤

lim
t!1

p
�

�(k=2 + 1=2)2k=2t

Z t

0

sht


�


sh t
d

dt

�k=2��sh t


�k�1

P 
k (t)v0

�
ds = l:

�à¨¬¥à 1. �ãáâì E = f(x) : jf(x) sh xj �M , x 2 [0;1),

kf(x)k = sup
x�0

jf(x) sh xj; A =
d2

dx2
+ 2 cth s

d

ds
+ 2;

D(A) =
�
f(x) 2 E : Af(x) 2 E

�
:

�®£¤  ���, ¯®à®¦¤ ¥¬ ï ®¯¥à â®à®¬ A, ¨¬¥¥â ¢¨¤

P 
2 (t)v0(x) =

2tx

sh t sh x
T t
x

�
shx
x

v0(x)
�
;
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£¤¥ T t
xv0(x) =

1
2

�R
0

v0
�p

x2 + t2 � 2xt cos'
�
sin'd' | ®¯¥à â®à ®¡®¡é¥®£® á¤¢¨£ .

�à®¢¥à¨¬ ¢ë¯®«¥¨¥ ãá«®¢¨© â¥®à¥¬ë 2 ¤«ï k = 2. �¬¥¥¬

kK
2 (t)P


2 (t)v0k = sup

x�0

����x=2
Z �

0

v0
�p

x2 + t2 � 2xt cos'
�
(x2 + t2 � 2xt cos')�1=2 �

� sh
p
x2 + t2 � 2xt cos' sin'd'

���� �
� sup

x�0
Mx=2

Z 1

�1
(x2 + t2 � 2xty)�1=2dy =

M

2t
sup
x�0

(jx+ tj � jx� tj) �M:

�® â¥®à¥¬¥ 2 ¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç®¥ ãá«®¢¨¥ áâ ¡¨«¨§ æ¨¨ à¥è¥¨ï § ¤ ç¨

@v

@t
= Av; v(0; x) = v0(x)

¨¬¥¥â ¢¨¤

lim
t!1

x

t shx

Z t

0
T y
x

�
shx
x

v0(x)
�
dy = l(x);

£¤¥ ¯®¤ áå®¤¨¬®áâìî ¯®¨¬ ¥âáï «¨¡® áå®¤¨¬®áâì ¯® ®à¬¥ E, «¨¡® á« ¡ ï áå®¤¨¬®áâì ¢ E,
ª®â®à ï ®§ ç ¥â à ¢®¬¥àãî ®£à ¨ç¥®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ äãªæ¨© ¨ áå®¤¨¬®áâì ¢
ª ¦¤®© â®çª¥ x 2 [0;1).

� áá¬®âà¥ë¥ ªà¨â¥à¨¨ áâ ¡¨«¨§ æ¨¨ à¥è¥¨ï § ¤ ç¨ (1), (2) âà¥¡®¢ «¨ ¤®áâ â®ç® ¡ë-
áâà®£® áâà¥¬«¥¨ï ª ã«î äãªæ¨¨ P 

k (t)v0. � ¤ «ì¥©è¥¬   íâã äãªæ¨î ¡ã¤¥â  «®¦¥®
â®«ìª® ãá«®¢¨¥ ®£à ¨ç¥®áâ¨, ® ¯à¨ íâ®¬ ¢ ãà ¢¥¨¨ (1) ¬ë á®¢¥àè¨¬ á¤¢¨£ ®¯¥à â®à  A,
§ ¢¨áïé¨© ®â ¯ à ¬¥âà®¢ k ¨ .

� áá¬®âà¨¬ § ¤ çã �®è¨

V 0(t) = AV (t)� h(k; )V (t); t > 0; (17)

V (t) = v0; (18)

à¥è¥¨¥ ª®â®à®© ¨¬¥¥â ¢¨¤ V (t) = exp(�th(k; ))v(t), £¤¥ v(t) ®¯à¥¤¥«¥  à ¢¥áâ¢®¬ (6). �ä®à-
¬ã«¨àã¥¬ ¢ ç «¥ ¤®áâ â®çë¥ ãá«®¢¨ï áâ ¡¨«¨§ æ¨¨.

�¥®à¥¬  5. �ãáâì A 2 G
k, k=2 2 N , h(k; ) = (k=2)2, v0 2 D(A). �®£¤ , ¥á«¨ áãé¥áâ¢ã¥â

¯à¥¤¥« (á¨«ìë© ¨«¨ á« ¡ë©)

lim
t!1P 

k (t)v0 = l; (19)

â® à¥è¥¨¥ § ¤ ç¨ (17), (18) ¯à¨ t!1 â ª¦¥ áâà¥¬¨âáï (á¨«ì® ¨«¨ á« ¡®) ª l, â. ¥.

lim
t!1

V (t) = l: (20)

�¥®à¥¬  6. �ãáâì A 2 G
k, fk=2g 6= 0, h(k; ) = 2([k=2] + 1)2, v0 2 D(A). �®£¤ , ¥á«¨

áãé¥áâ¢ã¥â ¯à¥¤¥« (á¨«ìë© ¨«¨ á« ¡ë©)

lim
t!1P 

2[k=2]+2(t)v0 = l;

â® á¯à ¢¥¤«¨¢® à ¢¥áâ¢® (20).
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�®ª § â¥«ìáâ¢® â¥®à¥¬ë 5. �á¯®«ì§ãï à ¢¥áâ¢® (11) ¨ ®£à ¨ç¥®áâì äãªæ¨¨ P 
k (t)v0,

¯®á«¥ ®ç¥¢¨¤ëå ¯à¥®¡à §®¢ ¨© ¯®«ãç¨¬

lim
t!1

V (t) =
exp

�
� (n)2t

�
(�2)n�(k=2 + 1=2)

nX
i=1

lim
t!1

t�1=2

Z 1

0

ai;n(ch s)
�
shs


�i�
� s

2t

�i

�

� exp
�
� s2

4t

�
P 
k (s)v0 ds =

(�1)n
2k�(k=2 + 1=2)

nX
i=1

lim
t!1

�i;nt
�1=2

Z 1

0

�
� s

2t

�i

�

� exp
�
� s2

4t
+ ns� (n)2t

�
P 
k (s)v0 ds =

=
(�1)n

2k�1�(k=2 + 1=2)

nX
i=1

�i;n lim
t!1

Z 1

�npt
exp

�
� x2

��
� n� x


p
t

�i

P 
k

�
2x
p
t+ 2nt

�
v0 dx =

=
(�1)n

2k�1�(k=2 + 1=2)

nX
i=1

�i;n(�n)i lim
t!1

Z 1

�npt
exp(�x2)P 

k (2x
p
t+ 2nt)v0 dx; (21)

£¤¥ 2n = k. �â¥£à « ¢ ¯à ¢®© ç áâ¨ (21) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ áã¬¬ë J1(t) + J2(t), £¤¥ ¢ J1(t)
¨â¥£à¨à®¢ ¨¥ ¢¥¤¥âáï ¯® ¨â¥à¢ «ã (�npt;� ln t),   ¢ J2(t) | ¯® (� ln t;1). � á¨«ã ®£à ¨-
ç¥®áâ¨ P 

k (t)v0 ¨ áå®¤¨¬®áâ¨ à áá¬ âà¨¢ ¥¬®£® ¨â¥£à « 

lim
t!1

J1(t) = 0: (22)

�®áª®«ìªã   ¨â¥à¢ «¥ (� ln t;1), ®ç¥¢¨¤®, 2x
p
t+2nt > 2nt� 2

p
t ln t!1 ¯à¨ t!1, â®,

¨á¯®«ì§ãï ¯à¥¤¯®«®¦¥¨¥ (19), ¯®«ãç¨¬

lim
t!1

J2(t) = l: (23)

�§ (21){(23) ¢ëâ¥ª ¥â à ¢¥áâ¢®

lim
t!1

V (t) = �kl; (24)

£¤¥ ¯®áâ®ï ï

�k =
(�1)k=2p�

2k�1�(k=2 + 1=2)

k=2X
i=1

�i;k=2(�k=2)i

¥ § ¢¨á¨â ®â ®¯¥à â®à  A, ¢å®¤ïé¥£® ¢ ãà ¢¥¨¥ (17).
� áá¬®âà¥¢ ®¯¥à â®à A = �2 + 2k2=4 ¢ ¯à®áâà áâ¢¥ Sk+1 ®âà¨æ â¥«ì®© ªà¨¢¨§ë �2 ¨

¯®«®¦¨¢ v0 � 1, ¯®«ãç¨¬ P 
k (t)v0 � 1 ¨ V (t; x) � 1 (á¬. [11]), ®âªã¤  á«¥¤ã¥â, çâ®

�k =
(�1)k=2p�

2k�1�(k=2 + 1=2)

k=2X
i=1

�i;k=2(�k=2)i = 1: (25)

�®íâ®¬ã ¨§ (24), (25) ¢ëâ¥ª ¥â (20). �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 6 ®¡®á®¢ë¢ ¥âáï à ááã¦¤¥¨ï¬¨,   «®£¨çë¬¨ â¥¬, ª®â®àë¥ ¡ë-
«¨ ¯à¨¬¥¥ë ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 3 ¨ ¢ ®á®¢¥ ª®â®àëå «¥¦¨â ¯à¥¤áâ ¢«¥¨¥ (16).

�¥à¥å®¤¨¬ â¥¯¥àì ª ä®à¬ã«¨à®¢ª¥ ¥®¡å®¤¨¬ëå ãá«®¢¨© áâ ¡¨«¨§ æ¨¨.

�¥®à¥¬  7. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 5,

sup
t�0

kP 
k (t)v0k �M (26)

¨ á¯à ¢¥¤«¨¢® à ¢¥áâ¢® (20). �®£¤ 

lim
t!1

1
t

Z t

0
P 
k (s)v0 ds = l: (27)
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�¥®à¥¬  8. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 6, ¥à ¢¥áâ¢® (26) ¨ á¯à ¢¥¤«¨¢® à ¢¥-

áâ¢® (20). �®£¤ 

lim
t!1

1
t

Z t

0

P 
2[k=2]+2(s)v0 ds = l:

� ª ¨ ¯à¥¦¤¥, ¤®áâ â®ç® ¤®ª § âì â®«ìª® â¥®à¥¬ã 7. �«ï ®¯à¥¤¥«¥®áâ¨ à áá¬®âà¨¬ á¨«ì-
ãî áå®¤¨¬®áâì. �®á¯®«ì§®¢ ¢è¨áì à ¢¥áâ¢®¬ (25), § ¯¨è¥¬ ä®à¬ã«ã (21) ¢ ¢¨¤¥

lim
t!1

V (t) = lim
t!1

1p
�

Z 1

�npt

exp(�x2)P 
k

�
2x
p
t+ 2nt

�
v0 dx: (28)

�¢¥¤¥¬ ®¡®§ ç¥¨ï

w(t) =
1p
�

Z 1

�npt
exp(�x2)P 

k

�
2x
p
t+ 2nt

�
v0 dx; � = n=2:

�ç¨âë¢ ï ¯à¥¤¯®«®¦¥¨¥ (20), ¨§ (28) ¯®«ãç¨¬ lim
t!1

w(t) = l ¨ ¯®íâ®¬ã

lim
t!1

1
t

Z t

0
w(�)d� = l: (29)

�à®¤¥« ¢ í«¥¬¥â àë¥ ¯à¥®¡à §®¢ ¨ï, ¯®«ãç¨¬

1
t

Z t

0

w(�)d� =
1

2
p
�t

Z 2
p
t

0

s

Z 1

��s
exp(�x2)P 

k (xs+ �s2)v0 dx ds =

=
1

2
p
�t

Z 0

�2�
p
t
exp(�x2)

Z 2
p
t

�x=�
sP 

k (xs+ �s2)v0 ds dx+

+
1

2
p
�t

Z 1

0

exp(�x2)
Z 2

p
t

0

sP 
k (xs+ �s2)v0 ds dx =

=
1

2
p
�t

Z 0

�2�
p
t
exp(�x2)

Z 2x
p
t+4�t

0

p
x2 + 4�y � x

2�
p
x2 + 4�y

P 
k (y)v0 dy dx+

+
1

2
p
�t

Z 1

0

exp(�x2)
Z 2x

p
t+4�t

0

p
x2 + 4�y � x

2�
p
x2 + 4�y

P 
k (y)v0 dy dx =

=
1

4
p
��t

Z 1

�2�
p
t
exp(�x2)

Z 2x
p
t+4�t

0

p
x2 + 4�y � xp
x2 + 4�y

P 
k (y)v0 dy dx =

=
1

4
p
��t

Z 1

�2�
p
t
exp(�x2)

Z 4�t

0

p
x2 + 4�y � xp
x2 + 4�y

P 
k (y)v0 dy dx+

+
1

4
p
�t

Z 1

�2
p
t

exp(�x2)
Z 2x

p
t+4�t

4�t

p
x2 + 4�y � xp
x2 + 4�y

P 
k (y)v0 dy dx =

=
1
4�t

Z 4�t

0

P 
k (y)v0 dy +

4X
i=1

Ii(t); (30)

£¤¥

I1(t) =
�1

4
p
��t

Z �2�
p
t

�1
exp(�x2)

Z 4�t

0
P 
k (y)v0 dy dx;

I2(t) =
�1

4
p
��t

Z 1

�2�
p
t

x exp(�x2)
Z 4�t

0

1p
x2 + 4�y

P 
k (y)v0 dy dx;
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I3(t) =
1

4
p
��t

Z 1

�2�
p
t

exp(�x2)
Z 4�t+2x

p
t

4�t

P 
k (y)v0 dy dx;

I4(t) =
�1

4
p
��t

Z 1

�2�
p
t
x exp(�x2)

Z 2x
p
t+4�t

4�t

1p
x2 + 4�y

P 
k (y)v0 dy dx:

� áá¬®âà¨¬ ¤ «¥¥ ª ¦¤®¥ á« £ ¥¬®¥, ¢å®¤ïé¥¥ ¢
4P

i=1
Ii(t). �ç¨âë¢ ï ¥à ¢¥áâ¢® (26), ¯®«ã-

ç¨¬

kI1(t)k � Mkv0kp
�

Z �2�
p
t

�1
exp(�x2)dx! 0 ¯à¨ t!1;

kI2(t)k � Mkv0k
8
p
��2t

Z 1

�1
jxj exp(�x2)�px2 + 16�2t� jxj�dx =

=
2Mkv0kp

�

Z 1

�1

jxj exp(�x2)p
x2 + 16�2t+ jxj dx �

� Mkv0k
2�
p
�t

Z 1

�1
jxj exp(�x2)dx! 0 ¯à¨ t!1;

kI3(t)k � Mkv0k
2�
p
�t

Z 1

�1
jxj exp(�x2)dx! 0 ¯à¨ t!1;

kI4(t)k � Mkv0k
8
p
��2t

Z 1

�2�
p
t
jxj exp(�x2)��qx2 + 4�(2x

p
t+ 4�t)�

p
x2 + 16�2t

��dx �
� Mkv0k

�
p
�t

Z 1

�2�
p
t

x2 exp(�x2) dxq
x2 + 4�(2x

p
t+ 4�t) +

p
x2 + 16�2t

�

� Mkv0k
4�2

p
�t

Z 1

�1
x2 exp(�x2)dx! 0 ¯à¨ t!1:

�®áª®«ìªã
4P

i=1
Ii(t)! 0 ¯à¨ t!1, â® ¨§ à ¢¥áâ¢ (29), (30) á«¥¤ã¥â

lim
t!1

1
4�t

Z 4�t

0

P 
k (y)v0 dy = l

¨ à ¢¥áâ¢® (27). �

� ª á«¥¤ã¥â ¨§ ¤®ª § ëå â¥®à¥¬ 5 ¨ 7 (¨«¨ 6 ¨ 8), ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ áâ ¡¨«¨§ æ¨¨ ¥
á®¢¯ ¤ ¥â á ¤®áâ â®çë¬. �á«¨ ¢ ä®à¬ã«¥ (28) ¢ë¤¥«¨âì ¢ëà ¦¥¨¥

1
t

Z t

0

P 
k (s)v0 ds;

ª®â®à®¥ ¡ã¤¥¬ ®¡®§ ç âì eP 
k (t), â® ¯®«ãç¨¬

lim
t!1V (t) = lim

t!1
1

2
p
�t

Z 1

0
exp

�
�
�

y

2
p
t
� n

p
t

�2�
d

dy

Z y

0
P 
k (s)v0 ds dy =

= lim
t!1

2p
�

Z 1

�npt

x2 exp(�x2) eP 
k (2x

p
t+ 2nt)v0 dx+

+ lim
t!1 2n

p
t

Z 1

�npt
x exp(�x2) eP 

k (2x
p
t+ 2nt)v0 dx;

¨§ ç¥£® á«¥¤ã¥â, çâ® ¥á«¨ ¢ë¯®«¥® (27), â® ¢â®à®¥ á« £ ¥¬®¥ ¬®¦¥â, ¢®®¡é¥ £®¢®àï, ¥ ¨¬¥âì
¯à¥¤¥« , ¢ â® ¢à¥¬ï ª ª ¯¥à¢®¥ á« £ ¥¬®¥ áâà¥¬¨âáï ª l.

�ää¥ªâ ¢â®à®£® á« £ ¥¬®£® ¯à®¯ ¤ ¥â ¢ ¯à¥¤¥«ì®¬ á«ãç ¥  = 0.
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�à¨¬¥à 2. �ãáâì E | ¯à®áâà áâ¢® ¥¯à¥àë¢ëå ¨ ®£à ¨ç¥ëå äãªæ¨©, § ¤ ëå  
[0;1). � áá¬®âà¨¬ § ¤ çã �®è¨

@V (t; x)
@t

=
@2V (t; x)

@x2
+ k cth x

@V (t; x)
@x

; (31)

V (0; x) = v0(x): (32)

�à®¢¥à¨¬ ®£à ¨ç¥®áâì äãªæ¨¨ P 
2 (t)v0(x), ¢¨¤ ª®â®à®© ãª §  ¢ ¯à¨¬¥à¥ 1. �¬¥¥¬

jP 
2 (t)v0(x)j �

2tx

2 sh t shx

Z �

0

sh
p
x2 + t2 � 2xt cos'


p
x2 + t2 � 2xt cos'

�

� v0(
p
x2 + t2 � 2xt cos' ) sin'd' � M

2 sh t shx

Z x+t

jx�tj
shs ds =M:

�®íâ®¬ã ¤«ï § ¤ ç¨ (31), (32) ¯à¨¬¥¨¬ë â¥®à¥¬ë 5 ¨ 7 ¤«ï k = 2 ¨ â¥®à¥¬ë 6 ¨ 8 ¤«ï 0 < k=2 <
1. �à¨ íâ®¬ ¢á¥ ¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï áâ ¡¨«¨§ æ¨¨ ä®à¬ã«¨àãîâáï ¢ â¥à¬¨ å
äãªæ¨¨ P 

2 (t)v0(x).

�à¨¬¥à 3. �ãáâì E | ¯à®áâà áâ¢® ¥¯à¥àë¢ëå ¨ ®£à ¨ç¥ëå äãªæ¨© ¨ A = �2+2,
£¤¥ �2 | ®¯¥à â®à � ¯« á {�¥«ìâà ¬¨ ¢ ¯à®áâà áâ¢¥ S3 ¯®áâ®ï®© ®âà¨æ â¥«ì®© ªà¨¢¨§ë
�2. � íâ®¬ á«ãç ¥ à¥è¥¨¥ § ¤ ç¨

@V (t; x)
@t

= �2V (t; x); x 2 S3; t > 0; (33)

V (0; x) = v0(x) (34)

¨¬¥¥â ¢¨¤ (á¬. [5] ¨«¨, çâ® â® ¦¥ á ¬®¥, ä®à¬ã«ã (7))

V (t; x) =
exp(�2t)
2t
p
�t

Z 1

0
s exp

�
� s2

4t

�
shs


P 
2 (s)v0(x)dx; (35)

£¤¥ P 
2 (t)v0(x) | áà¥¤¥¥ äãªæ¨¨ v0(x) ¯® £¥®¤¥§¨ç¥áª®© £¨¯¥àáä¥à¥ (¢ á¬ëá«¥ ¬¥âà¨ª¨ ¢ S3)

à ¤¨ãá  t á æ¥âà®¬ ¢ â®çª¥ x 2 S3. �«ï § ¤ ç¨ (33), (34) á¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥¨ï â¥®à¥¬ 5
¨ 7.

�á«¨ x 2 S2, â® ¤«ï § ¤ ç¨

@V (t; x)
@t

= �2V (t; x)� 3
4
2V (t; x); x 2 S2; t > 0;

V (0; x) = v0(x)

á¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥¨ï â¥®à¥¬ 6 ¨ 8, ¯à¨ íâ®¬ à¥è¥¨¥ § ¤ ç¨ ¨¬¥¥â ¢¨¤ (35), £¤¥

P 
2 (t)v0(x) =

p
2 sh t

Z t

0

(ch t� ch y)�1=2 sh yP 
1 (y)v0(x)dy;

P 
1 (t)v0(x) | áà¥¤¥¥ ¯® áä¥à¥ (¢ á¬ëá«¥ ¬¥âà¨ª¨ ¢ S2) à ¤¨ãá  t á æ¥âà®¬ ¢ â®çª¥ x 2 S2.
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