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1. �¢¥¤¥¨¥

�á®¢ ï æ¥«ì ¤ ®© áâ âì¨ | à á¯à®áâà ¥¨¥   á«ãç © ¯à®áâà áâ¢¥ëå ®¡« áâ¥© ¤¢ãå
ª« áá¨ç¥áª¨å ¨§®¯¥à¨¬¥âà¨ç¥áª¨å ¥à ¢¥áâ¢ (á¬. [1], [2]) ¨ ¥¤ ¢¨å à¥§ã«ìâ â®¢  ¢â®à  [3]{[5].
� à ¡®â¥ â ª¦¥ à¥è ¥âáï § ¤ ç  [6] ® ª®ä®à¬ëå ¬®¬¥â å ¥ç¥âëå áâ¥¯¥¥© ¤«ï ¯«®áª¨å
®¤®á¢ï§ëå ®¡« áâ¥©.

�¯¨è¥¬ ªà âª® ¡ §®¢ë¥ à¥§ã«ìâ âë, à §¢¨â¨î ª®â®àëå ¯®á¢ïé¥  ¤  ï à ¡®â . �ãáâì 

| ®¤®á¢ï§ ï ®¡« áâì   ¯«®áª®áâ¨, P (
) | ª®íää¨æ¨¥â ¦¥áâª®áâ¨ ªàãç¥¨ï ã¯àã£®© ¡ «ª¨
á ¯®¯¥à¥çë¬ á¥ç¥¨¥¬ 
. �§¢¥áâ® ([1], [2]), çâ®

P (
) = sup
u2C1

0
(
)

�
2
Z


u(x)dx

�2.Z


jruj2dx; (1)

£¤¥ x = (x1; x2) 2 
, dx = dx1dx2, C1
0 (
) | ¯à®áâà áâ¢® £« ¤ª¨å äãªæ¨© á ª®¬¯ ªâë¬

®á¨â¥«¥¬ ¢ 
.
�« áá¨ç¥áª¨¥ ¯à¨¡«¨¦¥ë¥ ä®à¬ã«ë �ã«® , �®è¨ ¨ �¥-�¥   ¢ëà ¦ îâ P (
) ç¥à¥§

¯«®é ¤ì 
 ¨ ¬®¬¥âë ¨¥àæ¨¨ 
 ®â®á¨â¥«ì® æ¥âà  ¬ áá ¨ £« ¢ëå ®á¥©. �ªá¯¥à¨¬¥â «ì® ¨
â¥®à¥â¨ç¥áª¨ ¡ë«® ®¡ àã¦¥® ([1], [7]), çâ® íâ¨ ä®à¬ã«ë á¯à ¢¥¤«¨¢ë «¨èì ¤«ï ã§ª¨å ª« áá®¢
®¡« áâ¥©. �®íâ®¬ã ¬ â¥¬ â¨ç¥áª ï â¥®à¨ï à §¢¨¢ « áì ¯® ¯ãâ¨ á®§¤ ¨ï â®çëå ãâ¢¥à¦¤¥¨©,
¢ëà ¦ ¥¬ëå ¨§®¯¥à¨¬¥âà¨ç¥áª¨¬¨ ¥à ¢¥áâ¢ ¬¨. � 1924 £. �.�¨ª®« ¨ ¤®ª § «, çâ® ¤«ï «î¡®©
®¤®á¢ï§®© ®¡« áâ¨ 
 � R2

P (
) � I2(
); (2)

£¤¥ I2(
) | ¬®¬¥â ¨¥àæ¨¨ ®¡« áâ¨ 
 ®â®á¨â¥«ì® ¥¥ æ¥âà  ¬ áá, â. ¥.

I2(
) =
Z


jxj2dx;

¥á«¨ æ¥âà ¬ áá ®¡« áâ¨  å®¤¨âáï ¢  ç «¥ ª®®à¤¨ â. �â® ¥à ¢¥áâ¢® ¯à¨¤ «® â®çë© á¬ëá«
ä®à¬ã«¥ �ã«®  P (
) � I2(
). �â¬¥â¨¬, çâ® à ¢¥áâ¢® ¢ (2) ¨¬¥¥â ¬¥áâ® «¨èì ¤«ï ªàã£ . �
1948 £. �®©  ¤®ª § « á¯à ¢¥¤«¨¢®áâì ª« áá¨ç¥áª®© £¨¯®â¥§ë �¥-�¥  

P (
) � j
j2
2�

; (3)

£¤¥ j
j | ¯«®é ¤ì ®¤®á¢ï§®© ®¡« áâ¨ 
 � R2. � ª ¨ ¢ (2), à ¢¥áâ¢® ¢ (3) ¨¬¥¥â ¬¥áâ® «¨èì
¤«ï ªàã£ . � ª ¯®ª § ® ¢ [1],   «®£¨ç ï ®¡à ¡®âª  ¯à¨¡«¨¦¥®© ä®à¬ã«ë �¥-�¥  

P (
) � j
j4
4�2I2(
)

� ¡®â  ¯®¤¤¥à¦   �®áá¨©áª¨¬ ä®¤®¬ äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨© (¯à®¥ªâë 02-01-00168 ¨ 03-
01-00015).
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¥¢®§¬®¦ , â. ¥. ®â®è¥¨¥ I2(
)P (
)=j
j4 ¥ ®â¤¥«¥® ¨ ®â ã«ï, ¨ ®â ¡¥áª®¥ç®áâ¨  
¬®¦¥áâ¢¥ ¢á¥å ®¤®á¢ï§ëå ®¡« áâ¥©. �à®¬¥ â®£®, ª ª ¯®ª § ® ¢ [1], ¥à ¢¥áâ¢  (2) ¨ (3)
ï¢«ïîâáï «¨èì ®¤®áâ®à®¨¬¨, â. ¥.

inf


P (
)=I2(
) = inf



P (
)=j
j2 = 0:

�¥®¬¥âà¨ç¥áª¨© äãªæ¨® «, íª¢¨¢ «¥âë© P (
)   ¢á¥¬ ¬®¦¥áâ¢¥ ®¤®á¢ï§ëå ®¡« áâ¥© 
,
¡ë«  ©¤¥  ¢â®à®¬ (á¬. [3]{[5]): ¤«ï «î¡®© ®¤®á¢ï§®© ®¡« áâ¨ 
 � R2

Z


R2(x;
)dx � P (
) � 4

Z


R2(x;
)dx; (4)

£¤¥ R(x;
) | ª®ä®à¬ë© à ¤¨ãá ®¡« áâ¨ 
 ¢ â®çª¥ x = (x1; x2). � á¨«ã ª« áá¨ç¥áª®© «¥¬¬ë
�¢ àæ  ¨ â¥®à¥¬ë �¥¡¥ ®¡ 1=4 (á¬. [8])

dist(x; @
) � R(x;
) � 4 dist(x; @
); (5)

£¤¥ dist(x; @
) | à ááâ®ï¨¥ ®â â®çª¨ x = (x1; x2) ¤® £à ¨æë @
 ®¤®á¢ï§®© ®¡« áâ¨ 
 � R2.
�®íâ®¬ã ¥à ¢¥áâ¢  (4) ¨ (5) ¯®§¢®«ïîâ § ¯¨á âì ã¨¢¥àá «ìë©   «®£ ä®à¬ã«ë �ã«®  á
¨á¯®«ì§®¢ ¨¥¬ ¬®¬¥â  ¨¥àæ¨¨ 
 ®â®á¨â¥«ì® £à ¨æë, â. ¥. ¢¥«¨ç¨ëZ




dist2(x; @
)dx: (6)

�®¬¥âë ®¡« áâ¥©, ä¨£ãà¨àãîé¨¥ ¢ (4) ¨ (6), ®ª § «¨áì ®¢ë¬¨ ¯®ïâ¨ï¬¨. �å á¢®©áâ¢  ¨
¯à¨«®¦¥¨ï ¨§ãç «¨áì,  ¯à¨¬¥à, ¢ ([3]{[6], [9], [10]). �á®¡® ®â¬¥â¨¬ à¥§ã«ìâ â áâ âì¨ [10]: ¤«ï
«î¡®© ¯«®áª®© ®¤®á¢ï§®© ®¡« áâ¨ 


3
2

Z


R2(x;
)dx � P (
);

¯à¨ç¥¬ ¤«ï ªàã£  ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®.

2. �á®¢ë¥ à¥§ã«ìâ âë

�ãáâì 
 | ®¡« áâì (â. ¥. ®âªàëâ®¥ á¢ï§®¥ ¬®¦¥áâ¢®) ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ Rn, n � 2.
�¥à¥§ P (
) ¡ã¤¥¬ ®¡®§ ç âì äãªæ¨® «, ®¯à¥¤¥«¥ë© ¤«ï 
 ä®à¬ã«®© (1):

P (
) = sup
u2C1

0
(
)

�
2
Z


u(x)dx

�2.Z


jru(x)j2dx;

£¤¥ x = (x1; : : : ; xn) 2 
, dx = dx1 : : : dxn | ¤¨ää¥à¥æ¨ «ìë© í«¥¬¥â ®¡ê¥¬ . �à®¬¥ â®£®,
¡ã¤¥¬ ¯®«ì§®¢ âìáï á«¥¤ãîé¨¬¨ áâ ¤ àâë¬¨ ®¡®§ ç¥¨ï¬¨: jxj = (x21 + � � � + x2n)

1=2, !n |
®¡ê¥¬ ¥¤¨¨ç®£® è à  ¢ Rn, â. ¥.

!n =
�n=2

�(1 + n=2)
;

£¤¥ � | £ ¬¬  äãªæ¨ï �©«¥à .
�§®¯¥à¨¬¥âà¨ç¥áª¨¥ ¥à ¢¥áâ¢  �.�¨ª®« ¨ (2) ¨ �¥-�¥   (3) ¤«ï ®¤®á¢ï§ëå ¯«®áª¨å

®¡« áâ¥© ¤®¯ãáª îâ á«¥¤ãîé¥¥ ®¡®¡é¥¨¥.

�¥®à¥¬  1. �«ï «î¡®© ®¡« áâ¨ 
 � Rn (n � 2) ¨ «î¡®£® p � 0 ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

P (
) � 4!n
n(n+ 2)

�
n+ p

n!n

Z



jxjp dx
�n+2

n+p

: (7)

�á«¨ 
 | è à á æ¥âà®¬ ¢  ç «¥ ª®®à¤¨ â, â® ¢ (7) ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®.
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�§ â¥®à¥¬ë 1 ¯à¨ p = 2 ¨ p = 0 ¢ëâ¥ª îâ ¯àï¬ë¥   «®£¨ (2) ¨ (3) ¤«ï ¯à®¨§¢®«ì®© ®¡« áâ¨

 � Rn, n � 2:

P (
) � 4
n2

Z


jxj2dx; (8)

P (
) � 4

n(n+ 2)!2=n
n

j
j1+2=n: (9)

�¥à ¢¥áâ¢® ¢¨¤  (9) á åã¤è¥© ª®áâ â®© ®¡®á®¢ ® ¢ [11]. �â¬¥â¨¬ â ª¦¥, çâ® (9) ¬®¦®
¢ë¢¥áâ¨ ¨§ à¥§ã«ìâ â®¢ à ¡®âë [12] ¯® ¨§®¯¥à¨¬¥âà¨ç¥áª¨ ¬®®â®ë¬ äãªæ¨® « ¬. �¥¬
¥ ¬¥¥¥ ¬ë ¯à¨¢¥¤¥¬ ¨¦¥ ª®à®âª®¥ ¤®ª § â¥«ìáâ¢® (9), ®á®¢ ®¥   â¥å ¦¥ ¨¤¥ïå, çâ® ¨
¤®ª § â¥«ìáâ¢® �®©  ª« áá¨ç¥áª®£® ¥à ¢¥áâ¢  (3).

�ãáâì â¥¯¥àì 
| ®¡« áâì ¢Rn, ¢ ª®â®à®© áãé¥áâ¢ã¥â ¬¥âà¨ª  �ã ª à¥ á «¨¥©ë¬ í«¥¬¥-
â®¬ �
(x)jdxj, ¯à¥¢à é îé ï 
 ¢ ¯à®áâà áâ¢® �®¡ ç¥¢áª®£® ¯®áâ®ï®© ®âà¨æ â¥«ì®© ªà¨-
¢¨§ë. �«¥¤ãï â¥à¬¨®«®£¨¨, ¯à¨ïâ®© ¢ â¥®à¨¨ äãªæ¨© ¤«ï ®¡« áâ¥©   ¯«®áª®áâ¨, â ªãî
®¡« áâì ¡ã¤¥¬  §ë¢ âì £¨¯¥à¡®«¨ç¥áª®©. �«ï £¨¯¥à¡®«¨ç¥áª®© ®¡« áâ¨ 
 � Rn ®¯à¥¤¥«¥ 
¯®«®¦¨â¥«ì ï ¢ 
 äãªæ¨ï

R(x;
) :=
1

�
(x)
; x 2 
;

 §ë¢ ¥¬ ï £¨¯¥à¡®«¨ç¥áª¨¬ à ¤¨ãá®¬. �§¢¥áâ® [13], çâ® äãªæ¨ïR(x;
) ï¢«ï¥âáï ¢¥é¥áâ¢¥-
®   «¨â¨ç¥áª®© ¢ 
 ¨ ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î �¨ã¢¨««ï

2R�R = njrRj2 � 4n; (10)

£¤¥ R = R(x;
), x 2 
 � Rn. �«ï ¯«®áª¨å ®¤®á¢ï§ëå ®¡« áâ¥© 
 � R2 £¨¯¥à¡®«¨ç¥áª¨©
à ¤¨ãá á®¢¯ ¤ ¥â á ª« áá¨ç¥áª¨¬ ª®ä®à¬ë¬ à ¤¨ãá®¬ 
 ¢ â®çª¥ x 2 
 (á¬. [8], [13]).

�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ à á¯à®áâà ï¥â   ¯à®áâà áâ¢¥ë© á«ãç © á®®â¢¥âáâ¢ãîé¨¥ à¥-
§ã«ìâ âë  ¢â®à  ¨§ [3] ¨ [4].

�¥®à¥¬  2. �ãáâì 
 | ®¡« áâì ¢ Rn á £à ¨æ¥© @
 ª« áá  C1. �®£¤  ¤«ï «î¡®£® � > �1Z



R�(x;
)dx =
�
1
4
+
�+ 1
2n

�Z



R�(x;
)jrR(x;
)j2dx; (11)

¨, ªà®¬¥ â®£®,

j@
j :=
Z
@


dS = �1
2

Z



�R(x;
)dx: (12)

�â¬¥â¨¬, çâ® ¨§ (11) ¯à¨ � = 0 á«¥¤ã¥â ä®à¬ã«  ¤«ï ¥¢ª«¨¤®¢  ®¡ê¥¬  ®¡« áâ¨ 
:

j
j :=
Z



dx =
n+ 2
4n

Z



jrR(x;
)j2dx: (13)

� â¥®à¥¬¥ 1 ¯à¨¢¥¤¥ë â®çë¥ ®æ¥ª¨ á¢¥àåã ¤«ï äãªæ¨® «  P (
). � ¨á¯®«ì§®¢ ¨¥¬
â¥®à¥¬ë 2 ¬®¦® ¯®«ãç¨âì á«¥¤ãîéãî â®çãî ®æ¥ªã P (
) á¨§ã.

�¥®à¥¬  3. �ãáâì 
 | ®¡« áâì ¢ Rn á £à ¨æ¥© ª« áá  C1. �®£¤  ¨¬¥¥â ¬¥áâ® â®ç®¥

¥à ¢¥áâ¢®

�Z



R(x;
)dx
�2

� n

n+ 2
j
jP (
); (14)

à ¢¥áâ¢® ¢ ª®â®à®¬ ¤®áâ¨£ ¥âáï ¢ á«ãç ¥, ª®£¤  
 | è à.
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�§ á®®â®è¥¨© (9) ¨ (14) ¥¯®áà¥¤áâ¢¥® ¯®«ãç ¥âáï ¨§®¯¥à¨¬¥âà¨ç¥áª®¥ ¥à ¢¥áâ¢®Z



R(x;
)dx � 2
(n+ 2)!1=n

j
j1+1=n: (15)

�àã£¨¬ á«¥¤áâ¢¨¥¬ (14) ï¢«ï¥âáï ®æ¥ª  á¨§ã ¦¥áâª®áâ¨ ªàãç¥¨ï ç¥à¥§ ®¡ê¥¬ j
j ¨ áâ â¨ç¥-
áª¨© ¬®¬¥â ®¡« áâ¨ 
 ®â®á¨â¥«ì® ¥¥ £à ¨æë:

n+ 2
nj
j

�Z


dist(x; @
)dx

�2

� P (
); (16)

£¤¥ dist(x; @
) | à ááâ®ï¨¥ ®â â®çª¨ x 2 
 ¤® £à ¨æë 
. �â¬¥â¨¬, çâ® ¥à ¢¥áâ¢  (14){(16)
ï¢«ïîâáï ®¢ë¬¨ ¨ ¢ á«ãç ¥ n = 2.

�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ ¡ë«® ¨§¢¥áâ® «¨èì ¤«ï ç¥âëå ¯®ª § â¥«¥© m (á¬. [6]).

�¥®à¥¬  4. �ãáâì m |  âãà «ì®¥ ç¨á«®, 
 | ¯«®áª ï ®¤®á¢ï§ ï ®¡« áâì á ª®¥ç®©

¯«®é ¤ìî j
j, R(x;
) | ª®ä®à¬ë© à ¤¨ãá 
 ¢ â®çª¥ x = (x1; x2) 2 
. �®£¤ 

Z


Rm(x;
)dx � j
j1+m=2

(m+ 1)�m=2
: (17)

� ¢¥áâ¢® ¢ (17) ¨¬¥¥â ¬¥áâ® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  
 | ªàã£.

�â¬¥â¨¬, çâ® â¥®à¥¬ë 3 ¨ 4 ¡ë«¨  ®á¨à®¢ ë  ¢â®à®¬ ¢ [14].

3. �®ª § â¥«ìáâ¢  â¥®à¥¬ 1{4

�à¨¢¥¤¥¬ á ç «  ¥áª®«ìª® ¢á¯®¬®£ â¥«ìëå ä ªâ®¢, ª®â®àë¥  ¬ ¯® ¤®¡ïâáï ¢ ¤®ª § -
â¥«ìáâ¢ å â¥®à¥¬ 1 ¨ 3.

�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ å®à®è® ¨§¢¥áâ® (á¬.,  ¯à., [2]). �á«¨ P (
) < +1, â®

P (
) = 2
Z



v(x)dx =
Z



jrv(x)j2dx; (18)

£¤¥ v | ¯à¨ ¤«¥¦ é¥¥ ¯à®áâà áâ¢ã �®¡®«¥¢ 
�

W 1
2(
) ®¡®¡é¥®¥ à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨

�v = �2 ¢ 
;

v = 0   @
:
(19)

� ç áâ®áâ¨, ¤«ï è à  B�(0) á æ¥âà®¬ ¢  ç «¥ ª®®à¤¨ â ¨ à ¤¨ãá  � > 0 à¥è¥¨¥ § ¤ ç¨
(19) ¨¬¥¥â ¢¨¤

v(x) =
�2 � jxj2

n
; x 2 B�(0) � Rn:

�®«ì§ãïáì (18) ¨ ¥¯®áà¥¤áâ¢¥ë¬¨ ¢ëç¨á«¥¨ï¬¨, ¯®«ãç ¥¬

P (B�(0)) =
2
n

Z
B�(0)

(�2 � jxj2)dx = 4!n
n(n+ 2)

�n+2: (20)

� ¬ ¯®âà¥¡ã¥âáï ãâ¢¥à¦¤¥¨¥ ® ¬®®â®®áâ¨ P (
) ¯® ®â®è¥¨î ª 
 ¨ ®¡  ¯¯à®ªá¨¬ æ¨¨
P (
) § ç¥¨ï¬¨ íâ®£® äãªæ¨® «    ¯®¤®¡« áâïå 
.

�¥¬¬  1.  ) �ãáâì 
0 ¨ 
00 | ®¡« áâ¨ ¢ Rn. �á«¨ 
0 � 
00, â® P (
0) � P (
00).
¡) �ãáâì 
| ®¡« áâì ¢ Rn ¨ ¯ãáâì (
j)| ¥ã¡ë¢ îé ï ¯®á«¥¤®¢ â¥«ì®áâì ¯®¤®¡« áâ¥©


, ¯à¨ç¥¬ 
 =
1[
j=1


j. �®£¤  P (
) = lim
j!1

P (
j).
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�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥¨¥  ) ï¢«ï¥âáï ¯à®áâë¬ á«¥¤áâ¢¨¥¬ ¢ à¨ æ¨®®£® ®¯à¥¤¥«¥-
¨ï P (
) ¢ ¢¨¤¥ (1). �¥©áâ¢¨â¥«ì®, ¥á«¨ 
0 � 
00, â®, ®ç¥¢¨¤®, C1

0 (

0) � C1

0 (

00). �®íâ®¬ã ¤«ï

«î¡®£® äãªæ¨® «  I(u) áã¯à¥¬ã¬ ¯® u 2 C1
0 (


0) ¥ ¡®«ìè¥, ç¥¬ áã¯à¥¬ã¬ ¯® u 2 C1
0 (


00). �
ç áâ®áâ¨, P (
0) � P (
00).

�«ï ®¡®á®¢ ¨ï ãâ¢¥à¦¤¥¨ï ¡) § ¬¥â¨¬ á ç « , çâ®

0 � P (
1) � P (
2) � � � � � P (
j) � P (
)

á®£« á® ¯.  ) «¥¬¬ë. �«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â ª®¥çë© ¨«¨ ¡¥áª®¥çë© ¯à¥¤¥«

l = lim
j!1

P (
j);

¯à¨ç¥¬ l � P (
).
�®ª ¦¥¬ ®¡à â®¥ ¥à ¢¥áâ¢® l � P (
). �â ¤ àâë¥ à ááã¦¤¥¨ï ¯®ª §ë¢ îâ, çâ® ¤«ï

«î¡®£® ª®¬¯ ªâ  K � 
  ©¤¥âáï â ª®© ®¬¥à N , çâ® K � 
j ¤«ï ¢á¥å j � N . �®íâ®¬ã ¥á«¨
u 2 C1

0 (
) ¨ ª®¬¯ ªâ K ï¢«ï¥âáï ®á¨â¥«¥¬ íâ®© äãªæ¨¨, â® u 2 C1
0 (
j) ¤«ï ¢á¥å j � N .

�«¥¤®¢ â¥«ì®, ¤«ï íâ®© äãªæ¨¨

I(u; 
) :=
�
2
Z



u(x) dx
�2.Z




jru(x)j2dx � P (
j)

¤«ï ¢á¥å j � N . � ª ª ª P (
j) � l ¤«ï «î¡®£®  âãà «ì®£® j, â® ¤«ï «î¡®© äãªæ¨¨ u 2 C1
0 (
)

¡ã¤¥¬ ¨¬¥âì ¥à ¢¥áâ¢® I(u; 
) � l, çâ® ¢«¥ç¥â âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥¨¥ P (
) � l.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. � â¥®à¨¨ äãªæ¨© ¨¬¥¥âáï àï¤ á¯®á®¡®¢ ¯®áâà®¥¨ï  ¯¯à®ª-
á¨¬¨àãîé¥© ¯®á«¥¤®¢ â¥«ì®áâ¨ 
j ¨§ ¯. ¡) «¥¬¬ë, ª®£¤  @
j ®¡« ¤ îâ ¥ª®â®àë¬¨ á¢®©áâ¢ ¬¨
£« ¤ª®áâ¨. �ç¥¢¨¤®, ¬®¦® áç¨â âì, çâ® 
j | ®¡ê¥¤¨¥¨¥ ª®¥ç®£® ç¨á«  ¯ à ««¥«¥¯¨¯¥¤®¢
¨«¨ è à®¢, ¨ @
 | ªãá®ç®-£« ¤ª ï £¨¯¥à¯®¢¥àå®áâì à §¬¥à®áâ¨ (n � 1). �®£¤  ¢ 
j áãé¥-
áâ¢ã¥â ª« áá¨ç¥áª®¥ à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ (19) vj 2 C2(
j) \ C(
j) ¨ ¯à¨¬¥¨¬  ä®à¬ã« 
�à¨ . �®íâ®¬ã á®£« á® «¥¬¬¥ 1 ¥à ¢¥áâ¢® (7) ¤®áâ â®ç® ¤®ª § âì «¨èì ¤«ï ¯®¤®¡« áâ¥©
á ªãá®ç®-£« ¤ª¨¬¨ £à ¨æ ¬¨. �®áâ â®ç® à áá¬®âà¥âì á«ãç ©, ª®£¤  
 | ®¡« áâì á ªãc®ç®-
£« ¤ª®© £à ¨æ¥© ¨ ¢ 
 áãé¥áâ¢ã¥â ª« áá¨ç¥áª®¥ à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ (19) v = v(x), x 2 
.
� á¨«ã ª« áá¨ç¥áª¨å à¥§ã«ìâ â®¢ äãªæ¨ï v ï¢«ï¥âáï ¥®âà¨æ â¥«ì®©, ¯à¨ ¤«¥¦¨â ª« ááã
C1(
) \ C(
) ¨ ®¡à é ¥âáï ¢ ã«ì   @
.

�®ª ¦¥¬ á ç «  ¥à ¢¥áâ¢® (9) | ç áâë© á«ãç © â¥®à¥¬ë 1.
�«ï ®¡®á®¢ ¨ï (9) ¢ ®¡é¥¬ á«ãç ¥, á«¥¤ãï [1], à áá¬®âà¨¬ á¨¬¬¥âà¨§ æ¨î �¢ àæ  ¤«ï 


¨ äãªæ¨¨ v. �®à®è® ¨§¢¥áâ® (n-¬¥àë© á«ãç © á¬. ¢ [2], áá. 49, 55), çâ®Z



v(x)dx =
Z
B�(0)

v�(x)dx;
Z


jrv(x)j2dx �

Z
B�(0)

jrv�(x)j2dx;

£¤¥ !n�n = j
j, â. ¥. B�(0) | è à â®£® ¦¥ ®¡ê¥¬ , çâ® ¨ 
, v� |äãªæ¨ï, ¯®«ãç¥ ï ¨§ v á¨¬¬¥-
âà¨§ æ¨¥© ¯®�¢ àæã. �®«ì§ãïáì íâ¨¬¨ á®®â®è¥¨ï¬¨ ¤«ï v ¨ v�, ¢ à¨ æ¨®ë¬ ®¯à¥¤¥«¥¨¥¬
P (
) ¨ à ¢¥áâ¢ ¬¨ (18), ¯®«ãç ¥¬

P (
) = I(v; 
) � I(v�;B�(0)) � supfI(u;B�(0)) : u 2
�

W 1
2(B�(0))g = P (B�(0)):

� ãç¥â®¬ à ¢¥áâ¢ !n�n = j
j ¨ (20) ¨¬¥¥¬

P (
) � 4!n
n(n+ 2)

�n+2 =
4

n(n+ 2)!2=n
n

j
j1+2=n;

çâ® á®¢¯ ¤ ¥â á ¥à ¢¥áâ¢®¬ (9).
� ª¨¬ ®¡à §®¬, ¥à ¢¥áâ¢® (9) ®¡®á®¢ ®. � ¯®¬¨¬, çâ® (9) ¯®«ãç ¥âáï ¨§ ¤®ª §ë¢ ¥¬®£®

¥à ¢¥áâ¢  (7) ¯à¨ p = 0. �®ª ¦¥¬, çâ® ¢¥à® ¨ ®¡à â®¥: (7) ¯à¨ «î¡®¬ p � 0 á«¥¤ã¥â ¨§ (9).
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�«ï p = 2 ¨ n = 2 ¨«¨ 3 íâ®â ä ªâ ®¡®á®¢  ¢ [1] ¨ [2]. � ®¡é¥¬ á«ãç ¥ ¯à¨¬¥ï¥¬ [15], â¥®à¥¬  1
¯à¨ f � 1 ¡ã¤¥â áä®à¬ã«¨à®¢   á«¥¤ãîé¨¬ ®¡à §®¬:

¥á«¨ �n < p1 < p2 <1, â®

�
p1 + n

n!n

Z


jxjp1dx

�1=(n+p1)

�
�
p2 + n

n!n

Z


jxjp2dx

�1=(n+p2)

: (21)

�¥©áâ¢¨â¥«ì®, ¯®« £ ï p1 = 0 ¨ p2 = p > 0, ¨§ (21) ¯®«ãç ¥¬

j
j
!n

�
�
n+ p

n!n

Z


jxjpdx

�n=(n+p)
: (22)

�ç¥¢¨¤®, ¥à ¢¥áâ¢® (7) á«¥¤ã¥â ¨§ (9) ¨ (22).
�á«¨ 
 = B�(0) ¤«ï ¥ª®â®à®£® � > 0, â®

n+ p

n!n

Z
B�(0)

jxjpdx = �n+p:

�â® á®®â®è¥¨¥ ¨ à ¢¥áâ¢® (20) ¯®ª §ë¢ îâ, çâ® ¤«ï «î¡®£® è à  
 = B�(0) ¥à ¢¥áâ¢® (7)
¯à¥¢à é ¥âáï ¢ à ¢¥áâ¢®. �

� ¬¥ç ¨¥. �à¨ p = 2 (  § ç¨â, ¨ ¯à¨ «î¡®¬ p � 2 ¢ á¨«ã (21)) ¥à ¢¥áâ¢® (7) ¬®¦®
®¡®á®¢ âì ¨ ¡¥§ ¯à¨¬¥¥¨ï á¨¬¬¥âà¨§ æ¨¨. �¥©áâ¢¨â¥«ì®, ¯ãáâì 
| ®¡« áâì ¢Rn á ªãá®ç®-
£« ¤ª®© £à ¨æ¥©, v | ª« áá¨ç¥áª®¥ à¥è¥¨¥ § ¤ ç¨ (19) ¢ 
. �à¨¬¥ïï ª äãªæ¨¨ v ¨ ª
£ à¬®¨ç¥áª®© äãªæ¨¨ � = v + jxj2=n ä®à¬ã«ã �à¨ , ¡ã¤¥¬ ¨¬¥âì

X =
Z



(rv;r�)dx = 0;

¯®íâ®¬ã

P (
) =
Z



jrvj2dx = 2X +
Z



����rjxj2n
����
2

dx�
Z



jr�j2dx = 4
n2

Z



jxj2dx�
Z



jr�j2dx:

�âáî¤  ¯®«ãç ¥¬ ¥à ¢¥áâ¢® (8), ¯à¨ç¥¬ à ¢¥áâ¢® ¢®§¬®¦® «¨èì ¢ â®¬ á«ãç ¥, ª®£¤  jr�j �
0, â. ¥. �(x) � const. �®áª®«ìªã v(x) � 0 ¢ 
 ¨ v(x) = 0   @
, â® íâ  ¯®áâ®ï ï ¤®«¦  ¡ëâì
¯®«®¦¨â¥«ì®©, â. ¥. v(x) ¨¬¥¥â ¢¨¤ (�2 � jxj2)=n ¤«ï ¥ª®â®à®£® � > 0. � ª¨¬ ®¡à §®¬, ¥á«¨

 ¨¬¥¥â ªãá®ç®-£« ¤ªãî £à ¨æã, â® à ¢¥áâ¢® ¢ (7) ¯à¨ «î¡®¬ p � 2 ¢®§¬®¦® «¨èì ¤«ï
¥ª®â®à®£® è à  
 = B�(0).

�¥âàã¤® ¯®ª § âì, çâ® à ¢¥áâ¢® ¢ (7) ¢®§¬®¦® ¨ ¤«ï ®¡« áâ¥© ¢¨¤  
 = B�(0) n E, £¤¥ E
| ¬®¦¥áâ¢®, á®áâ®ïé¥¥ ¨§ ª®¥ç®£® ç¨á«  â®ç¥ª. �®-¢¨¤¨¬®¬ã, ¤«ï «î¡®£® p > 0 à ¢¥áâ¢®
¢ (7) ¢®§¬®¦® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  
 = B�(0) n E ¤«ï ¥ª®â®à®£® è à  B�(0), £¤¥ E |
¬®¦¥áâ¢®, ®¡« ¤ îé¥¥ á¢®©áâ¢®¬: «î¡ ï ®£à ¨ç¥ ï äãªæ¨ï �, £ à¬®¨ç¥áª ï ¢ B�(0)nE,
¨¬¥¥â £ à¬®¨ç¥áª®¥ ¯à®¤®«¦¥¨¥ ¢ B�(0). �®«®£® ¤®ª § â¥«ìáâ¢  íâ®£® ä ªâ  ¯®ª  ¥â.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �§¢¥áâ® [13], çâ® ®¡« áâì 
 � Rn á £« ¤ª®© £à ¨æ¥© ï¢«ï-
¥âáï £¨¯¥à¡®«¨ç¥áª®©, ¯à¨ç¥¬ £¨¯¥à¡®«¨ç¥áª¨© à ¤¨ãá

R(�;
) 2 C1(
) \C1(
)

ã¤®¢«¥â¢®àï¥â £à ¨çë¬ ãá«®¢¨ï¬

R(x;
) = 0;
@R(x;
)

@n
= �2; x 2 @
; (23)

£¤¥ n | ¢¥èïï ®à¬ «ì ª @
.
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�ãáâì � > �1. �®«ì§ãïáì ãà ¢¥¨¥¬ �¨ã¢¨««ï (10) ¤«ï äãªæ¨¨ R = R(x;
), «¥£ª® ¯®«ã-
ç ¥¬

�R2+�

2 + �
= (1 + �+ n

2
)R�jrRj2 � 2nR�; x 2 
: (24)

�® ä®à¬ã«¥ �à¨  ¡ã¤¥¬ ¨¬¥âìZ



�R2+�dx = (2 + �)
Z
@


R1+�@R

@n
dS: (25)

�®¤áâ ¢«ïï ¢¬¥áâ® �R2+� ¢ëà ¦¥¨¥ ¨§ (24) ¨ ãç¨âë¢ ï (23),  å®¤¨¬ à ¢¥áâ¢®

(1 + �+ n
2
)
Z



R�jrRj2dx = 2n
Z



R�dx;

çâ® à ¢®á¨«ì® ¤®ª §ë¢ ¥¬®¬ã á®®â®è¥¨î (11).
�â®à®¥ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë 2 â ª¦¥ ¢ëâ¥ª ¥â ¨§ (24) ¨ (25). �¥©áâ¢¨â¥«ì®, ¥á«¨ � = �1,

â® (25) ¯à¨¨¬ ¥â ¢¨¤ Z



�Rdx =
Z
@


@R

@n
dS:

�à ¢ ï ç áâì à ¢  �2 R
@


dS = �2j@
j ¢ á¨«ã ¢â®à®£® £à ¨ç®£® ãá«®¢¨ï ¨§ (23). �¥¬ á ¬ë¬,

¤®ª § ® à ¢¥áâ¢® (12). �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �® ãá«®¢¨î â¥®à¥¬ë ®¡« áâì 
 ¨¬¥¥â £« ¤ªãî £à ¨æã. �®-
íâ®¬ã

R(�;
) 2 C1(
) \ C1(
); R(x;
) = 0; x 2 @
;

á«¥¤®¢ â¥«ì®, R(�;
) 2
�

W 1
2(
). � ª¨¬ ®¡à §®¬,

P (
) = supfI(u; 
) : u 2
�

W 1
2(
)g � I(R; 
) =

�
2
Z



R(x;
)dx
�2.Z




jrR(x;
)j2dx:

�®«ì§ãïáì ä®à¬ã«®© (11) â¥®à¥¬ë 2 ¯à¨ � = 0, â. ¥. ä®à¬ã«®© (13), ¯®«ãç ¥¬ ¥à ¢¥áâ¢® (14).
�ãáâì 
 = B�(0). �®£¤ Z

B�(0)

R(x;B�(0))dx =
Z
B�(0)

�2 � jxj2
�

dx =
2!n�n+1

n+ 2
:

�â® á®®â®è¥¨¥ ¨ ä®à¬ã«  (20) ¯®ª §ë¢ îâ, çâ® ¢ á«ãç ¥ 
 = B�(0) ¥à ¢¥áâ¢® (14) ¯à¥¢à -
é ¥âáï ¢ à ¢¥áâ¢®. �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 4. �®ª ¦¥¬ á ç «  ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë 4 ¤«ï m = 1. �
¨¬¥®, ¤®ª ¦¥¬, çâ® á¯à ¢¥¤«¨¢ 

�¥¬¬  2. �ãáâì 
 | ®¤®á¢ï§ ï ®¡« áâì   ¯«®áª®áâ¨ á ª®¥ç®© ¯«®é ¤ìî j
j. �®£¤ 
ª®ä®à¬ë© à ¤¨ãá R(x;
), x = (x1; x2) 2 
, ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã

Z


R(x;
)dx � j
jpj
j

2
p
�

: (26)

� ¢¥áâ¢® ¢ (26) ¨¬¥¥â ¬¥áâ® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  
 | ªàã£.

�®ª § â¥«ìáâ¢®. �®áâà®¨¬ áâ ¤ àâãî ¢®§à áâ îéãî ¯®á«¥¤®¢ â¥«ì®áâì 
j ®¤®á¢ï§-
ëå ¯®¤®¡« áâ¥© ®¡« áâ¨ 
. �ãáâì f : D ! 
 | ª®ä®à¬®¥ ®â®¡à ¦¥¨¥ ªàã£  D = f(�; �) 2
R2 : �2 + �2 < 1g   ®¡« áâì 
. �®« £ ¥¬


j =
�
f(�; �) :

p
�2 + �2 < �j =

j

1 + j

�
;
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£¤¥ j = 1; 2; : : : �ç¥¢¨¤®, 
1 � 
2 � � � � � 
j � � � � � 
,
1[
j=1


j = 
, ¤«ï «î¡®£®  âãà «ì®£®

j ®¡« áâì 
j ï¢«ï¥âáï ®¤®á¢ï§®© ®¡« áâìî, ®£à ¨ç¥®©   «¨â¨ç¥áª®© ªà¨¢®©. �§¢¥áâ®,
çâ® á à áè¨à¥¨¥¬ ®¡« áâ¨ ª®ä®à¬ë© à ¤¨ãá à áâ¥â [8], [13]. �«¥¤®¢ â¥«ì®, ¥á«¨ x 2 
j, â®
R(x;
j) < R(x;
j+1) < R(x;
) ¤«ï «î¡®£®  âãà «ì®£® j. �§ â¥®à¥¬ë � à â¥®¤®à¨ ® áå®¤¨-
¬®áâ¨ ®¡« áâ¥© [8] «¥£ª® á«¥¤ã¥â, çâ® lim

j!1
R0(x;
j) = R(x;
) à ¢®¬¥à®   «î¡®¬ ª®¬¯ ªâ¥

K � 
, £¤¥

R0(x;
j) =

(
R(x;
j); x 2 
j;

0; x 2 
 n 
j :

�® â¥®à¥¬¥ 3
� R

j

R(x;
j)dx
�2
� j
j jP (
j)

2
¤«ï «î¡®£® j. � ª ª ª 
j � 
, â® j
j j � j
j ¨ P (
j) �

P (
) ¯® «¥¬¬¥ 1. �«¥¤®¢ â¥«ì®, ¤«ï «î¡®£® j ¨ «î¡®£® ª®¬¯ ªâ  K � 


�Z
K

R0(x;
j)dx
�2

� j
jP (
)
2

:

�¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ j ! 1 ¨ ¯®«ì§ãïáì ¯à®¨§¢®«ì®áâìî ª®¬¯ ªâ  K � 
, ®ª®ç â¥«ì®
¨¬¥¥¬ �Z



R(x;
)dx

�2

� j
jP (
)
2

:

� ª ¬ë ã¦¥ ¯®ª § «¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 3, ¤«ï ªàã£  íâ® á®®â®è¥¨¥ ¯à¥¢à é ¥âáï
¢ à ¢¥áâ¢®.

�à®¤®«¦¨¬ ¯®á«¥¤¥¥ ¥à ¢¥áâ¢®, ®æ¥¨¢ ï P (
) á¢¥àåã á®£« á® (3). �®«ãç ¥¬ íª¢¨¢ -
«¥â®¥ (26) ¥à ¢¥áâ¢® �Z




R(x;
)dx
�2

� j
j3
4�

:

�á®, çâ® à ¢¥áâ¢® ¢ íâ®¬ ¥à ¢¥áâ¢¥ ¢®§¬®¦® «¨èì â®£¤ , ª®£¤  
 | ªàã£, â. ª. íâ®â ä ªâ
¨¬¥¥â ¬¥áâ® ¤«ï ¨§®¯¥à¨¬¥âà¨ç¥áª®£® ¥à ¢¥áâ¢  �¥-�¥   (3). �

� ¢¥àè¨¬ â¥¯¥àì ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 4. �«ï íâ®£® ¯®âà¥¡ã¥âáï ¥é¥ ®¤® ãâ¢¥à¦¤¥¨¥
[6]:

¥á«¨ � > 1 ¨ � > 1, â® ª®ä®à¬ë© à ¤¨ãá R(x;
) ®¤®á¢ï§®© ®¡« áâ¨ 
 � R2 ã¤®¢«¥â¢®-

àï¥â ¥à ¢¥áâ¢ã

Z



R�+��2(x;
)dx � (�� 1)(� � 1)
�(�+ � � 1)

Z



R��2(x;
)dx
Z



R��2(x;
)dx: (27)

�á«¨ ¯à ¢ ï ç áâì ¢ (27) ª®¥ç , â® ¯à¨ «î¡ëå ¤®¯ãáâ¨¬ëå § ç¥¨ïå ¯ à ¬¥âà®¢ � ¨ �
à ¢¥áâ¢® ¢ (27) ¨¬¥¥â ¬¥áâ® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  
 | ªàã£.

�«ï ç¥âëå ¯®ª § â¥«¥© m ¥à ¢¥áâ¢® (17) ®¡®á®¢ ® ¢ [6] ¬¥â®¤®¬ ¬ â¥¬ â¨ç¥áª®© ¨-
¤ãªæ¨¨ á ¨á¯®«ì§®¢ ¨¥¬ âà¨¢¨ «ì®£® ¡ §®¢®£® á«ãç ï m = 0 ¨ ¥à ¢¥áâ¢  (27).

� áá¬®âà¨¬ á«ãç © ¥ç¥âëå m. �¥¬¬  2 ¤®ª §ë¢ ¥â â¥®à¥¬ã 4 ¯à¨ m = 1. �«ï «î¡®£®
¥ç¥â®£® ç¨á«  m = 2k + 1 � 3, ¯à¨¬¥ïï ®æ¥ªã (27) ¯à¨ � = 2k ¨ � = 3, ¨¬¥¥¬

Z


R2k+1(x;
)dx � 2k � 1

�(k + 1)

Z


R2k�2(x;
)dx

Z


R(x;
)dx; (28)

¯à¨ç¥¬ à ¢¥áâ¢® ¤®áâ¨£ ¥âáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  
 | ªàã£. �æ¥¨¢ ï ¯à ¢ãî ç áâì ¢
(28) á ¯à¨¬¥¥¨¥¬ (17) ¤«ï ã¦¥ ¤®ª § ëå á«ãç ¥¢ m = 1 ¨ m = 2k�2, ¯®«ãç ¥¬ ¥à ¢¥áâ¢®
(17) ¤«ï m = 2k + 1, çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.
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