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� ¤ ®© à ¡®â¥ à¥è¥  § ¤ ç  ®¡ ®æ¥ª¥ ¬®¤ã«ï ®â®è¥¨ï ®¤®«¨áâ®© äãªæ¨¨ ¨ ¥¥
¯à®¨§¢®¤®©, § ¤ ëå ¢ ¤¢ãå à §«¨çëå ¢¥é¥áâ¢¥ëå â®çª å ªàã£  E = fz : jzj < 1g. �à¨
à¥è¥¨¨ ¨á¯®«ì§®¢ ë ¢ à¨ æ¨®ë© ¬¥â®¤ �.�.�®«ã§¨  ¨ á®ç¥â ¨¥ ¬¥â®¤  ¯ à ¬¥âà¨ç¥áª¨å
¯à¥¤áâ ¢«¥¨© �¥¢¥à  á ¯à¨æ¨¯®¬ ¬ ªá¨¬ã¬  �.�.�®âàï£¨ .

�¡®§ ç¨¬ ç¥à¥§ S ª« áá ¢á¥å £®«®¬®àäëå ®¤®«¨áâëå ¢ ªàã£¥ E äãªæ¨© f(z) =
z + a2z

2 + � � � .
� 1966 £. �.�®ª ã   ª®ä¥à¥æ¨¨ ¯®   «¨â¨ç¥áª¨¬ äãªæ¨ï¬ ¢ £.�®¤§ì (�®«ìè ) ¯®-

áâ ¢¨« íªáâà¥¬ «ìãî § ¤ çã, á¢®¤ïéãîáï ª § ¤ ç¥ ® ¬ ªá¨¬ã¬¥

I(f) =
����f
0(z1)
f(z2)

����; f 2 S:

� 1974 £. �.�®ª ã, �. �¨¤, �. �«®âª¥¢¨ç [1] ®æ¥¨«¨ I(f) ¤«ï â¨¯¨ç® ¢¥é¥áâ¢¥ëå f ¨ ¢¥-
é¥áâ¢¥ëå z1, z2. �®§¤¥¥ íâ¨ à¥§ã«ìâ âë ¡ë«¨ ®¡®¡é¥ë �.�¨¯¥ ã ¤«ï ª®¬¯«¥ªáëå z1, z2
¨§ á¯¥æ¨ «ìëå ®¡« áâ¥© ¢ E. � ª ª ª íªáâà¥¬ «ìë¥ äãªæ¨¨ ¢ [1] ®¤®«¨áâë, â® â¥¬ á ¬ë¬
à¥è¥  ®¤®¢à¥¬¥® § ¤ ç  ® ¬ ªá¨¬ã¬¥ I(f) ¯à¨ ¢¥é¥áâ¢¥ëå z1, z2 ¢ ª« áá¥ SR � S ®¤®-
«¨áâëå äãªæ¨© á ¢¥é¥áâ¢¥ë¬¨ ª®íää¨æ¨¥â ¬¨. �«ï ¡®«¥¥ ®¡é¥© § ¤ ç¨ ®¡ íªáâà¥¬ã¬¥
f 0(r1) ¯à¨ ä¨ªá¨à®¢ ëå § ç¥¨ïå f(r1), f(r2) ¡ë«¨ ¯®áâà®¥ë ¢ [2] â®çë¥ ¬ ¦®à âë á
¯®¬®éìî ¬¥â®¤  ¬®¤ã«¥© á¥¬¥©áâ¢ ªà¨¢ëå.

� ç¨ ï á® áâ âì¨ [3], ¢ â¥®à¨¨ ®¤®«¨áâëå äãªæ¨© ãá¯¥è® ¯à¨¬¥ïîâáï ¬¥â®¤ë ®¯â¨-
¬ «ì®£® ã¯à ¢«¥¨ï. �«ã¡®ª¨¥ à¥§ã«ìâ âë ¢ íâ®¬  ¯à ¢«¥¨¨ ¡ë«¨ ¯®«ãç¥ë �.�.�à®å®-
à®¢ë¬, ª®â®àë© ¯à¥¤«®¦¨« à áá¬ âà¨¢ âì ¬®¦¥áâ¢  § ç¥¨© á¨áâ¥¬ äãªæ¨® «®¢ ¢ ª ç¥-
áâ¢¥ ®¡« áâ¥© ¤®áâ¨¦¨¬®áâ¨ ¤«ï ã¯à ¢«ï¥¬ëå á¨áâ¥¬, ¨¤ãæ¨à®¢ ëå ãà ¢¥¨¥¬ �¥¢¥à {
�ãä à¥¢ . �®«ãç¥ë¥ à¥§ã«ìâ âë  ¨¡®«¥¥ ¯®«® ®âà ¦¥ë ¢ áâ âì¥ [4] ¨ ¬®®£à ä¨¨ [5].
�¤ ª® § ¤ ç¨ ®¡ ®æ¥ª å äãªæ¨® «®¢, á¢®¤ïé¨¥áï ª ¯®áâà®¥¨î ¯à®¥ªæ¨© ¬®¦¥áâ¢ ¤®áâ¨-
¦¨¬®áâ¨   à §«¨çë¥ £¨¯¥à¯«®áª®áâ¨, ¯à¨¢®¤ïâ ª ªà ¥¢ë¬ § ¤ ç ¬ ¤«ï ã¯à ¢«ï¥¬ëå á¨áâ¥¬.
�§¡¥¦ âì âàã¤®áâ¥© ¯®§¢®«ï¥â ¯à¨¬¥¥¨¥  àï¤ã á ¬¥â®¤®¬ ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï ¢ à¨-
 æ¨®®£® ¬¥â®¤ . �â® á®ç¥â ¨¥ ¡ë«® ¯à¥¤«®¦¥® ¢ [6] ¨ ¯®§¢®«¨«® á¢®¤¨âì ªà ¥¢ë¥ § ¤ ç¨ ª
§ ¤ ç ¬ �®è¨. � à¨ æ¨®ë¬ ¬¥â®¤®¬ ¨ ¬¥â®¤®¬ ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï ¢ ¤ ®© à ¡®â¥
à¥è¥  § ¤ ç  ®¡ ®æ¥ª¥ I(f) ¢ ª« áá¥ S ¤«ï ¢¥é¥áâ¢¥ëå z1, z2.

1. �¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ¤«ï íªáâà¥¬ «ìëå äãªæ¨©

�ãáâì f(z) | äãªæ¨ï, ¤®áâ ¢«ïîé ï ¬ ªá¨¬ã¬ äãªæ¨® «ã I(f). � ¯®¬®éìî ¢ à¨ æ¨-
®®© ä®à¬ã«ë �.�. �®«ã§¨  ([7], á. 120) ãáâ  ¢«¨¢ ¥¬, çâ® f(z) 2 S ®â®¡à ¦ ¥â ªàã£ E  
¯«®áª®áâì á ªãá®ç®-  «¨â¨ç¥áª¨¬¨ à §à¥§ ¬¨ ¨, ¡ã¤ãç¨ ¥¯à¥àë¢® ¯à®¤®«¦¥®©   § ¬ë-
ª ¨¥ E ªàã£  E, ã¤®¢«¥â¢®àï¥â ¢ E ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î:

w(2w1 � w2)� w2
1

w(w1 � w)2(w2 � w)
dw2 =

R(z)
z

dz2; (1)
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£¤¥ w = f(z), w1 = f(z1), w2 = f(z2),

R(z) =
A

z1 � z
�

z

(z1 � z)2
�

B

z2 � z
+

Bz2
1� zz2

�
Az1

1� zz1
�
z1(2� zz1)
(1� zz1)2

=

=

4P
k=1

Ckz
k

(z1 � z)2(1� zz1)2(z2 � z)(1 � zz2)
; (2)

A = f 00(z1)z1=f 0(z1), B = f 0(z2)z2=f(z2), Ck | ª®áâ âë, § ¢¨áïé¨¥ ®â A, B, z1, z2,

C0 = (A�Ajz1j)z1z2 � (B �Bjz2j)z
2
1 � 2jz1jz1z2;

C4 = (A�Ajz1j)z1z2 � (B �Bjz2j)z1
2 � 2jz1jz1z2 + (ImB)(z2(1 + jz1j)� z1(1 + jz2j)):

�ãáâì z� = z ei�, â®£¤  ¢¬¥áâ¥ á f(z) ª« ááã S ¯à¨ ¤«¥¦¨â äãªæ¨ï

f�(z) = e�i�f(z�) = f(z) + i�(zf 0(z)� f(z)) +O(�2):

�®«ì§ãïáì íâ®© ¢ à¨ æ¨®®© ä®à¬ã«®©, ãáâ  ¢«¨¢ ¥¬, çâ®

ImA = ImB: (3)

�á¯®«ì§ã¥¬ ¥é¥ ®¤ã ¢ à¨ æ¨®ãî ä®à¬ã«ã ¢ ª« áá¥ S ([8], á. 149)

f�(z) = f(z) + h

�
f(z)� zf 0(z)

1 + zei�

1� zei�

�
+O(h2); 0 � � < 2�; h > 0; f 2 S:

� ¯®¬®éìî ¥¥ ¯®«ãç ¥¬, çâ® ¤«ï íªáâà¥¬ «ì®© äãªæ¨¨ f(z) ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

Re
�
e�i�R(e�i�)

�
� 0: (4)

� ª ª ª íªáâà¥¬ «ì ï äãªæ¨ï f(z) ®â®¡à ¦ ¥â E   ¯«®áª®áâì á à §à¥§®¬, ¨¬¥îé¨¬ ¯®
ªà ©¥© ¬¥à¥ ®¤ã ª®¥çãî ª®æ¥¢ãî â®çªã, â® R(z) ¨¬¥¥â ¯® ªà ©¥© ¬¥à¥ ®¤¨ ¤¢®©®©
ã«ì �1, j�1j = 1. �á«¨ �2 2 E | ¯à®áâ®© ã«ì R(z), â® ¨§ à ¢¥áâ¢  z2R(z) = R(1=z) á«¥¤ã¥â,
çâ® 1=�2 â ª¦¥ ï¢«ï¥âáï ¯à®áâë¬ ã«¥¬ R(z). � ãç¥â®¬ ¢ëè¥ áª § ®£® § ¯¨è¥¬

R(z) =
�(z � �1)2(z � �2)(z � 1=�2)

(z1 � z)2(1� zz1)2(z2 � z)(1 � zz2)
:

�á¯®«ì§ãï ãá«®¢¨¥ (4), ¯®«ãç ¥¬ � = C(�1�2)�1, C � 0. � ª¨¬ ®¡à §®¬,

R(z) =
C(�1�2)�1(z � �1)2(z � �2)(z � 1=�2)
(z1 � z)2(1� zz1)2(z2 � z)(1 � zz2)

: (5)

�ëç¨á«ïï ª®íää¨æ¨¥âë ¯à¨ áâ¥¯¥ïå z, ¯®«ãç¨¬ C0 = C4. �§ íâ®£® à ¢¥áâ¢  á ãç¥â®¬ ãá«®-
¢¨ï (3) ¯®«ãç ¥¬ [(1 � z1)(z1(1 + jz2j

2) � z2(1 + jz1j
2))] � ImB = 0. �ëà ¦¥¨¥ ¢ ª¢ ¤à âëå

áª®¡ª å ¥ à ¢® ã«î, á«¥¤®¢ â¥«ì®, ImB = 0 ¨ ®âáî¤  ¤¥« ¥¬ ¢ë¢®¤, çâ® ª®áâ âë A;B
¤¥©áâ¢¨â¥«ìë.

�¬¥¥â ¬¥áâ® á«¥¤ãîé ï á¨áâ¥¬  ãà ¢¥¨©,á¢ï§ë¢ îé ï ¯ à ¬¥âàë A, B á �1, �2

C(z1 � �1)
2(z1 � �2)(z1 � 1=�2) = z1(1� jz1j

2)2(z1 � z2)(1� z1z2)�1�2; (6)

C(z2 � �1)2(z2 � �2)(z2 � 1=�2) = �B(1� jr2j
2)(z1 � z2)2(1� z2z1)2�1�2; (7)

C�1=�2 = Az1z2(1� jz1j
2)�Bz21(1� jr2j

2)� 2z1jz1j2z2; (8)

ª®â®à ï ¯®«ãç ¥âáï ¨§ (2), (5) ¯à¨ áâà¥¬«¥¨¨ z á®®â¢¥âáâ¢¥® ª z1, z2, 0.
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�¥®à¥¬  1. �ªáâà¥¬ «ìë¥ äãªæ¨¨ ¢ § ¤ ç¥ ® max I(f), f 2 S, z1; z2 2 E, ã¤®¢«¥â¢®àïîâ
¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î

w(2w1 � w2)� w2
1

w(w1 � w)2(w2 � w)
dw2 =

R(z)
z

dz2 (9)

á R(z) ¢ ä®à¬¥ (5) ¨ ®â®¡à ¦ îâ ¥¤¨¨çë© ªàã£   ¯«®áª®áâì á à §à¥§ ¬¨, ¨¬¥îé¨¬¨ ¥

¡®«¥¥ ¤¢ãå ª®æ¥¢ëå ª®¥çëå â®ç¥ª.

� á«ãç ¥, ª®£¤  z1 = r1, z2 = r2 ¢¥é¥áâ¢¥ë, ª®ªà¥â¨§¨àã¥¬ ¢¨¤ R(z),   â ª¦¥ ï¢-
® ¢ëà §¨¬ ¥ª®â®àë¥ ¯ à ¬¥âàë § ¤ ç¨ ç¥à¥§ r1, r2. �¬¥¥â ¬¥áâ® à ¢¥áâ¢® C0 = C4 =
A(1 � r21)r1r2 � B(1 � r22)r

2
1 � 2r31r2. �âáî¤  ¨ ¨§ á®®â®è¥¨© C0 = (C�1)=�2 = C=(�1�2) = C4

¤¥« ¥¬ ¢ë¢®¤, çâ® arg �2 = � arg �1. � ª¨¬ ®¡à §®¬, �1 = ei', �2 = r0e
�i', r0 = j�2j, 0 � r0 < 1.

�¨áâ¥¬  (6){(8) ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥

C(r1 � �1)
2(r1 � �2)(r1 � 1=�2) = r1(1� r21)

2(r1 � r2)(1� r1r2)�1�2; (10)

C(r2 � �1)2(r2 � �2)(r2 � 1=�2) = �B(1� r22)(r1 � r2)2(1� r1r2)2�1�2; (11)

C�1=�2 = Ar1r2(1� r21)�Br21(1� r22)� 2r31r2: (12)

�ëà ¦ ï B ¨§ ãà ¢¥¨ï (11) c ãç¥â®¬ â®£®, çâ® ImB = 0, ¯®«ãç ¥¬ ãá«®¢¨¥

(r22 � 1)r2(r0 � 1)2 sin' = 0:

�âáî¤  «¨¡® r0 = 1, «¨¡® ' = 0; �. � ª¨¬ ®¡à §®¬, ¤®ª §  

�¥®à¥¬  2. �ªáâà¥¬ «ìë¥ äãªæ¨¨ ¢ § ¤ ç¥ ® max I(f), f 2 S, ¯à¨ z1 = r1, z2 = r2,
0 < r1; r2 < 1, ã¤®¢«¥â¢®àïîâ ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î (9) á äãªæ¨¥© R(z) ®¤®£® ¨§

âà¥å ¢¨¤®¢:

R(z) =
C(z � �1)2(z � �1)

2

z(r1 � z)2(1� zr1)2(r2 � z)(1 � zr2)
; j�1j = 1;

R(z) =
(C=r0)(z � 1)2(z � �2)(z � 1=�2)

z(r1 � z)2(1� zr1)2(r2 � z)(1 � zr2)
; �2 2 (�1; 1);

R(z) =
(C=r0)(z + 1)2(z + �2)(z + 1=�2)

z(r1 � z)2(1� zr1)2(r2 � z)(1 � zr2)
; �2 2 (�1; 1):

2. �®à¬ «¨§ æ¨ï § ¤ ç¨

� ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¯®« £ âì z1 = r1, z2 = r2. �¥à¥©¤¥¬ ª ä®à¬ «¨§ æ¨¨ § ¤ ç¨ ® ¬ ªá¨¬ã-
¬¥ I(f) ¢ ª« áá¥ S ª ª § ¤ ç¨ ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï. �§¢¥áâ®, çâ® «î¡ ï äãªæ¨ï ª« áá 
S ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

f(z) = lim
t!1

w(z; t); (13)

£¤¥ w(z; t) ã¤®¢«¥â¢®àï¥â ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î �¥¢¥à {�ãä à¥¢ 

dw

dt
= w(1 � P (w; t))

á  ç «ìë¬ ãá«®¢¨¥¬ w(z; 0) = z. �¤¥áì P (w; t) |   «¨â¨ç¥áª ï ¯à¨ ä¨ªá¨à®¢ ®¬ t äãª-
æ¨ï, P (0; t) = 1, ª®â®à ï ¯à¨ ¯®çâ¨ ¢á¥å (¯. ¢.) t 2 [0;1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ReP (w; t) > 0.
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�¡®§ ç¨¬ x1(t) = log jw(r1; t)j, x2(t) = argw(r1; t), x3(t) = log jw(r2; t)j, x4(t) = argw(r2; t),
x5(t) = jw0z(r1; t)=w(r2; t)j ¨ ¢ë¡¨à ¥¬ ¥¯à¥àë¢ãî ¯® t ¢¥â¢ì argw(rj ; t), j = 1; 2, â ª, çâ® ¯à¨
t = 0 § ç¥¨¥  à£ã¬¥â  à ¢® ã«î. �®£¤ 

dx1
dt

= 1�ReP (ex1+ix2 ; t) = b1(t; P; x1; x2); x1(0) = log r1; (14)

dx2
dt

= � ImP (ex1+ix2 ; t) = b2(t; P; x1; x2); x2(0) = 0; (15)

dx3
dt

= 1�ReP (ex3+ix4 ; t) = b3(t; P; x3; x4); x3(0) = log r2; (16)

dx4
dt

= � ImP (ex3+ix4 ; t) = b4(t; P; x3; x4); x4(0) = 0; (17)

dx5
dt

= Re(P (ex3+ix4 ; t)� P (ex1+ix2 ; t)�

� ex1+ix2P 0w(e
x1+ix2 ; t)) = b5(t; P; x1; x2; x3; x4); x5(0) = � log r2: (18)

�«ï  å®¦¤¥¨ï max I(f) c ç «  à áá¬®âà¨¬ § ¤ çã ®  å®¦¤¥¨¨ £à ¨æë ¬®¦¥áâ¢  ¤®-
áâ¨¦¨¬®áâ¨ ¤«ï ã¯à ¢«ï¥¬®© ¤¨ ¬¨ç¥áª®© á¨áâ¥¬ë (14){(18). �«¥¤ãï ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ 
�.�.�®âàï£¨  [9], à áá¬®âà¨¬ äãªæ¨î

H(t; P; x;  ) =
5X

k=1

 kbk;  = ( 1; : : : ;  5); x = (x1; : : : ; x5);

£¤¥ äãªæ¨¨  j , j = 1; 5, ï¢«ïîâáï à¥è¥¨¥¬ á®¯àï¦¥®© £ ¬¨«ìâ®®¢®© á¨áâ¥¬ë

d j

dt
= �

@H

@xj
; j = 1; 5:

� ¯¨è¥¬ á®¯àï¦¥ãî £ ¬¨«ìâ®®¢ã á¨áâ¥¬ã ¢ ¢¨¤¥

d( 1 � i 2)
dt

= ( 1 � i 2 + 2)P 0wwjz=r1 +w2P 00w jz=r1 ;

d( 3 � i 4)
dt

= ( 3 � i 4 + 1)P 0wwjz=r2 :

� ¤ ç  ®¡ ®æ¥ª¥ I(f) íª¢¨¢ «¥â  ¯®¨áªã ¯à®¥ªæ¨¨ ¬®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨ x(1)   ¯àï¬ãî
x5(1). �¥ªâ®à  (1) ï¢«ï¥âáï ®àâ®£® «ìë¬ ª ®¯®à®© ¯«®áª®áâ¨ ¤«ï íâ®£® ¬®¦¥áâ¢  ¤®áâ¨-
¦¨¬®áâ¨, á«¥¤®¢ â¥«ì®, ¢ § ¤ ç¥   max I(f), ¥ ã¬¥ìè ï ®¡é®áâ¨, ¬®¦® ¯®«®¦¨âì  5 = 1.
� íâ®¬ á«ãç ¥ ¢®§¨ª îâ ãá«®¢¨ï âà á¢¥àá «ì®áâ¨   ¯à ¢®¬ ª®æ¥  k(1) = 0, k = 1; 4.

�§ ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï �¥¢¥à {�ãä à¥¢  ¯®«ãç ¥¬

wP 0w =
d

dt
log

w

w0z
; w2P 00w =

w

w0z

d

dt

�
2w0z
w

�
w00z
w0z

�
:

�¥« ï § ¬¥ã ¨ à¥è ï ¤ ãî á¨áâ¥¬ã á ãç¥â®¬ ãá«®¢¨© âà á¢¥àá «ì®áâ¨,  å®¤¨¬

 1 � i 2 =
�
f 00(r1)
f 0(r2)

�
w00z
w0z

�
w

w0z

���
z=r1

;  3 � i 4 = �
f 0(r2)w
f(r2)w0z

���
z=r2

+ 1;  5 = 1;

( 1 � i 2)(0) = A; ( 3 � i 4)(0) = �B + 1: (19)

�§ â¥®à¥¬ë 2 á«¥¤ã¥â, çâ® íªáâà¥¬ «ì ï äãªæ¨ï ®â®¡à ¦ ¥â ¥¤¨¨çë© ªàã£   ¯«®áª®áâì
á à §à¥§ ¬¨, ¨¬¥îé¨¬¨ ¥ ¡®«¥¥ ¤¢ãå ª®æ¥¢ëå ª®¥çëå â®ç¥ª,   ¯à®®¡à § ª®æ¥¢®© ª®¥ç-
®© â®çª¨ ï¢«ï¥âáï ¤¢®©ë¬ ã«¥¬ á®®â¢¥âáâ¢ãîé¥£® ª¢ ¤à â¨ç®£® ¤¨ää¥à¥æ¨ «  ¢ ¯à ¢®©
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ç áâ¨ ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï â¥®à¥¬ë 2. �«¥¤®¢ â¥«ì®, äãªæ¨ï P (w; t) ¢ ãà ¢¥¨¨
�¥¢¥à {�ãä à¥¢  ¨¬¥¥â ®¤¨ ¨§ ¤¢ãå ¢¨¤®¢:

P (w; t) =
1 + k(t)e�tw
1� k(t)e�tw

; jk(t)j = 1; (20)

P (w; t) = (1� �)
�
1 + k1(t)e�tw
1� k1(t)e�tw

�
+ �

�
1 + k2(t)e�tw
1� k2(t)e�tw

�
; 0 < � < 1: (21)

�ã¤¥¬ ¯®¨¬ âì ¥¯à¥àë¢ë¥ äãªæ¨¨ k(t), k1(t), k2(t), t 2 [0;1), ª ª ã¯à ¢«¥¨ï. �ãé¥áâ¢®-
¢ ¨¥ ®¯â¨¬ «ìëå ã¯à ¢«¥¨© £ à â¨àã¥âáï áãé¥áâ¢®¢ ¨¥¬ íªáâà¥¬ «ì®© äãªæ¨¨ f(z).
�®£¤  ¨§ â¥®à¥¬ë 2 ¨ £¥®¬¥âà¨ç¥áª®£® á¬ëá«  ã¯à ¢«¥¨© á«¥¤ã¥â, çâ® ¢®§¬®¦ë «¨èì âà¨
á«ãç ï: a) k�(0) = 1, ¡) k�(0) = �1, ¢) k�1(0) = k�2(0).

3. �¥è¥¨¥ íªáâà¥¬ «ì®© § ¤ ç¨

�«ï 0 < r1 < r2 < 1 á«ãç © ¢) ¬¥áâ  ¥ ¨¬¥¥â, â. ª. ¯à¨ íâ®¬ ¯à ¢ ï ç áâì à ¢¥áâ¢  (10)

Cjr1 � �1j
2 = r1(1� r21)

2(r1 � r2)(1� r1r2)

áâà®£® ®âà¨æ â¥«ì , çâ® ¯à¨¢®¤¨â ª ¯à®â¨¢®à¥ç¨î. � ª¨¬ ®¡à §®¬, ¢ íâ®¬ á«ãç ¥ íªáâà¥-
¬ «ì ï äãªæ¨ï ®â®¡à ¦ ¥â ¥¤¨¨çë© ªàã£   ¯«®áª®áâì á à §à¥§®¬, ¨¬¥îé¨¬ ®¤ã ª®-
æ¥¢ãî ª®¥çãî â®çªã. �®£¤  P (w; t) ¨¬¥¥â ¢¨¤ (20), â. ¥. ¢¬¥áâ® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï
�¥¢¥à {�ãä à¥¢  à áá¬ âà¨¢ ¥¬ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ �¥¢¥à . �áå®¤ï ¨§ ¯à¨æ¨¯ 
¬ ªá¨¬ã¬  �.�.�®âàï£¨ , ¤«ï â ª¨å P (w; t) ¨ íªáâà¥¬ «ìëå k� ¨¬¥¥¬

@H

@k

���
k=k�

= 0:

� ª¨¬ ®¡à §®¬,

Re
�
( 1 � i 2)

w

(1� e�twk�)2

���
z=r1

+
2w

(1� e�twk�)3

���
z=r1

+ ( 3 � i 4 � 1)
w

(1 � e�twk�)2

���
z=r2

�
= 0:

�âáî¤  ¯à¨ t = 0,   â ª¦¥ ãç¨âë¢ ï k�(0) = �1 ¨ (19), ¯®«ãç¨¬ ãà ¢¥¨¥

Re
�
A

r1
(1� r1�1)2

+
2r1

(1� r1�1)3
�B

r2
(1� r2�1)2

�
= 0: (22)

� à ¬¥âàë A ¨ B § ¢¨áïâ ®â § ç¥¨ï k�(0) = �1, ª®â®à®¥ ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬ a) ¨«¨ ¡).
� áá¬®âà¨¬ á¨áâ¥¬ã (10){(12), (22) ¯à¨ k�(0) = �1 = 1, �2 = r0, ®¡®§ ç ï ¯à¨ íâ®¬ A = A0,
B = B0,

(C=r0)(r1 � 1)2(r1 � r0)(r1 � 1=r0) = r1(1� r21)
2(r1 � r2)(1� r1r2); (100)

(C=r0)(r2 � 1)2(r2 � r0)(r2 � 1=r0) = �B0(1� r22)(r1 � r2)2(1� r1r2)2; (110)

C=r0 = A0r1r2(1� r21)�B0r
2
1(1� r22)� 2r31r2; (120)

Re
�
A0

r1
(1� r1)2

+
2r1

(1� r1)3
�B0

r2
(1� r2)2

�
= 0: (220)

�§ ãà ¢¥¨ï (100)  å®¤¨¬

C

r0
=
r1(1 + r1)2(r1 � r2)(1 � r1r2)

(r1 � r0)(r1 � 1=r0)
:

�®¤áâ ¢«ïï C=r0 ¢ (110), ¨¬¥¥¬

B0 = �
r1(1 + r1)2(r1 � r2)(1� r1r2)

(r1 � r0)(r1 � 1=r0)
(r2 � r0)(r2 � 1=r0)(1 � r2)
(r1 � r2)2(1� r1r2)2(1 + r2)

: (23)
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�®¤áâ ¢«ïï C=r0; B0 ¢ (120), ¯®«ãç¨¬

A0 =
r1(1 + r1)2(r1 � r2)(1� r1r2)

(r1 � r0)(r1 � 1=r0)
�

�

�
1

r1r2(1� r21)
�
(r2 � 1)2r1(r2 � r0)(r2 � 1=r0)
r2(1� r21)(r1 � r2)2(1� r1r2)2

�
+

2r21
1� r21

: (24)

�®¤áâ ¢«ïï  ©¤¥ë¥ â ª¨¬ ®¡à §®¬ A0, B0 ¢ ãà ¢¥¨¥ (220), ¯®á«¥ á®®â¢¥âáâ¢ãîé¨å ¢ëç¨-
á«¥¨© ¯®«ãç¨¬ ®â®á¨â¥«ì® r0 ãà ¢¥¨¥ r0 + 1=r0 =M=N , £¤¥

M =
(1 + r1)(r1 � r2)(1� r1r2)

r2(1� r1)3
+

(r22 + 1)(1 + r1)2

(r1 � r2)(1� r1r2)
�

�

�
r2

1� r22
�

r21(r2 � 1)2

r2(1� r21)(1 � r1)2

�
+
2(r21 + 1)(r21 + r1 + 1)
(1� r1)3(1 + r1)

;

N =
r2(1 + r1)2

(r1 � r2)(1 � r1r2)

�
r2

1� r22
�

r21(r2 � 1)2

r2(1� r21)(1� r1)2

�
+

2r1(r21 + r1 + 1)
(1� r1)3(1 + r1)

:

�®£¤ 
C

r0
=
r1(1� r21)(1� r1r2)(1� r22)N

(1 + r1r2)
¨

(r22 + 1)N � r2M

N
=
(r1 � r2)(1� r1r2)(1 + r21)

(1� r1)3(1 + r1)N
:

�®¤áâ ¢«ïï  ©¤¥ë¥ ¢ëà ¦¥¨ï ¢ (23), (24), ¯®á«¥ á®®â¢¥âáâ¢ãîé¨å ¢ëç¨á«¥¨© ¯®«ãç¨¬

B0 = �
r1(1� r2)2(1 + r21)

(1 + r1r2)(r1 � r2)(1� r1)2
;

A0 =
(1 + r1)2r2

(1 + r1r2)(r1 � r2)
�

2r1(1� r22)(r
2
1 + r1 + 1)

(1 + r1r2)(r1 � r2)(1� r21)
+

2r21
1� r21

:

� «¥¥ à áá¬®âà¨¬ á¨áâ¥¬ã (10){(12), (22) ¯à¨ k�(0) = �1 = �1, �2 = �r0, ®¡®§ ç ï ¯à¨ íâ®¬
A = A�, B = B�,

(C=r0)(r1 + 1)2(r1 + r0)(r1 + 1=r0) = r1(1� r21)
2(r1 � r2)(1� r1r2); (1000)

(C=r0)(r2 + 1)2(r2 + r0)(r2 + 1=r0) = �B�(1� r22)(r1 � r2)2(1� r1r2)2; (1100)

C=r0 = A�r1r2(1� r21)�B�r
2
1(1� r22)� 2r31r2; (1200)

Re
�
A�

r1
(1 + r1)2

+
2r1

(1 + r1)3
�B�

r2
(1 + r2)2

�
= 0: (2200)

�à®¢®¤ï à ááã¦¤¥¨ï,   «®£¨çë¥ ¯à¥¤ë¤ãé¨¬, ¨§ á¨áâ¥¬ë (1000){(1200), (2200)  å®¤¨¬

B� = �
r1(1 + r2)2(1 + r21)

(1 + r1r2)(r1 � r2)(1 + r1)2
;

A� =
(1 � r1)2r2

(1 + r1r2)(r1 � r2)
�

2r1(1� r22)(r
2
1 � r1 + 1)

(1 + r1r2)(r1 � r2)(1� r21)
+

2r21
1� r21

:

�ë¡®à  ç «ìëå ãá«®¢¨© A0, B0 ¨«¨ A�, B� § ¢¨á¨â ®â § ª  à §®áâ¨

H(0; 1; x; (A0; B0))�H(0;�1; x; (A�; B�)):

�â®à®¥ § ª«îç¥¨¥ ¯à¨æ¨¯  ¬ ªá¨¬ã¬  �®âàï£¨  á®áâ®¨â ¢ â®¬, çâ®

H(t; k�(t); x;  ) =
Z t

1

� 5X
k=1

 k

@bk
@t

�
dt:
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�âáî¤  ¯à¨ t = 0 ¯®«ãç ¥¬

H(k�(0); x;  ) = Re
�Z

1

0

�
( 1 � i 2 + 1)

@P

@t
+
@wP 0w
@t

+ ( 3 � i 4 � 1)
@P

@t

�
dt

�
=

= A(k�(0)) �B(k�(0)) + 1:

� ª¨¬ ®¡à §®¬,

H(0; 1; x; (A0; B0))�H(0;�1; x; (A�; B�)) = A0 �A� +B� �B0:

�®¤áâ ¢«ïï A0, B0, A�, B�,  ©¤¥ë¥ à ¥¥, § ¯¨è¥¬

H(k�(0); x; (A0; B0))
��
k�(0)=1

�H(k�(0); x; (A�; B�))
��
k�(0)=�1

=
8r21(r1 � r2)

(1 + r1r2)(1� r21)2
< 0:

�«¥¤®¢ â¥«ì®, ¯à¨ 0 < r1 < r2 < 1 k�(0) = �1.
�â ª, P ¢ äãªæ¨¨ H(t; P; x;  ) ¤ ¥âáï ä®à¬ã«®© (20) ¨ k�(t) | ¥¤¨áâ¢¥ë© ª®à¥ì ãà ¢-

¥¨ï
@H

@k
= 0, ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î k�(0) = �1. �ãáâì (x�1(t); : : : ; x

�

5(t)) | à¥è¥¨¥ § ¤ ç¨

�®è¨

dx1
dt

= b1(t; k
�; x1; x2); x1(0) = log r1;

dx2
dt

= b2(t; k
�; x1; x2); x2(0) = 0;

dx3
dt

= b3(t; k�; x3; x4); x3(0) = log r2;
dx4
dt

= b4(t; k�; x3; x4); x4(0) = 0;

dx5
dt

= b5(t; k
�; x1; x2; x3; x4); x5(0) = � log r2;

d j

dt
= �

@H

@xj

���
k=k�

; j = 1; 5; ( 1 � i 2)(0) = A�; ( 3 � i 4)(0) = �B� + 1;  5(0) = 1:

� á«ãç ¥ 0 < r2 < r1 < 1 ¬®¦¥¬ § ¯¨á âì
��� f 0(r1)
f(r2)

��� = ���f 0(r1)
f(r1)

��� ��� f(r1)
f(r2)

���. �æ¥ª¨ äãªæ¨® «®¢��� f 0(r1)
f(r1)

���,
��� f(r1)
f(r2)

��� ¡ë«¨  ©¤¥ë à ¥¥ ([8], cc. 33, 81),   â ª¦¥ ¡ë«® ¯®ª § ®, çâ® ¢ íâ®¬ á«ãç ¥

íªáâà¥¬ «ì®© ï¢«ï¥âáï äãªæ¨ï �¥¡¥ f(z) = z=(1 � z)2.
� ª¨¬ ®¡à §®¬, ¤®ª §  

�¥®à¥¬  3. �ãáâì f 2 S, â®£¤  a) ¥á«¨ 0 < r1 < r2 < 1, â®

����f
0(r1)
f(r2)

���� � x�5(1);

¡) ¥á«¨ 0 < r2 < r1 < 1, â®
����f
0(r1)
f(r2)

���� � (1� r2)2(1 + r1)
r2(1� r1)3

:

�ªáâà¥¬ «ìë¥ äãªæ¨¨ ¢ á«ãç ïå a) ¨ ¡) ®â®¡à ¦ îâ ¥¤¨¨çë© ªàã£   ¯«®áª®áâì á à §-

à¥§®¬, ¨¬¥îé¨¬ ®¤ã ª®æ¥¢ãî ª®¥çãî â®çªã, ¢ ç áâ®áâ¨, ¢ á«ãç ¥ ¡) íâ® äãªæ¨ï �¥¡¥

f(z) = z=(1 � z)2.
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