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� áâ âì¥ ¤®ª § ­®, çâ® ­¥ª®â®àë¥ à¥§ã«ìâ âë �.�.� à¨­®¢  ¨§ [1], [2] ® ­¥¯à¥àë¢­®áâ¨ ¬¥-
âà¨ç¥áª®© �-¯à®¥ªæ¨¨ ­  ¢ë¯ãª«®¥ ¬­®¦¥áâ¢® ¢ «¨­¥©­®¬ ­®à¬¨à®¢ ­­®¬ ¯à®áâà ­áâ¢¥ ®áâ -
îâáï ¢¥à­ë¬¨ ¢ á¯¥æ¨ «ì­®¬ ¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥.

1. �¥®¡å®¤¨¬ë¥ ®¯à¥¤¥«¥­¨ï ¨ â¥®à¥¬ë

�ãáâì (X; �) | ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® ¨ S | ¢ë¤¥«¥­­®¥ ¢ ­¥¬ á¥¬¥©áâ¢® á¥£¬¥­â®¢
(â. ¥. ªà¨¢ëå, ¤«¨­ë ª®â®àëå à ¢­ë à ááâ®ï­¨ï¬¨ ¬¥¦¤ã ¨å ª®­æ ¬¨ [3], c. 42), ¢ ¤ «ì­¥©è¥¬
­ §ë¢ ¥¬ëå å®à¤ ¬¨ ([4], á. 23). �à®áâà ­áâ¢® X ¨ á¥¬¥©áâ¢® å®à¤ S ¯®¤ç¨­¨¬ á«¥¤ãîé¨¬
ãá«®¢¨ï¬.

A. �«ï ª ¦¤®© å®à¤ë ¢á¥ ¥¥ ¯®¤á¥£¬¥­âë (¢ª«îç ï â®çª¨) ï¢«ïîâáï å®à¤ ¬¨.
B. � ¦¤ë¥ ¤¢¥ â®çª¨ ¯à®áâà ­áâ¢  X ¬®¦­® á®¥¤¨­¨âì ¥¤¨­áâ¢¥­­®© å®à¤®©.
C. �«ï ¢á¥å p; x; y 2 X ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® 2�(p; !1=2(x; y)) � �(p; x) + �(p; y), £¤¥

!1=2(x; y) | á¥à¥¤¨­  å®à¤ë [x; y] á ª®­æ ¬¨ x, y.

�§¢¥áâ­® ([4], á. 63; [3], á. 304), çâ® ¢ ¯àï¬ëå å®à¤®¢ëå ¯à®áâà ­áâ¢ å ­¥¯®«®¦¨â¥«ì­®© ªà¨-
¢¨§­ë íâ¨ ãá«®¢¨ï ¢ë¯®«­ïîâáï. �­ «®£¨ç­ë¥ «®ª «ì­ë¥ ãá«®¢¨ï ­ « £ «¨áì ­  ¬¥âà¨ç¥áª®¥
¯à®áâà ­áâ¢® ¢ [5].

� ¤ «ì­¥©è¥¬ ¨á¯®«ì§ã¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï ¨ ®¯à¥¤¥«¥­¨ï:B[x; r] (S(x; r)) | § ¬ª­ã-
âë© è à (áä¥à ) á æ¥­âà®¬ ¢ â®çª¥ x, à ¤¨ãá  r > 0; xy = �(x; y), xM = �(x;M); ¯ãáâì � � 0,
x 2 X, M � X, M 6= ;; x�M = fy 2 M : xy � xM + �g (xM = x0M ) | ¬¥âà¨ç¥áª ï �-¯à®¥ªæ¨ï
(¬¥âà¨ç¥áª ï ¯à®¥ªæ¨ï) â®çª¨ x ­  ¬­®¦¥áâ¢® M [1]; �(A;B) = supfxB : x 2 Ag, �(A;B) =
maxf�(A;B); �(B;A)g | ¯®«ããª«®­¥­¨¥ ¨ à ááâ®ï­¨¥ ¯® � ãá¤®àäã ¬¥¦¤ã ­¥¯ãáâë¬¨ ¬­®¦¥-
áâ¢ ¬¨ A;B � X (¡¥áª®­¥ç­ë¥ §­ ç¥­¨ï ­¥ ¨áª«îç îâáï) [1]; �(x��0M ; F ) = lim

t!+0
�(x��tM ; F ), £¤¥

N � X [1]. �­®¦¥áâ¢® M ¯à®áâà ­áâ¢  X, ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨ï¬ A, B, ­ §ë¢ ¥âáï ¢ë-
¯ãª«ë¬, ¥á«¨ ¤«ï ª ¦¤ëå ¤¢ãå â®ç¥ª x, y ¨§ íâ®£® ¬­®¦¥áâ¢  å®à¤  [x; y] ¯à¨­ ¤«¥¦¨â íâ®¬ã
¬­®¦¥áâ¢ã.

�à¨¢¥¤¥¬ ¤¢  í«¥¬¥­â à­ëå á«¥¤áâ¢¨ï ãá«®¢¨© A, B, C.
1. �«ï ª ¦¤®£® � 2 [0; 1] ¨ ¤«ï ¢á¥å p, x, y ¨§ ¯à®áâà ­áâ¢  X, ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨ï¬

A, B, C, ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

p!�(x; y) � (1� �)px+ �py; (1)

£¤¥ â®çª  !�(x; y) 2 [x; y] â ª ï, çâ® x!�(x; y) = �xy.
2. � ¦¤ë© § ¬ª­ãâë© (®âªàëâë©) è à ¯à®áâà ­áâ¢  X, ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨ï¬ A, B,

C, ï¢«ï¥âáï ¢ë¯ãª«ë¬ ¬­®¦¥áâ¢®¬.
�§¢¥áâ­ 

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ò 00-01-00308.
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�¥¬¬  1 ([1]). �ãáâì X | ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢®, x; y 2 X, F , M , N | ­¥¯ãáâë¥

¬­®¦¥áâ¢  ¨§ X, � � 0. �®£¤  �(y�N ; F ) � �(N;M)+�(x�1+0
M ; F ), �(F; y�N) � �(M;N)+�(F; x�2�0M ),

£¤¥ �1 = �+xy+ yN +�(N;M)�xM , �2 = �+ yN �xy�xM ��(M;N). �à¨ç¥¬ ¯à¥¤¯®« £ ¥âáï,

çâ® �2 > 0.

�ä®à¬ã«¨àã¥¬ â¥¯¥àì ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë. O¡®¡é ¥â «¥¬¬ë 6{8 ¨§ [2]

�¥¬¬  2. �ãáâì M | ¢ë¯ãª«®¥ ¬­®¦¥áâ¢® ¯à®áâà ­áâ¢  X, ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨-

ï¬ A, B, C; x 2 X, 0 < t < " < �, 0 < "0 < �0, "0 � ", �0 � � (t � 0 ¯à¨ xM 6= ;), F � x�M , G � xtM .

�®£¤  ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ ­¥à ¢¥­áâ¢ :

a) �(F;x"M )

��"
� �(F;xtM )

��t
; b) �(x�M ;G)

��t
� �(x"M ;G)

"�t
; c) �(x�M ;x"M )

��"
� �(x�

0

M ;x"
0

M )

�0�"0
.

�«¥¤áâ¢¨¥. �ãáâìM | ¢ë¯ãª«®¥ ¬­®¦¥áâ¢® ¯à®áâà ­áâ¢  X, ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨ï¬
A, B, C; x 2 X. �®£¤  ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ ­¥à ¢¥­áâ¢ :

a) �(x�M ;x+0
M

)

�
�

�(x�
0

M ;x+0
M

)

�0
, £¤¥ � > �0 > 0;

b) �(x�M ; x
"
M ) �

�(x�M ;x+0
M

)

�
(� � "), £¤¥ � � " > 0;

c) �(x�M ; x
"
M ) �

�(x�
M
;x+0
M

)

�
j� � "j �

�(x�M ;x+0
M

)

�
j� � "j, £¤¥ � > 0, � = max(�; ");

d) �(x�M ; x
"
M ) � ( 2xM

�
+1)(��"), £¤¥ � � " � 0. �à¨ xM 6= ; ¢ëà ¦¥­¨¥ x+0

M ¢ íâ¨å ­¥à ¢¥­áâ¢ å
¬®¦­® § ¬¥­¨âì ­  xM (áà. [2], á«¥¤áâ¢¨ï 1{3).

�«¥¤ãîé ï «¥¬¬  ï¢«ï¥âáï ®¡®¡é¥­¨¥¬ «¥¬¬ë 5 ¨§ [2] ¨ ¨¬¥¥â  ­ «®£¨ç­®¥ ¤®ª § â¥«ìáâ¢®,
¥á«¨ ¨á¯®«ì§®¢ âì ¯. a) «¥¬¬ë 2.

�¥¬¬  3. �ãáâì M | ¢ë¯ãª«®¥ ¬­®¦¥áâ¢® ¯à®áâà ­áâ¢  X, ã¤®¢«¥â¢®àïîé¥£® ãá«®-

¢¨ï¬ A, B, C; x 2 X, � > 0, F � X. �®£¤  ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ ç¥âëà¥ à ¢¥­áâ¢ :
�(x��0M ; F ) = �(x�M ; F ), �(F; x

��0
M ) = �(F; x�M ).

A­ «®£¨ç­  «¥¬¬¥ 10 ¨§ [2]

�¥¬¬  4. �ãáâì M | ¢ë¯ãª«®¥ ¬­®¦¥áâ¢® ¯à®áâà ­áâ¢  X, ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨-

ï¬ A, B, C; x; y 2 X, � � 0, " � 0, N � X, � = max("; �), � = �+ 2xy + 2�(M;N). �®£¤ 

a) ¯à¨ � > 0 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

�(y�N ; x
"
M ) � �(N;M) +

�(x�M ; x
+0
M )

�
(j"� �j+ 2xy + 2�(M;N));

b) ¯à¨ j"� �j + 2xy + 2�(M;N) < � ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

�(y�N ; x
"
M ) � �(N;M) +

�(x�M ; x
+0
M )

�
(j"� �j+ 2xy + 2�(M;N)):

O¡®¡é ¥â â¥®à¥¬ã 4 ¨§ [2]

�¥®à¥¬  1. �ãáâì M | ¢ë¯ãª«®¥ ¬­®¦¥áâ¢® ¯à®áâà ­áâ¢  X, ã¤®¢«¥â¢®àïîé¥£® ãá«®-

¢¨ï¬ A, B, C; x; y 2 X, N � X, � = max("; �) > 0. �®£¤  ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

�(y�N ; x
"
M ) � �(N;M) + (

2xM
�

+ 2)(j" � �j + 2xy + 2�(M;N)):

A­ «®£¨ç­  â¥®à¥¬¥ 5 ¨§ [2]

�¥®à¥¬  2. �ãáâì M , N | ¢ë¯ãª«ë¥ ¬­®¦¥áâ¢  ¯à®áâà ­áâ¢  X, ã¤®¢«¥â¢®àïîé¥£®

ãá«®¢¨ï¬ A, B, C; x; y 2 X, � = max("; �) + 2xy + 2�(M;N). �®£¤  ¯à¨ � > 0 ¢ë¯®«­ï¥âáï

­¥à ¢¥­áâ¢®

�(y�N ; x
"
M ) � �(N;M) +

�
2min(xM; yN)

�
+ 1

�
(j"� �j+ 2xy + 2�(M;N)): (2)
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� ¬¥ç ­¨¥. �®ª § â¥«ìáâ¢  «¥¬¬ë 4, â¥®à¥¬ 1, 2 ¯® áãé¥áâ¢ã ­¥ ®â«¨ç îâáï ®â á®®â¢¥â-
áâ¢ãîé¨å ç áâ¥© ¤®ª § â¥«ìáâ¢ «¥¬¬ë 10, â¥®à¥¬ 4, 5 ¨§ [2], ¥á«¨ ãç¥áâì á«¥¤áâ¢¨¥ ¨ «¥¬¬ã 3.
�â¨ ¤®ª § â¥«ìáâ¢  ¯à¨¢¥¤¥­ë «¨èì ¤«ï ã¤®¡áâ¢  çâ¥­¨ï.

2. �®ª § â¥«ìáâ¢  ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢

�®ª § â¥«ìáâ¢® «¥¬¬ë 2. a) �ãáâì �(F; x"M ) > 0 ¨ ç¨á«® s > 0 ¤®áâ â®ç­® ¬ «®. �ë¡¥à¥¬
â®çªã z 2 F n x"M â ª, çâ®

zx"M � �(F; x"M )� s: (3)

� â¥¬ ¢ë¡¥à¥¬ â®çªã p 2 xtM â ª, çâ®

zp � zxtM + s: (4)

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï: a = [x; z] \ S(x; xM + t), b = [x; z] \ S(x; xM + "), c = [p; z] \ S(x; xM + "). �
á¨«ã (3)

zc � �(F; x"M )� s: (5)

� ¨§ (1) á«¥¤ã¥â ­¥à ¢¥­áâ¢®

xc � px
cz

pz
+ xz

cp

pz
:

�® xc = xb = xz � bz, ax � xp, pc = pz � cz. �®íâ®¬ã

xz � bz � ax
cz

pz
+ xz

pz � cz

pz
:

�âáî¤  ¯®«ãç ¥¬ cz � pz bz
az
. �à®¬¥ â®£®, � � t > � � " ¨ ¢¥«¨ç¨­  � = � � " � bz = � � t � az

­¥®âà¨æ â¥«ì­ ï. �«¥¤®¢ â¥«ì­®,

cz � pz
bz

az
� pz

� � "� �

� � t� �
� pz

� � "

� � t
:

�§ íâ¨å ­¥à ¢¥­áâ¢,   â ª¦¥ ¨§ (4), (5) á«¥¤ã¥â

�(F; x"M )� s � cz � (zxtM + s)
� � "

� � t
� (�(F; xtM ) + s)

� � "

� � t
:

�¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ s! 0+, ¯®«ãç¨¬ ­¥à ¢¥­áâ¢® a).
�®ª ¦¥¬ ­¥à ¢¥­áâ¢® b). �ãáâì �(x�M ; G) > 0 ¨ ç¨á«® s > 0 ¤®áâ â®ç­® ¬ «®. �ë¡¥à¥¬ â®çªã

z 2 x�M nG â ª, çâ® zG � �(x�M ; G)� s. � â¥¬ ¢ë¡¥à¥¬ â ªãî â®çªã p 2 G, çâ®

zp � zG+ s: (6)

�®£¤ 

�(x�M ; G)� s � zp � �(x�M ; G) + s: (7)

�á«¨ ¤«ï ª ¦¤®£® ¤®áâ â®ç­® ¬ «®£® s â®çª  z ¯à¨­ ¤«¥¦¨â x"M , â® �(x�M ; G) = �(x"M ; G) ¨
­¥à ¢¥­áâ¢® b) ¢¥à­®. �à¥¤¯®«®¦¨¬, çâ® z 2 x�M nx

"
M ¨ ¢¢¥¤¥¬ ®¡®§­ ç¥­¨ï: b = [x; z]\S(x; xM+

"), c = [p; z] \ S(x; xM + "). � á¨«ã (1) xc � px cz
pz
+ xz cp

pz
= pxpz�pc

pz
+ xz cp

pz
= px + pcxz�px

pz
. �®

xc = xb. �«¥¤®¢ â¥«ì­®,

pz � pá
xz � xp

xb� px
� pc

� � t

"� t
: (8)

�à®¬¥ â®£®, ¨§ (6) ¨ ­¥à ¢¥­áâ¢  âà¥ã£®«ì­¨ª  á«¥¤ã¥â

cp = pz � cz � zG+ s� cz � cG+ s � �(x"M ; G) + s: (9)
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�®£¤  ¨§ (7){(9) ¯®«ãç¨¬

�(x�M ; G)� s � zp � pc
� � t

"� t
� (�(x�M ; G) + s)

� � t

"� t
:

�¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ s! 0+, ¯®«ãç¨¬ ­¥à ¢¥­áâ¢® b).
�«ï ¤®ª § â¥«ìáâ¢  c) ¤®áâ â®ç­® ¯à¨¬¥­¨âì ­¥à ¢¥­áâ¢® b) ¯à¨ G = x"

0

M , t = "0, " = �0,  
§ â¥¬ a) ¯à¨ F = x�M : �

�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï. a) �®áâ â®ç­® ¢ ­¥à ¢¥­áâ¢¥ á) «¥¬¬ë 2 ¯¥à¥©â¨ ª ¯à¥¤¥« ¬
¯à¨ "0 ! 0, "! 0.

b) � â®¬ ¦¥ ­¥à ¢¥­áâ¢¥ ­ã¦­® ¯®«®¦¨âì �0 = � ¨ ¯¥à¥©â¨ ª ¯à¥¤¥«ã ¯à¨ "0 ! 0.
c) �«¥¤ã¥â ¨§ b).
d) �«¥¤ã¥â ¨§ b) ¨ ¯à®áâ®£® ­¥à ¢¥­áâ¢  �(x�M ; x

+0
M ) � 2xM + � ([2], (3.10)): �

�®ª § â¥«ìáâ¢® «¥¬¬ë 4. a) �§ ¯à®áâëå ®æ¥­®ª ([1], (1.5)) ¯®«ãç¨¬

�1 = � + xy + yN + �(N;M) � xM � � + 2xy + 2�(M;N) � �:

�®£¤  ¨§ «¥¬¬ 1, 3 ¨ ¯. b) á«¥¤áâ¢¨ï ¯®«ãç¨¬

�(y�N ; x
"
M ) � �(N;M) + �(x�M ; x

"
M ) � �(N;M) +

�(x�M ; x+0
M )

�
(�� ") �

� �(N;M) +
�(x�M ; x

+0
M )

�
(j" � �j + 2xy + 2�(M;N)):

b) �§ ¯à®áâëå ®æ¥­®ª ([1], (1.5)) ¯®«ãç¨¬

j�� �2j = j�� � � yN + xy + xM + �(M;N)j � j�� �j + 2xy + 2�(M;N) �

� j"� �j+ 2xy + 2�(M;N) < �:

�«¥¤®¢ â¥«ì­®, �2 > 0 ¨ ¬®¦­® ¯à¨¬¥­¨âì «¥¬¬ë 1, 3 ¨ á«¥¤áâ¢¨¥ b). �®£¤ 

�(x"M ; y
�
N) � �(M;N) + �(x"M ; x

�2�0
M ) � �(M;N) + �(x�M ; x�2M ) �

� �(M;N) +
�(x�M ; x

+0
M )

�
(j"� �j+ 2xy + 2�(M;N)): �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �§ «¥¬¬ë 4 a) ¨ á«¥¤áâ¢¨ï d) ¯®«ãç¨¬

�(y�N ; x
"
M ) � �(N;M) +

�(x�M ; x
+0
M )

�
(j"� �j + 2xy + 2�(M;N)) �

� �(N;M) +
�
2xM
�

+ 1
�
(j" � �j + 2xy + 2�(M;N)):

� ¯à¨ j"� �j+ 2xy + 2�(M;N) < � ¨§ «¥¬¬ë 4 a) ¨ á«¥¤áâ¢¨ï d) ¯®«ãç¨¬

�(y�N ; x
"
M ) � �(N;M) + (

2xM
�

+ 1)(j" � �j + 2xy + 2�(M;N)):

�ãáâì â¥¯¥àì j"� �j+ 2xy + 2�(M;N) � �. �®£¤ 

�(x"M ; y
�
N) � �(x"M ; x) + xy + yy�N � xM + "+ xy + yN �

� 2xM + jxM � yN j+ "+ xy � 2xM + 2xy + �(M;N) + " �

� 2xM + �+ j"� �j+ 2xy + 2�(M;N) � (
2xM
�

+ 2)(j" � �j + 2xy + 2�(M;N));

®âáî¤  á«¥¤ã¥â â¥®à¥¬  1: �
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�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �¡®§­ ç¨¬ ¯à ¢ãî ç áâì ¢ (2) ç¥à¥§ A. � áá¬®âà¨¬ âà¨ á«ã-
ç ï ¤«ï ®æ¥­ª¨ ¢ëà ¦¥­¨ï �(y�N ; x

"
M ).

1. �1 = � + xy + yN + �(N;M) � xM = 0.
�®£¤  ¨§ ­¥à ¢¥­áâ¢  xM � yN � xy + �(N;M) á«¥¤ã¥â, çâ® � = 0. �§ «¥¬¬ë 1 ¯®«ãç¨¬

�(y�N ; x
"
M ) � �(N;M) + �(x+0

M ; x"M ) � �(N;M) + 2xM � �(N;M) +

+ 2min(xM; yN) + 2jxM � yN j � �(N;M) + 2min(xM; yN) + 2xy + 2�(M;N) � A:

2. 0 < �1 � ". �®£¤  ¨§ «¥¬¬ 1, 3 ¯®«ãç¨¬ �(y�N ; x
"
M ) � �(N;M) � A.

3. �1 > ". �­ ç «  ¯®«ãç¨¬ ¯à®áâë¥ ­¥à ¢¥­áâ¢  �1 < �,

2xM + �1 = � + xy + 2min(xM; yN) + jxM � yN j+ �(N;M) �

� �+ 2xy + 2min(xM; yN) + 2�(M;N) � �+ 2min(xM; yN);

�1�"
�1

� ��"
�
. �á¯®«ì§ãï íâ¨ ­¥à ¢¥­áâ¢ ,   â ª¦¥ «¥¬¬ã 1 ¨ á«¥¤áâ¢¨¥ d), ¯®«ãç¨¬

�(y�N ; x
"
M ) � �(N;M) + �(x�1M ; x

"
M ) � �(N;M) + (2xM + �1)

�1 � "

�1
�

� �(N;M) + (2min(xM; yN) + �)
�� "

�
� A:
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