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� ¡®â  ¯®á¢ïé¥­  ¢®¯à®áã ¢§ ¨¬®®¡ãá«®¢«¥­­®áâ¨ ®â­®è¥­¨© í¯¨¬®àä­®áâ¨ ¨ ¢«®¦¨¬®áâ¨
­   «£¥¡à å ­¥ª®â®àëå ¬­®£®®¡à §¨© (ª¢ §¨¬­®£®®¡à §¨©). � à ¡®â¥  ¢â®à  [1] ¤®ª § ­  ä¨-
­¨â à­ ï ­¥§ ¢¨á¨¬®áâì ®â­®è¥­¨© í¯¨¬®àä­®áâ¨ ¨ ¢«®¦¨¬®áâ¨ ­   «£¥¡à å «î¡®£® ­¥âà¨¢¨-
 «ì­®£® ª®­£àãí­æ-¤¨áâà¨¡ãâ¨¢­®£® ¬­®£®®¡à §¨ï á ¯à®¤®«¦¨¬ë¬¨ ª®­£àãí­æ¨ï¬¨. � ¤àã£®©
áâ®à®­ë, ¯à¥¤áâ ¢«ï¥â ¨­â¥à¥á ¢®¯à®á áãé¥áâ¢®¢ ­¨ï ¡®«ìè¨å á®¢®ªã¯­®áâ¥©  «£¥¡à à áá¬ -
âà¨¢ ¥¬®£® ª« áá , ­  ª®â®àëå ®â­®è¥­¨ï í¯¨¬®àä­®áâ¨ ¨ ¢«®¦¨¬®áâ¨ á®¢¯ ¤ îâ. � [2] ¯®-
ª § ­®, çâ® ¤«ï «î¡®£® ª à¤¨­ «  @ > @0 ¢ «î¡®¬ ­¥âà¨¢¨ «ì­®¬ ª®­£àãí­æ-¤¨áâà¨¡ãâ¨¢­®¬
¬­®£®®¡à §¨¨ M á ¯à®¤®«¦¨¬ë¬¨ ª®­£àãí­æ¨ï¬¨ ­ ©¤¥âáï á®¢®ªã¯­®áâì M- «£¥¡à, ¨¬¥îé¨å
¬®é­®áâì 2@, â ª ï, çâ® ®â­®è¥­¨ï í¯¨¬®àä­®áâ¨ ¨ ¢«®¦¨¬®áâ¨ ¬¥¦¤ã  «£¥¡à ¬¨ íâ®© á®¢®-
ªã¯­®áâ¨ á®¢¯ ¤ îâ ¨ ¯à¨ íâ®¬ á ¬  á®¢®ªã¯­®áâì á íâ¨¬¨ ®â­®è¥­¨ï¬¨ ¨§®¬®àä­  ¬­®¦¥áâ¢ã
¢á¥å ¯®¤¬­®¦¥áâ¢ ­¥ª®â®à®£® ¬­®¦¥áâ¢  ¬®é­®áâ¨ 2@ á ®â­®è¥­¨¥¬ â¥®à¥â¨ª®-¬­®¦¥áâ¢¥­­®£®
¢ª«îç¥­¨ï. �§¢¥áâ­®, çâ® ¤«ï áç¥â­ëå M- «£¥¡à ¯®¤®¡­ë© à¥§ã«ìâ â, ¢®®¡é¥ £®¢®àï, ­¥ ¢¥-
à¥­. � ¤ ­­®© à ¡®â¥ ¯à¨¢¥¤¥­ë ­¥ª®â®àë¥ ¤®áâ â®ç­ë¥ ãá«®¢¨ï, ¯à¨ ª®â®àëå  ­ «®£¨ç­ë©
à¥§ã«ìâ â ¨¬¥¥â ¬¥áâ® ¤«ï áç¥â­ëå  «£¥¡à àï¤  ¬­®£®®¡à §¨© (ª¢ §¨¬­®£®®¡à §¨©).

� ¯®¬­¨¬, çâ® ¥á«¨ K | ­¥ª®â®àë© ª« áá ã­¨¢¥àá «ì­ëå  «£¥¡à, â® ç¥à¥§ IK ®¡®§­ ç ¥âáï
á®¢®ªã¯­®áâì â¨¯®¢ ¨§®¬®àä¨§¬  K- «£¥¡à, ¥á«¨ @ | ¯à®¨§¢®«ì­ë© ª à¤¨­ «, â® K@ = fA 2
K
��jAj 6 @g. �  á®¢®ªã¯­®áâ¨ IK ®¯à¥¤¥«¨¬ ¤¢  ®â­®è¥­¨ï ª¢ §¨¯®àï¤ª  6 (¢«®¦¨¬®áâ¨) ¨ �

(í¯¨¬®àä­®áâ¨) á«¥¤ãîé¨¬ ®¡à §®¬: ¤«ï a; b 2 IK ®â­®è¥­¨¥ a 6 b (a� b) ¨¬¥¥â ¬¥áâ® â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤   «£¥¡à  â¨¯  a ¨§®¬®àä­® ¢«®¦¨¬  ¢  «£¥¡àã â¨¯  b (ï¢«ï¥âáï £®¬®¬®àä-
­ë¬ ®¡à §®¬  «£¥¡àë â¨¯  b). �ª¥«¥â®¬ í¯¨¬®àä­®áâ¨ (¢«®¦¨¬®áâ¨) ª« áá  K ­ §ë¢ ¥âáï
ª¢ §¨ã¯®àï¤®ç¥­­ë© ª« áá hIK;�i (hIK;6i), áç¥â­ë¬ áª¥«¥â®¬ í¯¨¬®àä­®áâ¨ (¢«®¦¨¬®áâ¨)
ª« áá  K | ª¢ §¨ã¯®àï¤®ç¥­­®¥ ¬­®¦¥áâ¢® hIK@0 ;�i (hIK@0 ;6i). �¢®©­ë¬ áª¥«¥â®¬ (¤¢®©-
­ë¬ áç¥â­ë¬ áª¥«¥â®¬) ª« áá  K ï¢«ï¥âáï ¤¢ ¦¤ë ª¢ §¨ã¯®àï¤®ç¥­­ë© ª« áá (¬­®¦¥áâ¢®)
hIK;�;6i (hIK@0 ;�;6i). �®«¥¥ ¯®¤à®¡­® ®¡ íâ¨å ¯®­ïâ¨ïå ¨ ® à¥§ã«ìâ â å, á ­¨¬¨ á¢ï§ ­­ëå,
á¬. [2], [3], [4]. � «¥¥ à áá¬ âà¨¢ ¥¬ «¨èì  «£¥¡àë ­¥ ¡®«¥¥ ç¥¬ áç¥â­®© á¨£­ âãàë.

�â­®è¥­¨ï í¯¨¬®àä­®áâ¨ ¨ ¢«®¦¨¬®áâ¨ ­  ª« áá¥ K ã­¨¢¥àá «ì­ëå  «£¥¡à ­ §ë¢ îâáï ä¨-
­¨â à­® («®ª «ì­® [1]) ­¥§ ¢¨á¨¬ë¬¨, ¥á«¨ «î¡®¥ ª®­¥ç­®¥ ¤¢ ¦¤ë ª¢ §¨ã¯®àï¤®ç¥­­®¥ ¬­®-
¦¥áâ¢® ¨§®¬®àä­® ¢«®¦¨¬® ¢ ¤¢®©­®© áª¥«¥â hIK;�6i ª« áá  K. � [1] ¤®ª § ­  ä¨­¨â à­ ï
­¥§ ¢¨á¨¬®áâì ®â­®è¥­¨© í¯¨¬®àä­®áâ¨ ¨ ¢«®¦¨¬®áâ¨ ­  «î¡®¬ ­¥âà¨¢¨ «ì­®¬ ª®­£àãí­æ-
¤¨áâà¨¡ãâ¨¢­®¬ ¬­®£®®¡à §¨¨ á ¯à®¤®«¦¨¬ë¬¨ ª®­£àãí­æ¨ï¬¨. �®«¥¥ â®ç­®, â ¬ ¦¥ ¤®ª -
§ ­®, çâ® ¤«ï «î¡®£® â ª®£® ¬­®£®®¡à §¨ï M ¯à®¨§¢®«ì­®¥ ª®­¥ç­®¥ ¤¢ ¦¤ë ª¢ §¨ã¯®àï¤®-
ç¥­­®¥ ¬­®¦¥áâ¢® hA;61;62i ¨§®¬®àä­® ¢«®¦¨¬® ¢ hIM@1 ;�;6i. �®£« á­® ¦¥ à¥§ã«ìâ â ¬
[5] ­¥«ì§ï ãâ¢¥à¦¤ âì ¯®¤®¡­ãî ¢«®¦¨¬®áâì «î¡®£® ª®­¥ç­®£® ¤¢ ¦¤ë ª¢ §¨ã¯®àï¤®ç¥­­®£®
¬­®¦¥áâ¢  hA;61;62i ¢ áç¥â­ë© áª¥«¥â hIM@0 ;�6i ¯à®¨§¢®«ì­®£® ­¥âà¨¢¨ «ì­®£® ª®­£àãí­æ-
¤¨áâà¨¡ãâ¨¢­®£® ¬­®£®®¡à §¨ï á ¯à®¤®«¦¨¬ë¬¨ ª®­£àãí­æ¨ï¬¨ (¤ ¦¥ ¯à®¨§¢®«ì­®£® ¤¨áªà¨-
¬¨­ â®à­®£® ¬­®£®®¡à §¨ï), â.¥. ®â­®è¥­¨ï í¯¨¬®àä­®áâ¨ ¨ ¢«®¦¨¬®áâ¨ ­  áç¥â­ëå  «£¥¡à å
¯®¤®¡­ëå ¬­®£®®¡à §¨© ã¦¥ ­¥ ®¡ï§ ­ë ¡ëâì ä¨­¨â à­® ­¥§ ¢¨á¨¬ë¬¨.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© (ª®¤ ¯à®¥ªâ 
94-01-00183).
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�ãáâì hA;6i | ­¥ª®â®à®¥ ª¢ §¨ã¯®àï¤®ç¥­­®¥ ¬­®¦¥áâ¢®, ç¥à¥§ hA;6;6i ®¡®§­ ç¨¬ ¬­®-
¦¥áâ¢® A, ­ ¤¥«¥­­®¥ ¤¢ã¬ï ª¢ §¨¯®àï¤ª ¬¨, ¢â®à®© ¨§ ª®â®àëå ¨¤¥­â¨ç¥­ ¯¥à¢®¬ã.

�¯à¥¤¥«¥­¨¥. �â­®è¥­¨ï í¯¨¬®àä­®áâ¨ ¨ ¢«®¦¨¬®áâ¨ ­  ª« áá¥ K ã­¨¢¥àá «ì­ëå  «£¥¡à
­ §®¢¥¬ hA;6i-¨¤¥­â¨ç­ë¬¨, ¥á«¨ áãé¥áâ¢ã¥â ¨§®¬®àä­®¥ ¢«®¦¥­¨¥ ¤¢ ¦¤ë ª¢ §¨ã¯®àï¤®-
ç¥­­®£® ¬­®¦¥áâ¢  hA;6;6; i ¢ ¤¢®©­®© áª¥«¥â hIK;�;6i ª« áá  K. �â­®è¥­¨ï í¯¨¬®àä­®áâ¨
¨ ¢«®¦¨¬®áâ¨ ­  ª« áá¥ K ­ §®¢¥¬ @-¨¤¥­â¨ç­ë¬¨ (ç áâ¨ç­® @-¨¤¥­â¨ç­ë¬¨), ¥á«¨ íâ¨ ®â-
­®è¥­¨ï hA;6i-¨¤¥­â¨ç­ë ­  ª« áá¥ K@ ¤«ï «î¡®£® ª¢ §¨ã¯®àï¤®ç¥­­®£® (ç áâ¨ç­® ã¯®àï¤®-
ç¥­­®£®) ¬­®¦¥áâ¢  hA;6i ¬®é­®áâ¨ @.

�ç¥¢¨¤­®, çâ® ¥á«¨ hP (@);�i | á®¢®ªã¯­®áâì ¢á¥å ¯®¤¬­®¦¥áâ¢ ª à¤¨­ «  @, ç áâ¨ç­® ã¯®-
àï¤®ç¥­­ ï ®â­®è¥­¨¥¬ â¥®à¥â¨ª®-¬­®¦¥áâ¢¥­­®£® ¢ª«îç¥­¨ï, â® ¨§ hP (@);�i-¨¤¥­â¨ç­®áâ¨
®â­®è¥­¨© ¢«®¦¨¬®áâ¨ ¨ í¯¨¬®àä­®áâ¨ ­  ª« áá¥ K@ á«¥¤ã¥â ç áâ¨ç­ ï @-¨¤¥­â¨ç­®áâì íâ¨å
®â­®è¥­¨© ­  ª« áá¥ K.

� ª ®â¬¥ç¥­® ¢ ­ ç «¥ à ¡®âë, ¤«ï «î¡®£® ­¥âà¨¢¨ «ì­®£® ª®­£àãí­æ-¤¨áâà¨¡ãâ¨¢­®£® ¬­®-
£®®¡à §¨ï M á ¯à®¤®«¦¨¬ë¬¨ ª®­£àãí­æ¨ï¬¨, ¤«ï «î¡®£® @ > @0 ®â­®è¥­¨ï í¯¨¬®àä­®áâ¨ ¨
¢«®¦¨¬®áâ¨ ­ M ç áâ¨ç­® 2@-¨¤¥­â¨ç­ë. �¨¦¥ ¡ã¤ãâ ¯à¨¢¥¤¥­ë ­¥ª®â®àë¥ ¤®áâ â®ç­ë¥ ãá«®-
¢¨ï @0-¨¤¥­â¨ç­®áâ¨ ®â­®è¥­¨© í¯¨¬®àä­®áâ¨ ¨ ¢«®¦¨¬®áâ¨ ­  ª¢ §¨¬­®£®®¡à §¨ïå (¬­®£®-
®¡à §¨ïå).

� ¤ «ì­¥©è¥¬ ç¥à¥§ ConA ¡ã¤¥¬ ®¡®§­ ç âì à¥è¥âªã ª®­£àãí­æ¨©  «£¥¡àë A. �«ï «î¡®£®
ª« áá  K, ¤«ï «î¡®©  «£¥¡àë A ª®­£àãí­æ¨î � 2 ConA ­ §®¢¥¬ K-ª®­£àãí­æ¨¥©, ¥á«¨ A=� 2 K.
�®¢®ªã¯­®áâì K-ª®­£àãí­æ¨© ­   «£¥¡à¥ A, ç áâ¨ç­® ã¯®àï¤®ç¥­­ãî ®â­®è¥­¨¥¬ ¢ª«îç¥­¨ï,
¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ ConKA.

�«ï «î¡®£® ª« áá   «£¥¡à K ­¥®¤­®í«¥¬¥­â­ ï K- «£¥¡à  A ­ §ë¢ ¥âáï K-¯à®áâ®©, ¥á«¨
¤«ï «î¡®© ­¥âà¨¢¨ «ì­®© ª®­£àãí­æ¨¨ � (â.¥. ®â«¨ç­®© ®â ­ ¨¡®«ìè¥© 5A ¨ ­ ¨¬¥­ìè¥© 4A)
 «£¥¡àë A ä ªâ®à- «£¥¡à  A=� ­¥ ¯à¨­ ¤«¥¦¨â K. �á«¨ K § ¬ª­ãâ ®â­®á¨â¥«ì­® £®¬®¬®àä­ëå
®¡à §®¢, â® ®ç¥¢¨¤­®, çâ® ¯®­ïâ¨¥ K-¯à®áâ®©  «£¥¡àë á®¢¯ ¤ ¥â á ¯®­ïâ¨¥¬ ¯à®áâ®©  «£¥¡àë.
� ¯®¬­¨¬, çâ® ¯® â¥®à¥¬¥ � £ à¨ «î¡®¥ ­¥âà¨¢¨ «ì­®¥ ¬­®£®®¡à §¨¥M á®¤¥à¦¨â ­¥ ¡®«¥¥ ç¥¬
áç¥â­ãî  «£¥¡àã. �â® ãâ¢¥à¦¤¥­¨¥ �.�.�®à¡ã­®¢ [6] ®¡®¡é¨« ¤«ï ª¢ §¨¬­®£®®¡à §¨©: «î¡®¥
­¥âà¨¢¨ «ì­®¥ ª¢ §¨¬­®£®®¡à §¨¥ K á®¤¥à¦¨â ­¥ ¡®«¥¥ ç¥¬ áç¥â­ãî K-¯à®áâãî  «£¥¡àã.

�« áá K ®¡« ¤ ¥â á¢®©áâ¢®¬ �à¥§¥à -�®à­ , ¥á«¨ ¤«ï «î¡ëå K- «£¥¡à A1, A2 ¨ «î¡®© K-
ª®­£àãí­æ¨¨ � ­   «£¥¡à¥ A1 � A2 ­ ©¤ãâáï K-ª®­£àãí­æ¨¨ �i 2 ConK Ai â ª¨¥, çâ® � = �1 � �2.

�¬¥¥â ¬¥áâ® á«¥¤ãîé¨© ¤®¢®«ì­® ®ç¥¢¨¤­ë© ä ªâ.

�¥®à¥¬  1. �á«¨ K | ª¢ §¨¬­®£®®¡à §¨¥, ®¡« ¤ îé¥¥ á¢®©áâ¢®¬ �à¥§¥à -�®à­  ¨ K á®-

¤¥à¦¨â @ ¯®¯ à­® ­¥¢«®¦¨¬ëå ¤àã£ ¢ ¤àã£  K-¯à®áâëå ª®­¥ç­®-¯®à®¦¤¥­­ëå  «£¥¡à, ®¡« -

¤ îé¨å ®¤­®í«¥¬¥­â­ë¬¨ ¯®¤ «£¥¡à ¬¨, â® ®â­®è¥­¨ï í¯¨¬®àä­®áâ¨ ¨ ¢«®¦¨¬®áâ¨ ­  K

@-¨¤¥­â¨ç­ë.

�®ª § â¥«ìáâ¢®. �ãáâì Ai (i 2 @) | ¯®¯ à­® ­¥¢«®¦¨¬ë¥ ¤àã£ ¢ ¤àã£  K-¯à®áâë¥ ª®­¥ç­®-
¯®à®¦¤¥­­ë¥  «£¥¡àë ¨ feig | ®¤­®í«¥¬¥­â­ë¥ ¯®¤ «£¥¡àë  «£¥¡à Ai. �«ï «î¡®£® B � @n f0g
¯ãáâì AB | ¯àï¬ ï áã¬¬   «£¥¡à Ai (i 2 B), â.¥. AB = ff 2

Q
i2B

Ai
��jfj 2 B j f(j) 6= ejgj < @0g.

�«ï ¤®ª § â¥«ìáâ¢  ç áâ¨ç­®© @-¨¤¥­â¨ç­®áâ¨ ¤®áâ â®ç­® § ¬¥â¨âì, çâ® ¤«ï «î¡ëå B1; B1 �
@ ®â­®è¥­¨ï AB1

6 AB2
(AB1

� AB2
) ¨¬¥îâ ¬¥áâ® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  B1 � B2. �á«¨

B1 � B2, â® ®ç¥¢¨¤­®, çâ®  «£¥¡à  AB1
¨§®¬®àä­® ¢«®¦¨¬  ¢  «£¥¡àã AB2

¨ ï¢«ï¥âáï £®¬®-
¬®àä­ë¬ ®¡à §®¬  «£¥¡àë AB2

.
�®ª ¦¥¬ ®¡à â­®¥. �ãáâì â¥¯¥àì ' | ¨§®¬®àä­®¥ ¢«®¦¥­¨¥ ­¥ª®â®à®©  «£¥¡àë AB1

¢  «-
£¥¡àã AB2

¨ j 2 B1. � ª ª ª  «£¥¡à  Aj ¨§®¬®àä­® ¢«®¦¨¬  ¢  «£¥¡àã AB1
, â® áãé¥áâ¢ã¥â

¢«®¦¥­¨¥  «£¥¡àë Aj ¢  «£¥¡àã AB2
. � á¨«ã ¦¥ ¯à®áâ®âë  «£¥¡àë Aj ­ ©¤¥âáï e 2 B2 â ª®¥,

çâ® Aj ¢«®¦¨¬  ¢  «£¥¡àã Ae. �® ãá«®¢¨î ¦¥  «£¥¡àë Ai (i 2 @) ¯®¯ à­® ­¥ ¢«®¦¨¬ë ¤àã£ ¢
¤àã£ . �âáî¤  j = e, â.¥. B1 � B2 ¢ á«ãç ¥ ¢«®¦¨¬®áâ¨  «£¥¡àë AB1

¢  «£¥¡àã AB2
. �á«¨ â¥¯¥àì

 | £®¬®¬®àä¨§¬  «£¥¡àë AB1
­   «£¥¡àã AB2

¨ j 2 B1, â® ¢¢¨¤ã ª®­¥ç­®© ¯®à®¦¤¥­­®áâ¨
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 «£¥¡àë Aj ­ ©¤ãâáï ª®­¥ç­®¥ ¯®¤¬­®¦¥áâ¢® C ¬­®¦¥áâ¢  B2 ¨ ­¥ª®â®àë© £®¬®¬®àä¨§¬  0  «-
£¥¡àë

Q
e2C

Ae ­   «£¥¡àã Aj . � á¨«ã á¢®©áâ¢  �à¥§¥à -�®à­  ¤«ï ª¢ §¨¬­®£®®¡à §¨ï K ­ ©¤ãâáï

£®¬®¬®àä¨§¬ë  0
e  «£¥¡à Ae ­  ­¥ª®â®àë¥ K- «£¥¡àë A0

e â ª¨¥, çâ®  
0 =

Q
e2C

 0
e ¨ Aj =

Q
e2C

A0
e.

�¢¨¤ã K-¯à®áâ®âë  «£¥¡àë Aj  «£¥¡à  Aj ¨§®¬®àä­  ®¤­®© ¨§  «£¥¡à A0
e (e 2 C), ª ¯à¨¬¥àã, A

0
e0

(e0 2 C). �® K-¯à®áâ®â   «£¥¡àë Ae0 ¢«¥ç¥â ¨§®¬®àä­®áâì Aj ¨ Ae0 . �®¯ à­ ï ¦¥ ­¥¢«®¦¨¬®áâì
¤àã£ ¢ ¤àã£   «£¥¡à Ai (i 2 @) ¯à¨¢®¤¨â ª â®¬ã, çâ® ¤«ï «î¡®£® j 2 B1 ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥
j 2 B2, â.¥. B1 � B2 ¢ á«ãç ¥, ¥á«¨ AB1

� AB2
.

�«ï ¤®ª § â¥«ìáâ¢  @-¨¤¥­â¨ç­®áâ¨ ®â­®è¥­¨© ¢«®¦¨¬®áâ¨ ¨ í¯¨¬®àä­®áâ¨ ­  K ¤®áâ â®ç-
­® â¥¯¥àì \à §¬ëâì" ¢«®¦¥­¨ï ¤¢ ¦¤ë ç áâ¨ç­® ã¯®àï¤®ç¥­­ëå ¬­®¦¥áâ¢ hA;6;6i ¢ ¤¢®©-
­®© áª¥«¥â hIK@;6;�i ¤® ¢«®¦¥­¨© ¤¢ ¦¤ë ª¢ §¨ã¯®àï¤®ç¥­­ëå ¬­®¦¥áâ¢ hA;6;6i ¢ áª¥«¥â
hIK@;6;�i. �«ï íâ®£® ¤®áâ â®ç­® ¯®áâà®¨âì ­¥ª®â®àãî á®¢®ªã¯­®áâì K@- «£¥¡à D â ªãî, çâ®
jDj = @,  «£¥¡àë ¨§ D ¯®¯ à­® ­¥¨§®¬®àä­ë ¤àã£ ¤àã£ã, ¤«ï à §«¨ç­ëå C1;C2 2 D C1 � C2,
C1 6 C2 ¨ â ªãî, çâ® ¤«ï «î¡ëå B1; B2 � @  «£¥¡àë AB1

�C1, AB2
�C2 ­¥¨§®¬®àä­ë,   ®â­®è¥-

­¨ï AB1
� C1 � AB2

� C2 (AB1
� C1 6 AB2

� C2) ¤«ï ¯®áâà®¥­­ëå ¢ëè¥  «£¥¡à AB ¨¬¥îâ ¬¥áâ®
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  AB1

� AB2
(AB1

6 AB2
).

�®à®è® ¨§¢¥áâ­® (á¬., ­ ¯à, [1]) áãé¥áâ¢®¢ ­¨¥ ¤«ï «î¡®£® @ > @0 á®¢®ªã¯­®áâ¨ D0 ¯®¯ à­®
­¥¨§®¬®àä­ëå ¡ã«¥¢ëå  «£¥¡à ¬®é­®áâ¨ @ â ª¨å, çâ® jD0j = @ ¨ ¤«ïB1;B2 2 D

0 B1 � B2,B1 6

B2. �¥âàã¤­® § ¬¥â¨âì, çâ® ¡ã«¥¢ë áâ¥¯¥­¨ AB1

0 , AB2

0 K-¯à®áâ®©  «£¥¡àë A0 ¤«ï ­¥¨§®¬®àä­ëå
¡ã«¥¢ëå  «£¥¡àB1,B2 ¨ á ¬¨ ®áâ îâáï ­¥¨§®¬®àä­ë¬¨. �ç¥¢¨¤­® â ª¦¥, çâ® ®â­®è¥­¨ïB1 �
B2 (B1 6 B2) ¢«¥ªãâ ®â­®è¥­¨ï A

B1

0 � A
B2

0 (AB1

0 6 AB2

0 ).
� ¤àã£®© áâ®à®­ë, à ááã¦¤¥­¨ï,  ­ «®£¨ç­ë¥ ¯à¨¢¥¤¥­­ë¬ ¢ ­ ç «¥ ¤®ª § â¥«ìáâ¢  â¥®-

à¥¬ë, ¯®ª §ë¢ îâ, çâ® ®â­®è¥­¨ï AB1
� AB1

0 � AB2
� AB2

0 (AB1
� AB1

0 6 AB2
� AB2

0 ) ¨¬¥îâ
¬¥áâ® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  AB1

� AB2
(AB1

6 AB2
) ¨  «£¥¡àë AB1

� AB1

0 , AB2
� AB2

0 ¤«ï
à §«¨ç­ëå B1 ¨ B2 ­¥¨§®¬®àä­ë. �®íâ®¬ã ¢ ª ç¥áâ¢¥ âà¥¡ã¥¬®© á®¢®ªã¯­®áâ¨ D K- «£¥¡à
£®¤¨âáï á®¢®ªã¯­®áâì fAB0 jB 2 D0g, ¨ @-¨¤¥­â¨ç­®áâì ®â­®è¥­¨© ¢«®¦¨¬®áâ¨ ¨ í¯¨¬®àä­®áâ¨
­  ª¢ §¨¬­®£®®¡à §¨¨ K ¤®ª § ­ .

�¢â®à [7] ¢¢¥« ¯®­ïâ¨¥ ¡¥¤­®©  «£¥¡àë. �¥à¥§ D2 ®¡®§­ ç¨¬ ®¡ëç­®¥ ¤¢®¨ç­®¥ ¤¥à¥¢®, â.¥.
á®¢®ªã¯­®áâì ¢á¥å ª®­¥ç­ëå ª®àâ¥¦¥© ¨§ ­ã«¥© ¨ ¥¤¨­¨æ, ç áâ¨ç­® ã¯®àï¤®ç¥­­ãî ®â­®è¥­¨¥¬
6, £¤¥ �a 6 �b, ¥á«¨ ª®àâ¥¦ �b ï¢«ï¥âáï ­ ç «ì­ë¬ ¨­â¥à¢ «®¬ ª®àâ¥¦  �a. �®¤ á¨áâ¥¬®© ãà ¢­¥­¨©
­ ¤  «£¥¡à®© A ¡ã¤¥¬ ¯®­¨¬ âì ª®­¥ç­ãî á®¢®ªã¯­®áâì T à ¢¥­áâ¢

T =

8>><
>>:
t11(x; �a) = t21(x; �a);

: : :

t1n(x; �a) = t2n(x; �a);

£¤¥ tij(x; �y) | ­¥ª®â®àë¥ â¥à¬ë  «£¥¡àë A,   �a | ª®àâ¥¦ í«¥¬¥­â®¢ íâ®©  «£¥¡àë. �®¢®ªã¯-
­®áâìî à¥è¥­¨© SA(T) á¨áâ¥¬ë ãà ¢­¥­¨© T ¢  «£¥¡à¥ A ­ §®¢¥¬ ¬­®¦¥áâ¢® fb 2 A j A �
n

&
i=1
t1i (b; �a) = t2i (b; �a)g. �ç¥¢¨¤­®, çâ® ¬­®¦¥áâ¢® SA á®¢®ªã¯­®áâ¥© à¥è¥­¨© ¢á¥å á¨áâ¥¬ ãà ¢-

­¥­¨© ­ ¤  «£¥¡à®© ï¢«ï¥âáï ­¨¦­¥© ¯®«ãà¥è¥âª®© SA = hSA;\i ®â­®á¨â¥«ì­® â¥®à¥â¨ª®-
¬­®¦¥áâ¢¥­­®£® ¯¥à¥á¥ç¥­¨ï. �®£« á­® [7]  «£¥¡à  A ­ §ë¢ ¥âáï ¡¥¤­®©, ¥á«¨ ­¥ áãé¥áâ¢ã¥â
¤¨§êî­ªâ­®£® ¢«®¦¥­¨ï ç áâ¨ç­®£® ¯®àï¤ª  D2 ¢ ç áâ¨ç­ë© ¯®àï¤®ª hSA;�i. �à¨ íâ®¬ ¯®¤
¤¨§êî­ªâ­ë¬ ¢«®¦¥­¨¥¬ D2 ¢ hSA;�i ¯®­¨¬ ¥¬ â ª®¥ ¨§®¬®àä­®¥ ¢«®¦¥­¨¥ ç áâ¨ç­® ã¯®àï-
¤®ç¥­­®£® ¬­®¦¥áâ¢  D2 ¢ hSA;�i, çâ® ¤«ï «î¡ëå ­¥áà ¢­¨¬ëå a; b 2 D2 ¯®¤¬­®¦¥áâ¢  '(a),
'(b) ®á­®¢­®£® ¬­®¦¥áâ¢   «£¥¡àë A ¤¨§êî­ªâ­ë, â.¥. '(a)\'(b) = ?. �«£¥¡àã, ­¥ ï¢«ïîéãîáï
¡¥¤­®©, ­ §®¢¥¬ ¡®£ â®©.

�¥®à¥¬  2. �á«¨ K | ª¢ §¨¬­®£®®¡à §¨¥, á®¤¥à¦ é¥¥ ª®­¥ç­®-¯®à®¦¤¥­­ãî ¡®£ âãî K-

¯à®áâãî  «£¥¡àã, ¨ ª« áá K-¯à®áâëå  «£¥¡à ã­¨¢¥àá «ì­®  ªá¨®¬ â¨§¨àã¥¬, â® áãé¥áâ¢ã¥â

2@0 ¯®¯ à­® ­¥¢«®¦¨¬ëå ¤àã£ ¢ ¤àã£  ª®­¥ç­®-¯®à®¦¤¥­­ëå K-¯à®áâëå  «£¥¡à.
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�®ª § â¥«ìáâ¢®. � ¤ «ì­¥©è¥¬ ¤«ï «î¡ëå  «£¥¡à Ai (i 2 I), ¤«ï f; g 2
Q
i2I
Ai ç¥à¥§ [f = g]

®¡®§­ ç¨¬ ¬­®¦¥áâ¢® fi 2 I j f(i) = g(i)g,   ç¥à¥§ [f 6= g] | ¥£® ¤®¯®«­¥­¨¥ I n [f = g].
�ãáâì A | ª®­¥ç­®-¯®à®¦¤¥­­ ï ¡®£ â ï K-¯à®áâ ï  «£¥¡à . �¥à¥ç¨á«¨¬ ¡¥§ ¯®¢â®à¥­¨©

í«¥¬¥­âë A: a0; a1; : : : ; an; : : : �«ï ¯à®áâ®âë ¡ã¤¥¬ áç¨â âì, çâ® A ¯®à®¦¤¥­  ¤¢ã¬ï í«¥¬¥­â ¬¨
a0 ¨ a1. �ãáâì A0 | ¯®¤ «£¥¡à   «£¥¡àë A!, ¯®à®¦¤¥­­ ï í«¥¬¥­â ¬¨ f0, f1 ¨ g, £¤¥ ¤«ï «î¡ëå
i 2 ! ¨ j 2 ! fi(j) = ai ¨ g(j) = aj . �á«¨ I � !, â® ç¥à¥§ �I ®¡®§­ ç¨¬ ¥áâ¥áâ¢¥­­®¥ ¯à®¥ªâ¨à®¢ -
­¨¥  «£¥¡àë A0 ­  ¯®¤ «£¥¡àã  «£¥¡àë AI . � ¬¥â¨¬, çâ® «î¡®¥ ãà ¢­¥­¨¥ ­  A íª¢¨¢ «¥­â­® (â.¥.
¨¬¥¥â â¥ ¦¥ à¥è¥­¨ï) ãà ¢­¥­¨î ¢¨¤  t1(x; a0; a1) = t2(x; a0; a1), £¤¥ t1, t2 | ­¥ª®â®àë¥ â¥à¬ë
á¨£­ âãàë ª¢ §¨¬­®£®®¡à §¨ï K ®â ¯¥à¥¬¥­­ëå x, y0, y1. � ¬¥â¨¬ â ª¦¥, çâ® «î¡ë¥ í«¥¬¥­âë
 «£¥¡àë A0 ¯à¥¤áâ ¢¨¬ë ¢ ¢¨¤¥ t(g; f0; f1), £¤¥ t | âà¥å¬¥áâ­ë© â¥à¬. �â®¦¤¥áâ¢«ïï ­ âãà «ì-
­®¥ ç¨á«® j 2 ! á í«¥¬¥­â®¬ aj 2 A ¤«ï «î¡ëå â¥à¬®¢ t1(x; y0; y1), t2(x; y0; y1) á¨£­ âãàë  «£¥¡àë
A, ¯®«ãç¨¬ ®ç¥¢¨¤­®¥ à ¢¥­áâ¢®

[t1(g; f0; f1) = t2(g; f0; f1)] = SA(t1(x; a0; a1) = t2(x; a0; a1)):

�®ç­® â ª ¦¥ ¤«ï «î¡®© á¨áâ¥¬ë ãà ¢­¥­¨© ­ ¤ A

T =

8>><
>>:
t11(x; a0; a1) = t21(x; a0; a1);

: : :

t1n(x; a0; a1) = t2n(x; a0; a1)

¤«ï «î¡®£® I � ! ¢ë¯®«­ï¥âáï

�I(A
0) �

n

&
i=1
t1i (g; f0; f1) = t2i (g; f0; f1)

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  I � SA(T).
�®¤ ä¨«ìâà®¬ F ­  ­¨¦­¥© ¯®«ãà¥è¥âª¥ hL;^i ¯®­¨¬ ¥¬ â ªãî á®¢®ªã¯­®áâì í«¥¬¥­â®¢

¨§ L, çâ® ¥á«¨ a 2 F, b > a, â® b 2 F, ¨ ¤«ï «î¡ëå a; c 2 F í«¥¬¥­â a ^ c â ª¦¥ ¯à¨­ ¤-
«¥¦¨â F. �«ìâà ä¨«ìâà ­  hL;^i | íâ® ¬ ªá¨¬ «ì­ë© ¯® ¢ª«îç¥­¨î áà¥¤¨ ä¨«ìâà®¢ ­  L,
®â«¨ç­ëå ®â á ¬®© ¯®«ãà¥è¥âª¨ L. �ç¥¢¨¤­®, çâ® «î¡®© ã«ìâà ä¨«ìâà F ­  ¯®«ãà¥è¥âª¥ SA
á®¢®ªã¯­®áâ¥© à¥è¥­¨© á¨áâ¥¬ ãà ¢­¥­¨© ­ ¤  «£¥¡à®© A (á®¢®ªã¯­®áâì ã«ìâà ä¨«ìâà®¢ ­  SA
®¡®§­ ç¨¬ ç¥à¥§ S�

A) á®¤¥à¦¨âáï ¢ ­¥ª®â®à®¬ ã«ìâà ä¨«ìâà¥ F0 ­ ¤ !. �®ç­¥¥, ¥á«¨ St(!) |
á®¢®ªã¯­®áâì ¢á¥å ã«ìâà ä¨«ìâà®¢ ­  !, â.¥. áâ®ã­®¢áª®¥ ¯à®áâà ­áâ¢® ¡ã«¥¢®©  «£¥¡àë ¢á¥å
¯®¤¬­®¦¥áâ¢ ¬­®¦¥áâ¢  !, â® ç¥à¥§ �F (¤«ï ã«ìâà ä¨«ìâà  F ­  ¯®«ãà¥è¥âª¥ SA) ®¡®§­ ç¨¬
fG 2 St(!) j G � Fg. �ç¥¢¨¤­®, çâ® �F | § ¬ª­ãâ®¥ ¯®¤¬­®¦¥áâ¢® ¯à®áâà ­áâ¢  St(!) ¨ ¤«ï
à §«¨ç­ëå ã«ìâà ä¨«ìâà®¢ F1, F2 ­  ¯®«ãà¥è¥âª¥ SA ¬­®¦¥áâ¢  �F1, �F2 ¤¨§êî­ªâ­ë. �«ï ª -
¦¤®£® ã«ìâà ä¨«ìâà  F ­  ¯®«ãà¥è¥âª¥ SA § ä¨ªá¨àã¥¬ ­¥ª®â®àë© ã«ìâà ä¨«ìâà F0 ­  !
â ª®©, çâ® F0 � F. � ª ª ª  «£¥¡à  A ¡®£ â , â® áãé¥áâ¢ã¥â ¤¨§êî­ªâ­®¥ ¢«®¦¥­¨¥  ¤¢®¨ç­®£®
¤¥à¥¢  D2 ¢ ¯®«ãà¥è¥âªã SA = hSA;\i. � ç áâ­®áâ¨, áãé¥áâ¢ã¥â ª®­â¨­ã «ì­ ï á®¢®ªã¯­®áâì
A ã«ìâà ä¨«ìâà®¢ ­  ¯®«ãà¥è¥âª¥ SA â ª¨å, çâ® ¤«ï à §«¨ç­ëå F, G ¨§ A, ¤«ï ­¥ª®â®àëå
á¨áâ¥¬ TFfF;Gg, T

G
fF;Gg ãà ¢­¥­¨© ­ ¤ A

SA(T
F

fF;Gg) 2 F; SA(TGfF;Gg) 2 G ¨ SA(T
F

fF;Gg)
\
SA(TGfF;Gg) = ?:

�¥à¥§ A0 ®¡®§­ ç¨¬ á®¢®ªã¯­®áâì fF0 j F 2 Ag.
�«ï ã«ìâà ä¨«ìâà®¢ F0 ­  ! ç¥à¥§ A0=F0 ®¡®§­ ç¨¬ ¯®¤ «£¥¡àã ã«ìâà áâ¥¯¥­¨ A!=F0, á®áâ®-

ïéãî ¨§ í«¥¬¥­â®¢ f=F0, £¤¥ f 2 A0. �®£¤  ®ç¥¢¨¤­®, çâ® ¥á«¨

T
F

fF;Gg =

8>><
>>:
t1;F1;fF;Gg(x; a0; a1) = t2;F1;fF;Gg(x; a0; a1);

: : :

t1;Fn;fF;Gg(x; a0; a1) = t2;Fn;fF;Gg(x; a0; a1)
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¨

'FfF;Gg(x; y0; y1) =
n

&
k=1

t1;Fk;fF;Gg(x; y0; y1) = t2;Fk;fF;Gg(x; y0; y1);

â®
A0=F0 � 'FfF;Gg(g=F

0; f0=F
0; f1=F

0)

¨
A0=F0 � :'GfF;Gg(g=F

0; f0=F
0; f1=F

0)

¤«ï «î¡ëå à §«¨ç­ëå F, G ¨§ A.
� «¥¥, ¢ á¨«ã ã­¨¢¥àá «ì­®©  ªá¨®¬ â¨§¨àã¥¬®áâ¨ á®¢®ªã¯­®áâ¨ K-¯à®áâëå  «£¥¡à  «£¥¡àë

A0=F0 ¯à®áâë ¨ ª®­¥ç­®-¯®à®¦¤¥­ë. �®ª ¦¥¬, çâ® áãé¥áâ¢ã¥â ª®­â¨­ãã¬ ã«ìâà ä¨«ìâà®¢ ¢¨¤ 
F0 2 A0 â ª¨å, çâ®  «£¥¡àë A=F0 ¯®¯ à­® ­¥¢«®¦¨¬ë ¤àã£ ¢ ¤àã£ , çâ® ¨ á®áâ ¢¨â ¤®ª § â¥«ìáâ¢®
ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ë 2.

�  ¬­®¦¥áâ¢¥ A0 ¢¢¥¤¥¬ ®â­®è¥­¨¥ íª¢¨¢ «¥­â­®áâ¨ á«¥¤ãîé¨¬ ®¡à §®¬: F0 � G0 â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  A0=F0 �= A0=G0. �«ï ª ¦¤®£® F0 2 A0 ¬­®¦¥áâ¢® fG0 2 A0 j G0 � F0g ­¥ ¡®«¥¥
ç¥¬ áç¥â­®.

�¥©áâ¢¨â¥«ì­®, ¤®¯ãáâ¨¬ ¯à®â¨¢­®¥, ¨ ¯ãáâì ¤«ï ­¥ª®â®à®£® F0 2 A0 ¬­®¦¥áâ¢® fG0 2 A0 j
G0 � F0g ­¥ áç¥â­®. � á¨«ã â®£®, çâ® ¢á¥  «£¥¡àë A0=G0 ¯®à®¦¤¥­ë âà¥¬ï í«¥¬¥­â ¬¨ f0=G

0,
f1=G

0 ¨ g=G0,   á ¬¨ íâ¨  «£¥¡àë áç¥â­ë, ­ ©¤ãâáï ¯ à  ã«ìâà ä¨«ìâà®¢ G0
1 6= G

0
2 ¨ ­¥ª®â®àë©

¨§®¬®àä¨§¬ �  «£¥¡à A0=G0
1 ¨ A

0=G0
2 â ª¨¥, çâ® �(f0=G

0
1) = f0=G

0
2, �(f1=G

0
1) = f1=G

0
2, �(g=G

0
1) =

g=G0
2. �®, á ¤àã£®© áâ®à®­ë, íâ¨ ã«ìâà ä¨«ìâàë G0

1, G
0
2 ®â¤¥«¨¬ë ­¥ª®â®àë¬¨ í«¥¬¥­â ¬¨

¯®«ãà¥è¥âª¨ SA, â.¥., ª ª ãª § ­® ¢ëè¥, ­ ©¤¥âáï á¨áâ¥¬  ãà ¢­¥­¨© TG1

fG1;G2g
­ ¤  «£¥¡à®© A

â ª ï, çâ® ¤«ï á®®â¢¥âáâ¢ãîé¨å ¯®áâà®¥­­ëå ¢ëè¥ ä®à¬ã« 'G1

fG1;G2g
¨¬¥¥â ¬¥áâ®

A=G0
1 � '

G1

fG1;G2g
(g=G0

1; f0=G
0
1; f1=G

0
1);

­®
A0=G0

2 � :'
G1

fG1;G2g
(g=G0

2; f0=G
0
2; f1=G

0
2):

�â® ¯à®â¨¢®à¥ç¨â áãé¥áâ¢®¢ ­¨î ¨§®¬®àä¨§¬  �. � ª¨¬ ®¡à §®¬, ¤¥©áâ¢¨â¥«ì­® ¤«ï «î¡®£®
F0 2 A0

��fG0 2 A0 j G0 � F0g
�� � @0, ¨, §­ ç¨â, jA0= � j = 2@0 .

�¥à¥§B ®¡®§­ ç¨¬ fG0 2 A0 j  «£¥¡à  A0=G0 ­¥ ï¢«ï¥âáï ¨§®¬®àä­® ¢«®¦¨¬®© ¢  «£¥¡àã Ag.
�­ «®£¨ç­® ¢ëç¨á«¥­¨î ¬®é­®áâ¨ ¬­®¦¥áâ¢  A0= � § ¬¥ç ¥¬, çâ® jB= � j = 2@0 . �®«¥¥ â®£®,
¤«ï «î¡®£® ª®àâ¥¦  t 2 D2 ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢® j �(t) \ B= � j = 2@0 , £¤¥  | ãª § ­­®¥ ¢
­ ç «¥ ¤®ª § â¥«ìáâ¢  ¤¨§êî­ªâ­®¥ ¢«®¦¥­¨¥ ¤¥à¥¢  D2 ¢ SA,    �(t) = fG 2 S�

A j  (t) 2 Gg.
�à¨ íâ®¬, ®ç¥¢¨¤­®, ¬®¦­® ¤®¯®«­¨â¥«ì­® áç¨â âì ¢ë¯®«­¥­­ë¬ á«¥¤ãîé¥¥ ãá«®¢¨¥: ¥á«¨ f |
«î¡ ï ¡¥áª®­¥ç­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ­ã«¥© ¨ ¥¤¨­¨æ ¨ ¤«ï n 2 ! fn | ­ ç «ì­ë© ¨­â¥à¢ «

¤«¨­ë n ¯®á«¥¤®¢ â¥«ì­®áâ¨ f , â®
��� T
n2!

 �(fn)
��� = 1 ¨

T
n2!

 �(fn) = fGg, £¤¥ G0 2 B.

�¥à¥§ Dn
2 ®¡®§­ ç¨¬ ¯®¤¬­®¦¥áâ¢® í«¥¬¥­â®¢ ¤¥à¥¢  D2, á®áâ®ïé¥¥ ¨§ ª®àâ¥¦¥© ¤«¨­ë,

­¥ ¯à¥¢ëè îé¥© n. �¥à¥§ D�
2 ®¡®§­ ç¨¬ á®¢®ªã¯­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¥© ­ã«¥© ¨ ¥¤¨­¨æ

¤«¨­ë !. �«ï f 2 D�
2, ª ª ¨ ¢ëè¥, ç¥à¥§ fn ¡ã¤¥¬ ®¡®§­ ç âì ­ ç «ì­ë© ¨­â¥à¢ « ¤«¨­ë n

¯®á«¥¤®¢ â¥«ì­®áâ¨ f .
�­¤ãªæ¨¥© ¯® n ¡ã¤¥¬ áâà®¨âì ¨§®¬®àä­ë¥ ¢«®¦¥­¨ï �n ç áâ¨ç­® ã¯®àï¤®ç¥­­ëå ¬­®¦¥áâ¢

Dn
2 ¢ ¤¥à¥¢® D2 â ª¨¬ ®¡à §®¬, çâ® ¤«ï n < m �m ¯à®¤®«¦ ¥â �n ¨ ¥á«¨ ¤«ï f 2 D�

2 �(f) = G0
f ,

£¤¥ Gf 2
T
n2!

 �(�n(fn)) (­ ¯®¬­¨¬, çâ®  | ¤¨§êî­ªâ­®¥ ¢«®¦¥­¨¥ D2 ¢ SA), â® ¤«ï à §«¨ç­ëå

f1; f2 2 D
�
2  «£¥¡àë A

0=G0
f1
¨ A0=G0

f2
­¥¢«®¦¨¬ë ¤àã£ ¢ ¤àã£ .

�ãáâì

hp00(y; z; x) = x; p10(y; z; x) = y; p20(y; z; x) = zi; : : : ; hp0n(y; z; x); p
1
n(y; z; x); p

2
n(y; z; x)i; : : :

| ¯¥à¥ç¨á«¥­¨¥ ¢á¥å ¢®§¬®¦­ëå âà®¥ª â¥à¬®¢ ®â âà¥å ¯¥à¥¬¥­­ëå á¨£­ âãàë ª« áá  K. �ª -
§ ­­ë¥ ¢ëè¥ ¢«®¦¥­¨ï �n Dn

2 ¢ D2 ¡ã¤¥¬ áâà®¨âì â ª:
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¤«ï à §«¨ç­ëå t1; t2 2 Dn
2 ¤«ï «î¡ëå F1, F2 | ã«ìâà ä¨«ìâà®¢

­  GA â ª¨å, çâ® F1 2  �(�n(t1)), F2 2  �(�n(t2)), ®â®¡à ¦¥-

­¨ï f0=F
0
1 ! p0m(f0=F

0
2; f1=F

0
2; g=F

0
2); f1=F

0
1 ! p1m(f0=F

0
2; f1=F

0
2; g=F

0
2),

g=F01 ! p2m(f0=F
0
2; f1=F

0
2; g=F

0
2) ¯à¨ m 6 n ¡ë«¨ ¡ë ­¥¯à®¤®«¦¨¬ë ¤®

¨§®¬®àä­®£® ¢«®¦¥­¨ï  «£¥¡àë A0=F01 ¢  «£¥¡àã A
0=F02.

(�)

�â®£® ¨ ¡ã¤¥â ¤®áâ â®ç­®, çâ®¡ë ¤«ï à §«¨ç­ëå f1; f2 2 D�
2  «£¥¡àë A0=G0

f1
¨ A0=G0

f2
¡ë«¨

¡ë ­¥¢«®¦¨¬ë ¤àã£ ¢ ¤àã£ .
�«ï n = 0 ¯®«®¦¨¬ �1(h0i) = h0i, �1(h1i) = h1i. �ç¥¢¨¤­®, ¥á«¨  (hii) = Ti,

Ti =

8>><
>>:
t11(x; a0; a1) = t21(x; a0; a1);

: : :

t1n(x; a0; a1) = t2n(x; a0; a1)

¨

'Ti(x; y;y1) =
n

&
i=1
t1k(x; y0; y1) = t2k(x; y0; y1);

â® ¤«ï «î¡ëå G1 2  
�(h0i), G2 2  

�(h1i)

A0=G0
1 � 'T0(g=G

0
1; f0=F

0
1; f1=G

0
1)

¨

A0=G0
2 � :'T0(g=G

0
2; f0=G

0
2; f1=G

0
2);

  §­ ç¨â, ¤¥©áâ¢¨â¥«ì­®, ®â®¡à ¦¥­¨¥ �:

f0=G
0
1 ! p00(f0=G

0
2; f1=G

0
2; g=G

0
2) = f0=G

0
2;

f1=G
0
1 ! p10(f0=G

0
2; f1=G

0
2; g=G

0
2) = f1=G

0
2;

g=G0
1 ! p20(f0=G

0
2; f1=G

0
2; g=G

0
2) = g=G0

2

¨ ®¡à â­®¥ ª ­¥¬ã ­¥¯à®¤®«¦¨¬ë ¤® ¨§®¬®àä­ëå ¢«®¦¥­¨©  «£¥¡àë A0=G0
1 ¢ A

0=G0
2 ¨  «£¥¡àë

A0=G0
2 ¢ A

0=G0
1.

�ãáâì â¥¯¥àì ã¦¥ ¯®áâà®¥­ë ®â®¡à ¦¥­¨ï �1; : : : ; �n, ã¤®¢«¥â¢®àïîé¨¥ ãª § ­­ë¬ ¢ëè¥
¨­¤ãªâ¨¢­ë¬ ãá«®¢¨ï¬, ¨ ¯ãáâì t1; : : : ; t2n | ¢á¥ ª®àâ¥¦¨ ¤«¨­ë n, á®áâ®ïé¨¥ ¨§ ­ã«¥© ¨ ¥¤¨­¨æ.
�¨ªá¨àã¥¬ ­¥ª®â®à®¥ j â ª®¥, çâ® 1 < j � 2n ¨ à áá¬®âà¨¬ ¤¢  á«ãç ï

 ) � (�n(tj))(p
0
n+1(f0; f1; g)) 6= � (�n(tj))(p

1
n+1(f0; f1; g)),

¡) � (�n(tj))(p
0
n+1(f0; f1; g)) = � (�n(tj))(p

1
n+1(f0; f1; g)).

� ¯¥à¢®¬ á«ãç ¥ ¤«ï i = 0; 1 ¯ãáâì rij ï¢«ï¥âáï ­ ¨¬¥­ìè¨¬ ­ âãà «ì­ë¬ ç¨á«®¬ r â ª¨¬,
çâ® ¥á«¨

 (�n(tj)bhi; : : : ; ii
r à §

) = SA(Ti(x; a0; a1));

Ti(x; a0; a1) =

8>><
>>:
t11;i(x; a0; a1) = t21;i(x; a0; a1);

: : :

t1n;i(x; a0; a1) = t2n;i(x; a0; a1);

â®

 (�n(tj))
\ n[

k=1

[t1k;i(p
0
n+1(f0; f1; g); p

1
n+1(f0; f1; g); p

2
n+1(f0; f1; g)) 6=

6= t2k;i(p
0
n+1(f0; f1; g); p

1
n+1(f0; f1; g); p

2
n+1(f0; f1; g))] 6= ? (��)
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�à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® â ª®¥ r ­ ©¤¥âáï. � ¯à®â¨¢­®¬ á«ãç ¥ ¤«ï ®¤­®£® ¨§ i, à ¢­ëå ­ã«î
«¨¡® ¥¤¨­¨æ¥, ®â­®á¨â¥«ì­® r 2 ! ¨ «î¡ëå á¨áâ¥¬ ãà ¢­¥­¨© Tri (x; a0; a1) â ª¨å, çâ®

 (�n(t1)bhi; : : : ; ii
r à §

= SA(Tri (x; a0; a1));

¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥

 (�n(tj)) �
nr\
k=1

[t1;rk;i(p
0
n+1(f0; f1; g); p

1
n+1(f0; f1; g); p

2
n+1(f0; f1; g)) =

= t2;rk;i(p
0
n+1(f0; f1; g); p

1
n+1(f0; f1; g); p

2
n+1(f0; f1; g))];

£¤¥

Tri =

8>><
>>:
t1;r1;i (x; a0; a1) = t2;r1;i (x; a0; a1);

: : :

t1;rnr;i(x; a0; a1) = t2;rnr;i(x; a0; a1):

�® â®£¤  ¥á«¨ fFg =
T
r2!

 �(�n(t1)bhi; : : : ; ii
r à §

), â® F0 2 B ¨ ®â®¡à ¦¥­¨¥ � : f0=F0 ! p0n+1(f0; f1; g) �

 (�n(tj)), f1=F0 ! p1n+1(f0; f1; g) �  (�n(tj)), g=F
0 ! p2n+1(f0; f1; g) �  (�n(tj)) ¯à®¤®«¦¨¬® ¤®

¨§®¬®àä­®£® ¢«®¦¥­¨ï  «£¥¡àë A0=F0 ¢ ¤¥ª àâ®¢ã áâ¥¯¥­ì A (�n(tj))  «£¥¡àë A.

�¥©áâ¢¨â¥«ì­®, ¨§ à ¢¥­áâ¢ 
��� T
r2!

 �(�n(t1)bhi; : : : ; ii
r à §

)
��� = 1 ®ç¥¢¨¤­® á«¥¤ã¥â, çâ® ¯®§¨â¨¢­ ï

¤¨ £à ¬¬   «£¥¡àë A0=F0  ªá¨®¬ â¨§¨àã¥¬  á®¢®ªã¯­®áâìî à ¢¥­áâ¢
S
r2!

Tri (g=F
0; f0=F

0; f1=F
0),  

§­ ç¨â, ¨ ­   «£¥¡à¥ A (�n(tj)) ¨áâ¨­­  ¯®§¨â¨¢­ ï ¤¨ £à ¬¬   «£¥¡àë A0=F0 ¯à¨ ¨­â¥à¯à¥â æ¨¨
¯®à®¦¤ îé¨å  «£¥¡àã A0=F0 í«¥¬¥­â®¢ f0=F0, f1=F0 ¨ g=F0 í«¥¬¥­â ¬¨ � (�n(tj))(p

0
n+1(f0; f1; g)),

� (�n(tj))(p
1
n+1(f0; f1; g)), � (�n(tj))(p

2
n+1(f0; f1; g))  «£¥¡àë A

 (�n(tj)) á®®â¢¥âáâ¢¥­­®.
� ¤àã£®© áâ®à®­ë,  «£¥¡à  A0=F0 K-¯à®áâ ,   §­ ç¨â, ¯®áª®«ìªã � (�n(tj))(p

0
n+1(f0; f1; g)) 6=

� (�n(tj))(p
1
n+1(f0; f1; g)), â® ®â®¡à ¦¥­¨¥ � ¤¥©áâ¢¨â¥«ì­® ¯à®¤®«¦¨¬® ¤® ¨§®¬®àä­®£® ¢«®¦¥­¨ï

A0=F0 ¢ A (�n(tj)). �  ¦¥ K-¯à®áâ®â   «£¥¡àë A0=F0 ¢«¥ç¥â ¯à¨ íâ®¬ ¢«®¦¨¬®áâì A0=F0 ¢  «£¥¡àã
A ¢ ¯à®â¨¢®à¥ç¨¥ á â¥¬, çâ® F0 ï¢«ï¥âáï í«¥¬¥­â®¬ ¬­®¦¥áâ¢  B. � ª¨¬ ®¡à §®¬, ãª § ­­ë¥ ¢
ãá«®¢¨¨ (�) ç¨á«  rji ­ ©¤ãâáï. �ãáâì r = max

1<j62n; i=0;1
rji . � ¬¥â¨¬ â¥¯¥àì, çâ® ­ ©¤¥âáï ª®àâ¥¦

t0j 2 D2, ¯à®¤®«¦ îé¨© ª®àâ¥¦ �n(tj) ¨ â ª®©, çâ®

 (t0j) �
\
i=0;1

n[
k=1

[t1k;i(p
0
n+1(f0; f1; g); p

1
n+1(f0; f1; g); p

2
n+1(f0; f1; g)) 6=

6= t2k;i(p
0
n+1(f0; f1; g); p

1
n+1(f0; f1; g); p

2
n+1(f0; f1; g))];

£¤¥
 (�n(t1)bhi; : : : ; ii

r à §
) = SA(Ti(x; a0; a1))

¨

Ti(x; a0; a1) =

8>><
>>:
t11;i(x; a0; a1) = t21;i(x; a0; a1);

: : :

t1n;1(x; a0; a1) = t2n;i(x; a0; a1):

�¥©áâ¢¨â¥«ì­®, ¯ãáâì ­¨ª ª®£® ¯®¤®¡­®£® ª®àâ¥¦  t0j ­¥ ­ è«®áì ¨ ¯ãáâì f 2 D
�
2 ¨ f ¯à®¤®«¦ ¥â

ª®àâ¥¦ �n(tj). �®£¤  ¤«ï «î¡®£® m 2 ! ¨¬¥«¨ ¡ë  (fm) \A 6= ? ¨  (fm) \ :A 6= ?, £¤¥

A =
\
i=0;1

n[
k=1

[t1k;i(p
0
n+1(f0; f1; g); p

1
n+1(f0; f1; g); p

2
n+1(f0; f1; g)) 6=

6= t2k;i(p
0
n+1(f0; f1; g); p

1
n+1(f0; f1; g); p

2
n+1(f0; f1; g))]:
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� á¨«ã § ¬ª­ãâ®áâ¨ A, :A ¨ ¬­®¦¥áâ¢  (fm) ¢ ª®¬¯ ªâ­®¬ ¯à®áâà ­áâ¢¥ St(!) ¨¬¥îâ ¬¥áâ®
¨ ­¥à ¢¥­áâ¢  \

m2!

 (fm)
\
A 6= ?;

\
m2!

 (fm)
\
:A 6= ?:

� â® ¦¥ ¢à¥¬ï
��� T
m2!

 �(fm)
��� = 1 ¨ ¯ãáâì

T
m2!

 �(fm) = fFg, £¤¥ F 2 S�
A. �á«¨ G1;G2 2 St(!)

â ª®¢ë, çâ® G2

T
m2!

 (fm)
T
A, G2 2

T
m2!

 (fm)
T
:A, â® F � G1 ¨ F � G2.

� ª ã¦¥ ®â¬¥ç «®áì ¢ëè¥, ¯®§¨â¨¢­ë¥ ¤¨ £à ¬¬ë  «£¥¡à A0=G0 ¨ A0=G2 ¯®«­®áâìî ®¯à¥-
¤¥«ï¥¬ë á®¢®ªã¯­®áâìî à ¢¥­áâ¢

S
m2!

Tm(g=G1; f0=G1; f1=G1) ¨
S
m2!

Tm(g=G2; f0=G2; f1=G2) á®®â-

¢¥âáâ¢¥­­®, £¤¥ Tm(x; a0; a1) | á¨áâ¥¬  ãà ¢­¥­¨© ­  A, á®®â¢¥âáâ¢ãîé ï ª®àâ¥¦ã fm 2 D2 ¯à¨
®â®¡à ¦¥­¨¨  , â.¥. ¯®§¨â¨¢­ë¥ ¤¨ £à ¬¬ë  «£¥¡à A0=G1 ¨ A0=G2 á®¢¯ ¤ îâ ¯à¨ § ¬¥­¥ f0=G1,
f1=G1, g=G1 ­  f0=G2, f1=G2, g=G2. � ¤àã£®© áâ®à®­ë, â.ª. G1 2 A ¨ G2 2 :A, â®

A0=G1 � �(f0=G1; f1=G1; g=G1) ¨ A0=G2 � :�(f0=G2; f1=G2; g=G2);

£¤¥

�(y0; y1; x) = &
i=1;2

n_
k=1

t1k;i(p
0
n+1(y); y1; x); p

1
n+1(y0; y1; x); p

2
n+1(y0; y1; x)) 6=

6= t2k;i(p
0
n+1(y0; y1; x); p

1
n+1(y0; y1; x); p

2
n+1(y0; y1; x)):

�®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¨ ¤®ª §ë¢ ¥â áãé¥áâ¢®¢ ­¨¥ ãª § ­­®£® ¢ëè¥ ª®àâ¥¦  t0j .
� á«ãç ¥ ¡), ®â¬¥ç¥­­®¬ ¢ ­ ç «¥ ¯®áâà®¥­¨ï ®â®¡à ¦¥­¨ï �n+1, â.¥. ª®£¤  ¤«ï j (1 < j 6 2n)

¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢ 

� (�n(tj))(p
0
n+1(f0; f1; g)) = � (�n(tj))(p

1
n+1(f0; f1; g));

¢ë¡¨à ¥¬ t0j , à ¢­ë¬ tj . �®áâà®¥­­ë¥ â ª¨¬ ®¡à §®¬ ¤«ï «î¡®£® j, 1 < j 6 2n, ª®àâ¥-
¦¨ t0j ®¡« ¤ îâ â¥¬ á¢®©áâ¢®¬, çâ® ¤«ï «î¡ëå F 2  �(t1bhi; : : : ; ii

r à §
) ¨ G 2  �(t0j) ®â®¡à ¦¥-

­¨ï �e (e 6 n + 1) â ª¨¥, çâ® f0=F
0 ! p0e(f0=G

0; f1=G
0; g=G0), f1=F0 ! p1e(f0=G

0; f1=G
0; g=G0),

g=F0 ! p2e(f0=G
0; f1=G

0; g=G0), ­¥¯à®¤®«¦¨¬ë ¤® ¨§®¬®àä­®£® ¢«®¦¥­¨ï  «£¥¡àë A0=F0 ¢  «£¥¡àã
A0=G0.

�­ «®£¨ç­ë¥ ¯®áâà®¥­¨ï ¯®§¢®«ïîâ ¤®¡¨âìáï â®£® ¦¥ ¨ ¤«ï «î¡ëå ã«ìâà ä¨«ìâà®¢ F 2
 �(t1bh0; : : : ; 0i

r à §
), G 2  �(t1bh1; : : : ; 1i

r à §
). �à®¤®«¦ ï íâ¨ ¦¥ ¯®áâà®¥­¨ï ¨ ¤ «¥¥ ¤«ï ¢á¥å t0j (1 <

j 6 2n) ­  ¬¥áâ¥ t1, ¢ ª®­¥ç­®¬ áç¥â¥ ¯®«ãç ¥¬ ­¥®¡å®¤¨¬ë¥ ¢«®¦¥­¨ï �n+1 ¬­®¦¥áâ¢  D
n+1
2

¢ D2, ¤«ï ª®â®àëå ¢ë¯®«­¥­® ãá«®¢¨¥ (�). � ª¨¬ ®¡à §®¬, ª ª ã¦¥ ¡ë«® ®â¬¥ç¥­® ¢ëè¥, ¤«ï
à §«¨ç­ëå f1; f2 2 D�

2, ¥á«¨ Gfi 2
T
n2!

 �(�n(fni )), â®  «£¥¡àë A
0=G0

f1
¨ A0=G0

f2
­¥¢«®¦¨¬ë ¤àã£ ¢

¤àã£ .

�§ ãâ¢¥à¦¤¥­¨© â¥®à¥¬ 1 ¨ 2 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥. �á«¨ K | ª¢ §¨¬­®£®®¡à §¨¥, á®¤¥à¦ é¥¥ ª®­¥ç­®-¯®à®¦¤¥­­ãî ¡®£ âãî K-
¯à®áâãî  «£¥¡àã á ®¤­®í«¥¬¥­â­®© ¯®¤ «£¥¡à®©, ®¡« ¤ îé¥¥ á¢®©áâ¢®¬ �à¥§¥à -�®à­ , ¨ ª« áá
K-¯à®áâëå  «£¥¡à 8- ªá¨®¬ â¨§¨àã¥¬, â® ®â­®è¥­¨ï í¯¨¬®àä­®áâ¨ ¨ ¢«®¦¨¬®áâ¨ ­  K @0-
¨¤¥­â¨ç­ë.

�á«®¢¨ï á«¥¤áâ¢¨ï ¢ë¯®«­¨¬ë, ª ¯à¨¬¥àã, ¤«ï «î¡®£® ¤¨áªà¨¬¨­ â®à­®£® ¬­®£®®¡à §¨ï,
á®¤¥à¦ é¥£® ª®­¥ç­®-¯®à®¦¤¥­­ãî ¡®£ âãî ¯à®áâãî  «£¥¡àã.

�î¡®¥ ­¥ «®ª «ì­® ª®­¥ç­®¥ ¤¨áªà¨¬¨­ â®à­®¥ ¬­®£®®¡à §¨¥ á®¤¥à¦¨â ¯à®áâãî ¡¥áª®­¥ç-
­ãî ª®­¥ç­®-¯®à®¦¤¥­­ãî  «£¥¡àã, ®¤­ ª®, ª ª ¯®ª §ë¢ ¥â á«¥¤ãîé¨© ¯à¨¬¥à, ãá«®¢¨¥ áãé¥-
áâ¢®¢ ­¨ï ¯à®áâ®© (­¥ ¡®£ â®©) ¡¥áª®­¥ç­®© ª®­¥ç­®-¯®à®¦¤¥­­®©  «£¥¡àë ¤«ï á¯à ¢¥¤«¨¢®áâ¨
§ ª«îç¥­¨ï â¥®à¥¬ë 1 ­¥ ¤®áâ â®ç­®.
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�ãáâì Z | á®¢®ªã¯­®áâì ¢á¥å æ¥«ëå,   N | ­ âãà «ì­ëå ç¨á¥«, ¯à¨ íâ®¬ ®¯¥à æ¨ï 0 ®¯à¥-
¤¥«¥­  ­  Z ¨ N ª ª x + 1. �ãáâì d(x; y; z) ®§­ ç ¥â äã­ªæ¨î ¤¨áªà¨¬¨­ â®à  ­  «î¡®¬ à á-
á¬ âà¨¢ ¥¬®¬ ¬­®¦¥áâ¢¥. �¥à¥§ A0 ®¡®§­ ç¨¬  «£¥¡àã hN ; 0; di,   ç¥à¥§ A1 |  «£¥¡àã hZ; 0; di,
â®£¤  M =M(A0) | ­¥ «®ª «ì­® ª®­¥ç­®¥ ¤¨áªà¨¬¨­ â®à­®¥ ¬­®£®®¡à §¨¥. �® â¥®à¥¬¥ �®­á-
á®­  á®¢®ªã¯­®áâì ¯®¤¯àï¬® ­¥à §«®¦¨¬ëå (¯à®áâëå) M- «£¥¡à á®¤¥à¦¨âáï ¢ ª« áá¥ SPu(A0),
â.¥. ¢ ª« áá¥, á®áâ®ïé¥¬ ¨§ ¯®¤ «£¥¡à ã«ìâà áâ¥¯¥­¥©  «£¥¡àë A0. �¥¬ á ¬ë¬, «î¡ ï ¯à®áâ ï
M- «£¥¡à  ¨¬¥¥â ¢¨¤ ¤¨§êî­ªâ­®£® ®¡ê¥¤¨­¥­¨ï  «£¥¡à ¢¨¤  hN ; 0i, hZ; 0i á ¯®á«¥¤ãîé¨¬ ®¯à¥-
¤¥«¥­¨¥¬ äã­ªæ¨¨ d ª ª ¤¨áªà¨¬¨­ â®à  ­  íâ®¬ ®¡ê¥¤¨­¥­¨¨. �â ª, ¢ ª ç¥áâ¢¥ ¨­¢ à¨ ­â®¢
¤«ï áç¥â­ëå ¯à®áâëå M- «£¥¡à A ¢ëáâã¯ ¥â ¯ à  huA; vAi, £¤¥ uA; vA 2 ! [ f@0g ¨ uA | ç¨á«®
¤¨§êî­ªâ­ëå á« £ ¥¬ëå ¢¨¤  hN ; 0i,   vA | ¢¨¤  hZ; 0i. �ç¥¢¨¤­® â ª¦¥, çâ® ¤«ï ¯à®áâëå áç¥â-
­ëå M- «£¥¡à C1, C2 ¨¬¥¥â ¬¥áâ® ¢«®¦¨¬®áâì C1 ¢ C2 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  vC1 6 vC2 ¨
uC1 6 uC2 + (vC2 � vC1). �¤¥áì @0�n = @0�@0 = @0 ¤«ï «î¡®£® n 2 !. �¥§ âàã¤  § ¬¥ç ¥âáï, çâ®
«î¡ ï á®¢®ªã¯­®áâì ¯®¯ à­® ­¥¢«®¦¨¬ëå ¤àã£ ¢ ¤àã£  áç¥â­ëå ¯à®áâëå  «£¥¡à ª®­¥ç­ .
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