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�¢¥ £àã¯¯ë, ª ¦¤ ï ¨§ ª®â®àëå ¨§®¬®àä  ¯®¤£àã¯¯¥ ¤àã£®© £àã¯¯ë,  §ë¢ îâáï ¯®çâ¨

¨§®¬®àäë¬¨ [1]. �¢¥ £àã¯¯ë  §ë¢ îâáï ¯®çâ¨ ¨§®¬®àäë¬¨ ¯® ¯®¤£àã¯¯ ¬ á ¥ª®â®àë¬

á¢®©áâ¢®¬, ¥á«¨ ª ¦¤ ï ¨§ ¨å ¨§®¬®àä  ¯®¤£àã¯¯¥ ¤àã£®© £àã¯¯ë, ®¡« ¤ îé¥© íâ¨¬ á¢®©-
áâ¢®¬. � ¤ ®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï § ¤ ç  ®¡ ¨§®¬®àä¨§¬¥  ¡¥«¥¢ëå p-£àã¯¯ ¨§ ¥ª®â®àëå
ª« áá®¢, ¯®çâ¨ ¨§®¬®àäëå ¯® ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨¬ ¯®¤£àã¯¯ ¬, â. ¥. ¢ëïáï¥âáï: ¡ã¤¥â
«¨ ¢¥à¥   «®£ ¨§¢¥áâ®© â¥®à¥â¨ª®-¬®¦¥áâ¢¥®© â¥®à¥¬ë � â®à |�à¥¤¥à -�¥àèâ¥© 
¢ à áá¬ âà¨¢ ¥¬®© á¨âã æ¨¨ ¨«¨ ¥â?

�â  § ¤ ç  à¥è ¥âáï ¢ ª« áá¥ à¥¤ãæ¨à®¢ ëå á¥¯ à ¡¥«ìëå p-£àã¯¯, ¯®çâ¨ ¨§®¬®àäëå ¯®
¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨¬ ¯®¤£àã¯¯ ¬. �¥à¥¤ãæ¨à®¢ ë¥ p-£àã¯¯ë ¥ à áá¬ âà¨¢ îâáï, â. ª.
¨§ ¯®çâ¨ ¨§®¬®àä¨§¬  ¤¢ãå  ¡¥«¥¢ëå £àã¯¯ ¯® ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨¬ ¯®¤£àã¯¯ ¬ á«¥¤ã¥â
¨å ¨§®¬®àä¨§¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¨§ ¯®çâ¨ ¨§®¬®àä¨§¬  à¥¤ãæ¨à®¢ ëå ç áâ¥© íâ¨å
£àã¯¯ ¯® ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨¬ ¯®¤£àã¯¯ ¬ ¢ëâ¥ª ¥â ¨§®¬®àä¨§¬ à¥¤ãæ¨à®¢ ëå ç áâ¥©
[2].

� ¯®¬¨¬, çâ® á®£« á® � ¯« áª®¬ã ([3], á. 61) «î¡ ï ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª ï ¯®¤-
£àã¯¯  à¥¤ãæ¨à®¢ ®© á¥¯ à ¡¥«ì®© p-£àã¯¯ë G ®¤®§ ç® § ¤ ¥âáï ¥ª®â®à®© U -¯®á«¥¤®¢ -
â¥«ì®áâìî � ¤«ï £àã¯¯ë G; ¡ã¤¥¬ ®¡®§ ç âì íâã ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áªãî ¯®¤£àã¯¯ã ç¥à¥§
G(�).

�¯à¥¤¥«¥¨¥. �ã¤¥¬ £®¢®à¨âì, çâ® ¯ à  ¯®á«¥¤®¢ â¥«ì®áâ¥© (�; �) § ¤ ¥â ¯®çâ¨ ¨§®-

¬®àä¨§¬ ¯® ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨¬ ¯®¤£àã¯¯ ¬ ¢ ª« áá¥ à¥¤ãæ¨à®¢ ëå á¥¯ à ¡¥«ìëå
p-£àã¯¯, ¥á«¨ áãé¥áâ¢ãîâ â ª¨¥ £àã¯¯ë G ¨ G0 ¨§ ¤ ®£® ª« áá , çâ® � ¨ � ï¢«ïîâáï U -
¯®á«¥¤®¢ â¥«ì®áâï¬¨ ¤«ï £àã¯¯ G0 ¨ G á®®â¢¥âáâ¢¥® ¨ G �= G0(�), G0 �= G(�).

�áâ¥áâ¢¥® ¢®§¨ª îâ á«¥¤ãîé¨¥ ¤¢  ¢®¯à®á : 1) ª ª¨¥ ¯ àë ¯®á«¥¤®¢ â¥«ì®áâ¥© § ¤ îâ

¯®çâ¨ ¨§®¬®àä¨§¬ ¯® ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨¬ ¯®¤£àã¯¯ ¬ ¢ ª« áá¥ à¥¤ãæ¨à®¢ ëå á¥¯ -

à ¡¥«ìëå p-£àã¯¯; 2) ¡ã¤¥â «¨ ¨§ íâ®£® ¯®çâ¨ ¨§®¬®àä¨§¬  á«¥¤®¢ âì ¨§®¬®àä¨§¬ á ¬¨å

£àã¯¯.

�¥è¥¨î íâ®© § ¤ ç¨ ¨ ¯®á¢ïé¥  ¤  ï à ¡®â .

1. U-¯®á«¥¤®¢ â¥«ì®áâ¨

�à¨¢¥¤¥¬ ¨á¯®«ì§ã¥¬ë¥ ¢ à ¡®â¥ ¯®ïâ¨ï ¨ ä ªâë.
�ãáâì G | à¥¤ãæ¨à®¢  ï á¥¯ à ¡¥«ì ï p-£àã¯¯ , � | ¯®àï¤ª®¢®¥ ç¨á«®. �¥à¥§ p�G

®¡®§ ç ¥âáï ¯®¤£àã¯¯  £àã¯¯ë G, ®¯à¥¤¥«ï¥¬ ï ¯® ¨¤ãªæ¨¨ p0G = G, p�+1G = p(p�G) ¨
p�G =

T
�<�

p�G, ¥á«¨ � | ¯à¥¤¥«ì®¥ ¯®àï¤ª®¢®¥ ç¨á«®. � ¨¬¥ìè¥¥ ¯®àï¤ª®¢®¥ ç¨á«® �, ¤«ï

ª®â®à®£® p�+1G = p�G,  §ë¢ ¥âáï ¤«¨®© £àã¯¯ë G ([4], á. 181), �-¬ ¨¢ à¨ â®¬ �«ì¬ {

� ¯« áª®£® £àã¯¯ë G  §ë¢ ¥âáï ª à¤¨ «ì®¥ ç¨á«® ([4], á. 182)

fG(�) = r((p�G)[p]=(p�+1G)[p]):

�ã¤¥¬ ®¡®§ ç âì ¬®¦¥áâ¢® æ¥«ëå ¥®âà¨æ â¥«ìëå ç¨á¥« ç¥à¥§ Z0.
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�ãáâì � = (�0; �1; : : : ; �n; : : : ) | ¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì®áâì ®à¤¨ «®¢ ¨ á¨¬¢®«®¢
1 (¤«ï «î¡®© ¯ àë ¨¤¥ªá®¢ (i; j), £¤¥ i < j, �i < �j , ¥á«¨ �i 6= 1, ¨ �i = �j , ¥á«¨ �i = 1).
�á«¨ �i + 1 < �i+1, â® ¡ã¤¥¬ £®¢®à¨âì, çâ® ¯®á«¥¤®¢ â¥«ì®áâì ¨¬¥¥â áª ç®ª ¢ �i+1. �«¨®©
�(�) ¯®á«¥¤®¢ â¥«ì®áâ¨ �  §ë¢ ¥âáï  ¨¬¥ìè¥¥ i 2 Z0 â ª®¥, çâ® �i =1; ¯à¨ç¥¬ �(�) =1
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  �i <1 ¤«ï ¢á¥å i 2 Z0 [5].

�¯à¥¤¥«¥¨¥ ([3], á. 57). �®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì®áâì ®à¤¨ «®¢ ¨ á¨¬¢®«®¢ 1 � =
(�0; �1; : : : )  §ë¢ ¥âáï U -¯®á«¥¤®¢ â¥«ì®áâìî ¤«ï £àã¯¯ë G, ¥á«¨ ¤«ï «î¡®£® �i 6=1 ¨¬¥¥¬
�i < � (� | ¤«¨  £àã¯¯ë G) ¨ ¢áïª¨© à §, ª®£¤  áãé¥áâ¢ã¥â áª ç®ª ¢ �n, �n�1-© ¨¢ à¨ â
�«ì¬ {� ¯« áª®£® £àã¯¯ë G ®â«¨ç¥ ®â ã«ï.

�ãáâì G | à¥¤ãæ¨à®¢  ï á¥¯ à ¡¥«ì ï p-£àã¯¯ , � = (�0; �1; : : : ) | U -¯®á«¥¤®¢ â¥«ì-
®áâì ¤«ï £àã¯¯ë G. �®£¤  ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª ï ¯®¤£àã¯¯  £àã¯¯ë G, á®®â¢¥âáâ¢ãî-
é ï ¤ ®© ¯®á«¥¤®¢ â¥«ì®áâ¨, ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤: G(�) = fg 2 G j (h�(g); h�(pg); : : : ,
h�(png); : : : ) � �g, £¤¥ h�(g) | ®¡®¡é¥ ï p-¢ëá®â  í«¥¬¥â  g.

�à¨áâã¯¨¬ ª à¥è¥¨î ¯®áâ ¢«¥®© § ¤ ç¨. �¡®§ ç¨¬ ç¥à¥§ W1 ¬®¦¥áâ¢®, á®áâ®ïé¥¥ ¨§
¢á¥å ¢®§à áâ îé¨å ¯®á«¥¤®¢ â¥«ì®áâ¥© æ¥«ëå ¥®âà¨æ â¥«ìëå ç¨á¥« ¨ á¨¬¢®«®¢ 1.

�«¥¤ãîé ï «¥¬¬  ¯®ª §ë¢ ¥â, çâ® ¯ à  ¯®á«¥¤®¢ â¥«ì®áâ¥©, ¨§ ª®â®àëå å®âï ¡ë ®¤  ¥
¯à¨ ¤«¥¦¨â ¬®¦¥áâ¢ã W1, ¥ ¬®¦¥â § ¤ ¢ âì ¯®çâ¨ ¨§®¬®àä¨§¬ ¯® ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥-
áª¨¬ ¯®¤£àã¯¯ ¬ ¢ ª« áá¥ à¥¤ãæ¨à®¢ ëå á¥¯ à ¡¥«ìëå p-£àã¯¯.

�¥¬¬  1.1. �á«¨ ¯®á«¥¤®¢ â¥«ì®áâì � = (�0; �1; : : : ) ¥ ¯à¨ ¤«¥¦¨â ¬®¦¥áâ¢ã W1,

â® ®  ¥ ï¢«ï¥âáï U -¯®á«¥¤®¢ â¥«ì®áâìî ¨ ¤«ï ª ª®© à¥¤ãæ¨à®¢ ®© á¥¯ à ¡¥«ì®© p-
£àã¯¯ë G.

�®ª § â¥«ìáâ¢®. �ãáâì � = (�0; �1; : : : ) ¥ ¯à¨ ¤«¥¦¨â ¬®¦¥áâ¢ã W1 ¨ ï¢«ï¥âáï U -
¯®á«¥¤®¢ â¥«ì®áâìî ¤«ï ¥ª®â®à®© à¥¤ãæ¨à®¢ ®© á¥¯ à ¡¥«ì®© p-£àã¯¯ë G. �®£¤  ¯® ®¯à¥-
¤¥«¥¨î U -¯®á«¥¤®¢ â¥«ì®áâ¨ � ï¢«ï¥âáï ¢®§à áâ îé¥© ¯®á«¥¤®¢ â¥«ì®áâìî ¨ ¤«ï «î¡®£®
�i 6=1 �i < �(G), £¤¥ �(G) | ¤«¨  £àã¯¯ë G. �® â. ª. ¢ G ¥â í«¥¬¥â®¢ ¡¥áª®¥ç®© ¢ëá®âë,
â® �(G) � !, â. ¥. �i 6= 1 ï¢«ï¥âáï ª®¥çë¬ ®à¤¨ «®¬, ¨, á«¥¤®¢ â¥«ì®, � 2 W1. �®«ãç¨«¨
¯à®â¨¢®à¥ç¨¥.

2. �¢ à¨ âë �«ì¬ {� ¯« áª®£® ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨å ¯®¤£àã¯¯

�«ï ¤ «ì¥©è¨å ¨áá«¥¤®¢ ¨© ¥®¡å®¤¨¬® ¯¥à¥©â¨ á â ª  §ë¢ ¥¬®£® \ï§ëª  U -¯®á«¥¤®¢ -
â¥«ì®áâ¥©"   \ï§ëª ¨¢ à¨ â®¢ �«ì¬ {� ¯« áª®£®", â. ¥. ¯®ª § âì, ª ª á¢ï§ ë ¨¢ à¨ -
âë �«ì¬ {� ¯« áª®£® £àã¯¯ë G ¨ ¥¥ ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª®© ¯®¤£àã¯¯ë G(�), £¤¥ � |
U -¯®á«¥¤®¢ â¥«ì®áâì ¤«ï £àã¯¯ë G.

�«ï ª« áá  ¯àï¬ëå áã¬¬ æ¨ª«¨ç¥áª¨å £àã¯¯ íâ  § ¤ ç  ¯®«®áâìî à¥è¥ . �«ï ª« á-
á  à¥¤ãæ¨à®¢ ëå á¥¯ à ¡¥«ìëå p-£àã¯¯ ã¤ «®áì ¯®ª § âì, ª ª á¢ï§ ë ¨¢ à¨ âë �«ì¬ {
� ¯« áª®£® £àã¯¯ë G ¨ ¥¥ ¥®£à ¨ç¥ëå ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨å ¯®¤£àã¯¯ G(�) (� |
U -¯®á«¥¤®¢ â¥«ì®áâì ¤«ï £àã¯¯ë G ¨ �(�) =1).

�¥®à¥¬  2.1. �ãáâì ¥®£à ¨ç¥ ï à-£àã¯¯  G ï¢«ï¥âáï ¯àï¬®© áã¬¬®© æ¨ª«¨ç¥áª¨å

£àã¯¯, S = G(�) | ¥¥ ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª ï ¯®¤£àã¯¯ , £¤¥ � = (�0; �1; : : : ) | U -
¯®á«¥¤®¢ â¥«ì®áâì ¤«ï £àã¯¯ë G ¨ �(�) =1. �®£¤  ¤«ï ¢á¥å i 2 Z0

fS(i) =
kiX

j=0

fG(�i + j); £¤¥ ki = �i+1 � 1� �i: (2.1)

�®ª § â¥«ìáâ¢®. �ãáâì G = G1 �G2� � � � �Gi � : : : , £¤¥ ¤«ï «î¡®£®  âãà «ì®£® i Gi |
¯àï¬ ï áã¬¬  æ¨ª«¨ç¥áª¨å £àã¯¯ ¯®àï¤ª  pi: Gi =

L
k2Mi

hg
(k)
i i (o(g(k)i ) = pi).

�«ï ª ¦¤®£®  âãà «ì®£® i ¯®áâà®¨¬ í«¥¬¥âë

pl�ig
(k)
l ; £¤¥ �i�1 + 1 � l � �i; k 2Ml: (2.2)
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� ª ª ª � | ¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì®áâì, â® ¤«ï ¢á¥å 0 � j � i� 1 ¨¬¥¥¬ �i�1� (i� 1) �
�j � j, ®âªã¤  (�i�1+1)� i+ j � �j . �®£¤  ¤«ï ¢á¥å �i�1+1 � l � �i ¢ë¯®«ï¥âáï l� i+ j � �j ,
â. ¥. ¤«ï «î¡®£® í«¥¬¥â  a ¢¨¤  (2.2) h�(pja) � �j . � ª ª ª ¯®àï¤®ª «î¡®£® í«¥¬¥â  a ¢¨¤ 
(2.2) à ¢¥ pi, â® ¤«ï ¢á¥å j � i pja = 0, ®âªã¤  h�(pja) = 1 > �j . �â¨¬ ¤®ª § ®, çâ® ¤«ï
«î¡®£®  âãà «ì®£® i ¢á¥ í«¥¬¥âë ¢¨¤  (2.2) ¯à¨ ¤«¥¦ â S = G(�).

�¥àï ¯àï¬ãî áã¬¬ã æ¨ª«¨ç¥áª¨å £àã¯¯, ®¡à §ãîé¨¬¨ ª®â®àëå á«ã¦ â ¢á¥ í«¥¬¥âë ¢¨¤ 
(2.2), ¯®«ãç ¥¬ £àã¯¯ã S. �®ª ¦¥¬, çâ® S = S. �®¯ãáâ¨¬, çâ® áãé¥áâ¢ã¥â â ª®© í«¥¬¥â g 2 S,

çâ® g =2 S; g =
l1P
j=0

mjp
rjg(kj )nj

, £¤¥ (mj ; p) = 1, kj 2 Mnj ¤«ï ¢á¥å 0 � j � l1. � ª ª ª g =2 S, â®

áãé¥áâ¢ã¥â â ª®¥ 0 � j � l1, çâ® prjg(kj )nj
62 S. �®§¬®¦ë ¤¢  á«ãç ï.

1. �ãáâì nj � �0. �®£¤  h�(prjg(kj )nj
) < �0, ®âªã¤  h�(g) < �0,   íâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ®

g 2 S.
2. �ãáâì �0 < nj. �®£¤  áãé¥áâ¢ã¥â â ª®¥  âãà «ì®¥ i, çâ® �i�1 + 1 � nj � �i. � ª ª ª

prjg(kj )nj
=2 S, â® rj < nj � i, ®âªã¤  o(prjg(kj )nj

) > pi, â. ¥. pi(prjg(kj )nj
) 6= 0. �«¥¤®¢ â¥«ì®,

h�(pig) � h�(pi(prjg(kj )nj
)) = i+ rj < nj � �i,   íâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® g 2 S.

� ®¡®¨å á«ãç ïå ¯®«ãç¥® ¯à®â¨¢®à¥ç¨¥. � ç¨â, S = S. �áå®¤ï ¨§ ¯®áâà®¥¨ï £àã¯¯ë S, ¯®«ã-
ç ¥¬, çâ® ¨¢ à¨ âë �«ì¬ {� ¯« áª®£® £àã¯¯ë S ã¤®¢«¥â¢®àïîâ à ¢¥áâ¢ ¬ (2.1).

�¥®à¥¬  2.2. �ãáâì ¥®£à ¨ç¥ ï à-£àã¯¯  G ï¢«ï¥âáï ¯àï¬®© áã¬¬®© æ¨ª«¨ç¥áª¨å

£àã¯¯, S = G(�) | ¥¥ ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª ï ¯®¤£àã¯¯ , £¤¥ � = (�0; �1; : : : ) | U -
¯®á«¥¤®¢ â¥«ì®áâì ¤«ï £àã¯¯ë G ¨ �(�) = m (m 2 Z0). �®£¤ 

1) ¯à¨ 0 � i < m� 1 ¢ë¯®«ï¥âáï fS(i) =
kiP
j=0

fG(�i + j), £¤¥ ki = �i+1 � 1� �i;

2) fS(m� 1) =
1P
j=0

fG(�m�1 + j);

3) ¯à¨ i � m ¢ë¯®«ï¥âáï fS(i) = 0.

�®ª § â¥«ìáâ¢®. �ãáâì G = G1 �G2� � � � �Gi � � � � , £¤¥ ¤«ï «î¡®£®  âãà «ì®£® i Gi |
¯àï¬ ï áã¬¬  æ¨ª«¨ç¥áª¨å £àã¯¯ ¯®àï¤ª  pi: Gi =

L
k2Mi

hg
(k)
i i (o(g(k)i ) = pi).

�«ï ª ¦¤®£® 1 � i � m� 1 ¯®áâà®¨¬ í«¥¬¥âë (2.2). �®¢â®àïï à ááã¦¤¥¨ï ¨§ ¤®ª § â¥«ì-
áâ¢  â¥®à¥¬ë 2.1, ¯®«ãç ¥¬, çâ® ¢á¥ â ª¨¥ í«¥¬¥âë ¯à¨ ¤«¥¦ â S = G(�).

�«ï ª ¦¤®£® i � m ¯®áâà®¨¬ í«¥¬¥âë

pi�mg(k)i ; £¤¥ k 2Mi: (2.3)

� «®£¨ç® ¯à¥¤ë¤ãé¥¬ã ¯®«ãç ¥¬, çâ® ¢á¥ â ª¨¥ í«¥¬¥âë ¯à¨ ¤«¥¦ â S = G(�).
�¥àï ¯àï¬ãî áã¬¬ã æ¨ª«¨ç¥áª¨å £àã¯¯, ®¡à §ãîé¨¬¨ ª®â®àëå á«ã¦ â ¢á¥ í«¥¬¥âë ¢¨¤ 

(2.2) ¨ (2.3), ¯®«ãç ¥¬ £àã¯¯ã S. �®ª ¦¥¬, çâ® S = S. �®¯ãáâ¨¬, çâ® áãé¥áâ¢ã¥â â ª®© í«¥¬¥â

g 2 S, çâ® g =2 S; g =
l1P
j=0

mjp
rjg(kj )nj

, £¤¥ (mj ; p) = 1, kj 2 Mnj ¤«ï ¢á¥å 0 � j � l1. � ª ª ª g =2 S,

â® áãé¥áâ¢ã¥â â ª®¥ 0 � j � l1, çâ® prjg(kj )nj
62 S. �®§¬®¦ë âà¨ á«ãç ï.

1. �ãáâì nj � �0. �®£¤  h�(prjg(kj )nj
) < �0, ®âªã¤  h�(g) < �0,   íâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ®

g 2 S.
2. �ãáâì �0 < nj � �m�1. �®£¤  áãé¥áâ¢ã¥â â ª®¥ 1 � i � m� 1, çâ® �i�1+1 � nj � �i. � ª

ª ª prjg(kj )nj
=2 S, â® rj < nj � i, ®âªã¤  o(prjg(kj )nj

) > pi, â. ¥. pi(prjg(kj )nj
) 6= 0. �«¥¤®¢ â¥«ì®,

h�(pig) � h�(pi(prjg(kj )nj
)) = i+ rj < nj � �i,   íâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® g 2 S.

3. �ãáâì nj > �m�1. � ª ª ª prjg(kj )nj
=2 S, â® rj < nj � m, ®âªã¤  o(prjg(kj )nj

) > pm, â. ¥.
pm(prjg(kj )nj

) 6= 0. �«¥¤®¢ â¥«ì®, h�(pmg) � h�(pm(prjg(kj)nj
)) <1,   íâ® ¯à®â¨¢®à¥ç¨â â®¬ã,

çâ® g 2 S.
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�® ¢á¥å âà¥å á«ãç ïå ¯®«ãç¥® ¯à®â¨¢®à¥ç¨¥. � ç¨â, S = S. �áå®¤ï ¨§ ¯®áâà®¥¨ï £àã¯¯ë S,
¯®«ãç ¥¬, çâ® ¨¢ à¨ âë �«ì¬ {� ¯« áª®£® £àã¯¯ë S ã¤®¢«¥â¢®àïîâ à ¢¥áâ¢ ¬ 1), 2), 3)
¤ ®© â¥®à¥¬ë.

�¥®à¥¬  2.3. �ãáâì G { ®£à ¨ç¥ ï à-£àã¯¯ , �(G) = n (n 2 Z0), S = G(�) | ¥¥ ¢¯®«¥

å à ªâ¥à¨áâ¨ç¥áª ï ¯®¤£àã¯¯ , £¤¥ � = (�0; �1; : : : ) | U -¯®á«¥¤®¢ â¥«ì®áâì ¤«ï £àã¯¯ë G ¨

�(�) = m (m 2 Z0). �®£¤ 

1) ¯à¨ 0 � i < m� 1 ¢ë¯®«ï¥âáï fS(i) =
kiP
j=0

fG(�i + j), £¤¥ ki = �i+1 � 1� �i;

2) fS(m� 1) =
km�1P
j=0

fG(�m�1 + j), £¤¥ km�1 = n� 1� �m�1;

3) ¯à¨ i � m ¢ë¯®«ï¥âáï fS(i) = 0.

�®ª § â¥«ìáâ¢®. G { ®£à ¨ç¥ ï £àã¯¯ , á«¥¤®¢ â¥«ì®, G ¥áâì ¯àï¬ ï áã¬¬  æ¨ª«¨ç¥-
áª¨å £àã¯¯: G = G1�G2� � � � �Gn, £¤¥ Gi | ¯àï¬ ï áã¬¬  æ¨ª«¨ç¥áª¨å £àã¯¯ ¯®àï¤ª  pi ¤«ï
¢á¥å 1 � i � n. � ª ª ª � ï¢«ï¥âáï U -¯®á«¥¤®¢ â¥«ì®áâìî ¤«ï £àã¯¯ë G, â® �i < n ¤«ï ¢á¥å
i < m, ®âªã¤  �m�1 < n. �®«®¦¨¬ Gn+1 = Gn+2 = � � � = 0. � «®£¨ç® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë
2.2 ¯®«ãç ¥¬, çâ® ¨¢ à¨ âë �«ì¬ {� ¯« áª®£® £àã¯¯ë S ã¤®¢«¥â¢®àïîâ à ¢¥áâ¢ ¬ 1), 2),

3) â¥®à¥¬ë 2.2. �® â ª ª ª fG(i) = 0 ¤«ï ¢á¥å i � n, fS(m� 1) =
n�1��m�1P

j=0
fG(�m�1+ j), â. ¥. ¨¢ -

à¨ âë �«ì¬ {� ¯« áª®£® £àã¯¯ë S ã¤®¢«¥â¢®àïîâ à ¢¥áâ¢ ¬ 1), 2), 3) ¤ ®© â¥®à¥¬ë.

�¥®à¥¬  2.4. �ãáâì S = G(�) | ¥®£à ¨ç¥ ï ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª ï ¯®¤£àã¯¯ 

à¥¤ãæ¨à®¢ ®© á¥¯ à ¡¥«ì®© p-£àã¯¯ë G, £¤¥ � = (�0; �1; : : : ) | U -¯®á«¥¤®¢ â¥«ì®áâì ¤«ï

£àã¯¯ë G. �®£¤  ¤«ï ¢á¥å i 2 Z0

fS(i) =
kiX

j=0

fG(�i + j); £¤¥ ki = �i+1 � 1� �i: (2.4)

�®ª § â¥«ìáâ¢®. � ª ª ª £àã¯¯  G(�) ¥®£à ¨ç¥ ï, â® �(�) =1.
�¡®§ ç¨¬ ç¥à¥§ B ¥ª®â®àãî ¡ §¨áãî ¯®¤£àã¯¯ã £àã¯¯ë G. �®£¤  ¤«ï «î¡®£® i 2 Z0 ([4],

á. 186)

fG(i) = fB(i): (2.5)

�¥£ª® ¯®ª § âì, çâ® � ï¢«ï¥âáï U -¯®á«¥¤®¢ â¥«ì®áâìî ¤«ï £àã¯¯ë B. �®¤£àã¯¯  B(�) £àã¯¯ë
B ï¢«ï¥âáï ¡ §¨á®© ¯®¤£àã¯¯®© £àã¯¯ë G(�) [6]. �«¥¤®¢ â¥«ì®, ¤«ï «î¡®£® i 2 Z0

fG(�)(i) = fB(�)(i): (2.6)

�àã¯¯  B | ¯àï¬ ï áã¬¬  æ¨ª«¨ç¥áª¨å £àã¯¯, á«¥¤®¢ â¥«ì®, ¯® â¥®à¥¬¥ 2.1

fB(�)(i) =
kiX

j=0

fB(�i + j); £¤¥ ki = �i+1 � 1� �i: (2.7)

�ç¨âë¢ ï (2.5) ¨ (2.6), ¨§ (2.7) ¯®«ãç ¥¬, çâ® ¤«ï ¢á¥å i 2 Z0 ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® (2.4).

3. �à¨â¥à¨© § ¤ ¨ï ¯®çâ¨ ¨§®¬®àä¨§¬  á¥¯ à ¡¥«ìëå p-£àã¯¯ ¯ à®©

¯®á«¥¤®¢ â¥«ì®áâ¥©

� íâ®¬ ¯ à £à ä¥ ¤ ¥âáï ¯®«ë© ®â¢¥â   ¢®¯à®á, ª®£¤  ¯ à  ¯®á«¥¤®¢ â¥«ì®áâ¥© ¨§ W1

§ ¤ ¥â ¯®çâ¨ ¨§®¬®àä¨§¬ ¯® ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨¬ ¯®¤£àã¯¯ ¬ ¢ ª« áá¥ à¥¤ãæ¨à®¢ ëå
á¥¯ à ¡¥«ìëå p-£àã¯¯ (â¥®à¥¬  3.5). �®áª®«ìªã ¢¨¤ ¯®á«¥¤®¢ â¥«ì®áâ¥© � ¨ � áãé¥áâ¢¥-
® ¢«¨ï¥â   à¥è¥¨¥ à áá¬ âà¨¢ ¥¬®© § ¤ ç¨, ª®ªà¥âë¥ á«ãç ¨ à áá¬ âà¨¢ îâáï ®â¤¥«ì®
(â¥®à¥¬ë 3.1{3.4).
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� á¨«ã «¥¬¬ë 1.1 ¤ «¥¥ à áá¬ âà¨¢ îâáï â®«ìª® â ª¨¥ ¯ àë ¯®á«¥¤®¢ â¥«ì®áâ¥© (�; �), £¤¥
�; � 2W1.

�¥®à¥¬  3.1. �ãáâì �; � 2W1, �0 + �0 6= 0.

1) � à  (�; �) § ¤ ¥â ¯®çâ¨ ¨§®¬®àä¨§¬ ¯® ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨¬ ¯®¤£àã¯¯ ¬ ¢

ª« áá¥ à¥¤ãæ¨à®¢ ëå á¥¯ à ¡¥«ìëå p-£àã¯¯ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  �(�) =
�(�) =1.

2) �á«¨ G ¨ G0 | â ª¨¥ à¥¤ãæ¨à®¢ ë¥ á¥¯ à ¡¥«ìë¥ p-£àã¯¯ë, çâ® � ¨ � ï¢«ïîâáï

U -¯®á«¥¤®¢ â¥«ì®áâï¬¨ ¤«ï £àã¯¯ G0 ¨ G á®®â¢¥âáâ¢¥®, G �= G0(�), G0 �= G(�), â®
£àã¯¯ë G ¨ G0 ¥®£à ¨ç¥ë¥.

3) �á«¨ �(�) = �(�) = 1, â® áãé¥áâ¢ãîâ ¨§®¬®àäë¥ p-£àã¯¯ë G ¨ G0 á ¡¥áª®¥çë¬¨

¨¢ à¨ â ¬¨ �«ì¬ {� ¯« áª®£®, à §«®¦¨¬ë¥ ¢ ¯àï¬ãî áã¬¬ã æ¨ª«¨ç¥áª¨å £àã¯¯

â ª¨¥, çâ® � ¨ � ï¢«ïîâáï U -¯®á«¥¤®¢ â¥«ì®áâï¬¨ ¤«ï £àã¯¯ G0 ¨ G á®®â¢¥âáâ¢¥-

®, G �= G0(�) ¨ G0 �= G(�).

�®ª § â¥«ìáâ¢®. 1) �ã¤¥¬ áç¨â âì, çâ® �0 6= 0. �®¯ãáâ¨¬, çâ® ¤«¨  ®¤®© ¨§ ¯®á«¥¤®-
¢ â¥«ì®áâ¥© ¥ à ¢  ¡¥áª®¥ç®áâ¨, ¨ áãé¥áâ¢ãîâ â ª¨¥ à¥¤ãæ¨à®¢ ë¥ á¥¯ à ¡¥«ìë¥ p-
£àã¯¯ë G ¨ G0, çâ® � ¨ � ï¢«ïîâáï U -¯®á«¥¤®¢ â¥«ì®áâï¬¨ ¤«ï £àã¯¯ G0 ¨ G á®®â¢¥âáâ¢¥®,
G �= G0(�) ¨ G0 �= G(�).

�á«¨ �(�) 6= 1, â® £àã¯¯  G0(�) ®£à ¨ç¥ ï, ®âªã¤  G, G(�) ¨ G0 â ª¦¥ ®£à ¨ç¥ë¥.
�á«¨ �(�) 6=1, â® £àã¯¯  G(�) ®£à ¨ç¥ ï, ®âªã¤  G0, G0(�) ¨ G â ª¦¥ ®£à ¨ç¥ë¥.

�â ª, £àã¯¯ë G ¨ G0 ®£à ¨ç¥ë¥. �¡®§ ç¨¬ ç¥à¥§ s ¨ t á®®â¢¥âáâ¢¥® ¬ ªá¨¬ã¬ë íªá-
¯®¥â £àã¯¯ G ¨ G0. �§ ¨§®¬®àä¨§¬  G �= G0(�) á«¥¤ã¥â, çâ® s � t,   ¨§ G0 �= G(�) á«¥¤ã¥â, çâ®
t � s, â. ¥. s = t. �® â®£¤  áãé¥áâ¢ã¥â g0 2 G0(�), ¤«ï ª®â®à®£® e(g0) = t. � ª ª ª h�(g0) � �0 � 1,
â® áãé¥áâ¢ã¥â â ª®© í«¥¬¥â x 2 G0, çâ® px = g0, ®âªã¤  e(x) > t. � íâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ®
t | ¬ ªá¨¬ã¬ íªá¯®¥â £àã¯¯ë G0.

� ç¨â, ¯ à  (�; �) ¥ ¬®¦¥â § ¤ ¢ âì ¯®çâ¨ ¨§®¬®àä¨§¬ ¯® ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨¬
¯®¤£àã¯¯ ¬, ¥á«¨ ¤«¨  å®âï ¡ë ®¤®© ¯®á«¥¤®¢ â¥«ì®áâ¨ ª®¥ç . �¡à â®¥ ãâ¢¥à¦¤¥¨¥
¡ã¤¥â á«¥¤®¢ âì ¨§ 3).

2) �§ ®¯à¥¤¥«¥¨ï U -¯®á«¥¤®¢ â¥«ì®áâ¨ á«¥¤ã¥â, çâ® ¥á«¨ �(�) = �(�) =1, â® £àã¯¯ë G ¨
G0 ¥®£à ¨ç¥ë¥.

3) �ãáâì  { ¥ª®â®àë© ¡¥áª®¥çë© ª à¤¨ «. �¡®§ ç¨¬ ç¥à¥§G ¨ G0 â ª¨¥ ¯àï¬ë¥ áã¬¬ë
æ¨ª«¨ç¥áª¨å p-£àã¯¯, çâ® fG(i) = fG0(i) =  ¤«ï ¢á¥å i 2 Z0. �ç¥¢¨¤®, G �= G0 ¨ � ¨ � ï¢«ïîâáï
U -¯®á«¥¤®¢ â¥«ì®áâï¬¨ ¤«ï £àã¯¯ G0 ¨ G á®®â¢¥âáâ¢¥®. � áá¬®âà¨¬ S1 = G0(�) ¨ S2 = G(�).
�® â¥®à¥¬¥ 2.4 ®¯à¥¤¥«¨¬ ¨¢ à¨ âë �«ì¬ {� ¯« áª®£® £àã¯¯ S1 ¨ S2:

fS1(i) = fG0(�i) + � � �+ fG0(�i+1 � 1) =  ¤«ï ¢á¥å i 2 Z0;

fS2(i) = fG(�i) + : : :+ fG(�i+1 � 1) =  ¤«ï ¢á¥å i 2 Z0:

�§ íâ¨å à ¢¥áâ¢ ®ç¥¢¨¤®, çâ® G �= G0(�), G0 �= G(�).

�¥®à¥¬  3.2. �ãáâì �; � 2W1, �0 = �0 = 0, �(�) = �(�) =1.

1) � à  (�; �) § ¤ ¥â ¯®çâ¨ ¨§®¬®àä¨§¬ ¯® ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨¬ ¯®¤£àã¯¯ ¬ ¢

ª« áá¥ à¥¤ãæ¨à®¢ ëå á¥¯ à ¡¥«ìëå p-£àã¯¯.
2) �á«¨ G ¨ G0 | â ª¨¥ à¥¤ãæ¨à®¢ ë¥ á¥¯ à ¡¥«ìë¥ p-£àã¯¯ë, çâ® � ¨ � ï¢«ïîâáï

U -¯®á«¥¤®¢ â¥«ì®áâï¬¨ ¤«ï £àã¯¯ G0 ¨ G á®®â¢¥âáâ¢¥®, G �= G0(�), G0 �= G(�), â®
£àã¯¯ë G ¨ G0 ¥®£à ¨ç¥ë¥.

3) �ãé¥áâ¢ãîâ ¨§®¬®àäë¥ p-£àã¯¯ë G ¨ G0 á ¡¥áª®¥çë¬¨ ¨¢ à¨ â ¬¨ �«ì¬ {

� ¯« áª®£®, à §«®¦¨¬ë¥ ¢ ¯àï¬ãî áã¬¬ã æ¨ª«¨ç¥áª¨å £àã¯¯ â ª¨¥, çâ® � ¨ � ï¢«ï-

îâáï U -¯®á«¥¤®¢ â¥«ì®áâï¬¨ ¤«ï £àã¯¯ G0 ¨ G á®®â¢¥âáâ¢¥®, G �= G0(�) ¨ G0 �=
G(�).
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�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥¨¥ 1) á«¥¤ã¥â ¨§ 3).
2) �§ ®¯à¥¤¥«¥¨ï U -¯®á«¥¤®¢ â¥«ì®áâ¨ á«¥¤ã¥â, çâ® ¥á«¨ �(�) = �(�) =1, â® £àã¯¯ë G ¨

G0 ¥®£à ¨ç¥ë¥.
3) �®ª § â¥«ìáâ¢®   «®£¨ç® ¤®ª § â¥«ìáâ¢ã 3) â¥®à¥¬ë 3.1.

�¥®à¥¬  3.3. �ãáâì �; � 2W1, �0 = �0 = 0 ¨ ¢ë¯®«ï¥âáï ®¤® ¨§ âà¥å ãá«®¢¨©:

1) �(�) =1, �(�) = n 2 Z0;
2) �(�) = n 2 Z0, �(�) = m 2 Z0, m 6= n;
3) �(�) = �(�) = n 2 Z0, ¨ å®âï ¡ë ®¤  ¯®á«¥¤®¢ â¥«ì®áâì ¨¬¥¥â ¡®«¥¥ ç¥¬ ®¤¨ áª ç®ª.

�®£¤  ¯ à  (�; �) ¥ ¬®¦¥â § ¤ ¢ âì ¯®çâ¨ ¨§®¬®àä¨§¬ ¯® ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨¬ ¯®¤-

£àã¯¯ ¬ ¢ ª« áá¥ à¥¤ãæ¨à®¢ ëå á¥¯ à ¡¥«ìëå p-£àã¯¯.

�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬, çâ® áãé¥áâ¢ãîâ â ª¨¥ à¥¤ãæ¨à®¢ ë¥ á¥¯ à ¡¥«ìë¥ p-£àã¯-
¯ë G ¨ G0, çâ® � ¨ � ï¢«ïîâáï U -¯®á«¥¤®¢ â¥«ì®áâï¬¨ ¤«ï £àã¯¯ G0 ¨ G á®®â¢¥âáâ¢¥®,
G �= G0(�) ¨ G0 �= G(�).

1) �ãáâì �(�) = 1, �(�) = n 2 Z0. �®£¤  G(�) | ®£à ¨ç¥ ï £àã¯¯ , á«¥¤®¢ â¥«ì®, G0

â ª¦¥ ®£à ¨ç¥ ï,   íâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® � ï¢«ï¥âáï U -¯®á«¥¤®¢ â¥«ì®áâìî
¤«ï £àã¯¯ë G0.

2) �ãáâì �(�) = n 2 Z0, �(�) = m 2 Z0. �ã¤¥¬ áç¨â âì, çâ® m > n. �§ �(�) = n á«¥-
¤ã¥â, çâ® pn(G0(�)) = 0, ®âªã¤  �(G0(�)) � n. �®£¤  �(G) � n ¨ ¯® ®¯à¥¤¥«¥¨î U -
¯®á«¥¤®¢ â¥«ì®áâ¨ �m�1 < n. � ª ª ª m � 1 � �m�1, â® m� 1 < n. �®«ãç ¥¬ ¯à®â¨¢®-
à¥ç¨¥ á â¥¬, çâ® m > n.

3) �ãáâì �(�) = �(�) = n 2 Z0. � «®£¨ç® ¤®ª § â¥«ìáâ¢ã ¯. 2) ¯®«ãç ¥¬ �(G) � n ¨
�(G0) � n. �®£¤  ¯® ®¯à¥¤¥«¥¨î U -¯®á«¥¤®¢ â¥«ì®áâ¨ �i < n ¨ �i < n ¤«ï ¢á¥å 0 �
i � n� 1, â. ¥. � = � = (0; 1; : : : ; n� 1;1; : : : ). �®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥ á â¥¬, çâ® å®âï ¡ë
®¤  ¯®á«¥¤®¢ â¥«ì®áâì ¨¬¥¥â ¡®«¥¥ ç¥¬ ®¤¨ áª ç®ª.

� ª¨¬ ®¡à §®¬, ¢® ¢á¥å âà¥å á«ãç ïå ¯ à  (�; �) ¥ ¬®¦¥â § ¤ ¢ âì ¯®çâ¨ ¨§®¬®àä¨§¬ ¯® ¢¯®«¥
å à ªâ¥à¨áâ¨ç¥áª¨¬ ¯®¤£àã¯¯ ¬ ¢ ª« áá¥ à¥¤ãæ¨à®¢ ëå á¥¯ à ¡¥«ìëå p-£àã¯¯.

� ¬¥ç ¨¥. �§ ®¯à¥¤¥«¥¨ï ¤«¨ë ¯®á«¥¤®¢ â¥«ì®áâ¨ ¢ëâ¥ª ¥â, çâ® ¢áïª ï ¯®á«¥¤®¢ -
â¥«ì®áâì ª®¥ç®© ¤«¨ë ¨¬¥¥â å®âï ¡ë ®¤¨ áª ç®ª.

�¥®à¥¬  3.4. �ãáâì �; � 2 W1, �0 = �0 = 0, �(�) = �(�) = n 2 Z0 ¨ ª ¦¤ ï ¯®á«¥¤®¢ -

â¥«ì®áâì ¨¬¥¥â â®«ìª® ®¤¨ áª ç®ª.

1) � à  (�; �) § ¤ ¥â ¯®çâ¨ ¨§®¬®àä¨§¬ ¯® ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨¬ ¯®¤£àã¯¯ ¬ ¢

ª« áá¥ à¥¤ãæ¨à®¢ ëå á¥¯ à ¡¥«ìëå p-£àã¯¯.
2) �á«¨ G ¨ G0 | â ª¨¥ à¥¤ãæ¨à®¢ ë¥ á¥¯ à ¡¥«ìë¥ p-£àã¯¯ë, çâ® � ¨ � ï¢«ïîâáï

U -¯®á«¥¤®¢ â¥«ì®áâï¬¨ ¤«ï £àã¯¯ G0 ¨ G á®®â¢¥âáâ¢¥®, G �= G0(�), G0 �= G(�), â®
£àã¯¯ë G ¨ G0 ®£à ¨ç¥ë¥ (�(G) = �(G0) = n) ¨ G �= G0.

�®ª § â¥«ìáâ¢®. 1) �ãáâì 1; 2; : : : ; n | ¯à®¨§¢®«ìë¥ ª à¤¨ «ë, ®â«¨çë¥ ®â ã«ï.
�¡®§ ç¨¬ ç¥à¥§ G ¨ G0 â ª¨¥ ¯àï¬ë¥ áã¬¬ë æ¨ª«¨ç¥áª¨å p-£àã¯¯, çâ® fG(i) = fG0(i) = i ¤«ï
¢á¥å i � n. �ç¥¢¨¤®, � ¨ � ï¢«ïîâáï U -¯®á«¥¤®¢ â¥«ì®áâï¬¨ ¤«ï £àã¯¯ G0 ¨ G á®®â¢¥âáâ¢¥®,
G �= G0, G0 �= G0(�), G �= G(�), ®âªã¤  G �= G0(�), G0 �= G(�).

2) �ãáâì G ¨ G0 | â ª¨¥ à¥¤ãæ¨à®¢ ë¥ á¥¯ à ¡¥«ìë¥ p-£àã¯¯ë, çâ® � ¨ � ï¢«ïîâáï
U -¯®á«¥¤®¢ â¥«ì®áâï¬¨ ¤«ï £àã¯¯ G0 ¨ G á®®â¢¥âáâ¢¥®, G �= G0(�), G0 �= G(�). �§ �(�) = n
á«¥¤ã¥â, çâ® pn(G0(�)) = 0. �®íâ®¬ã �(G0(�)) � n, ¨ â. ª. G �= G0(�), â® �(G) � n. � «®£¨ç®
¯®«ãç ¥¬ �(G0) � n. �® ®¯à¥¤¥«¥¨î U -¯®á«¥¤®¢ â¥«ì®áâ¨ �n�1 = n � 1 < �(G) ¨ �n�1 =
n � 1 < �(G0), ®âªã¤  �(G) = �(G0) = n. �ç¥¢¨¤®, çâ® G á®¢¯ ¤ ¥â á G(�) ¨ G0 á®¢¯ ¤ ¥â á
G0(�), á«¥¤®¢ â¥«ì®, G �= G0.

�§ ¤®ª § ëå â¥®à¥¬ ¢ëâ¥ª ¥â ªà¨â¥à¨© § ¤ ¨ï ¯®çâ¨ ¨§®¬®àä¨§¬  ¯® ¢¯®«¥ å à ªâ¥-
à¨áâ¨ç¥áª¨¬ ¯®¤£àã¯¯ ¬ á¥¯ à ¡¥«ìëå p-£àã¯¯ ¯ à®© ¯®á«¥¤®¢ â¥«ì®áâ¥©.
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�¥®à¥¬  3.5. � à  ¯®á«¥¤®¢ â¥«ì®áâ¥© (�; �), £¤¥ �; � 2 W1, § ¤ ¥â ¯®çâ¨ ¨§®¬®àä¨§¬

¯® ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨¬ ¯®¤£àã¯¯ ¬ ¢ ª« áá¥ à¥¤ãæ¨à®¢ ëå á¥¯ à ¡¥«ìëå p-£àã¯¯
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«ï¥âáï ®¤® ¨§ ¤¢ãå ãá«®¢¨©:

1) �(�) = �(�) =1;
2) �(�) = �(�) = n 2 Z0, �0 = �0 = 0 ¨ ª ¦¤ ï ¯®á«¥¤®¢ â¥«ì®áâì ¨¬¥¥â â®«ìª® ®¤¨

áª ç®ª.

� ¬¥â¨¬, çâ® ¨§ â¥®à¥¬ë 3.4 á«¥¤ã¥â, çâ® ¤«ï ¯ àë ¯®á«¥¤®¢ â¥«ì®áâ¥©, ã¤®¢«¥â¢®àïîé¨å
ãá«®¢¨î 2) â¥®à¥¬ë 3.5,   «®£ â¥®à¥¬ë � â®à {�à¥¤¥à {�¥àèâ¥©  ¨¬¥¥â ¬¥áâ®. � ª¨¬
®¡à §®¬, ®áâ ¥âáï ¨áá«¥¤®¢ âì á«ãç ©, ª®£¤  ®¡¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¨¬¥îâ ¡¥áª®¥çãî ¤«¨ã
(�(�) = �(�) =1).

4. Cãé¥áâ¢®¢ ¨¥ ¨§®¬®àäëå ¨ ¥¨§®¬®àäëå  ¡¥«¥¢ëå p-£àã¯¯, ¯®çâ¨

¨§®¬®àäëå ¯® ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨¬ ¯®¤£àã¯¯ ¬

� ¯à¥¤ë¤ãé¥¬ ¯ à £à ä¥ ¡ë«® ¯®ª § ®, çâ® ¥á«¨ ¯ à  ¯®á«¥¤®¢ â¥«ì®áâ¥© (�; �) § ¤ ¥â
¯®çâ¨ ¨§®¬®àä¨§¬ ¯® ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨¬ ¯®¤£àã¯¯ ¬ ¢ ª« áá¥ à¥¤ãæ¨à®¢ ëå á¥¯ -
à ¡¥«ìëå p-£àã¯¯, â® ®¡ï§ â¥«ì® áãé¥áâ¢ãîâ ¨§®¬®àäë¥ p-£àã¯¯ë G ¨ G0 ¨§ ¤ ®£® ª« áá 
â ª¨¥, çâ® � ¨ � ï¢«ïîâáï U -¯®á«¥¤®¢ â¥«ì®áâï¬¨ ¤«ï £àã¯¯ G0 ¨ G á®®â¢¥âáâ¢¥®, G �= G0(�)
¨ G0 �= G(�). �® ®§ ç ¥â «¨ íâ®, çâ®   «®£ â¥®à¥¬ë � â®à {�à¥¤¥à {�¥àèâ¥©  ¢ à áá¬ -
âà¨¢ ¥¬®¬ ª« áá¥ £àã¯¯ ¢á¥£¤  ¨¬¥¥â ¬¥áâ®? �«¥¤ãîé ï â¥®à¥¬  ¯®ª §ë¢ ¥â, çâ® íâ® ¥ â ª.

�¥®à¥¬  4.1. �ãáâì �; � 2W1, �(�) = �(�) =1 ¨ ¢ë¯®«ï¥âáï ®¤® ¨§ âà¥å ãá«®¢¨©:

1) �0 6= 0, �0 6= 0;
2) �0 6= 0, �0 = 0, ¢ � ¨¬¥¥âáï å®âï ¡ë ®¤¨ áª ç®ª ;
3) �0 = �0 = 0, ¢ ª ¦¤®© ¯®á«¥¤®¢ â¥«ì®áâ¨ ¨¬¥¥âáï å®âï ¡ë ®¤¨ áª ç®ª.

�®£¤  áãé¥áâ¢ãîâ ¥¨§®¬®àäë¥ ¥®£à ¨ç¥ë¥ p-£àã¯¯ë G ¨ G0 á ¡¥áª®¥çë¬¨ ¨¢ -

à¨ â ¬¨ �«ì¬ {� ¯« áª®£®, à §«®¦¨¬ë¥ ¢ ¯àï¬ãî áã¬¬ã æ¨ª«¨ç¥áª¨å £àã¯¯ â ª¨¥, çâ®

� ¨ � ï¢«ïîâáï U -¯®á«¥¤®¢ â¥«ì®áâï¬¨ ¤«ï £àã¯¯ G0 ¨ G á®®â¢¥âáâ¢¥®, G �= G0(�) ¨

G0 �= G(�).

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® ¥á«¨ ¨áª®¬ë¥ £àã¯¯ë G ¨ G0 áãé¥áâ¢ãîâ, â® á®£« á® â¥®-
à¥¬¥ 2.4

fG0(�)(i) = fG0(�i) + � � �+ fG0(�i+1 � 1); £¤¥ i 2 Z0; (4.1)

fG(�)(i) = fG(�i) + � � �+ fG(�i+1 � 1); £¤¥ i 2 Z0: (4.2)

� â ª ª ª G �= G0(�) ¨ G0 �= G(�), ¨¬¥¥¬

fG(i) = fG0(�i) + � � �+ fG0(�i+1 � 1); £¤¥ i 2 Z0; (4.3)

fG0(i) = fG(�i) + � � �+ fG(�i+1 � 1); £¤¥ i 2 Z0: (4.4)

�®¤áâ ¢«ïï (4.4) ¢ (4.3), ¯®«ãç ¥¬, çâ® ¨¢ à¨ âë �«ì¬ {� ¯« áª®£® £àã¯¯ë G á¢ï§ ë
á«¥¤ãîé¨¬ ®¡à §®¬:

fG(i) = fG(��i) + � � �+ fG(��i+1 � 1); £¤¥ i 2 Z0: (4.5)

�ãáâì 1 ¨ 2 | ¡¥áª®¥çë¥ ª à¤¨ «ë, 1 > 2. �¡®§ ç¨¬ ç¥à¥§ G ¨ G0 p-£àã¯¯ë, à §«®-
¦¨¬ë¥ ¢ ¯àï¬ãî áã¬¬ã æ¨ª«¨ç¥áª¨å £àã¯¯ á® á«¥¤ãîé¨¬¨ ¨¢ à¨ â ¬¨ �«ì¬ {� ¯« áª®£®.

1) �ãáâì �0 6= 0, �0 6= 0. �¯à¥¤¥«¨¬ ¯®á«¥¤®¢ â¥«ì®áâì æ¥«ëå ¥®âà¨æ â¥«ìëå ç¨á¥«
r0; r1; r2; : : : ¨¤ãªâ¨¢® á«¥¤ãîé¨¬ ®¡à §®¬: r0 = 0, r1 = ��r0 , ¨ ¥á«¨ rn ®¯à¥¤¥«¥®, â® rn+1 =
��rn .

�®«®¦¨¬ ¤«ï ¢á¥å i 2 Z0 fG(ri) = 1. �áâ «ìë¥ ¨¢ à¨ âë �«ì¬ {� ¯« áª®£® £àã¯¯ë
G ¯®«®¦¨¬ à ¢ë¬¨ 2. �¢ à¨ âë �«ì¬ {� ¯« áª®£® £àã¯¯ë G0  å®¤¨¬ ¨§ (4.4). �¥£ª®
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¢¨¤¥âì, çâ® ¨¢ à¨ âë �«ì¬ {� ¯« áª®£® £àã¯¯ë G ã¤®¢«¥â¢®àïîâ à ¢¥áâ¢ ¬ (4.5), á«¥¤®-
¢ â¥«ì®, à ¢¥áâ¢  (4.3) â ª¦¥ ¨¬¥îâ ¬¥áâ®.

� ª ª ª ¢á¥ ¨¢ à¨ âë �«ì¬ {� ¯« áª®£® £àã¯¯ G ¨ G0 ®â«¨çë ®â ã«ï, â® � ¨ � ï¢«ï-
îâáï U -¯®á«¥¤®¢ â¥«ì®áâï¬¨ ¤«ï £àã¯¯ G0 ¨ G á®®â¢¥âáâ¢¥®. �® â¥®à¥¬¥ 2.4 ¨¢ à¨ âë
�«ì¬ {� ¯« áª®£® G0(�) ¨ G(�) ã¤®¢«¥â¢®àïîâ à ¢¥áâ¢ ¬ (4.1) ¨ (4.2) á®®â¢¥âáâ¢¥®. �®£¤ 
¨§ à ¢¥áâ¢ (4.1){(4.4) á«¥¤ã¥â, çâ® G �= G0(�) ¨ G0 �= G(�).

�®ª ¦¥¬, çâ® £àã¯¯ë G ¨ G0 ¥ ¨§®¬®àäë. �§ (4.4) ¨¬¥¥¬ fG0(0) = fG(�0)+ � � �+fG(�1�1).
� ª ª ª ¯®á«¥¤®¢ â¥«ì®áâ¨ � ¨ �  ç¨ îâáï á ¯®«®¦¨â¥«ì®£® ç¨á« , â® 0 < �0 < ��0 ¨
0 < �1 � 1 < ��0 . �«¥¤®¢ â¥«ì®, fG(i) = 2 ¤«ï ¢á¥å �0 � i � �1 � 1, ®âªã¤  fG0(0) = 2. �®
fG(0) = 1, â. ¥. £àã¯¯ë G ¨ G0 ¥ ¨§®¬®àäë.

2) �ãáâì �0 6= 0, �0 = 0, ¢ � ¨¬¥¥âáï å®âï ¡ë ®¤¨ áª ç®ª. �¡®§ ç¨¬ ç¥à¥§ k  ¨¬¥ìè¥¥
ç¨á«® â ª®¥, çâ® ¢ �k ¨¬¥¥âáï áª ç®ª. �¯à¥¤¥«¨¬ ¯®á«¥¤®¢ â¥«ì®áâì æ¥«ëå ¥®âà¨æ â¥«ìëå
ç¨á¥« r0; r1; r2; : : : ¨¤ãªâ¨¢® á«¥¤ãîé¨¬ ®¡à §®¬: r0 = k, r1 = ��r0 , ¨ ¥á«¨ rn ®¯à¥¤¥«¥®, â®
rn+1 = ��rn .

�®«®¦¨¬ ¤«ï ¢á¥å i 2 Z0 fG(ri) = 1. �¯à¥¤¥«¨¬ ¯®á«¥¤®¢ â¥«ì® fG(k�1), § â¥¬ fG(k�2),
: : : , fG(0) á®£« á® á«¥¤ãîé¥¬ã ¯à ¢¨«ã: ¯®«®¦¨¬ fG(j) = 1, ¥á«¨ å®âï ¡ë ®¤¨ ¨§ ¨¢ à¨ â®¢
�«ì¬ {� ¯« áª®£® £àã¯¯ë G, áâ®ïé¨å ¢ ¯à ¢®© ç áâ¨ j-£® à ¢¥áâ¢  ¨§ (4.5), ã¦¥ ®¯à¥¤¥«¥;
¢ ¯à®â¨¢®¬ á«ãç ¥ ¯®« £ ¥¬ fG(j) = 2. �áâ «ìë¥ ¨¢ à¨ âë �«ì¬ {� ¯« áª®£® £àã¯¯ë
G ¯®«®¦¨¬ à ¢ë¬¨ 2. �¢ à¨ âë �«ì¬ {� ¯« áª®£® £àã¯¯ë G0  å®¤¨¬ ¨§ (4.4). �¥£ª®
¢¨¤¥âì, çâ® ¨¢ à¨ âë �«ì¬ {� ¯« áª®£® £àã¯¯ë G ã¤®¢«¥â¢®àïîâ à ¢¥áâ¢ ¬ (4.5), á«¥¤®-
¢ â¥«ì®, à ¢¥áâ¢  (4.3) â ª¦¥ ¨¬¥îâ ¬¥áâ®.

� ª ª ª ¢á¥ ¨¢ à¨ âë �«ì¬ {� ¯« áª®£® £àã¯¯ G ¨ G0 ®â«¨çë ®â ã«ï, â® � ¨ � ï¢«ï-
îâáï U -¯®á«¥¤®¢ â¥«ì®áâï¬¨ ¤«ï £àã¯¯ G0 ¨ G á®®â¢¥âáâ¢¥®. �® â¥®à¥¬¥ 2.4 ¨¢ à¨ âë
�«ì¬ {� ¯« áª®£® G0(�) ¨ G(�) ã¤®¢«¥â¢®àïîâ à ¢¥áâ¢ ¬ (4.1) ¨ (4.2) á®®â¢¥âáâ¢¥®. �®£¤ 
¨§ à ¢¥áâ¢ (4.1){(4.4) á«¥¤ã¥â, çâ® G �= G0(�) ¨ G0 �= G(�).

�®ª ¦¥¬, çâ® £àã¯¯ë G ¨ G0 ¥ ¨§®¬®àäë. �§ (4.4) ¨¬¥¥¬ fG0(k) = fG(�k)+� � �+fG(�k+1�1).
� ª ª ª �k > k, â® �k < ��k ¨ �k+1 � 1 < ��k . � ª ª ª ¢ �k ¨¬¥¥âáï áª ç®ª, â® k < �k ¨
k = k + 1 � 1 < �k+1 � 1. �«¥¤®¢ â¥«ì®, fG(i) = 2 ¤«ï ¢á¥å i: �k � i � �k+1 � 1, ®âªã¤ 
fG0(k) = 2. �® fG(k) = 1, â. ¥. £àã¯¯ë G ¨ G0 ¥ ¨§®¬®àäë.

3) �ãáâì �0 = �0 = 0, ¢ ª ¦¤®© ¯®á«¥¤®¢ â¥«ì®áâ¨ ¨¬¥¥âáï å®âï ¡ë ®¤¨ áª ç®ª. �¡®§ ç¨¬
ç¥à¥§ k1  ¨¬¥ìè¥¥ ç¨á«® â ª®¥, çâ® ¢ �k1 ¨¬¥¥âáï áª ç®ª, ç¥à¥§ k2 |  ¨¬¥ìè¥¥ ç¨á«® â ª®¥,
çâ® ¢ �k2 ¨¬¥¥âáï áª ç®ª, ¨ ¯ãáâì k = maxfk1; k2g. � «ì¥©è¥¥ ¤®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï
  «®£¨ç® ¤®ª § â¥«ìáâ¢ã ¯. 2).

�®ª ¦¥¬ â¥¯¥àì, çâ® ¥á«¨ ¯ à  ¯®á«¥¤®¢ â¥«ì®áâ¥©, § ¤ îé ï ¯®çâ¨ ¨§®¬®àä¨§¬ ¯® ¢¯®«-
¥ å à ªâ¥à¨áâ¨ç¥áª¨¬ ¯®¤£àã¯¯ ¬, ¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë 4.1, â® ¨§ íâ®£® ¯®çâ¨
¨§®¬®àä¨§¬  á«¥¤ã¥â ¨§®¬®àä¨§¬ £àã¯¯.

�¥®à¥¬  4.2. �ãáâì �; � 2W1, �(�) = �(�) =1, �0 = 0, ¨ ¢ � ¥â áª çª®¢. �á«¨ G ¨ G0 |

â ª¨¥ à¥¤ãæ¨à®¢ ë¥ á¥¯ à ¡¥«ìë¥ p-£àã¯¯ë, çâ® � ¨ � ï¢«ïîâáï U -¯®á«¥¤®¢ â¥«ì®áâï¬¨
¤«ï £àã¯¯ G0 ¨ G á®®â¢¥âáâ¢¥®, G �= G0(�), G0 �= G(�), â® G �= G0.

�®ª § â¥«ìáâ¢®. �ãáâì G ¨ G0 { â ª¨¥ à¥¤ãæ¨à®¢ ë¥ á¥¯ à ¡¥«ìë¥ p-£àã¯¯ë, çâ® � ¨
� ï¢«ïîâáï U -¯®á«¥¤®¢ â¥«ì®áâï¬¨ ¤«ï £àã¯¯ G0 ¨ G á®®â¢¥âáâ¢¥®, G �= G0(�), G0 �= G(�).
� ª ª ª ¯®á«¥¤®¢ â¥«ì®áâì �  ç¨ ¥âáï á ã«ï ¨ ¢ ¥© ¥â áª çª®¢, â® G0(�) á®¢¯ ¤ ¥â á G0.
�® G0(�) �= G, á«¥¤®¢ â¥«ì®, G �= G0.

�¥®à¥¬ë íâ®£® ¨ ¯à¥¤ë¤ãé¥£® ¯ à £à ä®¢ ¯®§¢®«ïîâ á¤¥« âì á«¥¤ãîé¨© ¢ë¢®¤.

�¥®à¥¬  4.3. �ãáâì ¯ à  ¯®á«¥¤®¢ â¥«ì®áâ¥© (�; �), £¤¥ �; � 2 W1, § ¤ ¥â ¯®çâ¨ ¨§®-

¬®àä¨§¬ ¯® ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨¬ ¯®¤£àã¯¯ ¬ ¢ ª« áá¥ à¥¤ãæ¨à®¢ ëå á¥¯ à ¡¥«ìëå

p-£àã¯¯.
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1) �á«¨ ®¤  ¨§ ¯®á«¥¤®¢ â¥«ì®áâ¥©  ç¨ ¥âáï á ã«ï ¨ ¨¬¥¥â ª®¥çãî ¤«¨ã, â®

£àã¯¯ë G ¨ G0 ®£à ¨ç¥ë¥, ¨ G �= G0.

2) �á«¨ ®¤  ¨§ ¯®á«¥¤®¢ â¥«ì®áâ¥©  ç¨ ¥âáï á ã«ï ¨ ¢ ¥© ¥â áª çª®¢, â® £àã¯¯ë

G ¨ G0 ¥®£à ¨ç¥ë¥, ¨ G �= G0.

3) �á«¨ ¦¥ ª ¦¤ ï ¨§ ¯®á«¥¤®¢ â¥«ì®áâ¥© �, � ¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 1) ¨ 2), â®
a) £àã¯¯ë G ¨ G0 ¥®£à ¨ç¥ë¥; ¡) áãé¥áâ¢ãîâ ª ª ¨§®¬®àäë¥, â ª ¨ ¥¨§®¬®àä-

ë¥ p-£àã¯¯ë G ¨ G0 á ¡¥áª®¥çë¬¨ ¨¢ à¨ â ¬¨ �«ì¬ {� ¯« áª®£®, à §«®¦¨¬ë¥

¢ ¯àï¬ãî áã¬¬ã æ¨ª«¨ç¥áª¨å £àã¯¯ â ª¨¥, çâ® G �= G0(�) ¨ G0 �= G(�).

�§ íâ®© â¥®à¥¬ë ¢ëâ¥ª îâ á«¥¤áâ¢¨ï.

�«¥¤áâ¢¨¥ 4.1. �¢¥ ®£à ¨ç¥ë¥ p-£àã¯¯ë, ¯®çâ¨ ¨§®¬®àäë¥ ¯® ¢¯®«¥ å à ªâ¥à¨áâ¨-
ç¥áª¨¬ ¯®¤£àã¯¯ ¬, ¨§®¬®àäë.

�®ª § â¥«ìáâ¢®. �ãáâì G ¨ G0 | ®£à ¨ç¥ë¥ p-£àã¯¯ë, G �= S0, G0 �= S, £¤¥ S ¨ S0 |
¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨¥ ¯®¤£àã¯¯ë £àã¯¯ G ¨ G0 á®®â¢¥âáâ¢¥®. �®£¤  áãé¥áâ¢ãîâ â ª¨¥
¯®á«¥¤®¢ â¥«ì®áâ¨ �; � 2 W1, çâ® � ¨ � ï¢«ïîâáï U -¯®á«¥¤®¢ â¥«ì®áâï¬¨ ¤«ï £àã¯¯ G0 ¨ G
á®®â¢¥âáâ¢¥®, S0 �= G0(�) ¨ S �= G(�). �àã¯¯ë G ¨ G0 ®£à ¨ç¥ë¥, á«¥¤®¢ â¥«ì®, ¯® â¥®à¥¬¥
3.5 �(�) = �(�) = n 2 Z0, �0 = �0 = 0. �®£¤  ¯® â¥®à¥¬¥ 4.3 (¯. 1)) G �= G0.

�«¥¤áâ¢¨¥ 4.2 (ª ¯. 2) â¥®à¥¬ë 4.3). �ãáâì G ¨ G0 | ¥®£à ¨ç¥ë¥ à¥¤ãæ¨à®¢ ë¥ á¥-
¯ à ¡¥«ìë¥ p-£àã¯¯ë, ¯®çâ¨ ¨§®¬®àäë¥ ¯® ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨¬ ¯®¤£àã¯¯ ¬, â. ¥.
G �= G0(�), G0 �= G(�), £¤¥ � ¨ � | U -¯®á«¥¤®¢ â¥«ì®áâ¨ ¤«ï £àã¯¯ G0 ¨ G á®®â¢¥âáâ¢¥®.
�á«¨ å®âï ¡ë ®¤  ¨§ ¯®á«¥¤®¢ â¥«ì®áâ¥©  ç¨ ¥âáï á ã«ï ¨ ¥ ¨¬¥¥â áª çª®¢, â® G �= G0.

� ¬¥ç ¨¥. � [7] ¢ë¤¥«¥ë ¥ª®â®àë¥ ª« ááë  ¡¥«¥¢ëå p-£àã¯¯, ¢ ª®â®àëå ¨§ ¯®çâ¨ ¨§®-
¬®àä¨§¬  ¯® ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨¬ (¨«¨ è¨à®ª¨¬) ¯®¤£àã¯¯ ¬ á«¥¤ã¥â ¨§®¬®àä¨§¬. �
ç áâ®áâ¨, ãáâ ®¢«¥®, çâ® íâ® ¢ë¯®«ï¥âáï ¢ ª« áá å ®£à ¨ç¥ëå £àã¯¯ ¨ ¯¥à¨®¤¨ç¥áª¨
¯®«ëå £àã¯¯ á ¡¥áª®¥çë¬¨ ¨ à ¢ë¬¨ ¨¢ à¨ â ¬¨ �«ì¬ {� ¯« áª®£®.

� § ª«îç¥¨¥ ¢ëà ¦ î ®£à®¬ãî ¯à¨§ â¥«ì®áâì ¨ ¡« £®¤ à®áâì á¢®¥¬ã  ãç®¬ã àãª®-
¢®¤¨â¥«î �à¨è¯®ã � ¬ã¨«ã �ª®¢«¥¢¨çã §  ¯®áâ®ï®¥ ¢¨¬ ¨¥ ¨ ¯®¬®éì ¢ à ¡®â¥.
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