
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2001 ���������� ò 5 (468)

��� 517.95

�.�.��������, �.�. �������

����������� ������� ������ ��� ���������
�������������� ���� � ���������� ��������������

�¢¥¤¥­¨¥

�ãáâì 
| ®£à ­¨ç¥­­ ï ®¡« áâì ¢ Rn á £à ­¨æ¥© � ª« áá  C2�, 0 < � < 1, ([1], c. 23), Lu(x) �
�

nP
i;j=1

(aij(x)uxi)xj + c(x)u(x) | à ¢­®¬¥à­® í««¨¯â¨ç¥áª¨© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ­  
 á

ª®íää¨æ¨¥­â ¬¨ aij 2 C1�(
), aij(x) = aji(x), c 2 C0�(
). � áá¬ âà¨¢ ¥âáï ªà ¥¢ ï § ¤ ç  ¢¨¤ 

Lu(x) + g(x; u(x)) = p(x); x 2 
; (0.1)

Buj� = 0; (0.2)

£¤¥ ­¥«¨­¥©­®áâì g(x; u) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (�):
äã­ªæ¨ï g : 
 � R ! R ¡®à¥«¥¢  (mod 0) ([2], c. 157), ¤«ï ¯®çâ¨ ¢á¥å x 2 
 á¥ç¥­¨¥ g(x; �)

¨¬¥¥â ­  R à §àë¢ë â®«ìª® ¯¥à¢®£® à®¤  ¨ g(x; u) 2 [g�(x; u); g+(x; u)], g�(x; u) = lim inf
s!u

g(x; s),

g+(x; u) = lim sup
s!u

g(x; s);

p(x) | áã¬¬¨àã¥¬ ï ­  
 äã­ªæ¨ï; (0.2) | ®¤­® ¨§ ®á­®¢­ëå ªà ¥¢ëå ãá«®¢¨©

uj� = 0;

@u

@nL

����
�

�
nX

i;j=1

aij(x)uxi cos(n; xj)j� = 0;

cos(n; xj) | ­ ¯à ¢«ïîé¨¥ ª®á¨­ãáë ¢­¥è­¥© ­®à¬ «¨ n ª £à ­¨æ¥ �;

@u

@nL
(x) + �(x)u(x)j� = 0; (0.3)

äã­ªæ¨ï � 2 C1�(�) ([1], c. 23) ­¥®âà¨æ â¥«ì­ ï ­  � ¨ ­¥ à ¢­  â®¦¤¥áâ¢¥­­® ­ã«î.
�¨«ì­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (0.1){(0.2) ­ §ë¢ ¥âáï äã­ªæ¨ï u 2 W 2

q (
), q � 1, ª®â®à ï ã¤®-
¢«¥â¢®àï¥â ãà ¢­¥­¨î (0.1) ¤«ï ¯®çâ¨ ¢á¥å x 2 
 ¨ ¤«ï ª®â®à®© á«¥¤ Bu(x) ­  £à ­¨æã � ®¡« áâ¨

 à ¢¥­ ­ã«î.

�áá«¥¤ã¥âáï ¢®¯à®á ® áãé¥áâ¢®¢ ­¨¨ á¨«ì­ëå à¥è¥­¨© ¢ â ª ­ §ë¢ ¥¬®¬ à¥§®­ ­á­®¬ á«ã-
ç ¥, ª®£¤  § ¤ ç 

Lu(x) = 0; x 2 
; (0.4)

Buj� = 0 (0.5)

¨¬¥¥â ­¥­ã«¥¢®¥ à¥è¥­¨¥. �à¨ íâ®¬ ¯à¥¤¯®« £ ¥âáï, çâ® ¤«ï ¯®çâ¨ ¢á¥å x 2 


jg(x; u)j � a(x) 8u 2 R; (0.6)

a 2 Lq(
), q > 2n
n+2

,   äã­ªæ¨ï p(x) 2 Lq(
).
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�¨áâ¥¬ â¨ç¥áª®¥ ¨§ãç¥­¨¥ à¥§®­ ­á­ëå ªà ¥¢ëå § ¤ ç ­ ç «®áì á à ¡®âë [3], £¤¥ ¯à¥¤¯®-
« £ «®áì, çâ® ­¥«¨­¥©­®áâì g(x; u) � g(u) ­¥¯à¥àë¢­  ­  R , áãé¥áâ¢ãîâ lim

u!�1
g(u) = g� ¨

g� < g(u) < g+ ¤«ï «î¡ëå u 2 R,   à §¬¥à­®áâì ¯®¤¯à®áâà ­áâ¢  N(L) à¥è¥­¨© § ¤ ç¨ (0.4){
(0.5) à ¢­  ¥¤¨­¨æ¥. �à¨ â ª¨å ¤®¯ãé¥­¨ïå ¡ë«® ¤®ª § ­®, çâ® à¥è¥­¨¥ § ¤ ç¨ (0.1){(0.2) áã-
é¥áâ¢ã¥â â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  p ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã

g+

Z
 <0

 (x)dx + g�

Z
 >0

 (x)dx <
Z



p(x) (x)dx < g+

Z
 >0

 (x)dx + g�

Z
 <0

 (x)dx;

£¤¥  | ¡ §¨á­ ï äã­ªæ¨ï N(L).
� ¨¡®«¥¥ ®¡é¨¥ à¥§ã«ìâ âë ® à §à¥è¨¬®áâ¨ § ¤ ç¨ (0.1){(0.2) ¢ á«ãç ¥, ª®£¤  äã­ªæ¨ï

g(x; u) ª à â¥®¤®à¨¥¢ , ¡ë«¨ ãáâ ­®¢«¥­ë ¢ [4], £¤¥  ¢â®àë ¨á¯®«ì§®¢ «¨ ª« áá¨ç¥áªãî áå¥¬ã
�ï¯ã­®¢ {�¬¨¤â , ¨ ¢ [5], £¤¥ ª ¨áá«¥¤®¢ ­¨î ¤ ­­®© ¯à®¡«¥¬ë ¯à¨¬¥­¥­ ¢ à¨ æ¨®­­ë© ¬¥-
â®¤. �®¤à®¡­ãî ¡¨¡«¨®£à ä¨î ¬®¦­® ­ ©â¨ ¢ ®¡§®à¥ [6]. �«ï à¥§®­ ­á­ëå ªà ¥¢ëå § ¤ ç á
à §àë¢­ë¬¨ ­¥«¨­¥©­®áâï¬¨ ¯¥à¢ë¥ §­ ç¨â¥«ì­ë¥ à¥§ã«ìâ âë ¡ë«¨ ¯®«ãç¥­ë ¬¥â®¤®¬ ¢¥àå-
­¨å ¨ ­¨¦­¨å à¥è¥­¨© ¢ [7], [8] ¤«ï g(x; u) � g(u) ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® ­  «î¡®¬ ®âà¥§ª¥ g(u)
¨¬¥¥â ®£à ­¨ç¥­­ãî ¢ à¨ æ¨î. � íâ¨å à ¡®â å â¥®à¥¬ë ® áãé¥áâ¢®¢ ­¨¨ á¨«ì­ëå à¥è¥­¨© § -
¤ ç¨ (0.1){(0.2) ¤®¯ãáª îâ ã ­¥«¨­¥©­®áâ¨ g(u) â®«ìª® â ª¨¥ â®çª¨ à §àë¢  u, ¤«ï ª®â®àëå
g(u�) > g(u+). � [9] K.-C.Chang, ¡ §¨àãïáì ­  ¯®­ïâ¨¨ ®¡®é¥­­®£® £à ¤¨¥­â  �« àª  ¤«ï
«®ª «ì­® «¨¯è¨æ¥¢ëå äã­ªæ¨© ¨ ®¡®¡é¨¢ ¤«ï ­¨å ãá«®¢¨¥ Palais{Smale ((P. S.)) ¨ ¤¥ä®à¬ æ¨-
®­­ãî «¥¬¬ã, à §¢¨« ¢ à¨ æ¨®­­ë© ¯®¤å®¤ ¯à¨¬¥­¨â¥«ì­® ª ªà ¥¢ë¬ § ¤ ç ¬ ¤«ï ãà ¢­¥­¨©
í««¨¯â¨ç¥áª®£® â¨¯  á à §àë¢­ë¬¨ ­¥«¨­¥©­®áâï¬¨. � ç áâ­®áâ¨, ®­ ¤®ª § « â¥®à¥¬ã ® áãé¥-

áâ¢®¢ ­¨¨ u 2W 2m
2 (
)

T �

Wm
2 (
), ã¤®¢«¥â¢®àïîé¥© ¢ª«îç¥­¨î

� �u(x) 2 [g�(x; u(x)); g+(x; u(x))] (0.7)

¤«ï ¯®çâ¨ ¢á¥å x 2 
, £¤¥ � |ä®à¬ «ì­® á ¬®á®¯àï¦¥­­ë©, à ¢­®¬¥à­® í««¨¯â¨ç¥áª¨©, «¨­¥©-
­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯®àï¤ª  2m á ¤®áâ â®ç­® £« ¤ª¨¬¨ ª®íää¨æ¨¥­â ¬¨, äã­ª-
æ¨ï g(x; u) áã¯¥à¯®§¨æ¨®­­® ¨§¬¥à¨¬ ï ¨ ®£à ­¨ç¥­­ ï ­  
�R, ¨ ¤«ï ­¥¥ ¢ë¯®«­¥­® ãá«®¢¨¥

lim
u2N(�); kuk!+1

Z



dx

Z u(x)

0

g(x; s)ds = +1 ¨«¨ �1;

N(�) | ¯®¤¯à®áâà ­áâ¢® à¥è¥­¨© ãà ¢­¥­¨ï �u(x) = 0, ã¤®¢«¥â¢®àïîé¨å ®¤­®à®¤­ë¬ ãá«®-
¢¨ï¬ �¨à¨å«¥. � [10] K.-C.Chang ¤«ï ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª  á ä¨ª-
á¨à®¢ ­­®© «¨­¥©­®© ç áâìî � ¢ë¤¥«¨« ª« áá à §àë¢­ëå ­¥«¨­¥©­®áâ¥© g(x; u), ­ §¢ ­­ëå
(�; g)-®¯â¨¬ «ì­ë¬¨, ¤«ï ª®â®àëå «î¡®¥ à¥è¥­¨¥ u(x) ¢ª«îç¥­¨ï (0.7) ï¢«ï¥âáï á¨«ì­ë¬ à¥-
è¥­¨¥¬ ãà ¢­¥­¨ï ��u(x) = g(x; u(x)), x 2 
. �ãâì ¥£® ®£à ­¨ç¥­¨© ¢ â®¬, çâ® ¢á¥ à §àë¢ë
g(x; u) ¯® u «¥¦ â ­  ­¥ ¡®«¥¥ ç¥¬ áç¥â­®¬ ¬­®¦¥áâ¢¥ ¤®áâ â®ç­® £« ¤ª¨å ¯®¢¥àå­®áâ¥© ¨, ¥á«¨
u = '(x) | ãà ¢­¥­¨¥ ®¤­®© ¨§ â ª¨å ¯®¢¥àå­®áâ¥©, â® «¨¡® �'(x) + g(x; '(x)) = 0 , «¨¡® {
�'(x) =2 [g�(x; '(x)); g+(x; '(x))].

� ¤ ­­®© à ¡®â¥ ¤«ï  ¡áâà ªâ­ëå ãà ¢­¥­¨© á à §àë¢­ë¬¨ ­¥ ª®íàæ¨â¨¢­ë¬¨ ®¯¥à â®à ¬¨
¯®«ãç¥­ë ­®¢ë¥ ¢ à¨ æ¨®­­ë¥ ¯à¨­æ¨¯ë áãé¥áâ¢®¢ ­¨ï à¥è¥­¨©, ª®â®àë¥ ï¢«ïîâáï â®çª ¬¨
­¥¯à¥àë¢­®áâ¨ ®¯¥à â®à  ãà ¢­¥­¨ï. �¡é¨¥ à¥§ã«ìâ âë ¯à¨¬¥­ïîâáï § â¥¬ ª ¨§ãç¥­¨î § ¤ -
ç¨ (0.1){(0.2) ¢ à¥§®­ ­á­®¬ á«ãç ¥. �®ª §ë¢ îâáï ¯à¥¤«®¦¥­¨ï â¨¯  � ­¤¥­á¬ ­ -� §¥à  ®
áãé¥áâ¢®¢ ­¨¨ á¨«ì­ëå ¨ ¯®«ã¯à ¢¨«ì­ëå à¥è¥­¨© (á¨«ì­®¥ à¥è¥­¨¥ § ¤ ç¨ (0.1){(0.2) ­ §ë-
¢ ¥âáï ¯®«ã¯à ¢¨«ì­ë¬, ¥á«¨ ¤«ï ¯®çâ¨ ¢á¥å x 2 
 §­ ç¥­¨¥ u(x) ï¢«ï¥âáï â®çª®© ­¥¯à¥àë¢­®-
áâ¨ g(x; �)). �®«ã¯à ¢¨«ì­ë¥ à¥è¥­¨ï ¤«ï ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï á ¬®­®â®­­®© ¯® ä §®¢®©
¯¥à¥¬¥­­®© u ­¥«¨­¥©­®áâìî ¡ë«¨ ¢¢¥¤¥­ë ¢ [11]. �®¯à®á ® áãé¥áâ¢®¢ ­¨¨ ¯®«ã¯à ¢¨«ì­ëå à¥-
è¥­¨© ãà ¢­¥­¨ï (0.1), ã¤®¢«¥â¢®àïîé¨å ®¤­®à®¤­®¬ã £à ­¨ç­®¬ã ãá«®¢¨î �¨à¨å«¥, ¨§ãç «áï
¢ [12], £¤¥ ¯à¥¤¯®« £ «®áì, çâ® ­¥«¨­¥©­®áâì g(x; u) ®£à ­¨ç¥­  ­  
�R ¨ ¯® u ã¤®¢«¥â¢®àï¥â
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®¤­®áâ®à®­­¥¬ã ãá«®¢¨î �¨¯è¨æ , ª®â®à®¥ ¢«¥ç¥â ­¥à ¢¥­áâ¢® g(x; u�) � g(x; u+) ¤«ï «î¡®-
£® u 2 R ¨ ¯®çâ¨ ¢á¥å x 2 
. �â¬¥â¨¬, çâ® ¢ [12]  ¢â®àë ­ §ë¢ îâ ¯®«ã¯à ¢¨«ì­ë¥ à¥è¥­¨ï
¯à ¢¨«ì­ë¬¨.

�® áà ¢­¥­¨î á à ¡®â ¬¨ ¤àã£¨å  ¢â®à®¢ ¯® ¯à®¡«¥¬¥ áãé¥áâ¢®¢ ­¨ï á¨«ì­ëå à¥è¥­¨©
§ ¤ ç¨ (0.1){(0.2) ¢ à¥§®­ ­á­®¬ á«ãç ¥ ¢ ¤ ­­®© áâ âì¥ ®á« ¡«¥­ë ®£à ­¨ç¥­¨ï ­  ¬­®¦¥-
áâ¢® â®ç¥ª à §àë¢  ­¥«¨­¥©­®áâ¨ g(x; u) ¯® u. � ª, ¢ ®â«¨ç¨¥ ®â à¥§ã«ìâ â®¢ [9], [10] ¢ â¥-
®à¥¬¥ 1.3 ­¥â ª ª¨å-«¨¡® ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨© ­  à §àë¢ë g(x; u) ¯® u, ¤«ï ª®â®àëå
g(x; u�) > g(x; u+) (\¯ ¤ îé¨¥ à §àë¢ë"),   ¢ ®â«¨ç¨¥ ®â [12] ¤®¯ãáª îâáï à §àë¢ë, \¯àë-
£ îé¨¥ ¢¢¥àå" (g(x; u�) < g(x; u+)).

�âpãªâãà  áâ âì¨ á«¥¤ãîé ï. � ¯¥à¢®¬ ¯ã­ªâ¥ ¯à¨¢®¤ïâáï ä®à¬ã«¨à®¢ª¨ ®á­®¢­ëå à¥§ã«ì-
â â®¢ à ¡®âë. �® ¢â®à®¬ ¤®ª §ë¢ îâáï ®¡é¨¥ ¢ à¨ æ¨®­­ë¥ ¯à¨­æ¨¯ë. � âà¥âì¥¬ à áá¬ âà¨-
¢ îâáï ¯à¨«®¦¥­¨ï ®¡é¨å â¥®à¥¬ ª ªà ¥¢ë¬ § ¤ ç ¬ ¤«ï ãà ¢­¥­¨© í««¨¯â¨ç¥áª®£® â¨¯  á
à §àë¢­ë¬¨ ­¥«¨­¥©­®áâï¬¨ (ãáâ ­ ¢«¨¢ îâáï ¯à¥¤«®¦¥­¨ï â¨¯  � ­¤¥á¬ ­ -� §¥à  [3]).

1. �®à¬ã«¨à®¢ª  ®á­®¢­ëå à¥§ã«ìâ â®¢

�ãáâì X | ¢¥é¥áâ¢¥­­®¥ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®, ª®¬¯ ªâ­® ¢«®¦¥­­®¥ ¢ ¢¥é¥áâ¢¥­­®¥
à¥ä«¥ªá¨¢­®¥ ¡ ­ å®¢® ¯à®áâà ­áâ¢® Y . �¥à¥§ P ®¡®§­ ç¨¬ ®¯¥à â®à ¢«®¦¥­¨ï X ¢ Y , P � |
á®¯àï¦¥­­ë© á P ®¯¥à â®à, � { «¨­¥©­ë© ¨§®¬®àä¨§¬, ®â®¦¤¥áâ¢«ïîé¨© X á á®¯àï¦¥­­ë¬
¯à®áâà ­áâ¢®¬ X�. �ª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ X ®¡®§­ ç ¥âáï (�; �),   §­ ç¥­¨¥ äã­ªæ¨®­ « 
y 2 Y � ­  í«¥¬¥­â¥ x 2 Y | hy; xi. � áá¬ âà¨¢ îâáï ãà ¢­¥­¨ï ¢¨¤ 

Qx � �Ax+ P �TPx� �p = 0; (1.1)

£¤¥ A | «¨­¥©­ë© ®£à ­¨ç¥­­ë© á ¬®á®¯àï¦¥­­ë© ®¯¥à â®à ¢ X á ­¥­ã«¥¢ë¬ ï¤à®¬ N(A),
®â®¡à ¦¥­¨¥ T : Y ! Y � ª¢ §¨¯®â¥­æ¨ «ì­®¥ ([13], c. 253) ¨ ®£à ­¨ç¥­­®¥ ­  Y (¢®§¬®¦­®,
à §àë¢­®¥), p 2 X. � ¯®¬­¨¬, çâ® ®¯¥à â®à T : Y ! Y � ­ §ë¢ ¥âáï ª¢ §¨¯®â¥­æ¨ «ì­ë¬, ¥á«¨
áãé¥áâ¢ã¥â äã­ªæ¨®­ « f : Y ! R, ¤«ï ª®â®à®£®

f(x+ h)� f(x) =
Z 1

0
hT (x+ th); hidt 8x; h;2 Y:

�à¨ íâ®¬ f ­ §ë¢ îâ ª¢ §¨¯®â¥­æ¨ «®¬ ®¯¥à â®à  T .

�¯à¥¤¥«¥­¨¥ 1.1. �«¥¬¥­â x 2 X ­ §ë¢ ¥âáï à¥£ã«ïà­ë¬ [14] (á¨«ì­® à¥£ã«ïà­ë¬) ¤«ï
®¯¥à â®à  Q : X ! X�, ¥á«¨ áãé¥áâ¢ã¥â h 2 X â ª®©, çâ®

lim sup
t!+0

hQ(x+ th); hi < 0 (lim sup
v!0

hQ(x+ v); hi < 0):

�¯à¥¤¥«¥­¨¥ 1.2 ([9]). �¨á«® � 2 R ¡ã¤¥¬ ­ §ë¢ âì ªà¨â¨ç¥áª¨¬ §­ ç¥­¨¥¬ «®ª «ì­® «¨¯-
è¨æ¥¢®© äã­ªæ¨¨ ' : X ! R, ¥á«¨ ­ ©¤¥âáï x0 2 X â ª®¥, çâ® '(x0) = � ¨ 0 2 @'(x0), @'(x0)
{ ®¡®¡é¥­­ë© £à ¤¨¥­â �« àª  äã­ªæ¨¨ ' ¢ â®çª¥ x0 ([15], c. 34),   á ¬ã x0 | ªà¨â¨ç¥áª®©
â®çª®© äã­ªæ¨®­ «  '.

� ¯¥à¢®¬ ¢ à¨ æ¨®­­®¬ ¯à¨­æ¨¯¥ (â¥®à¥¬  1.1) í«¥¬¥­â x0 2 X ­ §ë¢ ¥âáï â®çª®© à §àë¢ 
®¯¥à â®à  Q : X ! X�, ¥á«¨ ¢ â®çª¥ x0 ­ àãè¥­® ãá«®¢¨¥ à ¤¨ «ì­®© ­¥¯à¥àë¢­®áâ¨ ¤«ï
®¯¥à â®à  Q ([16], c. 79):

lim
t!0

hQ(x0 + th); hi = hQx0; hi 8h 2 X: (1.2)

�¥®à¥¬  1.1. �ãáâì

1) X | ¢¥é¥áâ¢¥­­®¥ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®, ª®¬¯ ªâ­® ¢«®¦¥­­®¥ ¢ à¥ä«¥ªá¨¢­®¥

¡ ­ å®¢® ¯à®áâà ­áâ¢® Y , ¨ P | ®¯¥à â®à ¢«®¦¥­¨ï X ¢ Y ;
2) ®¯¥à â®à A : X ! X «¨­¥©­ë©, ®£à ­¨ç¥­­ë© ¨ á ¬®á®¯àï¦¥­­ë©, ­ã«ì ï¢«ï¥âáï ¨§®-

«¨à®¢ ­­®© â®çª®© ¥£® á¯¥ªâà , ¯à¨ç¥¬ (Ax; x) � 0 8x 2 X;
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3) ®â®¡à ¦¥­¨¥ T : Y ! Y � ª¢ §¨¯®â¥­æ¨ «ì­®¥ ¨ ®£à ­¨ç¥­­®¥ ­  Y , â. ¥. áãé¥áâ¢ã¥â
ª®­áâ ­â  M > 0, ¤«ï ª®â®à®© kTxk �M 8x 2 Y ;

4) í«¥¬¥­â p 2 X ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

lim
x2N(A); kxk!+1

(f(x)� (p; x)) = +1; (1.3)

£¤¥ f | ª¢ §¨¯®â¥­æ¨ « ®¯¥à â®à  T .

�®£¤  áãé¥áâ¢ã¥â x0 2 X, ¤«ï ª®â®à®£® '(x0) = inf
X
'(x), '(x) = (Ax; x)=2+f(x)�(p; x), ¯à¨ç¥¬

«î¡®¥ â ª®¥ x0 ã¤®¢«¥â¢®àï¥â ¢ª«îç¥­¨î

��Ax0 +�p 2 P �(ST )(Px0); (1.4)

£¤¥ ST | á¥ª¢¥­æ¨ «ì­®¥ § ¬ëª ­¨¥ ®¯¥à â®à  T [17]. �á«¨ ª â®¬ã ¦¥ ¢á¥ â®çª¨ à §àë¢  ®¯¥-

à â®à  (1:1) à¥£ã«ïà­ë¥ ¤«ï Q, â® «î¡®¥ â ª®¥ x0 ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (1:1) ¨ ï¢«ï¥âáï

â®çª®© à ¤¨ «ì­®© ­¥¯à¥àë¢­®áâ¨ ®¯¥à â®à  P �TP .

� ¬¥ç ­¨¥ 1.1. �á«®¢¨¥ 3) â¥®à¥¬ë 1.1 ¢«¥ç¥â «¨¯è¨æ¥¢®áâì ­  Y ª¢ §¨¯®â¥­æ¨ «  f ®¯¥-
à â®à  T . �¥©áâ¢¨â¥«ì­®, ¤«ï ¯à®¨§¢®«ì­ëå u; v 2 Y ¨¬¥¥¬

jf(u)� f(v)j =
����
Z 1

0

hT (v + t(u� v)); u � vidt
���� �

Z 1

0

jhT (v + t(u� v)); u � vijdt �Mku� vkY ;

£¤¥ M | ª®­áâ ­â  ¨§ ãá«®¢¨ï 3) â¥®à¥¬ë 1.1.

�ª ¦¥¬ ­  ¯à®áâ®¥ ¤®áâ â®ç­®¥ ãá«®¢¨¥ à¥£ã«ïà­®áâ¨ â®ç¥ª à §àë¢  ®¯¥à â®à  (1.1).

�à¥¤«®¦¥­¨¥ 1.1. �á«¨ x | â®çª  à §àë¢  ®¯¥à â®à  P �TP ¨ áãé¥áâ¢ã¥â lim
t!+0

hT (x +
th); hi � hTx; hi 8h 2 X, â® x | à¥£ã«ïà­ ï â®çª  ¤«ï ®¯¥à â®à  (1:1).

�¥©áâ¢¨â¥«ì­®, ¢ íâ®¬ á«ãç ¥ áãé¥áâ¢ã¥â lim
t!+0

hQ(x+ th); hi � hQx; hi 8h 2 X ¨, ¥á«¨ ¯à¥¤¯®-

«®¦¨âì, çâ® ¢ â®çª¥ x ­ àãè¥­® ãá«®¢¨¥ (1.2) à ¤¨ «ì­®© ­¥¯à¥àë¢­®áâ¨, â® ­ ©¤¥âáï h 2 X,
¤«ï ª®â®à®£® lim

t!+0
hQ(x+ th); hi < hQx; hi. �®íâ®¬ã ¯à¨ hQx; hi � 0 à¥£ã«ïà­®áâì x ¤«ï Q ¤®ª -

§ ­ . � ¯à®â¨¢­®¬ á«ãç ¥ hQx; hi > 0. �®£¤  lim
t!+0

hQ(x+ t(�h)); (�h)i � hQx;�hi = �hQx; hi < 0,

¨ §­ ç¨â, x | à¥£ã«ïà­ ï ¤«ï Q â®çª : �

�® ¢â®à®¬ ¢ à¨ æ¨®­­®¬ ¯à¨­æ¨¯¥ (â¥®à¥¬  1.2) â®çª ¬¨ à §àë¢  ®¯¥à â®à  Q : X ! X�

¡ã¤¥¬ ­ §ë¢ âì â¥ x 2 X, ¢ ª®â®àëå ­ àãè¥­® ãá«®¢¨¥ ¤¥¬¨­¥¯à¥àë¢­®áâ¨ ¤«ï ®¯¥à â®à  Q
([13], c. 23). � ¯®¬­¨¬, çâ® ¥á«¨ ­ã«ì ï¢«ï¥âáï ¨§®«¨à®¢ ­­®© â®çª®© á¯¥ªâà  «¨­¥©­®£® ®£à -
­¨ç¥­­®£® ¨ á ¬®á®¯àï¦¥­­®£® ®¯¥à â®à  A ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ X, â® X à á¯ ¤ ¥âáï
­  áã¬¬ã ®àâ®£®­ «ì­ëå ¨ ¨­¢ à¨ ­â­ëå ¯® ®â­®è¥­¨î ª A ¯®¤¯à®áâà ­áâ¢:

N(A); X+ = fx 2 X j (Ax; x) > 0g [ f0g; X� = fx 2 X j (Ax; x) < 0g [ f0g:
�®¤¯à®áâà ­áâ¢  X�, X+ ­ §ë¢ îâáï á®®â¢¥âáâ¢¥­­® ®âà¨æ â¥«ì­ë¬ ¨ ¯®«®¦¨â¥«ì­ë¬ ¯®¤-
¯à®áâà ­áâ¢ ¬¨ ®¯¥à â®à  A.

�¥®à¥¬  1.2. �à¥¤¯®«®¦¨¬, çâ®

1) ¢ë¯®«­¥­ë ãá«®¢¨ï 1), 3) â¥®à¥¬ë 1:1 ¨ X ¯«®â­® ¢ Y ;
2) ®¯¥à â®à A : X ! X «¨­¥©­ë©, ®£à ­¨ç¥­­ë© ¨ á ¬®á®¯àï¦¥­­ë©, ­ã«ì ï¢«ï¥âáï ¨§®-

«¨à®¢ ­­®© â®çª®© ¥£® á¯¥ªâà , ¯à¨ç¥¬ ï¤à® N(A) ¨ ®âà¨æ â¥«ì­®¥ ¯®¤¯à®áâà ­áâ¢®

X� ®¯¥à â®à  A ª®­¥ç­®¬¥à­ë;
3) í«¥¬¥­â p 2 X ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

lim
x2N(A); kxk!+1

(f(x)� (p; x)) = +1 ¨«¨ �1; (1.5)

£¤¥ f | ª¢ §¨¯®â¥­æ¨ « ®¯¥à â®à  T .
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�®£¤  ¬­®¦¥áâ¢® ªà¨â¨ç¥áª¨å â®ç¥ª äã­ªæ¨®­ «  '(x) = (Ax; x)=2 + f(x)� (p; x) ­¥ ¯ãáâ® ¨
ª ¦¤ ï â®çª  x ¨§ íâ®£® ¬­®¦¥áâ¢  ã¤®¢«¥â¢®àï¥â ¢ª«îç¥­¨î (1:4).

�á«¨ ª â®¬ã ¦¥ ¢á¥ â®çª¨ à §àë¢  ®¯¥à â®à  (1:1) á¨«ì­® à¥£ã«ïà­ë¥, â® «î¡ ï ªà¨â¨ç¥-
áª ï â®çª  äã­ªæ¨®­ «  ' ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (1:1) ¨ ï¢«ï¥âáï â®çª®© ¤¥¬¨­¥¯à¥àë¢-

­®áâ¨ ®¯¥à â®à  Q.

�à¨¬¥­¥­¨¥ áä®à¬ã«¨à®¢ ­­ëå ¢ëè¥ ¢ à¨ æ¨®­­ëå ¯à¨­æ¨¯®¢ ª § ¤ ç¥ (0.1){(0.2) ¤ ¥â
á«¥¤ãîé¨¥ à¥§ã«ìâ âë.

�¯à¥¤¥«¥­¨¥ 1.3. �®¢®àïâ, çâ® ¤«ï ãà ¢­¥­¨ï (0.1) ¢ë¯®«­¥­® A-ãá«®¢¨¥ | Ay [18] (á¨«ì-
­®¥ Ay), ¥á«¨ ­ ©¤¥âáï ­¥ ¡®«¥¥ ç¥¬ áç¥â­®¥ á¥¬¥©áâ¢® ¯®¢¥àå­®áâ¥© fSi; i 2 Ig, Si = f(x; u) 2
Rn+1ju = 'i(x); x 2 
g, 'i 2 W 2

loc;1(
) â ª¨å, çâ® ¤«ï ¯®çâ¨ ¢á¥å x 2 
 ­¥à ¢¥­áâ¢®
g(x; u�) < g(x; u+) (g(x; u�) 6= g(x; u+)) ¢«¥ç¥â áãé¥áâ¢®¢ ­¨¥ i 2 I, ¤«ï ª®â®à®£® u = 'i(x) ¨

(L'i(x) + g(x; 'i(x)+)� p(x))(L'i(x) + g(x; 'i(x)�)� p(x)) > 0: (1.6)

�¯à¥¤¥«¥­¨¥ 1.4. �®¢®àïâ,çâ® ¤«ï ãà ¢­¥­¨ï (0.1) ¢ë¯®«­¥­® A1-ãá«®¢¨¥ | A1y (á¨«ì-
­®¥ A1y), ¥á«¨ ã¤®¢«¥â¢®àï¥âáï ®¯à¥¤¥«¥­¨¥ 1.3, ¢ ª®â®à®¬ ¢¥à­® «¨¡® (1.6), «¨¡® L'i(x) +
g(x; 'i(x)) = p(x).

�®¯®áâ ¢¨¬ ªà ¥¢®© § ¤ ç¥ (0.1){(0.2) ¯à¨ ä¨ªá¨à®¢ ­­®¬ p 2 Lq(
), q > 2n=(n + 2), äã­ª-

æ¨®­ « Jp : X ! R, £¤¥ X =
�

W 1
2(
) ¢ á«ãç ¥ § ¤ ç¨ �¨à¨å«¥ ¨ X = W 1

2 (
) ¢ á«ãç ¥ ¢â®à®© ¨
âà¥âì¥© ªà ¥¢ëå § ¤ ç, á«¥¤ãîé¨¬ ®¡à §®¬: ¤«ï § ¤ ç¨ �¨à¨å«¥ ¨ ¢â®à®© ªà ¥¢®© § ¤ ç¨

Jp(u) = J0(u) +Gp(u);

J0(u) =
1
2

nX
i;j=1

Z


aij(x)uxiuxjdx+

1
2

Z


c(x)u2(x)dx;

Gp(u) =
Z



dx

Z u(x)

0

g(x; s)ds �
Z



p(x)u(x)dx; (1.7)

¢ á«ãç ¥ âà¥âì¥£® ªà ¥¢®£® ãá«®¢¨ï (0.3)

Jp(u) = J0(u) +
1
2

Z
�
�(s)u2(s)ds+Gp(u): (1.8)

� ä®à¬ã«¨à®¢ª å â¥®à¥¬ 1.3 ¨ 1.4 ¡ã¤¥¬ ¯®«ì§®¢ âìáï ¢¢¥¤¥­­ë¬¨ ®¡®§­ ç¥­¨ï¬¨ ¡¥§ ¤®¯®«­¨-
â¥«ì­ëå ¯®ïá­¥­¨©.

�¥®à¥¬  1.3. �ãáâì

1) ªà ¥¢ ï § ¤ ç  (0:4){(0:5) ¨¬¥¥â ­¥­ã«¥¢®¥ à¥è¥­¨¥ ¨ N(L) | ¯®¤¯à®áâà ­áâ¢® ¢á¥å ¥¥

à¥è¥­¨©;

2) ¥á«¨ Bu � u, â® J0(u) � 0 8u 2
�

W 1
2(
), ¥á«¨ Bu � @u

@nL
, â® J0(u) � 0 8u 2 W 1

2 (
), ¥á«¨
Bu � @u

@nL
+ �(x)u, â® J0(u) + 1

2

R
�

�(s)u2(s)ds � 0 8u 2W 1
2 (
);

3) ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (�) ¨ (0:6);
4) äã­ªæ¨ï p 2 Lq(
) â ª ï, çâ®

lim
u2N(L);kuk!+1

Gp(u) = +1: (1.9)

�®£¤  áãé¥áâ¢ã¥â u0 2 X, ¤«ï ª®â®à®£®

Jp(u0) = inf
X
Jp(u); (1.10)

¯à¨ç¥¬ «î¡®¥ â ª®¥ u0 ¯à¨­ ¤«¥¦¨â W 2
q (
), ã¤®¢«¥â¢®àï¥â ¢ª«îç¥­¨î

�Lu0(x) + p(x) 2 [g�(x; u(x)); g+(x; u(x))] (1.11)
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¤«ï ¯®çâ¨ ¢á¥å x 2 
 ¨ £à ­¨ç­®¬ã ãá«®¢¨î (0:2). �á«¨ ª â®¬ã ¦¥ ¤«ï ãà ¢­¥­¨ï (0:1) ¢ë-
¯®«­¥­® Ay (A1y), â® «î¡®¥ u0, ã¤®¢«¥â¢®àïîé¥¥ (1:10), ï¢«ï¥âáï ¯®«ã¯à ¢¨«ì­ë¬ (á¨«ì­ë¬)
à¥è¥­¨¥¬ § ¤ ç¨ (0:1){(0:2).

�¥®à¥¬  1.4. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï 1) ¨ 3) â¥®à¥¬ë 1:3,   ¤«ï äã­ªæ¨¨ p 2 Lq(
) «¨¡®
ãá«®¢¨¥ (1:9), «¨¡®

lim
u2N(L); kuk!+1

Gp(u) = �1: (1.12)

�®£¤  ¬­®¦¥áâ¢® ªà¨â¨ç¥áª¨å §­ ç¥­¨© äã­ªæ¨®­ «  Jp(u) ¢ X ­¥ ¯ãáâ®, ¯à¨ç¥¬ «î¡ ï ªà¨-

â¨ç¥áª ï â®çª  u0 íâ®£® äã­ªæ¨®­ «  ¯à¨­ ¤«¥¦¨â W 2
q (
), ã¤®¢«¥â¢®àï¥â ¢ª«îç¥­¨î (1:11)

¨ £à ­¨ç­®¬ã ãá«®¢¨î (0:2). �á«¨ ª â®¬ã ¦¥ ¤«ï ãà ¢­¥­¨ï (0:1) ¢ë¯®«­¥­® á¨«ì­®¥ Ay (á¨«ì­®¥
A1y), â® ª ¦¤ ï ªà¨â¨ç¥áª ï â®çª  äã­ªæ¨®­ «  Jp(u) ï¢«ï¥âáï ¯®«ã¯à ¢¨«ì­ë¬ (á¨«ì­ë¬)
à¥è¥­¨¥¬ § ¤ ç¨ (0:1){(0:2).

�ª ¦¥¬ ­  á¢ï§ì ãá«®¢¨ï � ­¤¥á¬ ­ {� §¥à  [3] á ãá«®¢¨ï¬¨ (1.9), (1.12) ¢ á«ãç ¥, ª®£¤ 
¯®¤¯à®áâà ­áâ¢® N(L) ®¤­®¬¥à­® ¨ ¤«ï ¯®çâ¨ ¢á¥å x 2 
 áãé¥áâ¢ã¥â lim

u!�1
g(x; u) = g�(x) (ç¥à¥§

 ¡ã¤¥¬ ®¡®§­ ç âì ¡ §¨á­ãî äã­ªæ¨î N(L)). �à¥¤¯®« £ ¥âáï, çâ® äã­ªæ¨ï g(x; u) áã¯¥à¯®-
§¨æ¨®­­® ¨§¬¥à¨¬  ¨ ¤«ï ­¥¥ ¢¥à­  ®æ¥­ª  (0.6). �á«®¢¨¥ � ­¤¥á¬ ­ {� §¥à  ¨¬¥¥â ¢¨¤: ¤«ï
äã­ªæ¨¨ p 2 Lq(
) «¨¡®

Z
 <0

g+ (x)dx+
Z
 >0

g� (x)dx <
Z



p(x) (x)dx <
Z
 >0

g+ (x)dx+
Z
 <0

g� (x)dx; (1.13)

«¨¡®
Z
 <0

g� (x)dx +
Z
 >0

g+ (x)dx <
Z



p(x) (x)dx <
Z
 >0

g� (x)dx +
Z
 <0

g+ (x)dx: (1.14)

�à¥¤«®¦¥­¨¥ 1.2. �¥à ¢¥­áâ¢  (1:13) ((1:14)) ¢«¥ªãâ (1:9) ((1:12)).

� [19] ¤®ª § ­® íâ® ãâ¢¥à¦¤¥­¨¥ ¢ á«ãç ¥, ª®£¤  g(x; u) ­¥ § ¢¨á¨â ®â x.
�®ª § â¥«ìáâ¢® ¯à¥¤«®¦¥­¨ï 1.2 ®¯¨à ¥âáï ­  á«¥¤ãîéãî «¥¬¬ã.

�¥¬¬  1.1. �ãáâì f : R! R| «®ª «ì­® áã¬¬¨àã¥¬ ï äã­ªæ¨ï ¨ áãé¥áâ¢ã¥â lim
s!�1

f(s) =

f�. �®£¤  áãé¥áâ¢ã¥â lim
�!�1

f(s)ds=� = f�.

�®ª § â¥«ìáâ¢® «¥¬¬ë 1.1. �®«®¦¨¬

��(�) =
�Z �

0
f(s)ds=�

�
� f� =

Z �

0
(f(s)� f�)ds=�:

�®ª ¦¥¬, çâ® lim
�!+1

�+(�) = 0. �®§ì¬¥¬ " > 0. �®áª®«ìªã lim
s!+1

f(s) = f+, â® áãé¥áâ¢ã¥â �0 > 0

â ª®¥, çâ® jf(s) � f+j < "=2 ¤«ï «î¡®£® s > �0. � «¥¥ ¢ë¡¥à¥¬ �1 > �0, ¤«ï ª®â®à®£®
�0R
0

jf(s) �
f+jds=�1 < "=2. �®£¤  ¤«ï ª ¦¤®£® � > �1 ¨¬¥¥¬

j�+(�)j �
�Z �0

0
jf(s)� f+jds=�

�
+
Z �

�0

jf(s)� f+jds=� < "

2
+
�� �0
�

"

2
<
"

2
+
"

2
= ":

� á¨«ã ¯à®¨§¢®«ì­®áâ¨ " § ª«îç ¥¬, çâ® lim
�!�1

�+ = 0. �­ «®£¨ç­® ¤®ª §ë¢ ¥âáï, çâ®

lim
�!�1

��(�) = 0. �
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�®ª § â¥«ìáâ¢® ¯à¥¤«®¦¥­¨ï 1.2. �ãáâì ¢¥à­ë ­¥à ¢¥­áâ¢  (1.13) ¨

F (�) =
R



dx
� (x)R
0

(g(x; s) � p(x))ds. �«ï ¯à®¨§¢®«ì­®£® � 6= 0 ¨¬¥¥¬

F (�)=� =
Z
 (x)6=0

dx (x)
�

1
� (x)

Z � (x)

0

g(x; s)ds�p(x)
�
=
Z
 >0

�
 (x)

1
� (x)

Z � (x)

0

g(x; s)ds
�
dx+

+
Z
 (x)<0

�
 (x)

1
� (x)

Z � (x)

0

g(x; s)ds
�
dx�

Z



p(x) (x)dx:

�®£« á­® «¥¬¬¥ 1.1 ¤«ï ¯®çâ¨ ¢á¥å x 2 
 ¨§  (x) > 0 á«¥¤ã¥â, çâ® lim
�!�1

1
� (x)

� (x)R
0

g(x; s)ds =

g�(x),    (x) < 0 á®®â¢¥âáâ¢¥­­® ¢«¥ç¥â lim
�!�1

1
� (x)

� (x)R
0

g(x; s)ds = g�(x). �®íâ®¬ã, ¥á«¨ ãç¥áâì

­¥à ¢¥­áâ¢®
��� 1
� (x)

� (x)R
0

g(x; s)ds
��� � a(x) ¤«ï ¯®çâ¨ ¢á¥å x2
, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î  (x)6=0,

â® ¨§ â¥®à¥¬ë �¥¡¥£  ® ¯¥à¥å®¤¥ ª ¯à¥¤¥«ã ¯®¤ §­ ª®¬ ¨­â¥£à «  ¯®«ãç¨¬

lim
�!�1

F (�)=� =
Z
 >0

 (x)g�(x)dx+
Z
 <0

 (x)g�(x)dx�
Z



p(x) (x)dx

(a(x) ¨§ ®æ¥­ª¨ (0.6)). �®£¤  ¨§ (1.13) á«¥¤ã¥â lim
�!1

F (�) = +1. �­ «®£¨ç­® à áá¬ âà¨¢ ¥âáï

á«ãç ©, ª®£¤  ¢ë¯®«­¥­® ãá«®¢¨¥ (1.14): �

�à¥¤«®¦¥­¨¥ 1.3. �ãáâì äã­ªæ¨ï g(x; u) ¢ ãà ¢­¥­¨¨ (0:1) áã¯¥à¯®§¨æ¨®­­® ¨§¬¥à¨¬ ,

¤«ï ­¥¥ ¢¥à­  ®æ¥­ª  (0:6) ¨ ¤«ï ¯®çâ¨ ¢á¥å x 2 
 áãé¥áâ¢ã¥â lim
u!�1

g(x; u) = g�(x),   ¯®¤¯à®-

áâà ­áâ¢® N(L) ®¤­®¬¥à­®,  | ¡ §¨á­ ï äã­ªæ¨ï ¢ N(L), ¨ ¤«ï ¯®çâ¨ ¢á¥å x 2 


g�(x) < g(x; s) < g+(x)(g+(x) < g(x; s) < g�(x)) 8s 2 R: (1.15)

�®£¤  ãá«®¢¨¥ (1:13) ((1:14)) ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ¤«ï áãé¥áâ¢®¢ ­¨ï á¨«ì­®£® à¥è¥­¨ï § -

¤ ç¨ (0:1){(0:2) ¨§ ¯à®áâà ­áâ¢  W 2
q (
).

�®ª § â¥«ìáâ¢® ¯à¥¤«®¦¥­¨ï 1.3. �®¯ãáâ¨¬, çâ® u 2 W 2
q (
) | á¨«ì­®¥ à¥è¥­¨¥ § ¤ -

ç¨ (0:1){(0:2). �¬­®¦¨¬ ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (0.1) ­   ¨ ¯à®¨­â¥£à¨àã¥¬ ¯®«ãç¥­­®¥ à ¢¥­-
áâ¢® ¯® 
. �ç¨âë¢ ï, çâ®

R



Lu(x) (x)dx =
R



u(x)L (x)dx = 0, ¯®«ãç¨¬
R



g(x; u(x)) (x)dx =R



p(x) (x)dx. �âáî¤  ¨ ¨§ ­¥à ¢¥­áâ¢  (1.15) á«¥¤ã¥â (1.13) ((1.14)): �

� ¬¥ç ­¨¥ 1.2. � ­­®¥ ¤®ª § â¥«ìáâ¢® ¯®¢â®àï¥â à ááã¦¤¥­¨ï ([6], á. 54) ¤«ï á«ãç ï, ª®-
£¤  ­¥«¨­¥©­®áâì g(x; u) ª à â¥®¤®à¨¥¢ ,   (0.2) | £à ­¨ç­®¥ ãá«®¢¨¥ �¨à¨å«¥.

�®á«¥¤®¢ â¥«ì­®¥ ¯à¨¬¥­¥­¨¥ ¯à¥¤«®¦¥­¨© 1.3 ¨ 1.2 ¤ ¥â

�«¥¤áâ¢¨¥ 1.1. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© ¯à¥¤«®¦¥­¨ï 1.3 ãá«®¢¨ï (1.9) ((1.12)) ï¢«ïîâáï
­¥®¡å®¤¨¬ë¬¨ ¤«ï áãé¥áâ¢®¢ ­¨ï á¨«ì­®£® à¥è¥­¨ï u 2W 2

q (
) § ¤ ç¨ (0.1){(0.2).

2. �®ª § â¥«ìáâ¢® ®¡é¨å ¢ à¨ æ¨®­­ëå ¯à¨­æ¨¯®¢

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.1. � ª ª ª ­ã«ì | ¨§®«¨à®¢ ­­ ï â®çª  á¯¥ªâà  á ¬®á®¯àï-
¦¥­­®£® ®¯¥à â®à  A, â® X à §« £ ¥âáï ¢ ¯àï¬ãî áã¬¬ã ®àâ®£®­ «ì­ëå ¯®¤¯à®áâà ­áâ¢ N(A)
¨ X+ (X+ | ¯®«®¦¨â¥«ì­®¥ ¯®¤¯à®áâà ­áâ¢® ®¯¥à â®à  A) ¨ áãé¥áâ¢ã¥â ç¨á«® � > 0 â ª®¥,
çâ® (Ax; x) � �kxk2 8x 2 X+, £¤¥ k � k | ­®à¬  ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ X. �§ á ¬®á®¯àï-
¦¥­­®áâ¨ ®¯¥à â®à  A á«¥¤ã¥â, çâ® (Ax; x)=2 | ¥£® ¯®â¥­æ¨ «. �âáî¤  ¨ ¨§ ª¢ §¨¯®â¥­æ¨ «ì­®-
áâ¨ ®¯¥à â®à  T á«¥¤ã¥â ª¢ §¨¯®â¥­æ¨ «ì­®áâì ®â®¡à ¦¥­¨ï (1.1) ¨ ãâ¢¥à¦¤¥­¨¥: äã­ªæ¨®­ «
'(x) = (Ax; x)=2 + f(x)� (p; x) | ª¢ §¨¯®â¥­æ¨ « Q.
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� á¨«ã ãá«®¢¨ï 2) â¥®à¥¬ë 1.1 ®¯¥à â®à �A ¬®­®â®­­ë© ([13], c. 22) ¨ ­¥¯à¥àë¢­ë©. �®ª -
¦¥¬, çâ®

lim
kxk!+1

'(x) = +1: (2.1)

�«ï «î¡®£® x 2 X, x = x1 + x2; x1 2 N(A), x2 2 X+, ¨¬¥¥¬ '(x) = (Ax2; x2)=2 + (f(x1 +
x2)� f(x1)) + (f(x1)� (p; x)) � �

2
kx2k2� (M1+ kpk)kx2k+(f(x1)� (p; x1)), £¤¥ M1 =MkPk, M |

¯®áâ®ï­­ ï ¨§ ãá«®¢¨ï 3 â¥®à¥¬ë 1.1 (¢ á¨«ã § ¬¥ç ­¨ï 1.1 jf(x)�f(y)j �Mkx�ykY �M1kx�yk
8x; y 2 X). �¨ªá¨àã¥¬ " > 0. � á¨«ã (1.3) ­ ©¤¥âáï d0 > 0 â ª®¥, çâ® f(x)� (p; x) � 0 ¤«ï «î¡®£®
x 2 N(A) á kxk � d0, ¨ áãé¥áâ¢ã¥â d1 > 0, ¤«ï ª®â®à®£® ¨§ kxk � d1, x 2 N(A) á«¥¤ã¥â
f(x)� (p; x) > "+ (M1+kpk)

2

2�
. �ãáâì d2 > d0 ¨ ¤«ï ­¥£® ­¥à ¢¥­áâ¢® t > d2 ¢«¥ç¥â

�

2
t2 � (M1 + kpk)t > "�min

�
0; inf
x2N(A); kxk�d0

(f(x)� (p; x))
	
:

�­ä¨­ã¬ ¢ ¯à ¢®© ç áâ¨ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ª®­¥ç­ë©, ¯®áª®«ìªã jf(x)j � jf(x) � f(0)j +
jf(0)j � M1kxk + jf(0)j 8x 2 N(A). � ª ª ª kxk = (kx1k2 + kx2k2)1=2, x = x1 + x2; x1 2 N(A),
x2 2 X+, â® ¨§ ­¥à ¢¥­áâ¢  kxk >

p
2maxfd1; d2g á«¥¤ã¥â, çâ® «¨¡® kx1k > d1, «¨¡® kx2k > d2. �

¯¥à¢®¬ á«ãç ¥ '(x) > � (M1+kpk)
2

2�
+ "+ (M1+kpk)

2

2�
= ", â. ª. �

2
t2 � (M1 + kpk)t � (M1+kpk)

2

2�
8t 2 R; ¢®

¢â®à®¬ á«ãç ¥ '(x) > "�min
�
0; inf
x2N(A); kxk�d0

(f(x)� (p; x))
	
+f(x1)� (p; x1) � ". � ª¨¬ ®¡à §®¬,

¤«ï «î¡®£® x 2 X á kxk > p
2maxfd1; d2g '(x) > ". �®íâ®¬ã ¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨ ¢ë¡®à 

" > 0 § ª«îç ¥¬ ® á¯à ¢¥¤«¨¢®áâ¨ (2.1). �ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï ¢ à¨ æ¨®­­®£® ¯à¨­æ¨¯  ([20],
á. 16). �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â x0 2 X, ¤«ï ª®â®à®£®

'(x0) = inf
X
'(x); (2.2)

¯à¨ç¥¬ «î¡®¥ â ª®¥ x0 ã¤®¢«¥â¢®àï¥â ¢ª«îç¥­¨î (1.4). �á«¨ ¤®¯®«­¨â¥«ì­® ¨§¢¥áâ­®, çâ® â®çª¨
à §àë¢  ®¯¥à â®à  Q à¥£ã«ïà­ë, â® ¢áïª®¥ x0 2 X, ¤«ï ª®â®à®£® ¢¥à­® (2.2), ã¤®¢«¥â¢®àï¥â
ãà ¢­¥­¨î (1.1) ¨ ï¢«ï¥âáï â®çª®© à ¤¨ «ì­®© ­¥¯à¥àë¢­®áâ¨ ®¯¥à â®à  Q ([20], c. 13): �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.2. �®ª § â¥«ìáâ¢® ­¥¯ãáâ®âë ¬­®¦¥áâ¢  ªà¨â¨ç¥áª¨å â®ç¥ª
äã­ªæ¨®­ «  '(x) = (Ax; x)=2 + f(x)� (p; x) ®¯¨à ¥âáï ­  á«¥¤ãîé¨© à¥§ã«ìâ â �¥­£ .

�¥®à¥¬  2.1 ([9]). �ãáâì E | ¢¥é¥áâ¢¥­­®¥ à¥ä«¥ªá¨¢­®¥ ¡ ­ å®¢® ¯à®áâà ­áâ¢®, äã­ª-

æ¨ï ' : E ! R «®ª «ì­® «¨¯è¨æ¥¢  ¨ ã¤®¢«¥â¢®àï¥â (P:S:) ãá«®¢¨î. �à¥¤¯®«®¦¨¬, çâ®

E = E1 � E2, £¤¥ ¯®¤¯à®áâà ­áâ¢® E1 ª®­¥ç­®¬¥à­®, ¨ áãé¥áâ¢ãîâ ¯®áâ®ï­­ë¥ b1 < b2 ¨

®ªà¥áâ­®áâì N ­ã«ï ¯à®áâà ­áâ¢  E1 â ª¨¥, çâ® 'jE2
� b2; 'j@N � b1 (@N | £à ­¨æ  N).

�®£¤  ¬­®¦¥áâ¢® ªà¨â¨ç¥áª¨å â®ç¥ª ' ­¥¯ãáâ®.

�®¢®àïâ, çâ® «®ª «ì­® «¨¯è¨æ¥¢  äã­ªæ¨ï ' : E ! R ã¤®¢«¥â¢®àï¥â (P.S.) ãá«®¢¨î [9],
¥á«¨ «î¡ ï ¯®á«¥¤®¢ â¥«ì­®áâì (xn) � E, ¤«ï ª®â®à®© ¬­®¦¥áâ¢® §­ ç¥­¨© ('(xn)) ®£à ­¨ç¥­®
¨ �(xn) = min

w2@'(xn)
kwkE� ! 0, á®¤¥à¦¨â áå®¤ïéãîáï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì.

�ã­ªæ¨ï '(x) = (Ax; x)=2+f(x)�(p; x) «®ª «ì­® «¨¯è¨æ¥¢  ­  X, ¯®áª®«ìªã A| «¨­¥©­ë©
®£à ­¨ç¥­­ë© ®¯¥à â®à,   f «¨¯è¨æ¥¢  ­  Y (á¬. § ¬¥ç ­¨¥ 1.1). �® ãá«®¢¨î ¯à®áâà ­áâ¢® X
ª®¬¯ ªâ­® ¨ ¯«®â­® ¢«®¦¥­® ¢ Y , ®¯¥à â®à A á ¬®á®¯àï¦¥­­ë©, ­ã«ì | ¨§®«¨à®¢ ­­ ï â®çª 
¥£® á¯¥ªâà , ¯à¨ç¥¬ ï¤à® N(A) ¨ ®âà¨æ â¥«ì­®¥ ¯®¤¯à®áâà ­áâ¢® ®¯¥à â®à  A ª®­¥ç­®¬¥à­ë ¨
¤«ï p ¢¥à­® (1.5). �âáî¤  á«¥¤ã¥â, çâ® ' ã¤®¢«¥â¢®àï¥â (P.S.) ãá«®¢¨î ([9], â¥®à¥¬  4.5).

�à®¢¥à¨¬, çâ® ¤«ï ' ¢ë¯®«­¥­ë ¨ ®áâ «ì­ë¥ ãá«®¢¨ï â¥®à¥¬ë 2.1, á¢ï§ ­­ë¥ á à §«®¦¥­¨¥¬
¯à®áâà ­áâ¢ , ­  ª®â®à®¬ ®¯à¥¤¥«¥­  ', ¢ ¯àï¬ãî áã¬¬ã.

�§ ãá«®¢¨ï 2) â¥®à¥¬ë 1.2 á«¥¤ã¥â, çâ® X à á¯ ¤ ¥âáï ­  ¯àï¬ãî áã¬¬ã ®àâ®£®­ «ì­ëå ¨
¨­¢ à¨ ­â­ëå ®â­®á¨â¥«ì­® A ¯®¤¯à®áâà ­áâ¢ N(A), X� ¨ X+ ¨ áãé¥áâ¢ãîâ ¯®«®¦¨â¥«ì­ë¥
ª®­áâ ­âë � ¨ � â ª¨¥, çâ®

(Ax; x) � �kxk2 8x 2 X+; (Ax; x) � ��kxk2 8x 2 X�:
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�ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ lim
x2N(A); kxk!+1

(f(x)� (p; x)) = +1. �®«®¦¨¬ X1 = X�, X2 = N(A)�
X+, â®£¤  X = X1�X2 ¨ X1 ª®­¥ç­®¬¥à­®¥. �«ï ¯à®¨§¢®«ì­®£® x 2 X2, x = x0+ x1, x0 2 N(A),
x1 2 X+ ¨¬¥¥¬ á ãç¥â®¬ § ¬¥ç ­¨ï 1.1

'(x) = (Ax; x)=2 + (f(x0 + x1)� f(x0)) + (f(x0)� (p; x0))� (p; x1) �

� �

2
kx1k2 � (M1 + kpk)kx1k+ (f(x0)� (p; x0)) � �(M1 + kpk)2

2�
+ inf

v2N(A)
(f(v)� (p; v)) = b;

£¤¥ M1 =MkPk, M | ¯®áâ®ï­­ ï ¢ ãá«®¢¨¨ 3) â¥®à¥¬ë 1.1. � «¥¥, ¤«ï x 2 X1

'(x) = (Ax; x)=2 + f(x)� f(0) + f(0)� (p; x) � ��
2
kxk2 + (M1 + kpk)kxk + jf(0)j:

�®íâ®¬ã áãé¥áâ¢ã¥â â ª®¥ r > 0, çâ® b1 = sup
x2X; kxk=r

'(x) < b2, ¨, §­ ç¨â, ¢á¥ ãá«®¢¨ï â¥®à¥¬ë

2.1 ¢ë¯®«­¥­ë. � á«ãç ¥, ª®£¤ 

lim
x2N(A); kxk!+1

(f(x)� (p; x)) = �1; (2.3)

¯®« £ ¥¬ X1 = X� � N(A), X2 = X+. �®£¤  X = X1 � X2 ¨ X1 ª®­¥ç­®¬¥à­®¥. �«ï ª ¦¤®£®
x 2 X2 ¨¬¥¥¬

'(x) = (Ax; x)=2 + (f(x)� f(0)) + (f(0)� (p; x)) � �

2
kxk2 �

� (M1 + kpk)kxk � jf(0)j � �(M1 + kpk)2
2�

� jf(0)j = b2:

�æ¥­¨¬ ' á¢¥àåã ­  X1. �«ï «î¡®£® x 2 X1, x = x0 + x2, x0 2 N(A), x2 2 X�,

'(x) = (Ax; x)=2 + (f(x0 + x2)� f(x0)) + (f(x0)� (p; x0))� (p; x2) �

� ��
2
kx2k2 � (M1 + kpk)kx2k+ (f(x0)� (p; x0)):

� á¨«ã (2.3) áãé¥áâ¢ã¥â d1 > 0 â ª®¥, çâ® ¤«ï ¯à®¨§¢®«ì­®£® x0 2 N(A) c kx0k � d1 f(x0)�
(p;X0) < b2 � (M1+kpk)

2

2�
. � ©¤¥âáï d2 > 0, ¤«ï ª®â®à®£® ­¥à ¢¥­áâ¢® kx2k � d2, x2 2 X� ¢«¥ç¥â

��
2
kX2k2 + (M1 + kpk)kx2k < b2 � sup

�2N(A)

(f(�)� (p; �)):

�®£¤ , ¥á«¨ x 2 X1, x = x0+x2, x0 2 N(A); x2 2 X�, ¨ kxk =
pkx0k2 + kx2k2 �

p
2max d1, d2 = r,

«¨¡® kx0k � d1, «¨¡® kx2k � d2. � ¯¥à¢®¬ á«ãç ¥

'(x) <
(M1 + kpk)2

2�
+ b2 � (M1 + kpk)2

2�
= b2;

¢® ¢â®à®¬ '(x) < b2 � sup
�2N(A)

(f(�)� (p; �)) + f(x0)� (p; x0) � b2.

�«¥¤®¢ â¥«ì­®, b1 = sup
x2X1; kxk=r

'(x) < b2, ¯®áª®«ìªã áä¥à  kxk = r ¢ ª®­¥ç­®¬¥à­®¬ ¯à®-

áâà ­áâ¢¥ X1 ª®¬¯ ªâ­ ,   áã¦¥­¨¥ 'jX1
­¥¯à¥àë¢­® ­  ­¥©. � ª¨¬ ®¡à §®¬, ¨ ¢ íâ®¬ á«ãç ¥

¢á¥ ãá«®¢¨ï â¥®à¥¬ë 2.1 ¢ë¯®«­¥­ë.
�«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â x0 2 X â ª ï, çâ® 0 2 @'(x0), @'(x0) | ®¡®¡é¥­­ë© £à ¤¨¥­â

�« àª  äã­ªæ¨¨ '. �§ ®¯à¥¤¥«¥­¨ï @'(x0) § ª«îç ¥¬, çâ® ¤«ï ¯à®¨§¢®«ì­®£® � 2 X

�(Ax0; �) + (p; �) � lim sup
h2X; h!0
t!+0

f(x0 + h+ t�)� f(x0 + h)
t

: (2.4)
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� ª ª ª f jX | ª¢ §¨¯®â¥­æ¨ « ®¯¥à â®à  P �TP , â®

f(x0 + h+ t�)� f(x0 + h)
t

=
Z 1

0

hP �TP (x0 + h+ �t�); �id�:

�®íâ®¬ã ¨§ (2.4) ¯®«ãç¨¬

lim sup
h2X; h!0
t!+0

Z 1

0
hP �TP (x0 + h+ �t�); �id� + (Ax0; �)� (p; �) � 0 8� 2 X: (2.5)

�®ª ¦¥¬, çâ® (2.5) ¢«¥ç¥â

y0 = ��Ax0 +�p 2 S(P �TP )(x0); (2.6)

£¤¥ S(P �TP ) | á¥ª¢¥­æ¨ «ì­®¥ § ¬ëª ­¨¥ ®¯¥à â®à  F = P �TP [17]. �® ®¯à¥¤¥«¥­¨î SF (x0)
| § ¬ª­ãâ ï ¢ë¯ãª« ï ®¡®«®çª  ¬­®¦¥áâ¢  ¢á¥å á« ¡® ¯à¥¤¥«ì­ëå â®ç¥ª ¯®á«¥¤®¢ â¥«ì­®áâ¥©
¢¨¤  (F (xn)) ¢ X�, £¤¥ (xn) á¨«ì­® áå®¤¨âáï ª x0. �®¯ãáâ¨¬, çâ® (2.6) ­¥ ¨¬¥¥â ¬¥áâ . �®£« á­®
â¥®à¥¬¥ ® áâà®£®© ®â¤¥«¨¬®áâ¨ ¢ë¯ãª«®£® ¬­®¦¥áâ¢  ®â â®çª¨, áãé¥áâ¢ãîâ �0 2 X ¨ " > 0
â ª¨¥, çâ®

hz; �0i � hy0; �0i < �" 8z 2 SF (x0):
�âáî¤  á«¥¤ã¥â, çâ®

lim sup
h2X; h!0
t!+0

hF (x0 + h+ s�0); �0i � hy0; �0i < �": (2.7)

�§ (2.7) § ª«îç ¥¬ ® áãé¥áâ¢®¢ ­¨¨ � > 0, ¤«ï ª®â®à®£® (F (x0 + h + s�0); �0) � (y0; �0) < �",
¥á«¨ khk < � ¨ 0 < s < �. �®íâ®¬ã ¯®«ãç¨¬

lim sup
h2X; h!0
t!+0

Z 1

0
hF (x0 + h+ �t�0); �0id� � hy0; �0i � �";

çâ® ¯à®â¨¢®à¥ç¨â (2.5) ¯à¨ � = �0.
� ª¨¬ ®¡à §®¬, ¤®ª § ­  ­¥¯ãáâ®â  ¬­®¦¥áâ¢  ªà¨â¨ç¥áª¨å â®ç¥ª äã­ªæ¨¨ '(x) ¨ â®, çâ®

«î¡ ï â ª ï â®çª  x0 ã¤®¢«¥â¢®àï¥â ¢ª«îç¥­¨î (2.6). � ª ¯®ª § ­® ¢ [21], S(P �TP )x0 �
P �(ST )(Px0) ([20], c. 16), ¯®íâ®¬ã (2.6) ¢«¥ç¥â (1.4). �á«¨ ¤®¯®«­¨â¥«ì­® ¯à¥¤¯®«®¦¨âì, çâ®
¢á¥ â®çª¨ à §àë¢  ®¯¥à â®à  (1.1) á¨«ì­® à¥£ã«ïà­ë¥, â® «î¡ ï ªà¨â¨ç¥áª ï â®çª  x0 äã­ª-
æ¨¨ ' ï¢«ï¥âáï â®çª®© ¤¥¬¨­¥¯à¥àë¢­®áâ¨ ®¯¥à â®à  P �TP ¨ ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (1.1).
�¥©áâ¢¨â¥«ì­®, ¥á«¨ ¤®¯ãáâ¨âì, çâ® ªà¨â¨ç¥áª ï â®çª  x0 äã­ªæ¨®­ «  ' ¥áâì â®çª  à §àë¢ 
¤«ï P �TP , â® ®­  ¤®«¦­  ¡ëâì á¨«ì­® à¥£ã«ïà­®© ¤«ï Q, â. ¥. áãé¥áâ¢ã¥â �0 2 X, ¤«ï ª®â®à®©
lim sup
h2X
h!0

hQ(x0 + h); �0i < 0. �âáî¤  ¨ ¨§ ®¯à¥¤¥«¥­¨ï ¢¥àå­¥£® ¯à¥¤¥«  á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥

¯®«®¦¨â¥«ì­ëå ç¨á¥« s ¨ " â ª¨å, çâ® ¤«ï «î¡ëå h 2 X, khk < " ¨¬¥¥¬ hQ(x0 + h); �0i < �s.
�à¨ íâ®¬, ¥á«¨ h 2 X, t > 0 ¨ khk+ tk�0k < ", â® hQ(x0 + h+ �t�0); �0i < �s 8� 2 [0; 1]. �®íâ®¬ã
«¥¢ ï ç áâì ­¥à ¢¥­áâ¢  (2.5) ¯à¨ � = �0 ¬¥­ìè¥ ¨«¨ à ¢­  �s. � ¤àã£®© áâ®à®­ë, ¯®áª®«ìªã
x0 | ªà¨â¨ç¥áª ï â®çª  äã­ªæ¨¨ ', â® ¤«ï ­¥¥ ¢¥à­® ­¥à ¢¥­áâ¢® (2.5) ¤«ï «î¡®£® � 2 X. �®-
«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â, çâ® x0 | â®çª  ¤¥¬¨­¥¯à¥àë¢­®áâ¨ ®¯¥à â®à  Q. �âáî¤ 
¨ ¨§ (2.5), ¨á¯®«ì§ãï â¥®à¥¬ã �¥¡¥£  ® ¯¥à¥å®¤¥ ª ¯à¥¤¥«ã ¯®¤ §­ ª®¬ ¨­â¥£à « , ¯®«ãç¨¬

hQ(x0); �i � 0 8� 2 X:

�®á«¥¤­¥¥ ¢®§¬®¦­® â®«ìª® ¯à¨ Q(x0) = 0: �

52



3. �®ª § â¥«ìáâ¢® à¥§ã«ìâ â®¢ â¨¯  � ­¤¥á¬ ­ {� §¥à  ¤«ï ãà ¢­¥­¨©
í««¨¯â¨ç¥áª®£® â¨¯  á à §àë¢­ë¬¨ ­¥«¨­¥©­®áâï¬¨

� ª ª ª ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à L ¢ ãà ¢­¥­¨¨ (0.1) à ¢­®¬¥à­® í««¨¯â¨ç¥áª¨© ¨ á¨¬-
¬¥âà¨ç­ë©,   ¥£® ª®íää¨æ¨¥­âë aij 2 C1;�(
), â® à ¢¥­áâ¢ 

(u; �)0 =
nX

i;j=1

Z



aij(x)uxi�xjdx 8u; � 2
�

W 1
2 (
);

(u; �)1 = (u; �)0 +
Z



u� dx 8u; � 2W 1
2 (
)

§ ¤ îâ ­  ¯à®áâà ­áâ¢ å
�

W 1
2 (
) ¨ W

1
2 (
) á®®â¢¥âáâ¢¥­­® áª «ïà­ë¥ ¯à®¨§¢¥¤¥­¨ï, ¯à¨ç¥¬ ¯®-

à®¦¤ ¥¬ë¥ ¨¬¨ ­®à¬ë íª¢¨¢ «¥­â­ë ­®à¬ ¬ íâ¨å ¯à®áâà ­áâ¢. �¥à¥§ X ®¡®§­ ç ¥¬
�

W 1
2(
) ¢

á«ãç ¥ § ¤ ç¨ �¨à¨å«¥ ¨ W 1
2 (
), ¥á«¨ à áá¬ âà¨¢ ¥âáï § ¤ ç  �¥©¬ ­  ¨«¨ âà¥âìï ªà ¥¢ ï

§ ¤ ç . �¨­¥©­ë© ®¯¥à â®à A : X ! X ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬

(Au; �) = (u; �)0 +
Z



c(x)u(x)�(x)dx 8u; � 2 X;

¤«ï § ¤ ç �¨à¨å«¥ ¨ �¥©¬ ­ , ¨

(Au; �) = (u; �)1 +
Z


(c(x) � 1)u(x)�(x)dx +

Z
�
�(x)u(x)�(x)dx 8u; � 2 X;

£¤¥ (�; �) | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ X, c 2 C0;�(
) | ª®íää¨æ¨¥­â ¯à¨ u(x) ¢ ãà ¢­¥­¨¨ (0.1).
� ¬¥â¨¬, çâ® ®¯¥à â®à A á ¬®á®¯àï¦¥­­ë© ¨ à ¢¥­ áã¬¬¥ â®¦¤¥áâ¢¥­­®£® ¨ ª®¬¯ ªâ­®£® ®¯¥à -
â®à®¢, ¥£® ï¤à® á®¢¯ ¤ ¥â á ¯®¤¯à®áâà ­áâ¢®¬ N(L) à¥è¥­¨© § ¤ ç¨ (0.4){(0.5). �®£« á­® â¥®à¨¨
�à¥¤£®«ì¬  ®âà¨æ â¥«ì­®¥ ¯®¤¯à®áâà ­áâ¢® X� ®¯¥à â®à  A ª®­¥ç­®¬¥à­® ¨, ¥á«¨ N(L) 6= f0g,
â® ­ã«ì | ¨§®«¨à®¢ ­­ ï â®çª  á¯¥ªâà  ®¯¥à â®à  A ª®­¥ç­®© ªà â­®áâ¨ ([22], c. 101). �à®-
áâà ­áâ¢® X ¯«®â­® ¨ ª®¬¯ ªâ­® ¢«®¦¥­® ¢ à¥ä«¥ªá¨¢­®¥ ¡ ­ å®¢® ¯à®áâà ­áâ¢® Y = Lp(
),
p = q

q�1
(q > 2n=(n + 2) ¨§ ®æ¥­ª¨ (0.6)). � á¨«ã ãá«®¢¨ï 3) â¥®à¥¬ë 1.3 ®¯¥à â®à �¥¬ëæª®£®

Tu = g(x; u(x)), ¯®à®¦¤ ¥¬ë© ­¥«¨­¥©­®áâìî g(x; u) ¨§ ãà ¢­¥­¨ï (0.1), ¤¥©áâ¢ã¥â ¨§ Y ¢ Y �

¨ ®£à ­¨ç¥­ ­  Y . �­ ª¢ §¨¯®â¥­æ¨ «ì­ë© ­  Y , ¨ ¥£® ª¢ §¨¯®â¥­æ¨ « f(u) =
R



dx
u(x)R
0

g(x; s)ds

8u 2 Y [23].

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.3 �§ ãá«®¢¨ï 2) â¥®à¥¬ë 1.3 á«¥¤ã¥â, çâ® (Au; u) � 0 8u 2 X.
�£à ­¨ç¥­¨¥ (1.9) ­  í«¥¬¥­â p 2 Y � ¢«¥ç¥â à ¢¥­áâ¢® (1.3). �®íâ®¬ã ¨§ â¥®à¥¬ë 1.1 § ª«î-
ç ¥¬ ® áãé¥áâ¢®¢ ­¨¨ u0 2 X, ¤«ï ª®â®à®£® '(u0) = inf

X
'(u), '(u) = (Au; u)=2 + f(u) � (p; u),

¯à¨ç¥¬ ª ¦¤®¥ â ª®¥ u0 ã¤®¢«¥â¢®àï¥â ¢ª«îç¥­¨î (1.4), £¤¥ � | «¨­¥©­ë© ¨§®¬®àä¨§¬, ®â®-
¦¤¥áâ¢«ïîé¨© X á X�. �®á«¥¤­¥¥ ®§­ ç ¥â, çâ® áãé¥áâ¢ã¥â z 2 STu0 � Lq(
), ¤«ï ª®â®à®£®
¢¥à­® â®¦¤¥áâ¢®

(Au0; �) =
Z



(p(x)� z(x))�(x)dx 8� 2 X;
â. ¥. u0 | ®¡®¡é¥­­®¥ à¥è¥­¨¥ § ¤ ç¨

Lu(x) = p(x)� z(x); x 2 
; (3.1)

Buj� = 0: (3.2)

�à¨ á¤¥« ­­ëå ¢ëè¥ ¯à¥¤¯®«®¦¥­¨ïå ®â­®á¨â¥«ì­® ª®íää¨æ¨¥­â®¢ ¤¨ää¥à¥­æ¨ «ì­®£®
®¯¥à â®à  L, £« ¤ª®áâ¨ £à ­¨æë � ®¡« áâ¨ 
, äã­ªæ¨¨ � ¢ £à ­¨ç­®¬ ãá«®¢¨¨ (0.3) ¨ ¯à¨­ ¤-
«¥¦­®áâ¨ p(x)� z(x) ª Lq(
) á q > 2n=(n+2), ®¡®¡é¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (3.1){(3.2) ¯à¨­ ¤«¥-
¦¨â W q

2 (
) ¨ ï¢«ï¥âáï á¨«ì­ë¬ à¥è¥­¨¥¬ íâ®© § ¤ ç¨. �®ª § â¥«ìáâ¢® íâ®£® ä ªâ  ¢ á«ãç ¥
q = 2 ¬®¦­® ­ ©â¨ ¢ [1], â ¬ ¦¥ ¯à¨¢®¤¨âáï áå¥¬  ¤®ª § â¥«ìáâ¢  ¨ ¯à¨ q 6= 2. � ª ª ª Y |
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à¥ä«¥ªá¨¢­®¥ ¡ ­ å®¢® ¯à®áâà ­áâ¢®,   ®¯¥à â®à T : Y ! Y � «®ª «ì­® ®£à ­¨ç¥­­ë© ­  Y , â®
ST = T}, £¤¥ T} | ®¢ë¯ãª«¥­¨¥ ®¯¥à â®à  T [24]. �«ï ®¯¥à â®à®¢ �¥¬ëæª®£®, ¤¥©áâ¢ãîé¨å ¢
«¥¡¥£®¢ëå ¯à®áâà ­áâ¢ å, ®¢ë¯ãª«¥­¨ï ¡ë«¨ ®¯¨á ­ë �.�.�à á­®á¥«ìáª¨¬ ¨ �.�.�®ªà®¢áª¨¬
¢ ([2], £«. 5, x 27). � à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¤«ï «î¡®£® u 2 Lp(
), p = q=(q � 1),

T}u = fz : 
 2 R j z | ¨§¬¥à¨¬ ï ¯® �¥¡¥£ã ­  
;

z(x) 2 [g�(x; u(x)); g+(x; u(x))] ¤«ï ¯. ¢. x 2 
g:
�«¥¤®¢ â¥«ì­®, á¨«ì­®¥ à¥è¥­¨¥ u0 § ¤ ç¨ (3.1){(3.2) ã¤®¢«¥â¢®àï¥â ¢ª«îç¥­¨î (1.11). � -

ª¨¬ ®¡à §®¬, ¤®ª § ­®, çâ® «î¡®¥ u0 2 X, ¤«ï ª®â®à®£® '(u0) = inf
X
'(u), ã¤®¢«¥â¢®àï¥â ¢ª«î-

ç¥­¨î (1.11).
�à¥¤¯®«®¦¨¬ â¥¯¥àì ¤®¯®«­¨â¥«ì­®, çâ® ¤«ï ãà ¢­¥­¨ï (0.1) ¢ë¯®«­¥­® Ay. �®ª ¦¥¬, çâ®

íâ® ¢«¥ç¥â à¥£ã«ïà­®áâì â®ç¥ª à §àë¢  ®¯¥à â®à  (1.1). �á«¨ ¤«ï äã­ªæ¨¨ u 2 X ¬¥à  ¬­®-
¦¥áâ¢  
(u) = fx 2 
 j u(x) | â®çª  à §àë¢  g(x; :)g à ¢­  ­ã«î, â® u | â®çª  à ¤¨ «ì­®©
­¥¯à¥àë¢­®áâ¨ ®¯¥à â®à  Q. �¥©áâ¢¨â¥«ì­®, ¢ íâ®¬ á«ãç ¥ ¤«ï «î¡®£® h 2 X áãé¥áâ¢ã¥â

lim
t!0

hQ(u+ th); hi = lim
t!0

f(A(u + th); h) +
Z



g(x; u(x) + th(x)) � h(x)dx �
Z



p(x)h(x)dxg =

= (Au; h) �
Z



p(x)h(x)dx +
Z



lim
t!0

g(x; u(x) + th(x)) � h(x)dx =

= (Au; h) �
Z


p(x)h(x)dx +

Z


g(x; u(x))h(x)dx = hQu; hi

(¢®á¯®«ì§®¢ «¨áì â¥®à¥¬®© �¥¡¥£  ® ¯¥à¥å®¤¥ ª ¯à¥¤¥«ã ¯®¤ §­ ª®¬ ¨­â¥£à «  ¨ ®æ¥­ª®© (0.6)).
�«¥¤®¢ â¥«ì­®, ¥á«¨ u | â®çª  à §àë¢  ®¯¥à â®à  Q, â® mes
(u) 6= 0.

�«ï v 2 X ¬­®¦¥áâ¢® 
(v) á â®ç­®áâìî ¤® ¬­®¦¥áâ¢  ¬¥àë ­ã«ì á®¢¯ ¤ ¥â á ®¡ê¥¤¨­¥­¨-
¥¬ ¬­®¦¥áâ¢ 
+(v) = fx 2 
 j g(x; v(x)+) > g(x; v(x)�)g ¨ 
�(v) = fx 2 
 j g(x; v(x)+) <
g(x; v(x)�)g.

�ãáâì v 2 X | â®çª  à §àë¢  ®¯¥à â®à  Q. �á«¨ mes
+(v) = 0, â® g(x; v(x)+) � g(x; v(x)�)
¯®çâ¨ ¢áî¤ã ­  
, ¯®íâ®¬ã lim

t!+0
hT (v + th); hi � hTv; hi 8h 2 X. �âáî¤  ¨ ¨§ ¯à¥¤«®¦¥­¨ï 1.1

á«¥¤ã¥â, çâ® v | à¥£ã«ïà­ ï â®çª  ¤«ï Q. �ãáâì â¥¯¥àì mes
+(v) 6= 0. �à¥¤¯®«®¦¨¬, çâ® v ­¥
ï¢«ï¥âáï à¥£ã«ïà­®© ¤«ï ®¯¥à â®à  Q. �®á«¥¤­¥¥ ®§­ ç ¥â, çâ®

lim sup
t!+0

hQ(v + th); hi � 0 8h 2 X: (3.3)

�®ª ¦¥¬, çâ® ¨§ (3.3) á«¥¤ã¥â ¯à¨­ ¤«¥¦­®áâì v ¯à®áâà ­áâ¢ãW 2
q (
). � ¬¥â¨¬, çâ® ¤«ï «î¡®£®

h 2 X áãé¥áâ¢ã¥â lim sup
t!+0

hQ(v + th); hi = ((Av + th); h) � (p; h) +
R



lim
t!+0

g(x; v(x) + th(x))h(x)dx.

�®« £ ï

 (x) = maxfjg(x; v(x)+)j; jg(x; v(x)�)jg; (3.4)

¯®«ãç¨¬ ¨§ (3.3)
g(h) = (Av; h) � �(kpkY � + k kY �)khkY 8h 2 X:

�­®¦¥áâ¢® X ¢áî¤ã ¯«®â­® ¢ ¯à®áâà ­áâ¢¥ Y , äã­ªæ¨®­ « g(h) «¨­¥©­ë© ­  X,   ¢ á¨«ã
¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ®£à ­¨ç¥­ ­  X � Y . �®íâ®¬ã g ¤®¯ãáª ¥â ¥¤¨­áâ¢¥­­®¥ ¯à®¤®«¦¥­¨¥
¤® «¨­¥©­®£® ®£à ­¨ç¥­­®£® äã­ªæ¨®­ «  ­  Y . �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â z 2 Y � = Lq(
)
â ª®©, çâ® g(h) = hz; hi 8h 2 X. �® íâ® ®§­ ç ¥â, çâ® v | ®¡®¡é¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ Lu(x) =
z(x), x 2 
, Buj� = 0, ¨§ ç¥£® á«¥¤ã¥â ¯à¨­ ¤«¥¦­®áâì � ¯à®áâà ­áâ¢ã W 2

q (
) ¨ à ¢¥­áâ¢® ­ã«î
á«¥¤  Bv(x) ­  � ( à£ã¬¥­â æ¨ï â  ¦¥, çâ® ¨ ¯à¨ à áá¬®âà¥­¨¨ § ¤ ç¨ (3.1){(3.2)).

�â®¡ë ¯à¨©â¨ ª ¯à®â¨¢®à¥ç¨î, ¯®áâà®¨¬ h 2 X, ¤«ï ª®â®à®£® lim
t!+0

hQ(v + th); hi < 0. � ª

ª ª mes
+(v) 6= 0 ¨ ¤«ï ãà ¢­¥­¨ï (0.1) ¢ë¯®«­¥­® Ay, â® áãé¥áâ¢ãîâ i 2 I ¨ " > 0 â ª¨¥, çâ®
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­¥­ã«¥¢®© ¡ã¤¥â ¬¥à  å®âï ¡ë ®¤­®£® ¨§ ¬­®¦¥áâ¢


1 = fx 2 
 j �(x) = 'i(x); L'i(x) + g(x; 'i(x)�)� p(x) > "g;

2 = fx 2 
 j �(x) = 'i(x); L'i(x) + g(x; 'i(x)�)� p(x) < �"g:

�ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ mes
1 = � 6= 0. � ª ª ª äã­ªæ¨¨ Lv(x), p(x) ¨  (x), ®¯à¥¤¥«¥­-
­ ï à ¢¥­áâ¢®¬ (3.4), áã¬¬¨àã¥¬ë ­  
, â® ­ ©¤¥âáï � > 0 â ª®¥, çâ® ¤«ï «î¡®£® ¨§¬¥à¨¬®£®
¬­®¦¥áâ¢  B � 
, ¬¥à  ª®â®à®£® ¬¥­ìè¥ �, ¢¥à­ë ­¥à ¢¥­áâ¢ 

Z
B

jLv(x)jdx < "�=8;
Z
B

 (x)dx < "�=8;
Z
B

jp(x)jdx < "�=8: (3.5)

�ãé¥áâ¢ãîâ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® F � 
1, ¬¥à  ª®â®à®£® ¡®«ìè¥ �=2, ¨ ®âªàëâ®¥ ¬­®¦¥áâ¢®
G � F , § ¬ëª ­¨¥ ª®â®à®£® á®¤¥à¦¨âáï ¢ 
, â ª¨¥, çâ® mes(G n F ) < � [14]. �ãáâì H | ¡¥á-
ª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï ­  
, à ¢­ ï ¥¤¨­¨æ¥ ­  F , ­ã«î ¢­¥ G ¨ 0 � H � 1 ­ 
G n F . �§ á®¢¯ ¤¥­¨ï �(x) ¨ 'i(x) ­  F á«¥¤ã¥â, çâ® Lu(x) = L'i(x) ¯®çâ¨ ¢áî¤ã ­  F ([25],
á. 151). �âáî¤  ¤«ï h(x) = �H(x) ¯®«ãç¨¬

lim
t!+0

hQ(v + th); hi = (A�; h) � (p; h) +
Z


lim
t!+0

g(x; v(x) + th(x))h(x)dx =

= �
Z
F

(L'i(x) + g(x; 'i(x)�)� p(x))dx+
Z
GnF

L�(x)h(x)dx+

+
Z
GnF

lim
t!+0

g(x; v(x) + th(x))h(x)dx �
Z
GnF

p(x)h(x)dx:

� ª ª ª F � 
1,   mes(G n F ) < � ¢«¥ç¥â (3.5), â®

lim
t!+0

hQ(v + th); hi < �"mesF + 3"�=8 < �"�=2 + 3"�=8 = �"�=8 < 0:

�®«ãç¥­­®¥ ­¥à ¢¥­áâ¢® ¯à®â¨¢®à¥ç¨â (3.3).
�á«¨ mes
1 = 0, â® mes
2 = � 6= 0. � ª ¨ ¢ á«ãç ¥ mes
1 6= 0, ¢ë¡¨à ¥âáï � > 0 â ª®¥, çâ®

¤«ï «î¡®£® ¨§¬¥à¨¬®£® ¬­®¦¥áâ¢  B � 
 á mesB < � ¢¥à­® (3.5), ¨ áâà®¨âáï äã­ªæ¨ï H(x) á
§ ¬¥­®© 
1 ­  
2. � «¥¥, ¯®« £ ï h(x) = H(x), ¯®«ãç¨¬

lim
t!+0

hQ(v + th); hi < �"�=8 < 0;

çâ® ¯à®â¨¢®à¥ç¨â (3.3). �â ª, ãáâ ­®¢«¥­®, çâ® Ay ¤«ï ãà ¢­¥­¨ï (0.1) ¢«¥ç¥â à¥£ã«ïà­®áâì
â®ç¥ª à §àë¢  ¤«ï ®¯¥à â®à  Q. �­ ç¨â, ¢ á¨«ã â¥®à¥¬ë 1.1 «î¡®¥ u0 2 X, ¤«ï ª®â®à®£® '(u0) =
inf
X
'(u), ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1.1) ¨ â®çª®© à ¤¨ «ì­®© ­¥¯à¥àë¢­®áâ¨ ®¯¥à â®à 

P �TP . �âáî¤  á«¥¤ã¥â, çâ® â ª®¥ u0 | ®¡®¡é¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (0.1){(0.2) ¨

lim
t!0

Z



g(x; u0(x) + th(x))h(x)dx =
Z



g(x; u0(x))h(x)dx 8h 2 X: (3.6)

� ª ¨ à ­ìè¥, ¯®«ãç ¥¬, çâ® u0 | á¨«ì­®¥ à¥è¥­¨¥ § ¤ ç¨ (0.1){(0.2) ¨§ W 2
q (
).

�§ (3.6) á«¥¤ã¥â, çâ® u0 | ¯®«ã¯à ¢¨«ì­®¥ à¥è¥­¨¥ § ¤ ç¨ (0.1){(0.2). �¥©áâ¢¨â¥«ì­®, ¢
¯à®â¨¢­®¬ á«ãç ¥ mes
(u0) 6= 0 ¨, §­ ç¨â, ®â«¨ç­  ®â ­ã«ï ¬¥à  å®âï ¡ë ®¤­®£® ¨§ ¬­®¦¥áâ¢

+(u0), 
�(u0). �®¯ãáâ¨¬, çâ® mes
+(u0) 6= 0. �®£¤  ­ ©¤ãâáï ¯®«®¦¨â¥«ì­ë¥ ç¨á«  " ¨ �, ¤«ï
ª®â®àëå ¬¥à  ¬­®¦¥áâ¢  
1 = fx 2 
 j g(x; u0(x)+) � g(x; u0(x)�) > "g à ¢­  �. �ë¡¥à¥¬ � > 0
â ª, çâ® ¤«ï ¯à®¨§¢®«ì­®£® ¨§¬¥à¨¬®£® ¬­®¦¥áâ¢  B � 
 ­¥à ¢¥­áâ¢® mesB < � ¢«¥ç¥â (3.5).
� «¥¥, ­ ©¤ãâáï § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® F � 
+(u0) á mesF > �=2 ¨ ®âªàëâ®¥ ¬­®¦¥áâ¢® G � F ,
§ ¬ëª ­¨¥ ª®â®à®£® á®¤¥à¦¨âáï ¢ 
, â ª¨¥, çâ® mesG n F < � [14]. �ãáâì h(x) | ¡¥áª®­¥ç­®
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¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï ­  
, à ¢­ ï ¥¤¨­¨æ¥ ­  F , ­ã«î ¢­¥ G ¨ 0 � h(x) � 1, ¥á«¨
x 2 G n F . �ã­ªæ¨ï h 2W 1

2 (
) ¨

lim
t!+0

Z



g(x; u0(x) + th(x))h(x)dx � lim
t!�0

Z



g(x; u0(x) + th(x))h(x)dx �

�
Z
G

(g(x; u0(x)+)� g(x; u0(x)�))dx �
Z
GnF

2 (x)dx � "�=2� 2"�=8 = "�=4 > 0;

çâ® ¯à®â¨¢®à¥ç¨â (3.6). �«ãç ©, ª®£¤  mes
�(u0) 6= 0, à áá¬ âà¨¢ ¥âáï  ­ «®£¨ç­®. �  íâ®¬
§ ¢¥àè ¥âáï ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.3 ¢ á¨âã æ¨¨, ª®£¤  ¤«ï ãà ¢­¥­¨ï (0.1) ¢ë¯®«­¥­® Ay.

�ãáâì â¥¯¥àì ¤«ï ãà ¢­¥­¨ï (0.1) ¢ë¯®«­¥­® A1y, u0 2 X ¨ '(u0) = inf
X
'(u). � ª ã¦¥

ãáâ ­®¢«¥­®, u0 2 W 2
q (
) ã¤®¢«¥â¢®àï¥â £à ­¨ç­®¬ã ãá«®¢¨î (0.2) ¨ ¢ª«îç¥­¨î (1.11). �«ï

¯®çâ¨ ¢á¥å X 2 
n
(u0) ®âà¥§®ª [g�(x; u0); g+(x; u0)] = fg(x; u0)g, ¨, §­ ç¨â, Lu0(x)+g(x; u0(x)) =
p(x). �®ª ¦¥¬, çâ® mes
�(u0) = 0. �®¯ãáâ¨¬ ¯à®â¨¢­®¥, â®£¤  ®â«¨ç­  ®â ­ã«ï ¬¥à  ®¤­®£® ¨§
¬­®¦¥áâ¢


�1 = fx 2 
�(u0) j Lu0(x) + g(x; u0(x)+)� p(x) � 0g;

+
2 = fx 2 
�(u0) j Lu0(x) + g(x; u0(x)+)� p(x) < 0g:

�ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ mes
�1 (u0) 6= 0, â®£¤  ­¥ à ¢­  ­ã«î ¬¥à  ¬­®¦¥áâ¢  
1(0), £¤¥


1(") = fx 2 
�(u0) j Lu0(x) + g(x; u0(x)�)� p(x) > "g:
�®íâ®¬ã áãé¥áâ¢ã¥â " > 0, ¤«ï ª®â®à®£® ®â«¨ç­  ®â ­ã«ï ¬¥à  ¬­®¦¥áâ¢  
1(").

�®«®¦¨¬mes
1(") = �. � ©¤¥âáï � > 0 â ª®¥, çâ® ¤«ï ¯à®¨§¢®«ì­®£® ¨§¬¥à¨¬®£® ¬­®¦¥áâ¢ 
B � 
 ­¥à ¢¥­áâ¢® mesB < � ¢«¥ç¥â (3.5). �ãé¥áâ¢ã¥â § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® F � 
1(") á
mesF > �=2 ¨ ®âªàëâ®¥ ¬­®¦¥áâ¢® G � F , § ¬ëª ­¨¥ ª®â®à®£® á®¤¥à¦¨âáï ¢ 
, ¯à¨ç¥¬ mesGn
F < � [14]. �ãáâì H(x) | ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï ­  
, à ¢­ ï ¥¤¨­¨æ¥ ­  F ,

­ã«î ¢­¥ G ¨ 0 � H � 1 ­  G n F . �«ï h(x) = �H(x) 2
�

W 1
2(
) ¨¬¥¥¬ ¤«ï ¯à®¨§¢®«ì­®£® t > 0

('(u0 + th)� '(u0))=t =
Z 1

0
hQ(u0 + t�h); hid�:

�¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ t! 0, ¯®«ãç¨¬

lim
t!+0

'(u0 + th)� '(u0)
t

= (Au0; h)� (p; h) +
Z


lim
t!+0

g(x; u0(x) + �th(x))h(x)dx =

= �
Z
F

(Lu0(x) + g(x; u0(x)�)� p(x))dx+

+
Z
GnF

(Lu0(x)� p(x) + lim
t!+0

g(x; u0(x) + �th(x)))h(x)dx < �"�=2 + 3"�=8 = �"�=8 < 0:

� ¤àã£®© áâ®à®­ë, '(u0) = inf
X
'(u), ¯®íâ®¬ã lim

t!+0

'(u0+th)�'(u0)

t
� 0.

�®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â, çâ® mes
�1 = 0. �­ «®£¨ç­® ãáâ ­ ¢«¨¢ ¥âáï, çâ®
mes
+

1 = 0. �«¥¤®¢ â¥«ì­®, mes
�(u0) = 0. �­®¦¥áâ¢® 
+(u0) ¯à¥¤áâ ¢¨¬® ª ª ®¡ê¥¤¨­¥­¨¥
¤¢ãå ­¥¯¥à¥á¥ª îé¨åáï ¬­®¦¥áâ¢:


+
11 = fx 2 
+(u0) j Lu0(x) + g(x; u0(x))� p(x) 6= 0g;


+
12 = fx 2 
+(u0) j Lu0(x) + g(x; u0(x)+) = p(x)g:

�á«¨ ¯à¥¤¯®«®¦¨âì, çâ® mes
+
11 6= 0, â® ¨§ A1y ¤«ï ãà ¢­¥­¨ï (0.1) á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥

i 2 I, ¤«ï ª®â®à®£® ¬¥à  ¬­®¦¥áâ¢ 

i11 = fx 2 
+

11(u0) j u0(x) = 'i(x); (L'i(x)+g(x; 'i(x)+)�p(x))(L'i(x)+g(x; 'i(x)�)�p(x)) > 0g
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­¥ à ¢­  ­ã«î. �®áª®«ìªã u0(x) = 'i(x) ­  
i11, â® ¯®çâ¨ ¢áî¤ã ­  íâ®¬ ¬­®¦¥áâ¢¥ Lu0(x) =
L'i(x) ([25], á. 151). �®íâ®¬ã ¯®çâ¨ ¢áî¤ã ­  
i11 (Lu0(x) + g(x; u0(x)�) � p(x))(Lu0(x) +
g(x; u0(x)+) � p(x)) > 0. �®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® à ¢­®á¨«ì­® �Lu0(x) + p(x) =2 [g(x; u0(x)�),
g(x; u0(x)+)] ¤«ï ¯®çâ¨ ¢á¥å x 2 
i11, çâ® ¯à®â¨¢®à¥ç¨â (1.11). � ª¨¬ ®¡à §®¬ ¤®ª § ­®, çâ® u0
| á¨«ì­®¥ à¥è¥­¨¥ § ¤ ç¨ (0.1){(0.2): �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.4. �ëè¥ ¯®ª § ­®, çâ® ¤«ï ®¯¥à â®à­®© ¯®áâ ­®¢ª¨ § ¤ ç¨
(0.1){(0.2) ¢ë¯®«­¥­ë ãá«®¢¨ï 1) ¨ 2) â¥®à¥¬ë 1.2,   ãá«®¢¨ï (1.9) ¨«¨ (1.12) ¤«ï p(x) 2 Lq(
)
¢«¥ªãâ (1.5). �®íâ®¬ã ¢ á¨«ã â¥®à¥¬ë 1.2 ¬­®¦¥áâ¢® ªà¨â¨ç¥áª¨å â®ç¥ª äã­ªæ¨®­ «  '(u)
­¥ ¯ãáâ® ¨ «î¡ ï â®çª  u0 ¨§ íâ®£® ¬­®¦¥áâ¢  ã¤®¢«¥â¢®àï¥â ¢ª«îç¥­¨î (1.4). �âáî¤ , ª ª
¡ë«® ãáâ ­®¢«¥­® ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1.3, á«¥¤ã¥â, çâ® ª ¦¤ ï ªà¨â¨ç¥áª ï â®çª  u0
äã­ªæ¨¨ ' ¯à¨­ ¤«¥¦¨â W 2

q (
), ã¤®¢«¥â¢®àï¥â £à ­¨ç­®¬ã ãá«®¢¨î (0.2) ¨ ¢ª«îç¥­¨î (1.11).
�à¥¤¯®«®¦¨¬, çâ® ¤«ï ãà ¢­¥­¨ï (0.1) ¢ë¯®«­¥­® á¨«ì­®¥ A1y, u0 ã¤®¢«¥â¢®àï¥â ¢ª«îç¥­¨î
(1.11) ¨ á«¥¤ Bu0(x) ­  � à ¢¥­ ­ã«î. �®ª ¦¥¬, çâ® u0(x) | á¨«ì­®¥ à¥è¥­¨¥ § ¤ ç¨ (0.1){(0.2).
�­®¦¥áâ¢® 
(u0) á â®ç­®áâìî ¤® ¬­®¦¥áâ¢  ¬¥àë ­ã«ì á®¢¯ ¤ ¥â á ®¡ê¥¤¨­¥­¨¥¬ ¬­®¦¥áâ¢

+(u0) ¨ 
�(u0) (®¡®§­ ç¥­¨ï â¥ ¦¥, çâ® ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë (1.3)). �¨«ì­®¥ A1y ­ 
¯ ¤ îé¨¥ à §àë¢ë g(x; u) ¯® u ­ ª« ¤ë¢ ¥â â¥ ¦¥ ®£à ­¨ç¥­¨ï, çâ® ¨ ­  ¯àë£ îé¨¥ ¢¢¥àå.
�®íâ®¬ã ¤®ª § â¥«ìáâ¢  â®£®, çâ® ¬¥à  ¬­®¦¥áâ¢ 


�11 = fx 2 
�(u0) j Lu0(x) + g(x; u0(x))� p(x) 6= 0g
à ¢­  ­ã«î ¨ mes
+

11 = 0, ®¤¨­ ª®¢ë, ¨ ®­¨ ¯®¢â®àïîâ à ááã¦¤¥­¨ï â®© ç áâ¨ ¤®ª § â¥«ìáâ¢ 
â¥®à¥¬ë 1.3, £¤¥ ãáâ ­ ¢«¨¢ ¥âáï à ¢¥­áâ¢® mes
+

11 = 0. �âáî¤  á«¥¤ã¥â, çâ® u0 | á¨«ì­®¥
à¥è¥­¨¥ § ¤ ç¨ (0.1){(0.2). �á«¨ ¢ë¯®«­¥­® á¨«ì­®¥ Ay ¤«ï ãà ¢­¥­¨ï (0.1), â® á â®ç­®áâìî ¤®
¬­®¦¥áâ¢  ¬¥àë ­ã«ì 
+(u0) ¨ 
� á®¢¯ ¤ îâ á 
+

11 ¨ 
�11(u0) á®®â¢¥âáâ¢¥­­® ¨, §­ ç¨â, u0 |
¯®«ã¯à ¢¨«ì­®¥ à¥è¥­¨¥ § ¤ ç¨ (0.1){(0.2): �

� ¬¥ç ­¨¥. �®¦­® ¤®ª § âì, çâ® ¢ë¯®«­¥­¨¥ á¨«ì­®£® Ay ¤«ï ãà ¢­¥­¨ï (0.1) ¢ â¥®à¥¬¥
1.4 ¢«¥ç¥â á¨«ì­ãî à¥£ã«ïà­®áâì â®ç¥ª à §àë¢  ®¯¥à â®à  Q. �®®â¢¥âáâ¢ãîé¨¥ à ááã¦¤¥­¨ï
¯®¤®¡­ë ¤®ª § â¥«ìáâ¢ã à¥£ã«ïà­®áâ¨ â®ç¥ª à §àë¢  ã ®¯¥à â®à  Q ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥-
¬ë 1.3, ¥á«¨ á«ãç © mes
+(u0) = 0 à áá¬ âà¨¢ âì  ­ «®£¨ç­® á¨âã æ¨¨, ª®£¤  mes
+(u0) 6= 0.
�®á«¥¤­¥¥ ¢®§¬®¦­®, ¯®áª®«ìªã ®£à ­¨ç¥­¨ï ­  \¯ ¤ îé¨¥" ¨ \¯àë£ îé¨¥ ¢¢¥àå" à §àë¢ë
­¥«¨­¥©­®áâ¥© g(x; u) ¯® u ¢ á¨«ì­®¬ Ay ®¤¨­ ª®¢ë.
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