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1. �¢¥¤¥­¨¥

�­®£¨¥ § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨, ¨áá«¥¤®¢ ­¨ï ®¯¥à æ¨©, ¬ â¥¬ â¨ç¥áª®© íª®­®¬¨ª¨
¨ ¤à. ¬®£ãâ ¡ëâì § ¯¨á ­ë ¢ ä®à¬¥ ¢ à¨ æ¨®­­ëå ­¥à ¢¥­áâ¢, ¤«ï ç¨á«¥­­®£® à¥è¥­¨ï ª®â®-
àëå ª ­ áâ®ïé¥¬ã ¢à¥¬¥­¨ ¯à¥¤«®¦¥­® ¨ ¨áá«¥¤®¢ ­® ¡®«ìè®¥ ª®«¨ç¥áâ¢® ¬¥â®¤®¢ [1]{[13], ¢
ç áâ­®áâ¨, ¬¥â®¤®¢ £à ¤¨¥­â­®£® â¨¯ . � ª å®à®è® ¨§¢¥áâ­®, ¤«ï áå®¤¨¬®áâ¨ ­ ¨¡®«¥¥ ¯à®áâëå
¨§ £à ¤¨¥­â­ëå ¯à®æ¥¤ãà ­¥®¡å®¤¨¬®, çâ®¡ë ®¯¥à â®à, ä®à¬¨àãîé¨© § ¤ çã, ¡ë« ¯®â¥­æ¨-
 «ì­ë¬ (çâ® ®â¢¥ç ¥â ®¡ëç­ë¬ ®¯â¨¬¨§ æ¨®­­ë¬ ¯®áâ ­®¢ª ¬) ¨«¨ ã¤®¢«¥â¢®àï« ãá¨«¥­­ë¬
á¢®©áâ¢ ¬ ¬®­®â®­­®áâ¨ [6], [8]. � ¯®á«¥¤ãîé¨å ¨áá«¥¤®¢ ­¨ïå ®á« ¡«¥­¨¥ ãá«®¢¨© áå®¤¨¬®-
áâ¨ è«® £« ¢­ë¬ ®¡à §®¬ ¯® ¤¢ã¬ ­ ¯à ¢«¥­¨ï¬, ®¤­® ¨§ ª®â®àëå ¡ë«® á¢ï§ ­® á ¢ª«îç¥­¨¥¬
¢ ¨áå®¤­ãî § ¤ çã à¥£ã«ïà¨§¨àãîé¨å ª®¬¯®­¥­â®¢ [9], [10],   ¤àã£®¥ ®¯¨à «®áì ­  ¨¤¥î íªá-
âà ¯®«ïæ¨¨ ­ ¯à ¢«¥­¨ï á¯ãáª  [11], [14], çâ® âà¥¡®¢ «® ¯ à ««¥«ì­®£® ®âá«¥¦¨¢ ­¨ï ¤¢ãå
¯®á«¥¤®¢ â¥«ì­®áâ¥© ¯à¨¡«¨¦¥­¨© ª ¨áª®¬®¬ã à¥è¥­¨î: ®á­®¢­®© ¨ íªáâà ¯®«¨àãîé¥© (­ §ë-
¢ ¥¬®© â ª¦¥ ¯à®£­®§­®© ¨«¨ ¢¥¤ãé¥©). � ¬¥â®¤ å ¯¥à¢®£® ­ ¯à ¢«¥­¨ï, ¯®«ãç¨¢è¨å ­ §¢ ­¨¥
¬¥â®¤®¢ ¨â¥à â¨¢­®© à¥£ã«ïà¨§ æ¨¨, ãá¯¥è­® à¥è «¨áì ­¥ â®«ìª® ¢®¯à®áë áå®¤¨¬®áâ¨ ¯à¨ á« -
¡ëå ­ ç «ì­ëå ¯à¥¤¯®«®¦¥­¨ïå ®â­®á¨â¥«ì­® á¢®©áâ¢ ¬®­®â®­­®áâ¨ ¨áå®¤­®£® ®¯¥à â®à , ­® ¨
¯à®¡«¥¬ë, ¢®§­¨ª îé¨¥ ¢ á¢ï§¨ á ­¥ª®àà¥ªâ­®áâìî ®¡áã¦¤ ¥¬ëå § ¤ ç ¨ ­¥â®ç­®áâìî § ¤ ­¨ï
¨å ¨áå®¤­ëå ¤ ­­ëå. �« â®© §  íâ® ¢ëáâã¯ «  ­¥®¡å®¤¨¬®áâì ¯®áâ¥¯¥­­®£® ¨ á®£« á®¢ ­­®£®
ã¬¥­ìè¥­¨ï (¢ ¯à¥¤¥«¥ ¤® ­ã«ï) ®â ¨â¥à æ¨¨ ª ¨â¥à æ¨¨ §­ ç¥­¨© ¤¢ãå ®á­®¢­ëå ¯ à ¬¥âà®¢
¬¥â®¤ : è £®¢®£® ¯ à ¬¥âà  ¨ ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨, çâ® ¢ æ¥«®¬ ¯à¥¤®¯à¥¤¥«¨«® ­¥¢ë-
á®ªãî áª®à®áâì áå®¤¨¬®áâ¨ á®®â¢¥âáâ¢ãîé¨å  «£®à¨â¬®¢. �â®à®¥ ­ ¯à ¢«¥­¨¥ ¯à¨¢¥«® ª â ª
­ §ë¢ ¥¬ë¬ íªáâà £à ¤¨¥­â­ë¬ ¬¥â®¤ ¬ à¥è¥­¨ï ¢ à¨ æ¨®­­ëå ­¥à ¢¥­áâ¢. �«ï íâ¨å ¬¥â®-
¤®¢ å à ªâ¥à­® ¨á¯®«ì§®¢ ­¨¥ å®âï ¨ ¬ «ëå, ­® ª®­¥ç­ëå §­ ç¥­¨© ¯ à ¬¥âà  è £ . �¤­ ª®
çã¢áâ¢¨â¥«ì­®áâì íªáâà £à ¤¨¥­â­ëå ¬¥â®¤®¢ ª ¯®£à¥è­®áâï¬ ¢ëç¨á«¥­¨© áãé¥áâ¢¥­­® ¢ëè¥
¯® áà ¢­¥­¨î á ¬¥â®¤ ¬¨, ¯à¨¬¥­ïîé¨¬¨ à¥£ã«ïà¨§ æ¨î ¨áå®¤­®© § ¤ ç¨. � ª®­¥æ, ¢ [12] ¡ë«
®¯ã¡«¨ª®¢ ­ ¬¥â®¤, á®ç¥â îé¨© ¢ á¥¡¥ ¨¤¥¨ ¬¥â®¤  ¨â¥à â¨¢­®© à¥£ã«ïà¨§ æ¨¨ á íªáâà £à ¤¨-
¥­â­ë¬ ¬¥â®¤o¬ ®¯à¥¤¥«¥­¨ï ­ ¯à ¢«¥­¨ï á¯ãáª  ¨ â¥¬ á ¬ë¬ ®¡ê¥¤¨­¨¢è¨© «ãçè¨¥ áâ®à®­ë
ª ¦¤®£® ¨§ ¨§ãç¥­­ëå ¢ëè¥ ¯®¤å®¤®¢.

�¯®á®¡ ä®à¬¨à®¢ ­¨ï íªáâà ¯®«¨àãîé¥© (¯à®£­®§­®©) ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢ íªáâà £à ¤¨-
¥­â­ëå ¬¥â®¤ å ¢ â®¬ ¢¨¤¥, ª ª ®­ ¡ë« ¢¯¥à¢ë¥ ¯à¥¤«®¦¥­ ¢ [14], ®á­®¢ ­ ­  ¯®¢â®à­®¬ (¤¢®©-
­®¬) ¢ëç¨á«¥­¨¨ ­ ¯à ¢«¥­¨ï á¯ãáª : ®¤¨­ à § íâ® ­ ¯à ¢«¥­¨¥ ¢ëç¨á«ï¥âáï ¢ â®çª¥ ®á­®¢­®©
¯®á«¥¤®¢ â¥«ì­®áâ¨ ¨ ®¤¨­ à § | ¢ ¯à®£­®§­®© â®çª¥. �¤­ ª® íâ®â á¯®á®¡ ­¥ ï¢«ï¥âáï ¥¤¨­-
áâ¢¥­­® ¢®§¬®¦­ë¬: ¯à¨ ®¯à¥¤¥«¥­­ëå ãá«®¢¨ïå [15], [16] ¬®¦­® ®£à ­¨ç¨âìáï ®¤­®ªà â­ë¬
¢ëç¨á«¥­¨¥¬ â ª®£® ­ ¯à ¢«¥­¨ï, ª®â®à®¥ § â¥¬ ¨á¯®«ì§ã¥âáï ¤¢ ¦¤ë: ®¤¨­ à § ¯à¨ ¯¥à¥áç¥â¥
®á­®¢­®© â®çª¨, ¨ ¢â®à®© à § | ¯à¨ ¯¥à¥áç¥â¥ ¯à®£­®§­®© â®çª¨. �áâ¥áâ¢¥­­®, çâ® ®¤­®ªà â­®¥

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(ª®¤ë ¯à®¥ªâ®¢ òò��-792.2003.1, 01-01-00563).
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®¯à¥¤¥«¥­¨¥ ­ ¯à ¢«¥­¨ï á¯ãáª  áãé¥áâ¢¥­­® á­¨¦ ¥â ¢ëç¨á«¨â¥«ì­ë¥ § âà âë ­  ¯à®¢¥¤¥­¨¥
®¤­®© ¨â¥à æ¨¨ ¬¥â®¤ .

� ª ¡ã¤¥â ¯®ª § ­® ¢ ¯¥à¢®© ç áâ¨ ¤ ­­®© à ¡®âë,  ­ «®£¨ç­ë¥ ¯à¨¥¬ë ¬®¦­® á®ç¥â âì á
¬¥â®¤®¬ ¨â¥à â¨¢­®© à¥£ã«ïà¨§ æ¨¨, ¯à¨ç¥¬ ¢ëç¨á«¨â¥«ì­ ï íää¥ªâ¨¢­®áâì à¥§ã«ìâ¨àãîé¥£®
¬¥â®¤  â®«ìª® ¢®§à áâ ¥â.

�â®à ï ç áâì à ¡®âë á®¤¥à¦¨â ¤®¯®«­¨â¥«ì­®¥ ¨áá«¥¤®¢ ­¨¥ á¢®©áâ¢ ¨§ãç ¥¬ëå ¬¥â®¤®¢ ¢
á«ãç ¥, ª®£¤  ¨áå®¤­ ï § ¤ ç  ­¥ ¨¬¥¥â à¥è¥­¨ï (ï¢«ï¥âáï ­¥á®¡áâ¢¥­­®© [17]). � ¨¬¥­­®, ¡ã-
¤¥â ¯®ª § ­®, çâ® ¢ íâ®¬ á«ãç ¥ íªáâà £à ¤¨¥­â­ë© ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ ¤®áâ ¢«ï¥â ­¥ª®â®à®¥
ª¢ §¨à¥è¥­¨¥ ¯à®â¨¢®à¥ç¨¢®© ¯®áâ ­®¢ª¨ ¨ ¢ à¨ ­â ¥¥ âà ­áä®à¬ æ¨¨ ¢ à §à¥è¨¬ãî § ¤ çã
§  áç¥â ¬¨­¨¬ «ì­ëå (¢ ®¯à¥¤¥«¥­­®¬ á¬ëá«¥) ¯®¯à ¢®ª, ¢­®á¨¬ëå ¢ ¥¥ ¨áå®¤­ë¥ ¤ ­­ë¥. �á-
á«¥¤®¢ ­¨¥ íâ®£® á«ãç ï á«¥¤ã¥â ®¡é¥¬ã ¯®¤å®¤ã [17] ¨ ®¯¨à ¥âáï ­  à¥§ã«ìâ âë à ¡®â [13],
[18].

� ª®­¥æ, ¢ § ¢¥àè îé¥© ç áâ¨ à ¡®âë ¯à¥¤áâ ¢«¥­ë ¯à¥¤¢ à¨â¥«ì­ë¥ à¥§ã«ìâ âë ¢ëç¨-
á«¨â¥«ì­®£® íªá¯¥à¨¬¥­â , ¯®¤â¢¥à¦¤ îé¨¥ íää¥ªâ¨¢­®áâì ¯à¥¤« £ ¥¬ëå  ¢â®à®¬ áå¥¬ ä®à-
¬¨à®¢ ­¨ï ¯à®£­®§­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨.

2. �®áâ ­®¢ª  § ¤ ç¨ ¨ ®¯¨á ­¨¥  «£®à¨â¬ 

�ãáâì § ¤ ­ë X | ¢ë¯ãª«®¥ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  En ¨ F (x) |
®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¨§ X ¢ En. � áá¬®âà¨¬ § ¤ çã à¥è¥­¨ï ¢ à¨ æ¨®­­®£® ­¥à ¢¥­áâ¢ ,
ª®â®à ï á®áâ®¨â ¢ ¯®¨áª¥ â®çª¨ x, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨ï¬

x 2 X; hF (x); y � xi � 0 8y 2 X: (1)

�¯¥à â®à F ¡ã¤¥¬ áç¨â âì ¬®­®â®­­ë¬, çâ® ®§­ ç ¥â ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢

hF (x) � F (y); x� yi � 0 8x; y 2 En;

¨ ã¤®¢«¥â¢®àïîé¨¬ ãá«®¢¨î �¨¯è¨æ  á ª®­áâ ­â®© L:

kF (x) � F (y)k � L kx� yk 8x; y 2 En:

� àï¤ã á ¨áå®¤­ë¬ ­¥à ¢¥­áâ¢®¬ (1) ¢ë¯¨è¥¬ ¥£® à¥£ã«ïà¨§¨à®¢ ­­ë© ¢ à¨ ­â: ¤«ï § ¤ ­­®£®
§­ ç¥­¨ï ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨ � > 0 ­ ©â¨ â ªãî â®çªã x�, çâ®

x� 2 X; hF (x�) + �x�; y � x�i � 0 8y 2 X: (2)

� ®â«¨ç¨¥ ®â ¨áå®¤­®© § ¤ ç¨ à¥£ã«ïà¨§¨à®¢ ­­ ï ¯®áâ ­®¢ª  ¢á¥£¤  ¨¬¥¥â à¥è¥­¨¥ [3], ¨ ¢
á«ãç ¥ à §à¥è¨¬®áâ¨ ¨áå®¤­®© § ¤ ç¨ ¢ë¯®«­¥­ë á®®â­®è¥­¨ï [9], [10]

kx�k � kx�k; lim
�!+0

kx� � x�k = 0; kx� � x
k � j�� 
j
�

kx�k 8�; 
 > 0; (3)

£¤¥ x� | ­®à¬ «ì­®¥ (â. ¥. ¬¨­¨¬ «ì­®¥ ¯® ­®à¬¥) à¥è¥­¨¥ (1). �á«¨ ¦¥ ¨áå®¤­ ï ¯®áâ ­®¢ª 
(1) ­¥à §à¥è¨¬  (¢ ¤àã£¨å â¥à¬¨­ å | ­¥á®¡áâ¢¥­­ ï), â® kx�k ! 1 ¯à¨ �! +0, ®¤­ ª®

�kx�k � K0; lim
�!+0

k�x� � hk = 0; kx� � x
k � j�� 
j
�


K0 8�; 
 > 0; (4)

£¤¥ K0 | ­¥ª®â®à ï ª®­áâ ­â , h | ¬¨­¨¬ «ì­ë© ¯® ­®à¬¥ ¢¥ªâ®à áà¥¤¨ ¢á¥å â ª¨å ¢¥ªâ®à®¢
h, ¤«ï ª®â®àëå áª®àà¥ªâ¨à®¢ ­­ ï § ¤ ç  (1) ­ å®¦¤¥­¨ï x ¨§ ãá«®¢¨©

x 2 X; hF (x) + h; y � xi � 0 8y 2 X (5)

à §à¥è¨¬  [13], [18]. � ¤ ç  (5) ¯à¨ h = h ¬®¦¥â à áá¬ âà¨¢ âìáï ¢ ª ç¥áâ¢¥  ¯¯à®ªá¨¬¨àãîé¥©
¤«ï ­¥á®¡áâ¢¥­­®© (­¥à §à¥è¨¬®© ¢ ®¡ëç­®¬ á¬ëá«¥) ¨áå®¤­®© § ¤ ç¨,   ¥¥ à¥è¥­¨¥ | ª ª
­¥ª®â®à®¥ ®¡®¡é¥­­®¥ à¥è¥­¨¥ ¤«ï (1).
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�¡à â¨¬áï ª ®á­®¢­®© æ¥«¨ ¨áá«¥¤®¢ ­¨ï. �â¥à æ¨®­­ë© ¯à®æ¥áá, á¢®©áâ¢  ª®â®à®£® ¯à¥¤-
« £ ¥¬ à áá¬®âà¥âì, ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬¨ á®®â­®è¥­¨ï¬¨:

xk+1 = �X(xk � �(Fk(xk) + �kxk)); xk+1 = �X(xk+1 � �(Fk(xk) + �k+1xk+1)); (6)

§¤¥áì �X | ®¯¥à æ¨ï ¯à®¥ªâ¨à®¢ ­¨ï ­  ¬­®¦¥áâ¢® X, fxkg | ®á­®¢­ ï ¯®á«¥¤®¢ â¥«ì­®áâì,
fxkg | ¯®á«¥¤®¢ â¥«ì­®áâì ¯à®£­®§­ëå â®ç¥ª, � > 0 ¨ �k > 0 | ç¨á«®¢ë¥ ¯ à ¬¥âàë,

kFk(x)� F (x)k � �k(1 + kxk); �k > 0; k = 0; 1; : : : (7)

� ç «ì­ë¥ ¯à¨¡«¨¦¥­¨ï x0, x0 ¢ë¡¨à îâáï ¢ X ¯à®¨§¢®«ì­®, ­ ¯à¨¬¥à à ¢­ë¬¨ ¤àã£ ¤àã£ã.
�ë¯¨á ­­ë© ¯à®æ¥áá á®ç¥â ¥â ¢ á¥¡¥ ¨¤¥¨ íªáâà £à ¤¨¥­â­®£® á¯ãáª  ¨ ¨â¥à â¨¢­®© à¥£ã-

«ïà¨§ æ¨¨. �® ¢ ®â«¨ç¨¥ ®â á¢®¥£® ¯à®â®â¨¯  ¨§ [12] ¬¥â®¤ (6), (7) ­  ª ¦¤®¬ è £¥ ¢ëç¨á«ï¥â
§­ ç¥­¨¥ ®¯¥à â®à  F â®«ìª® ®¤¨­ à §, å®âï ¨á¯®«ì§ã¥â íâ® §­ ç¥­¨¥ ¤¢ ¦¤ë: ¯à¨ ¯¥à¥®¯à¥¤¥-
«¥­¨¨ ª ª â®çª¨ xk ®á­®¢­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨, â ª ¨ â®çª¨ xk ¯®á«¥¤®¢ â¥«ì­®áâ¨, ®áãé¥-
áâ¢«ïîé¥© íªáâà ¯®«ïæ¨î ­ ¯à ¢«¥­¨ï á¯ãáª . �â®à®áâ¥¯¥­­ë¥ ®â«¨ç¨ï á¢ï§ ­ë á ¢ë¡®à®¬
â®ç¥ª, ¢ ª®â®àëå § ¤ ç  ¯®¤¢¥à£ ¥âáï à¥£ã«ïà¨§ æ¨¨, ¨ á â¥¬, çâ® ¯ à ¬¥âà è £  ä¨ªá¨à®¢ ­
­  ¯à®âï¦¥­¨¨ ¢á¥£® å®¤  ¢ëç¨á«¥­¨©; ¯®á«¥¤­¥¥ ®¡áâ®ïâ¥«ìáâ¢®, ¢¯à®ç¥¬, ­¥áãé¥áâ¢¥­­® ¨
­ æ¥«¥­® «¨èì ­  ã¯à®é¥­¨¥ ¯®á«¥¤ãîé¨å ¢ëª« ¤®ª.

3. �­ «¨§ áå®¤¨¬®áâ¨ ¢ à §à¥è¨¬®¬ á«ãç ¥

�ãáâì § ¤ ç  (1) à §à¥è¨¬  ¨ x� | ¥¥ ¬¨­¨¬ «ì­®¥ ¯® ­®à¬¥ à¥è¥­¨¥. �­ «¨§ áå®¤¨¬®áâ¨
¨â¥à æ¨®­­®£® ¯à®æ¥áá  (8) ¡ã¤¥¬ ¯à®¢®¤¨âì ¯à¨ áâ ­¤ àâ­ëå ãá«®¢¨ïå á®£« á®¢ ­¨ï §­ ç¥­¨©
¥£® ¯ à ¬¥âà®¢,   ¨¬¥­­®, ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ®

0 < �k; 0 < �k; lim
k!1

�k = lim
k!1

�k = 0; 0 < � <
1

L(1 +
p
2)
; (8)

lim
k!1

�k + �k�1

�k
= 0; lim

k!1

�k � �k+1

�2k
= 0;

1X
k=1

�k =1: (9)

� ª ç¥áâ¢¥ ¯à¨¬¥à  ¯®¤å®¤ïé¨å ¯®á«¥¤®¢ â¥«ì­®áâ¥© f�kg ¨ f�kg ¯à¨¢¥¤¥¬ á«¥¤ãîé¨¥:

�k = (1 + k)��; �k = (1 + k)�� ; §¤¥áì � > 0; � > 0; � < minf 1
2
; � g:

� ¬¥ç ­¨¥. �á«®¢¨¥ à áå®¤¨¬®áâ¨ àï¤ 
1P
k=1

�k ¨£à ¥â áãé¥áâ¢¥­­ãî à®«ì ¨ ¯®â®¬ã ä¨£ã-

à¨àã¥â ¢ ®¡é¥¬ ¯¥à¥ç­¥ (8), (9), å®âï ­¥ ï¢«ï¥âáï ­¥§ ¢¨á¨¬ë¬,   ¢ëâ¥ª ¥â ¨§ ¯à¥¤è¥áâ¢ã-
îé¨å ¥¬ã ãá«®¢¨©. � á ¬®¬ ¤¥«¥, áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ �k ª ­ã«î ¯®§¢®«ï¥â ¤«ï
«î¡®£® ­ âãà «ì­®£® m ®¯à¥¤¥«¨âì ­®¬¥à k(m) � m â ª®©, çâ® �k(m) = max

k�m
f�kg. �®áª®«ìªã

lim
k!1

�k � �k+1

�2k
= 0, â® ¤«ï ¤®áâ â®ç­® ¡®«ìè¨å m ¨¬¥¥¬ �k � �k+1 < �2k 8k > m, ®âªã¤ 

�k+1 > �k(1� �k) � (1� �k(m))�k 8k > m:

�ã¬¬¨àãï íâ¨ ­¥à ¢¥­áâ¢  ¯® k ®â m ¤® ¯à®¨§¢®«ì­®£® N > k(m), ¯®«ãç ¥¬

�N+1 +
NX

k=m

�k � �m > (1� �k(m))
NX

k=m

�k;

â. ¥.
1X
k=m

�k >
NX

k=k(m)

�k > 1� �N+1

�k(m)

! 1 ¯à¨ N !1:

�®á«¥¤­¥¥ á®®â­®è¥­¨¥, ¢¢¨¤ã ¯à®¨§¢®«ì­®áâ¨m, ¯à®â¨¢®à¥ç¨â ¨§¢¥áâ­®¬ã á¢®©áâ¢ã áå®¤ïé¨å-
áï àï¤®¢ | áâà¥¬«¥­¨î ª ­ã«î ®áâ âª  àï¤ .

�ä®à¬ã«¨àã¥¬ ®á­®¢­®© à¥§ã«ìâ â ® áå®¤¨¬®áâ¨ ¯à¥¤« £ ¥¬®£®  «£®à¨â¬ .
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�¥®à¥¬  1. �ãáâì § ¤ ç  (1) à §à¥è¨¬  ¨ ¯ à ¬¥âàë ¬¥â®¤  (6); (7) á¢ï§ ­ë ãá«®¢¨ï¬¨

(8), (9). �®£¤ 

lim
k!1

kxk � x�k = lim
k!1

kxk � x�k = 0; (10)

£¤¥ x� | ­®à¬ «ì­®¥ (¬¨­¨¬ «ì­®¥ ¯® ­®à¬¥) à¥è¥­¨¥ § ¤ ç¨ (1).

�®ª § â¥«ìáâ¢®. � ¢¨¤ã á¢®©áâ¢ (3) ¤®áâ â®ç­® ¯®ª § âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì fxkg,
£¥­¥à¨àã¥¬ ï á®®â­®è¥­¨ï¬¨ (6), (7), ®¡« ¤ ¥â á¢®©áâ¢®¬

lim
k!1

kxk � x�kk = 0;

£¤¥ x�k | à¥è¥­¨¥ à¥£ã«ïà¨§¨à®¢ ­­®£® ­¥à ¢¥­áâ¢  (2) ¯à¨ � = �k.
� ª ¨ ¢ [12], ¢ë¯¨è¥¬ ®ç¥¢¨¤­®¥ â®¦¤¥áâ¢®

kxk � x�kk2 = kxk � xkk2 + kxk � xk+1k2 + kxk+1 � x�kk2 + 2hxk � xk; xk � xk+1i+
+ 2hxk � xk+1; xk+1 � x�ki;

ª®â®à®¥ ¯à¥®¡à §ã¥¬ ª ¢¨¤ã

kxk+1 � x�kk2 = kxk � x�kk2 � kxk � xk+1k2 � kxk � xkk2 �
� 2hxk+1 � xk + �(Fk(xk) + �kxk); x�k � xk+1i �
� 2hxk � xk + �(Fk�1(xk�1) + �kxk); xk+1 � xki+
+ 2�hFk(xk) + �kxk; x�k � xk+1i+ 2�hFk�1(xk�1) + �kxk; xk+1 � xki: (11)

� «¥¥, ¯®«ì§ãïáì å à ªâ¥à¨áâ¨ç¥áª¨¬ á¢®©áâ¢®¬ ¯à®¥ªæ¨¨ ­  ¢ë¯ãª«®¥ ¬­®¦¥áâ¢® ([6], á. 183)

h�X(x)� x; y � �X(x)i � 0 8y 2 X; x 2 En;

¯¥à¥¯¨è¥¬ á®®â­®è¥­¨ï (6) ¢ ¢¨¤¥

hxk+1 � xk + �(Fk(xk) + �kxk); y1 � xk+1i � 0 8y1 2 X;

hxk � xk + �(Fk�1(xk�1) + �kxk); y2 � xki � 0 8y2 2 X;

£¤¥ ¢® ¢â®à®¬ á®®â­®è¥­¨¨ ¨­¤¥ªá k § ¬¥­¥­ ­  k � 1. �®«®¦¨¬ ¢ ¢ë¯¨á ­­ëå á®®â­®è¥­¨ïå
y1 = x�k ¨ y2 = xk+1. �®«ãç¨¬

hxk+1 � xk + �(Fk(xk) + �kxk); x�k � xk+1i � 0;

hxk � xk + �(Fk�1(xk�1) + �kxk); xk+1 � xki � 0:

�à¨¬¥­¨¬ íâ¨ ­¥à ¢¥­áâ¢  ª ¯à ¢®© ç áâ¨ â®¦¤¥áâ¢  (11):

kxk+1 � x�kk2 � kxk � x�kk2 � kxk � xk+1k2 � kxk � xkk2 +
+ 2�hFk(xk) + �kxk; x�k � xk+1i+ 2�hFk�1(xk�1) + �kxk; xk+1 � xki =

= kxk � x�kk2 � kxk � xk+1k2 � kxk � xkk2 +
+ 2�hFk(xk) + �kxk; x�k � xki+ 2�hFk(xk)� Fk�1(xk�1); xk � xk+1i: (12)
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�æ¥­¨¬ ®â¤¥«ì­® áª «ïà­ë¥ ¯à®¨§¢¥¤¥­¨ï, áâ®ïé¨¥ ¢ ¯à ¢®© ç áâ¨ (12). � ç­¥¬ á® ¢â®à®£® ¨§
­¨å ª ª á ¡®«¥¥ ¯à®áâ®£®. �¯¨à ïáì ­  ­¥à ¢¥­áâ¢® �®è¨{�ã­ïª®¢áª®£®, «¨¯è¨æ¥¢®áâì ®¯¥à -
â®à  F ¨ ãá«®¢¨¥ (7), ¯®«ãç¨¬

2�hFk(xk)� Fk�1(xk�1); xk � xk+1i =
= 2�hFk(xk)� F (xk); xk � xk+1i+ 2�hF (xk)� F (xk); xk � xk+1i +

+ 2�hF (xk)� F (xk�1); xk � xk+1i+ 2�hF (xk�1)� Fk�1(xk�1); xk � xk+1i �

� 2��k(1 + kxkk)kxk � xk+1k+ 2�L(
p
m1kxk � xkk)kxk � xk+1kp

m1

+

+ 2�L(
p
m2kxk � xk�1k)kxk � xk+1kp

m2

+ 2��k�1(1 + kxk�1k)kxk � xk+1k: (13)

�¤¥áì m1;m2 > 0 | ¯ à ¬¥âàë, §­ ç¥­¨ï ª®â®àëå ®¯à¥¤¥«¨¬ ¯®§¦¥. � ¯®ª , ¨á¯®«ì§ãï ®ç¥¢¨¤-
­ë¥ ­¥à ¢¥­áâ¢ 

kxkk � kxk � xkk+ kxk � x�kk+ kx�kk � kxk � xkk+ kxk � x�kk+ kx�k;
kxk�1k � kxk � xk�1k+ kxk � x�kk+ kx�kk � kxk � xk�1k+ kxk � x�kk+ kx�k (14)

¨ í«¥¬¥­â à­®¥ ­¥à ¢¥­áâ¢® 2jabj � a2 + b2, ¯à¨¢®¤¨¬ ®æ¥­ªã (13) ª ¢¨¤ã

2�hFk(xk)� Fk�1(xk�1); xk � xk+1i �
� ��k

�
(1 + kx�k)2 + kxk � xkk2 + kxk � x�kk2 + 3kxk � xk+1k2

�
+

+ �L
�
m1kxk � xkk2 +m2kxk � xk�1k2 +

�
m�1

1 +m�1
2

� kxk � xk+1k2
�
+

+ ��k�1
�
(1 + kx�k)2 + kxk � xk�1k2 + kxk � x�kk2 + 3kxk � xk+1k2

�
: (15)

�¥¯¥àì ¢¥à­¥¬áï ª ¯¥à¢®¬ã áª «ïà­®¬ã ¯à®¨§¢¥¤¥­¨î. � á¨«ã ¬®­®â®­­®áâ¨ ®¯¥à â®à  F ¨
®£à ­¨ç¥­¨ï ­  â®ç­®áâì ¥£® ¢ëç¨á«¥­¨ï,   â ª¦¥ ¢ á¨«ã ®¯à¥¤¥«¥­¨ï (2) â®ç¥ª x�k ¨¬¥¥¬

2�hFk(xk) + �kxk; x�k � xki =
= 2�hFk(xk)� F (xk); x�k � xki+ 2�hF (xk) + �kxk; x�k � xki �

� 2��k(1 + kxkk) kx�k � xkk+ 2�hF (x�k ) + �kx�k ; x�k � xki+ 2�k�hx�k � xk; xk � x�ki �
� 2��k(1 + kxkk)kx�k � xkk+ 2�k�hx�k � xk; xk � x�ki:

�¥à¢®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ íâ®© ®æ¥­ª¨ ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨î

2��k(1 + kxkk) kx�k � xkk � 2��k(1 + kxk � xkk+ kxk � x�kk+ kx�k)(kx�k � xkk+ kxk � xkk) �
� ��k

�
2(1 + kx�k)2 + 5kxk � xkk2 + 5kxk � x�kk2

�
;

çâ® ¢ëâ¥ª ¥â ¨§ ¯¥à¢®£® ­¥à ¢¥­áâ¢  (14), ­¥à ¢¥­áâ¢  âà¥ã£®«ì­¨ª  ¨ ¢á¥ â®£® ¦¥ í«¥¬¥­â à-
­®£® ­¥à ¢¥­áâ¢  2jabj � a2 + b2. �«ï ¢â®à®£® á« £ ¥¬®£® ¨¬¥¥¬

2�k�hx�k � xk; xk � x�ki = �2�k�kxk � x�kk2 + 2�k�hx�k � xk; xk � xki �
� �2�k�kxk � x�kk2 + 2�k�kxk � x�kk kxk � xkk � ��k�kxk � x�kk2 + �k�kxk � xkk2:

� ¨â®£¥

2�hFk(xk) + �kxk; x�k � xki � ��k
�
2(1 + kx�k)2 + 5kxk � xkk2 + 5kxk � x�kk2

��
� �k�kxk � x�kk2 + �k�kxk � xkk2: (16)

�¡ê¥¤¨­¨¬ â¥¯¥àì á®®â­®è¥­¨ï (12) ¨ (15), (16). �®«ãç¨¬

kxk+1 � x�kk2 � Akkxk � x�kk2 �Bkkxk � xk+1k2 � Ckkxk � xkk2 +Dkkxk � xk�1k2 +Ek; (17)
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£¤¥

Ak = 1� �k�+ �(6�k + �k�1); Bk = 1� �L(m�1
1 +m�1

2 )� 3�(�k + �k�1);

Ck = 1� �Lm1 � �k�� 6��k; Dk = �(Lm2 + �k�1);

Ek = �(3�k + �k�1)(1 + kx�k)2:
�¥¯¥àì ®â®©¤¥¬ ®â áâ ­¤ àâ­ëå ¢ëª« ¤®ª [12], [15] ¨ á¢ï¦¥¬ ¢¥«¨ç¨­ë kxk+1�x�k+1k2 ¨ kxk+1�
x�kk2 ¯à¨ ¯®¬®é¨ í«¥¬¥­â à­®£® ¢¥ªâ®à­®£® ­¥à ¢¥­áâ¢ 

kx+ yk2 � (kxk � kyk)2 = kxk2 + kyk2 � 2kxk kyk � kxk2 + kyk2 � "kxk2 � kyk2
"

=

= (1� ")kxk2 + ("� 1)
"

kyk2;
ª®â®à®¥ ¢¥à­® ¤«ï «î¡ëå ¢¥ªâ®à®¢ x, y ¨ áª «ïà  " > 0. �®« £ ï §¤¥áì x = xk+1 � x�k+1 ,
y = x�k+1 � x�k , ¯®«ãç¨¬

kxk+1 � x�kk2 � (1� "k)kxk+1 � x�k+1k2 +
("k � 1)

"k
kx�k+1 � x�kk2:

�ãáâì "k = 1
2
�k�, k = 0; 1; : : : , â®£¤  ¢ á¨«ã ¯à ¢¨« á®£« á®¢ ­¨ï (8), (9) ¯à¨ ¡®«ìè¨å k ¨¬¥¥¬

1 � "k > 0. � ãç¥â®¬ íâ®£® ¨§ á®®â­®è¥­¨© (3), (17) ¢ë¢®¤¨¬ § ª«îç¨â¥«ì­®¥ à¥ªãàá¨¢­®¥
­¥à ¢¥­áâ¢®

kxk+1 � x�k+1k2 +
Dk+1

Ak+1

kxk � xk+1k2 � Ak

1� "k

�
kxk � x�kk2 +

Dk

Ak

kxk � xk�1k2
�
�

�
�

Bk

1� "k
� Dk+1

Ak+1

�
kxk � xk+1k2 � Ck

1� "k
kxk � xkk2 + Ek

1� "k
+
(�k � �k+1)2

"k�
2
k

kx�k2; (18)

ª®â®à®¥ ¨á¯®«ì§ã¥¬ ¤«ï ®¡®á­®¢ ­¨ï áå®¤¨¬®áâ¨ ¬¥â®¤ . � ç¨­ ï á íâ®£® ¬¥áâ , ¡ã¤¥¬ áç¨â âì
m1 = 1 +

p
2, m2 = 1. � ¬¥â¨¬, çâ® íâ® ®¡¥á¯¥ç¨¢ ¥â «¥£ª® ¯à®¢¥àï¥¬®¥ à ¢¥­áâ¢® m1 = m�1

1 +
m�1

2 +m2 = 1 +
p
2.

� áá¬®âà¨¬ ¯®¤à®¡­¥¥ ª®íää¨æ¨¥­âë ¢ á®®â­®è¥­¨¨ (18). �®-¯¥à¢ëå,

Ak = 1� �k�+ o(�k); Ck = 1� �L(1 +
p
2) +O(�k);

¢ á¨«ã ç¥£® ¯à ¢¨«  á®£« á®¢ ­¨ï ¯ à ¬¥âà®¢ (8), (9) ®¡¥á¯¥ç¨¢ îâ ¯®«®¦¨â¥«ì­®áâì íâ¨å ª®-
íää¨æ¨¥­â®¢ ¯à¨ ¢á¥å ¤®áâ â®ç­® ¡®«ìè¨å k. �®-¢â®àëå, ¢ á¨«ã â¥å ¦¥ ¯à¨ç¨­ ¯®«®¦¨â¥«ì­®©
¡ã¤¥â à §­®áâì

Bk

1� "k
� Dk+1

Ak+1

=
Ak+1Bk � (1� "k)Dk+1

(1� "k)Ak+1

:

�¥©áâ¢¨â¥«ì­®, ª ª à ­¥¥ ã¡¥¤¨«¨áì, §­ ¬¥­ â¥«ì ¤à®¡¨ á¯à ¢  ¯®«®¦¨â¥«¥­,   ¯®«®¦¨â¥«ì-
­®áâì ç¨á«¨â¥«ï ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å k ¢ëâ¥ª ¥â ¨§ à §«®¦¥­¨ï

Ak+1Bk � (1� "k)Dk+1 = 1� �L(m�1
1 +m�1

2 +m2) +O(�k) = 1� �L(1 +
p
2) +O(�k)

¨ ¯à ¢¨« á®£« á®¢ ­¨ï ¯ à ¬¥âà®¢ (8), (9).
�ª § ­­®¥ ¯®§¢®«ï¥â ®áâ ¢¨âì ¢ ¯à ¢®© ç áâ¨ á®®â­®è¥­¨ï (18) â®«ìª® ¯¥à¢®¥ ¨ ¤¢  ¯®á«¥¤-

­¨å á« £ ¥¬ëå, á®åà ­¨¢ ¯¥à¢®­ ç «ì­ë© §­ ª ­¥à ¢¥­áâ¢ . �¥§ã«ìâ â ¬®¦­® § ¯¨á âì ªà âª®
¢ ¢¨¤¥

0 � !k+1 � (1� �k)!k + �k ¯à¨ ¢á¥å k > N; (19)

£¤¥ N | ¤®áâ â®ç­® ¡®«ìè®¥ ç¨á«®, ¨ ¨á¯®«ì§®¢ ­ë ®¡®§­ ç¥­¨ï

!k = kxk � x�kk2 +
Dk

Ak

kxk � xk�1k2; �k =
1�Ak � "k

1� "k
; �k =

Ek

1� "k
+
(�k � �k+1)2

"k�
2
k

kx�k2:
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� á¨«ã (8), (9) ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å k ¨¬¥¥¬ �(6�k + �k�1) < 1
4
�k�,   §­ ç¨â,

�k =
1�Ak � "k

1� "k
> 1�Ak � "k =

1
2
�k�� �(6�k + �k�1) >

1
4
�k�:

�â® ¢¬¥áâ¥ á ¯à¥¤¯®«®¦¥­¨¥¬ ® à áå®¤¨¬®áâ¨ àï¤ 
1P
k=1

�k ¢«¥ç¥â à áå®¤¨¬®áâì àï¤ 
1P
k=1

�k.

�à®¬¥ â®£®, ¨§ â¥å ¦¥ ãá«®¢¨© á«¥¤ã¥â

0 � �k

�k
� 4

�
�(3�k + �k�1)(1 + kx�k)2

(1� "k)�k�
+
(�k � �k+1)2

"k�
2
k�k�

kx�k2
�
! 0 ¯à¨ k !1:

�áâ ¥âáï á®á« âìáï ­  ¨§¢¥áâ­ë© à¥§ã«ìâ â ([6], á. 90), á®£« á­® ª®â®à®¬ã ¯®á«¥¤®¢ â¥«ì­®áâì

f!kg, ã¤®¢«¥â¢®àïîé ï (19) ¯à¨ ãá«®¢¨¨ à áå®¤¨¬®áâ¨ àï¤ 
1P
k=1

�k ¨ áå®¤¨¬®áâ¨ ª ­ã«î ®â­®-

è¥­¨ï rk = �k
�k
, áå®¤¨âáï ª ­ã«î. �¬¥áâ¥ á íâ®© ¯®á«¥¤®¢ â¥«ì­®áâìî áå®¤ïâáï ª ­ã«î ¨ ¯®á«¥-

¤®¢ â¥«ì­®áâ¨ kxk � x�kk, kxk � xk�1k, çâ® á ãç¥â®¬ á®®â­®è¥­¨© (3) ¢«¥ç¥â ¨áª®¬ë¥ à ¢¥­áâ¢ 
(10).

4. �­ «¨§ ­¥á®¡áâ¢¥­­®£® á«ãç ï

�ãáâì â¥¯¥àì § ¤ ç  (1) ­¥à §à¥è¨¬ . � áá¬®âà¨¬ ¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¢®§¬ãé¥­­ëå
§ ¤ ç ®âëáª ­¨ï â®ç¥ª x, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬

x 2 X; hF (x) + h; y � xi � 0 8y 2 X; (20)

§¤¥áì h | ¯ à ¬¥âà, ®¯¨áë¢ îé¨© ¯®áâ®ï­­®¥ ¢®§¬ãé¥­¨¥ ¯à¨ ¢ëç¨á«¥­¨¨ §­ ç¥­¨ï ®¯¥à â®-
à  F . � ª ¨§¢¥áâ­®, ¬­®¦¥áâ¢® H ¢á¥å â ª¨å §­ ç¥­¨© ¯ à ¬¥âà  h, ¯à¨ ª®â®àëå ¢®§¬ãé¥­­ ï
§ ¤ ç  (20) ¨¬¥¥â å®âï ¡ë ®¤­® à¥è¥­¨¥, ­¥ ¯ãáâ® ¨ ¯®çâ¨ ¢ë¯ãª«® [13], [16]. �®á«¥¤­¥¥ ®§­ ç ¥â,
çâ® ¥£® § ¬ëª ­¨¥ H ¢ë¯ãª«® ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

riH � H � H;

£¤¥ ri ®¡®§­ ç ¥â ®¯¥à æ¨î ¢§ïâ¨ï ®â­®á¨â¥«ì­®© ¢­ãâà¥­­®áâ¨ ¢ë¯ãª«®£® ¬­®¦¥áâ¢ .
�à¥¤¨ ¢®§¬ãé¥­­ëå § ¤ ç ¢¨¤  (20), ®¡« ¤ îé¨å à¥è¥­¨¥¬, ¥áâ¥áâ¢¥­­® ¯®¯ëâ âìáï ¢ë-

¡à âì § ¤ çã, ­ ¨¡®«¥¥ ¡«¨§ªãî ª ¨áå®¤­®©, ¨ áç¨â âì ¥¥ ®¡ëç­®¥ à¥è¥­¨¥ ­¥ª®â®àë¬ ®¡®¡-
é¥­­ë¬ à¥è¥­¨¥¬ (¨«¨ ª¢ §¨à¥è¥­¨¥¬) ¨áå®¤­®© ­¥à §à¥è¨¬®© (­¥á®¡áâ¢¥­­®©) ¯®áâ ­®¢ª¨.
�«¨§®áâì ¨áå®¤­®© ¨ ¢®§¬ãé¥­­®© § ¤ ç¨ ¬®¦­® ¨§¬¥àïâì ­®à¬®© ¢¥ªâ®à  h, ­ ¯à¨¬¥à, ¥¢ª«¨-
¤®¢®© ­®à¬®© khk.

�¡®§­ ç¨¬ khk = min
h2H

khk. � ª®© í«¥¬¥­â ®ç¥¢¨¤­® áãé¥áâ¢ã¥â ¨ ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ ¢

á¨«ã ¢ë¯ãª«®áâ¨ ¨ § ¬ª­ãâ®áâ¨ H. �®âï, áâà®£® £®¢®àï, h ¬®¦¥â ­¥ «¥¦ âì ¢ H, á¢®©áâ¢® ¯®çâ¨
¢ë¯ãª«®áâ¨ ¬­®¦¥áâ¢  H £ à ­â¨àã¥â áãé¥áâ¢®¢ ­¨¥ ¢ ­¥¬ í«¥¬¥­â®¢, áª®«ì ã£®¤­® ¡«¨§ª¨å
ª h. �â® á«ã¦¨â å®à®è¥© ¬®â¨¢¨à®¢ª®© ¤«ï ¨§ãç¥­¨ï § ¤ ç¨ ¯®¨áª  h. �«¥¤ãîé ï â¥®à¥¬ 
ãáâ ­ ¢«¨¢ ¥â á¢ï§ì ¬¥¦¤ã íâ®© § ¤ ç¥© ¨ íªáâà £à ¤¨¥­â­ë¬ ¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨.

�¥®à¥¬  2. �ãáâì § ¤ ç  (1) ­¥à §à¥è¨¬  ¨ x� | à¥è¥­¨¥ à¥£ã«ïà¨§¨à®¢ ­­®© § ¤ ç¨ (2),
®â¢¥ç îé¥¥ ­¥ª®â®à®¬ã � > 0. �®£¤ 

(a) �x� 2 H,

(b) x� ï¢«ï¥âáï à¥è¥­¨¥¬ ¢®§¬ãé¥­­®© § ¤ ç¨ (20) ¯à¨ h = �x�,

(c) lim
�!+0

k�x� � hk = 0,

£¤¥ h | ¬¨­¨¬ «ì­ë© ¯® ­®à¬¥ í«¥¬¥­â ¬­®¦¥áâ¢  H.

�á«¨ (¢ ¤®¯®«­¥­¨¥ ª ¯à¥¤ë¤ãé¥¬ã) ¯ à ¬¥âàë ¬¥â®¤  (6), (7) á¢ï§ ­ë ãá«®¢¨ï¬¨ (8), (9)
¨ §­ ç¥­¨ï �k ­¥ ¢®§à áâ îâ, â® â ª¦¥

(d) lim
k!1

k�kxk � hk = 0,
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â.¥. ¯®á«¥¤®¢ â¥«ì­®áâì f�kxkg áå®¤¨âáï ª ®¯â¨¬ «ì­®¬ã ¯ à ¬¥âàã ª®àà¥ªæ¨¨ h.

�®ª § â¥«ìáâ¢®. �¥à¢ë¥ âà¨ ¯ã­ªâ  â¥®à¥¬ë ¤®ª § ­ë ¢ [13], [18]. �¡®á­ã¥¬ ¯®á«¥¤­¨© ¥¥
¯ã­ªâ. � íâ®© æ¥«ìî ¯à®á«¥¤¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì à ááã¦¤¥­¨©, ¢ë¯®«­¥­­ãî ¯à¨ ¢ë¢®¤¥ ­¥-
à ¢¥­áâ¢  (18) ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1. �à¥¤¯®«®¦¥­¨¥ ® ­¥à §à¥è¨¬®áâ¨ ¨áå®¤­®© § ¤ ç¨
¬¥­ï¥â â®«ìª® ¤¢  §¢¥­  íâ®© ¯®á«¥¤®¢ â¥«ì­®áâ¨. �¥à¢®¥ §¢¥­® á¢ï§ ­® á ®æ¥­ª®© kx�kk � kx�k,
ª®â®à ï ¡« £®¤ àï (4) â¥¯¥àì ¯à¨®¡à¥â ¥â ¢¨¤ kx�kk � K0�

�1
k . �®®â¢¥âáâ¢¥­­® á«¥¤ã¥â § ¬¥­¨âì

kx�k ­  K0�
�1
k ¢ á®®â­®è¥­¨ïå (14){(16) ¨ ¢ ¨å á«¥¤áâ¢¨ïå. �â®à®¥ §¢¥­® ª á ¥âáï ®æ¥­ª¨

kx�k+1 � x�kk �
(�k � �k+1)

�k
kx�k;

ª®â®à ï ¯à¨¬¥­ï« áì ¢ (18) ¨ â¥¯¥àì ¨¬¥¥â ¢¨¤

kx�k+1 � x�kk �
(�k � �k+1)
�k�k+1

K0:

� ãç¥â®¬ íâ¨å ¨§¬¥­¥­¨© ¯¥à¥¯¨è¥¬ á®®â­®è¥­¨¥ (18):

kxk+1 � x�k+1k2 +
Dk+1

Ak+1

kxk � xk+1k2 � Ak

1� "k

�
kxk � x�kk2 +

Dk

Ak

kxk � xk�1k2
�
�

�
�

Bk

1� "k
� Dk+1

Ak+1

�
kxk � xk+1k2 � Ck

1� "k
kxk � xkk2 + �(3�k + �k�1)(1 +K0�

�1
k )2

1� "k
+

+
(�k � �k+1)2

"k�
2
k �

2
k+1

K2
0 : (21)

�¬­®¦¨¬ «¥¢ãî ¨ ¯à ¢ãî ç áâ¨ ¢ë¯¨á ­­®£® ­¥à ¢¥­áâ¢  ­  �2k+1. �áâ ¢«ïï á¯à ¢  â®«ìª®
­¥®âà¨æ â¥«ì­ë¥ á« £ ¥¬ë¥ ¨ ®¯¨à ïáì ­  â®, çâ® §­ ç¥­¨ï �k ­¥ ¢®§à áâ îâ, ¯®«ãç¨¬  ­ «®£
®æ¥­ª¨ (19):

0 � !0k+1 �
Ak

1� "k
!0k +

�(3�k + �k�1)(K0 + �k)2

1� "k
+
(�k � �k+1)2

"k�
2
k

K2
0 =

= (1� �k)!
0
k + �0k 8k > N; (22)

£¤¥ ¢¢¥¤¥­ë ®¡®§­ ç¥­¨ï

!0k = k�kxk � �kx�kk2 + �2k
Dk

Ak

kxk � xk�1k2; �0k =
�(3�k + �k�1)(K0 + �k)2

1� "k
+
(�k � �k+1)2

"k�
2
k

K2
0 ;

¨ £¤¥ N | ­®¬¥à, ­ ç¨­ ï á ª®â®à®£® ¢â®à®¥ ¨ âà¥âì¥ á« £ ¥¬ë¥ ¢ ¯à ¢®© ç áâ¨ ­¥à ¢¥­áâ¢ 
(21) ¬®¦­® áç¨â âì ­¥¯®«®¦¨â¥«ì­ë¬¨.

�¥âàã¤­® ã¡¥¤¨âìáï, çâ® ãá«®¢¨ï á®£« á®¢ ­¨ï ¯ à ¬¥âà®¢ ¨â¥à æ¨®­­®£® ¯à®æ¥áá  (6) ¯à¨
¢á¥å ¤®áâ â®ç­® ¡®«ìè¨å k ®¡¥á¯¥ç¨¢ îâ ­¥à ¢¥­áâ¢®

0 � r0k =
�0k
�k

<
�0k

1�Ak � "k
=

�0k
O(�k)

! 0 ¯à¨ k !1:

�à®¬¥ â®£® â¥ ¦¥ ãá«®¢¨ï, ª ª ¡ë«® ¯®ª § ­® à ­¥¥, ®¡¥á¯¥ç¨¢ îâ à áå®¤¨¬®áâì àï¤ 
1P
k=1

�k,

çâ® ¯®§¢®«ï¥â ¢­®¢ì ¯à¨¬¥­¨âì, ­® ã¦¥ ª ¯®á«¥¤®¢ â¥«ì­®áâ¨ f!0kg, ãâ¢¥à¦¤¥­¨¥ ([6], á. 90), ¢
á¨«ã ª®â®à®£® íâ  ¯®á«¥¤®¢ â¥«ì­®áâì áå®¤¨âáï ª ­ã«î. �® ®¯à¥¤¥«¥­¨î ¢¬¥áâ¥ á íâ®© ¯®á«¥¤®-
¢ â¥«ì­®áâìî áå®¤¨âáï ª ­ã«î ¨ ¯®á«¥¤®¢ â¥«ì­®áâì k�kxk��kx�kk, çâ® á ãç¥â®¬ á®®â­®è¥­¨©
(4) § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® ¯®á«¥¤­¥£® ¯ã­ªâ  â¥®à¥¬ë 2.
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5. �¥§ã«ìâ âë ¢ëç¨á«¨â¥«ì­®£® íªá¯¥à¨¬¥­â 

�ëç¨á«¨â¥«ì­ë© íªá¯¥à¨¬¥­â ¯à®¢®¤¨«áï ­  «¨­¥©­ëå § ¤ ç å ® ¤®¯®«­¨â¥«ì­®áâ¨ á ª®á®-
á¨¬¬¥âà¨ç­®© ¬ âà¨æ¥© ª®íää¨æ¨¥­â®¢. � ¯®¬­¨¬, çâ® ¤«ï § ¤ ­­®© ª¢ ¤à â­®© ¬ âà¨æë A

«¨­¥©­ ï § ¤ ç  ® ¤®¯®«­¨â¥«ì­®áâ¨ á®áâ®¨â ¢ ¯®¨áª¥ ¯ àë ¢¥ªâ®à®¢ x, y, ã¤®¢«¥â¢®àïîé¨å
ãá«®¢¨ï¬

y = Ax+ b; x � 0; y � 0; hx; yi = 0:

�¨­¥©­ë¥ § ¤ ç¨ ® ¤®¯®«­¨â¥«ì­®áâ¨ á ª®á®á¨¬¬¥âà¨ç­ë¬¨ ¬ âà¨æ ¬¨, â. ¥. ¬ âà¨æ ¬¨, ã¤®-
¢«¥â¢®àïîé¨¬¨ ãá«®¢¨î A = �AT , ï¢«ïîâáï ­ ¨¡®«¥¥ ¯à®áâë¬ ¯à¨¬¥à®¬ ¢ à¨ æ¨®­­ëå ­¥-
à ¢¥­áâ¢ [1], [4], ç¥© ®¯¥à â®à F (x) = Ax + b ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ¬®­®â®­­®áâ¨ ¢ ­ ¨¡®«¥¥
á« ¡®© ä®à¬¥

hF (x)� F (y); x� yi = hA(x� y); x� yi = 0 8x; y:
�á¥ â¥áâ®¢ë¥ ¯à¨¬¥àë ¨¬¥«¨ § à ­¥¥ ¨§¢¥áâ­®¥ à¥è¥­¨¥. �®£à¥è­®áâ¨ ¢ëç¨á«¥­¨ï ¬®¤¥-

«¨à®¢ «¨áì ¤ âç¨ª®¬ á«ãç ©­ëå ç¨á¥« á à ¢­®¬¥à­ë¬ à á¯à¥¤¥«¥­¨¥¬. �¥«¨ç¨­  è £®¢®£®
¯ à ¬¥âà  ¢ë¡¨à « áì â ª¨¬ ®¡à §®¬, çâ®¡ë ®¡¥á¯¥ç¨âì ­ ¨¡®«ìèãî áª®à®áâì áå®¤¨¬®áâ¨ ª -
¦¤®£® ¨§  «£®à¨â¬®¢ ¯à¨ ä¨ªá¨à®¢ ­­ëå áâà â¥£¨ïå ¢ë¡®à  §­ ç¥­¨© ¤àã£¨å ¯ à ¬¥âà®¢. �â¨
áâà â¥£¨¨ ®¯à¥¤¥«ï«¨áì á®®â­®è¥­¨ï¬¨

�k = �0(1 + k)�1=2; �k = �0(1 + k)�1; k = 1; 2; : : :

� íªá¯¥à¨¬¥­â¥ ãç áâ¢®¢ «¨ âà¨ ¬¥â®¤ : ¬¥â®¤ ¨â¥à â¨¢­®© à¥£ã«ïà¨§ æ¨¨ ¨§ [9], íªáâà -
£à ¤¨¥­â­ë© ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ ¨§ [12] ¨ ¯à¥¤« £ ¥¬ë© ¢ ¤ ­­®© à ¡®â¥ ¬®¤¨ä¨æ¨à®¢ ­­ë©
íªáâà £à ¤¨¥­â­ë© ¬¥â®¤ á  «ìâ¥à­ â¨¢­®© áå¥¬®© ä®à¬¨à®¢ ­¨ï ¯à®£­®§­®© ¯®á«¥¤®¢ â¥«ì-
­®áâ¨. �® ¢á¥å á«ãç ïå ­ ç «ì­®¥ ¯à¨¡«¨¦¥­¨¥ ª ¨áª®¬®¬ã à¥è¥­¨î ¢ë¡¨à «®áì ®¤¨­ ª®¢ë¬.
�¨¯¨ç­ë¥ à¥§ã«ìâ âë à áç¥â®¢ ¯à¥¤áâ ¢«¥­ë ­¨¦¥ ¢ â ¡«¨æ¥, £¤¥ ¢ ªà ©­¥© «¥¢®© ª®«®­ª¥
¯®¬¥é¥­ ­®¬¥à ¨â¥à æ¨¨,   ¢ ®áâ «ì­ëå | ¯®ª § â¥«¨ ¤®áâ¨£­ãâ®© ª íâ®¬ã ¬®¬¥­âã â®ç­®-
áâ¨ (â. ¥. ®âª«®­¥­¨¥ â¥ªãé¥£® ¯à¨¡«¨¦¥­¨ï ®â à¥è¥­¨ï â¥áâ®¢®© § ¤ ç¨) ¢ «®£ à¨ä¬¨ç¥áª®©
èª «¥.

�®ç­®áâì, ¤®áâ¨£ ¥¬ ï à §­ë¬¨ ¬¥â®¤ ¬¨ §  ®¤¨­ ª®¢®¥ ç¨á«® è £®¢

ò �¥â®¤ ¨â¥à â¨¢­®© �ªáâà £à ¤¨¥­â­ë© ¬¥â®¤ �®¤¨ä¨æ¨à®¢ ­­ë©
¨â¥à æ¨¨ à¥£ã«ïà¨§ æ¨¨ à¥£ã«ïà¨§ æ¨¨ íªáâà £à ¤¨¥­â­ë© ¬¥â®¤

0 1.36956 1.36956 1.36956
3000 �0:99844 �2:13194 �2:05402
6000 �1:62098 �2:71738 �2:46219
9000 �1:62454 �3:30334 �2:86882
12000 �1:64115 �3:89139 �3:27424
15000 �1:62102 �4:45678 �3:67904
18000 �1:63893 �4:99480 �4:08608
21000 �1:64986 �5:72244 �4:50322
36000 �1:67753 �5:91552 �5:83104

�§ ¯à¨¢¥¤¥­­ëå ¤ ­­ëå ¢¨¤­®, çâ® ®¡  íªáâà £à ¤¨¥­â­ëå ¬¥â®¤  à¥£ã«ïà¨§ æ¨¨ ¯à¥¢®á-
å®¤ïâ ¯® áª®à®áâ¨ áå®¤¨¬®áâ¨ ¬¥â®¤ ¨â¥à â¨¢­®© à¥£ã«ïà¨§ æ¨¨ ¨ ¢¯®«­¥ á®¯®áâ ¢¨¬ë ¢ íâ®¬
¯« ­¥ ¤àã£ á ¤àã£®¬. �¬¥áâ¥ á â¥¬, § âà ç¨¢ ï ­  ¤®áâ¨¦¥­¨¥ ®¤­®© ¨ â®© ¦¥ â®ç­®áâ¨ à¥è¥­¨ï
¯à¨¬¥à­® ®¤¨­ ª®¢®¥ ç¨á«® ¨â¥à æ¨©, íâ¨ ¤¢  ¬¥â®¤  à §­ïâáï ¯® ®¡é¥¬ã ¢à¥¬¥­¨ ¢ëç¨á«¥­¨©,
â. ª. ¨â¥à æ¨ï ¢â®à®£® ¨§ ­¨å ¢ë¯®«­ï¥âáï ­  ª®¬¯ìîâ¥à¥ ¯à¨¬¥à­® ¢ ¤¢  à §  ¡ëáâà¥¥, ç¥¬
ã ¯¥à¢®£®. � ª¨¬ ®¡à §®¬, ¯à¥¤¢ à¨â¥«ì­ë¥ à¥§ã«ìâ âë â¥áâ¨à®¢ ­¨ï ¯®ª § «¨ áãé¥áâ¢¥­­®¥
¯à¥¨¬ãé¥áâ¢® ­®¢®© áå¥¬ë ä®à¬¨à®¢ ­¨ï ¯à®£­®§­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢ íªáâà £à ¤¨¥­â­®¬
¬¥â®¤¥ à¥£ã«ïà¨§ æ¨¨.
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