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�£à¥£¨à®¢ ­¨¥ ­¥ç¥âª®© ¨­ä®à¬ æ¨¨ ¢ á¨áâ¥¬ å ¯à¨­ïâ¨ï à¥è¥­¨©, ª®â®àë¥ à §à ¡ âë-
¢ îâáï ª ª á®áâ ¢­ ï ç áâì íªá¯¥àâ­ëå á¨áâ¥¬, á¢ï§ ­® á ¨á¯®«ì§®¢ ­¨¥¬ ­¥ç¥âª¨å ®¯¥à â®-
à®¢ ®¡ê¥¤¨­¥­¨ï ¨ ¯¥à¥á¥ç¥­¨ï, ¯®íâ®¬ã  ªâã «ì­ë¬¨ ï¢«ïîâáï ¨áá«¥¤®¢ ­¨ï, á¢ï§ ­­ë¥ á
¢ëï¢«¥­¨¥¬ ­¥ª®â®àëå á¢®©áâ¢ íâ¨å ®¯¥à â®à®¢, ¯®«¥§­ëå ¤«ï ¯à¨«®¦¥­¨©, ¨å áâàãªâãàë,  
â ª¦¥ ¢§ ¨¬®á¢ï§¨ à §«¨ç­ëå ¯à¥¤áâ ¢«¥­¨©. �¥è¥­¨¥ íâ¨å § ¤ ç ¯®§¢®«¨â ®áãé¥áâ¢¨âì æ¥«¥-
­ ¯à ¢«¥­­ë© ¢ë¡®à ®¯¥à â®à  ¨ â¥¬ á ¬ë¬ ¯®¢ëá¨âì ãà®¢¥­ì  ¤¥ª¢ â­®áâ¨ á®®â¢¥âáâ¢ãîé¥©
¬®¤¥«¨.

�à¥¤¨ ­¥ç¥âª¨å ®¯¥à â®à®¢, ã¯®¬¨­ ¥¬ëå ¢ «¨â¥à âãà¥, ¬®¦­® ¢ë¤¥«¨âì ª« áá ®¯¥à â®à®¢
®¡ê¥¤¨­¥­¨ï ¨ ¯¥à¥á¥ç¥­¨ï, ª®â®àë¥ ¯à¥¤áâ ¢«ïîâáï ®â­®è¥­¨¥¬ ¬­®£®ç«¥­®¢ ¨«¨, ¢ ç áâ­®¬
á«ãç ¥, ¬­®£®ç«¥­®¬. � â ª¨¬ ®¯¥à â®à ¬ ®â­®áïâáï á«¥¤ãîé¨¥:

Fm(x; y) = max(x+ y � 1; 0); Gm(x; y) = min(x+ y; 1);

Fp(x; y) = xy; Gp(x; y) = x+ y � xy;

F0(x; y) =
xy

x+ y � xy
; F0(0; 0) = 0; G�1(x; y) =

x+ y � 2xy
1� xy

; G�1(1; 1) = 1;

F�(x; y) =
xy

�+ (1� �)(x+ y � xy)
; G�(x; y) =

(� � 1)xy + x+ y

1 + �xy
:

�¤¥áì Fm, Fp, F0, F� | ®¯¥à â®àë ¯¥à¥á¥ç¥­¨ï, Gm, Gp, G�1, G� | ®¯¥à â®àë ®¡ê¥¤¨­¥­¨ï ([1],
á.221).

�¥ç¥âª¨¥ ®¯¥à â®àë ®¡®¡é îâáï ¯à¥¤áâ ¢«¥­¨¥¬ ¨å ¢ ª« áá¥ âà¥ã£®«ì­ëå ­®à¬ ¨ ª®­®à¬,
¯à¨ç¥¬ ®¯¥à æ¨¨ ¯¥à¥á¥ç¥­¨ï ®¯à¥¤¥«ïîâáï ç¥à¥§ T -­®à¬ë,   ®¡ê¥¤¨­¥­¨ï | ç¥à¥§ S-ª®­®à¬ë
([2], á.30).

�à¥ã£®«ì­ ï T -­®à¬  ¥áâì ®¯¥à æ¨ï T : [0; 1] � [0; 1] ! [0; 1], ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬
ª®¬¬ãâ â¨¢­®áâ¨,  áá®æ¨ â¨¢­®áâ¨, ¬®­®â®­­®áâ¨ ¨ ®£à ­¨ç¥­­®áâ¨ T (0; 0) = 0, T (1; x) = x. �¥
ª®­®à¬  (S-ª®­®à¬ ) ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨¥¬ S(x; y) = 1 � T (1 � x; 1 � y), ã¤®¢«¥â¢®àï¥â
â¥¬ ¦¥ ãá«®¢¨ï¬, ­® ®£à ­¨ç¥­­®áâì § ¤ ¥âáï ¢ ¢¨¤¥ S(1; 1) = 1, S(0; x) = x.

�ãáâì

e�(x; y) = a0 + a1x+ a2y + a3xy

b0 + b1x+ b2y + b3xy
(1)

à¥ «¨§ã¥â ®¯¥à æ¨î ®¡ê¥¤¨­¥­¨ï ¨«¨ ¯¥à¥á¥ç¥­¨ï ­¥ç¥âª¨å ¬­®¦¥áâ¢.
� áá¬®âà¨¬ á¢®©áâ¢  ª®¬¬ãâ â¨¢­®áâ¨ ¨  áá®æ¨ â¨¢­®áâ¨ ¤«ï e�(x; y), ª®â®àë¥ § ¯¨èãâáï

á®®â¢¥âáâ¢¥­­® ¢ ¢¨¤¥:

e�(x; y) = e�(y; x); (2)

e�(e�(x; y); z) = e�(x; e�(y; z)): (3)
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� ©¤¥¬ ãá«®¢¨ï ­  ª®íää¨æ¨¥­âë e�(x; y), ¯à¨ ª®â®àëå ¢ë¯®«­ïîâáï (2) ¨ (3). �®¤áâ ¢«ïïe�(x; y) ¢ ¢¨¤¥ (1) ¢ (2) ¨ (3),   § â¥¬ ¯à¨à ¢­¨¢ ï ¯®á«¥ á®®â¢¥âáâ¢ãîé¨å ¯à¥®¡à §®¢ ­¨© ª®-
íää¨æ¨¥­âë ¯à¨ ®¤¨­ ª®¢ëå áâ¥¯¥­ïå x ¢ «¥¢®© ¨ ¯à ¢®© ç áâïå ¢ëà ¦¥­¨© (2) ¨ (3), ¯®«ãç¨¬
àï¤ á®®â­®è¥­¨©,  ­ «¨§ ª®â®àëå ¯®§¢®«ï¥â á¤¥« âì á«¥¤ãîé¨¥ ¢ë¢®¤ë:e�(x; y) ª®¬¬ãâ â¨¢­  ¯à¨ ¢ë¯®«­¥­¨¨ á®®â­®è¥­¨©8<

:a1 = a2;

b1 = b2
(4)

¨  áá®æ¨ â¨¢­  ¯à¨ ¢ë¯®«­¥­¨¨ á®®â­®è¥­¨©8>>>>><
>>>>>:

a1 = a2; b1 = b2;

b1a0 + a21 = a1b0 + a3b0;

b3a1 + b21 = b0b3 + a3b1;

a1b1 = a0b3:

(5)

�ç¨âë¢ ï á®®â­®è¥­¨ï (4), ª®â®àë¥ â ª¦¥ ¢å®¤ïâ ¢ (5), ¢ ¤ «ì­¥©è¥¬ ª®¬¬ãâ â¨¢­ãî ¨
 áá®æ¨ â¨¢­ãî ®¯¥à æ¨î ¡ã¤¥¬ à áá¬ âà¨¢ âì ¢ ¢¨¤¥

�(x; y) =
a0 + a1(x+ y) + a2xy

b0 + b1(x+ y) + b2xy
; (6)

  á®®â­®è¥­¨ï (5) ¯à¨ íâ®¬ § ¯¨èãâáï á«¥¤ãîé¨¬ ®¡à §®¬:8>><
>>:
b1a0 + a21 = a1b0 + a2b0;

b2a1 + b21 = b0b2 + a2b1;

a1b1 = a0b2:

�§¢¥áâ­®, çâ®  áá®æ¨ â¨¢­ ï ®¯¥à æ¨ï ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ ([2], á.30)

�(x; y) = '�1('(x) + '(y));

£¤¥ ' : [0; 1] ! R+ | ­¥¯à¥àë¢­ ï ¬®­®â®­­ ï äã­ªæ¨ï, ®¯à¥¤¥«ï¥¬ ï á â®ç­®áâìî ¤® ¯®«®-
¦¨â¥«ì­®© ª®­áâ ­âë ¨ ­ §ë¢ ¥¬ ï  ¤¤¨â¨¢­ë¬ £¥­¥à â®à®¬; '�1 | ¯á¥¢¤®®¡à â­ ï äã­ªæ¨ï
â ª ï, çâ® '�1('(x)) = x.

�®£« á­® �¥ �¨­¥ââ¨, ¥á«¨ �(x; y) á¨¬¬¥âà¨ç­  (®¡« ¤ ¥â á¢®©áâ¢®¬ ª®¬¬ãâ â¨¢­®áâ¨) ¨
¨¬¥¥â ¯à®¨§¢®¤­ãî, â® ­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ ¤«ï ¥¥  áá®æ¨ â¨¢­®áâ¨ ï¢«ï¥âáï
â®, çâ®¡ë ®â­®è¥­¨¥ ¤¢ãå ç áâ­ëå ¯à®¨§¢®¤­ëå � ¡ë«® ®â­®è¥­¨¥¬ äã­ªæ¨¨ ®¤­®£® x ª â®©
¦¥ äã­ªæ¨¨ ®¤­®£® y. � íâ®¬ á«ãç ¥ ' ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

�0

x(x; y)
�0

y(x; y)
=

'0(x)
'0(y)

: (7)

� áá¬®âà¨¬ § ¤ çã: ª ª ¤«ï ¨§¢¥áâ­®© �(x; y) ¢ ¢¨¤¥ (6) ®¯à¥¤¥«¨âì  ¤¤¨â¨¢­ë© £¥­¥à â®à

'(x)?
� ¬¥â¨¬, çâ® ¤«ï �(x; y) ¢ ¢¨¤¥ (6) á¯à ¢¥¤«¨¢® (7) á

'0(x) =
1

(a1b0 � a0b1) + x(a2b0 � a0b2) + x2(a2b1 � a1b2)
;

â®£¤ 

'(x) =
Z

dx

(a1b0 � a0b1) + x(a2b0 � a0b2) + x2(a2b1 � a1b2)
+ C: (8)
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� § ¢¨á¨¬®áâ¨ ®â ª®íää¨æ¨¥­â®¢ �(x; y) ¢®§¬®¦­ë á«¥¤ãîé¨¥ á¨âã æ¨¨ (â ¡«. 1), ¢ ª ¦¤®©
¨§ ª®â®àëå  ¤¤¨â¨¢­ë© £¥­¥à â®à ¯®«ãç ¥âáï ¢ à¥§ã«ìâ â¥ ¢ëç¨á«¥­¨ï á®®â¢¥âáâ¢ãîé¥£® ­¥-
®¯à¥¤¥«¥­­®£® ¨­â¥£à « .

� ¡«¨æ  1
�¨âã æ¨ï S1 S2 S3 S4 S5 S6 S7 S8

� = a1b0 � a0b1 + + + + � � � �
� = a2b0 � a0b2 + + � � + + � �

 = a2b1 � a1b2 + � + � + � + �

(�¤¥áì \+" ®§­ ç ¥â, çâ® ¢ëà ¦¥­¨¥ à ¢­® 0, \�" | ¨­ ç¥.)

� áá¬®âà¨¬, ­ ¯à¨¬¥à, á¨âã æ¨î S4. � íâ®¬ á«ãç ¥

'(x) =
Z

dx

x(a2b0 � a0b2) + x2(a2b1 � a1b2)
=
Z

dx

�x+ 
x2
=

1



Z
dx

x(x+ �


)
=

=
1
�

�Z
dx

x
�
Z

dx

x+ �



�
=

1
�

�
ln jxj � ln

��x+ �




���� = 1
�
ln
���� x

x+ �



���� = 1
�
ln
��� 
x


x+ �

���+ C:

� ª¨¬ ®¡à §®¬, ¤«ï ª ¦¤®© ¨§ ¯¥à¥ç¨á«¥­­ëå á¨âã æ¨© ¨¬¥¥¬

S1:  ¤¤¨â¨¢­®£® £¥­¥à â®à  ­¥ áãé¥áâ¢ã¥â;

S2: '(x) = � 1

x

+ C;

S3: '(x) =
1
�
ln jxj+ C;

S4: '(x) =
1
�
ln
��� 
x


x+ �

���+C;

S5: '(x) =
1
�
x+ C;

S6: ¥á«¨
�



> 0, â® '(x) =

1p
�


arctg
�
x

r



�

�
+ C, ¨­ ç¥ '(x) =

1q
��




ln

�����
x�

q
��




x+
q
��




�����+ C;

S7: '(x) =
1
�
ln j�+ �xj+ C;

S8: ¯ãáâì D = �2 � 4�
, â®£¤  ¢®§¬®¦­ë á«ãç ¨

¥á«¨ D > 0, â® '(x) =
1p
D
ln
���2
x+ � �pD
2
x+ � +

p
D

���+ C,

¥á«¨ D = 0, â® '(x) = � 1


x+ �
2

+ C,

¥á«¨ d < 0, â® '(x) =
2p�D arctg

2
x+ �p�D + C.

�à¨ ¨á¯®«ì§®¢ ­¨¨ ¯à¨¢¥¤¥­­ëå ä®à¬ã« á«¥¤ã¥â ¨¬¥âì ¢ ¢¨¤ã, çâ® x 2 [0; 1],   ª®­áâ ­â  C

­ å®¤¨âáï ¨§ ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨©: ¢ á«ãç ¥ ®¯¥à æ¨¨ ¯¥à¥á¥ç¥­¨ï  ¤¤¨â¨¢­ë© £¥­¥à â®à
¤®«¦¥­ ¡ëâì ¬®­®â®­­® ã¡ë¢ îé¥© äã­ªæ¨¥©, ¤«ï ª®â®à®© '(1) = 0; ¤«ï ®¯¥à æ¨¨ ®¡ê¥¤¨­¥­¨ï
£¥­¥à â®à ¯à¥¤áâ ¢«ï¥âáï ¬®­®â®­­® ¢®§à áâ îé¥© äã­ªæ¨¥©, ¯à¨ç¥¬ '(0) = 0.

� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ ®¯¥à æ¨î ®¡ê¥¤¨­¥­¨ï

G�1(x; y) =
x+ y � 2xy
1� xy

:
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�¤¥áì a0 = 0, a1 = 1, a2 = �2, b0 = 1, b1 = 0, b2 = �1, � = 1, � = �2, 
 = 1. �«¥¤®¢ â¥«ì­®, ¨¬¥¥¬
á¨âã æ¨î S8 á D = 0. �®£¤ 

'(x) = � 1


x+
�

2

+ C =
1

1� x
+ C:

�§ ãá«®¢¨ï '(0) = 0 ®¯à¥¤¥«ï¥âáï ª®­áâ ­â  C = �1, ¨  ¤¤¨â¨¢­ë© £¥­¥à â®à ¨¬¥¥â ¢¨¤

'(x) =
x

1� x
= g�1(x);

çâ® á®®â¢¥âáâ¢ã¥â à¥§ã«ìâ âã, ¨§«®¦¥­­®¬ã ¢ ([1], á.221).
�®§¬®¦­®áâì ¢ë¯¨á âì ¢ ï¢­®¬ ¢¨¤¥  ¤¤¨â¨¢­ë© £¥­¥à â®à ¯®§¢®«ï¥â à¥è¨âì àï¤ ¯à®¡«¥¬,

áà¥¤¨ ­¨å | ®¯à¥¤¥«¥­¨¥ ®¯¥à æ¨¨ ®âà¨æ ­¨ï, á ¯®¬®éìî ª®â®à®© ¤«ï ­¥ç¥âª¨å ®¯¥à â®à®¢
®¡ê¥¤¨­¥­¨ï ¨ ¯¥à¥á¥ç¥­¨ï ¢¢®¤¨âáï ¯®­ïâ¨¥ ¤¢®©áâ¢¥­­®áâ¨ { n-¤ã «ì­®áâ¨ ([1], á.222). �¯¥à -
æ¨ï ®âà¨æ ­¨ï n(x) ­  [0; 1], ª®â®à ï ¢ ®¡é¥¬ á«ãç ¥ ¬®¦¥â ¡ëâì ­¥ ¥¤¨­áâ¢¥­­®©, ®¯à¥¤¥«ï¥âáï
á«¥¤ãîé¨¬ ®¡à §®¬:

n = f�1 � lt � g = g�1 � l1=t � f;
£¤¥ g, f | £¥­¥à â®àë ®¡ê¥¤¨­¥­¨ï ¨ ¯¥à¥á¥ç¥­¨ï á®®â¢¥âáâ¢¥­­®, lt(x) = tx (t > 0).

� áá¬®âà¨¬ ¨§¢¥áâ­ë¥ ¯ àë ¤¢®©áâ¢¥­­ëå ®¯¥à â®à®¢ ([1], á.222) ¨ ¢ë¯¨è¥¬ ®¯¥à æ¨¨ ®â-
à¨æ ­¨ï. �«ï Fp(x; y), Gp(x; y) £¥­¥à â®àë gp(x) = � ln(1 � x) ¨ fp(x) = � lnx ®¯à¥¤¥«ïîâ
¥¤¨­áâ¢¥­­ãî äã­ªæ¨î á¨«ì­®£® ®âà¨æ ­¨ï n(x) = 1 � x. �«ï F0(x; y), G�1(x; y) £¥­¥à â®àë

f0(x) =
1� x

x
¨ g�1(x) =

x

1� x
®¯à¥¤¥«ïîâ ¬­®¦¥áâ¢® äã­ªæ¨© á¨«ì­®£® ®âà¨æ ­¨ï �ã¤¦¥­®

¯à¨ t > 0 ¢ ¢¨¤¥ n(x) =
1� x

1 + (t� 1)x
. �«ï F�(x; y) ¨ G�(x; y) ¨¬¥¥¬ ¥¤¨­áâ¢¥­­®¥ ®âà¨æ ­¨¥

�ã¤¦¥­®

n(x) =
1� x

1 +
1� �+ �

�
x
;

¯®«ãç¥­­®¥ á ¯®¬®éìî £¥­¥à â®à®¢ f�(x) = ln
�� (�� 1)x

x
¨ g�(x) = ln

1 + �x

1� x
.

� ª ¢¨¤­® ¨§ ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢,  ¤¤¨â¨¢­ë© £¥­¥à â®à ¤«ï �(x; y) ¢ ¢¨¤¥ (6) ®â­®-
á¨âáï ª ®¤­®¬ã ¨§ á«¥¤ãîé¨å â¨¯®¢:

'1(x) =
ax+ b

cx+ d
; '2(x) = ln

ax+ b

cx+ d
; '3(x) = arctg

ax+ b

cx+ d
:

� áá¬®âà¨¬ ®¡à â­ãî § ¤ çã: ª ª á ¯®¬®éìî ¨§¢¥áâ­®£® £¥­¥à â®à  '(x) ¯®áâà®¨âì �(x; y)
¢ ¢¨¤¥ (6)?

�à¨ à¥è¥­¨¨ íâ®© § ¤ ç¨ ¯®«ãç¥­ë ¢ëà ¦¥­¨ï ¤«ï ª®íää¨æ¨¥­â®¢ a0, a1, a2, b0, b1, b2 ç¥à¥§
ª®íää¨æ¨¥­âë  ¤¤¨â¨¢­ëå £¥­¥à â®à®¢, ¯à¨ç¥¬

'1(x) =
ax+ b

cx+ d
®¯à¥¤¥«ï¥â ª®¬¬ãâ â¨¢­ãî ¨  áá®æ¨ â¨¢­ãî ®¯¥à æ¨î �(x; y) á ª®íää¨æ¨-

¥­â ¬¨ a0 = bd2, a1 = ad2, a2 = 2adc� bc2, b0 = ad2 � 2bcd, b1 = �bc2, b3 = �ac2;
'2(x) = ln

ax+ b

cx+ d
£¥­¥à¨àã¥â ª®¬¬ãâ â¨¢­ãî ¨  áá®æ¨ â¨¢­ãî ®¯¥à æ¨î �(x; y) ¨, ¥á«¨ ad 6=

bc, â®

a0 =
db2 � bd2

ad� bc
; a1 =

bd(a� c)
ad� bc

; a2 =
a2d� bc2

ad� bc
;

b0 =
ad2 � cb2

ad� bc
; b1 =

ac(d� b)
ad� bc

; b2 =
ac2 � a2c

ad� bc
;
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'3(x) = arctg
ax+ b

cx+ d
®¯à¥¤¥«ï¥â ª®íää¨æ¨¥­âë �(x; y) á«¥¤ãîé¨¬ ®¡à §®¬:

a0 = b(d2 + b2); a1 = a(d2 + b2); a2 = 2acd� b(c2 � a2);

b0 = a(d2 � b2)� 2bcd; b1 = �b(a2 + c2); b2 = �a(a2 + c2):

�à ªâ¨ç¥áª¨© á¬ëá« à¥§ã«ìâ â®¢, ¯®«ãç¥­­ëå ¯à¨ à¥è¥­¨¨ áä®à¬ã«¨à®¢ ­­ëå ¢ëè¥ § ¤ ç,
§ ª«îç ¥âáï ¢ â®¬, çâ®, ¨á¯®«ì§ãï ¯®«ãç¥­­ë¥ á®®â­®è¥­¨ï ¬¥¦¤ã ª®íää¨æ¨¥­â ¬¨ �(x; y) ¨
'(x), ¤«ï «î¡®© ª®¬¬ãâ â¨¢­®© ¨  áá®æ¨ â¨¢­®© ®¯¥à æ¨¨, ¯à¥¤áâ ¢«¥­­®© ¢ëà ¦¥­¨¥¬ (6),
¬®¦­® ®¯à¥¤¥«¨âì  ¤¤¨â¨¢­ë© £¥­¥à â®à,   â ª¦¥ ¤«ï «î¡®£®  ¤¤¨â¨¢­®£® £¥­¥à â®à  ­ ©â¨
á®®â¢¥âáâ¢ãîéãî ¥¬ã ®¯¥à æ¨î �(x; y) ¢ ¢¨¤¥ (6).

�¯à¥¤¥«¨¬ â¥¯¥àì ãá«®¢¨ï, ¯à¨ ª®â®àëå �(x; y) § ¤ ¥âáï ª ª T -­®à¬ , â.¥. ¯®¬¨¬® ª®¬¬ã-
â â¨¢­®áâ¨,  áá®æ¨ â¨¢­®áâ¨ ¨ ¬®­®â®­­®áâ¨ ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï8<

:�(0; 0) = 0;

�(1; x) = x:
(9)

� áá¬®âà¨¬ à §«¨ç­ë¥ â¨¯ë  ¤¤¨â¨¢­ëå £¥­¥à â®à®¢.
�á¯®«ì§ãï ¯à¥¤áâ ¢«¥­¨¥ ª®íää¨æ¨¥­â®¢ �(x; y) ç¥à¥§ ª®íää¨æ¨¥­âë a, b, c, d £¥­¥à â®-

à  '1(x), ¯®«ãç¨¬, çâ® ¯à¨ c 6= 0 (9) á¯à ¢¥¤«¨¢  ¯à¨

8<
:d 6= 0;

a+ b = 0;
çâ® ®¡ãá«®¢«¨¢ ¥â ¥¤¨­-

áâ¢¥­­®áâì £¥­¥à â®à  f0(x) ¨ á®®â¢¥âáâ¢ãîé¥© ¥¬ã ®¯¥à æ¨¨ ¯¥à¥á¥ç¥­¨ï ­¥ç¥âª¨å ¬­®¦¥áâ¢
F0(x; y), ¤®®¯à¥¤¥«¥­­®© á®®â­®è¥­¨¥¬ F0(0; 0) = 0.

�à¨ c = 0 '1(x) ¯à¥¤áâ ¢«ï¥âáï «¨­¥©­®© äã­ªæ¨¥©, ¨ ¤«ï ¢ë¯®«­¥­¨ï ãá«®¢¨© (9) ­¥®¡å®-
¤¨¬®, çâ®¡ë a+b = 0, çâ® á®®â¢¥âáâ¢ã¥â fm(x) = 1�x ¨ ®¯¥à â®àã �(x; y) = x+y�1, ¯à®¥ªâ¨àãï
ª®â®àë© ­  [0; 1] ¯®«ãç¨¬ Fm(x; y).

� á«ãç ¥ '2(x) á®®â­®è¥­¨ï (9) á¯à ¢¥¤«¨¢ë ¯à¨

8<
:a = d = 0;

b = c 6= 0
á  ¤¤¨â¨¢­ë¬ £¥­¥à â®à®¬

fp(x) ¨ ®¯¥à æ¨¥© ¯¥à¥á¥ç¥­¨ï Fp(x; y),   â ª¦¥ ¤«ï

8>><
>>:
d = 0;

a+ b = c;

bc 6= 0;

¯à¨ íâ®¬ '(x) = ln
ax+ b

(a+ b)x

(a=b > �1) ¯®à®¦¤ ¥â ¯¥à¥á¥ç¥­¨¥ ¢¨¤  �(x; y) = (a+ b)xy
b+ a(x+ y � xy)

. �®«®¦¨¢
b

a+ b
= �, ¯®«ã-

ç¨¬ f�(x) ¨ F�(x; y).
�¯à¥¤¥«¨¬ â¥¯¥àì ãá«®¢¨ï, ¯à¨ ª®â®àëå �(x; y) § ¤ ¥âáï ª ª S-ª®­®à¬ , â.¥. ­ àï¤ã á ãá«®-

¢¨ï¬¨ ª®¬¬ãâ â¨¢­®áâ¨,  áá®æ¨ â¨¢­®áâ¨ ¨ ¬®­®â®­­®áâ¨, ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥:8<
:�(1; 1) = 1;

�(0; x) = x:
(10)

� á«ãç ¥ '1(x) á®®â­®è¥­¨ï (10) ¢ë¯®«­ïîâáï ¯à¨

8<
:b = 0;

c+ d = 0;
çâ® á®®â¢¥âáâ¢ã¥â  ¤¤¨-

â¨¢­®¬ã £¥­¥à â®àã g�1(x) ¨ ®¯¥à æ¨¨ ®¡ê¥¤¨­¥­¨ï G�1(x; y), ¤®®¯à¥¤¥«¥­­®© á®®â­®è¥­¨¥¬
G�1(1; 1) = 1.

� áá¬ âà¨¢ ï '1(x) ¯à¨ c = 0, ¬®¦­® ¯®ª § âì, çâ® ¯à¨ ad 6= 0 ãá«®¢¨ï (10) á¯à ¢¥¤«¨¢ë
â®«ìª® ¯à¨ b = 0, â®£¤  ¨¬¥¥¬ gm(x), ¯®à®¦¤ îé¨© �(x; y) = x + y, ¯à®¥ªâ¨àãï ª®â®àë© ­ 
[0; 1], ¯®«ãç¨¬ Gm(x; y).
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�«ï '2(x) áãé¥áâ¢ã¥â ­¥áª®«ìª® ¢®§¬®¦­®áâ¥© ¢ë¯®«­¥­¨ï (10).

i)

8<
:a = 0

d = b = �c ®¯à¥¤¥«ï¥â  ¤¤¨â¨¢­ë© £¥­¥à â®à gp(x) ¨ á®®â¢¥âáâ¢ãîéãî ¥¬ã ®¯¥à æ¨î

®¡ê¥¤¨­¥­¨ï Gp(x; y);

ii)

8<
:a 6= c

d = b = �c á®®â¢¥âáâ¢ã¥â £¥­¥à â®àã '(x) = ln
ax+ b

b(1� x)
(a=b > 1) ¨ ®¯¥à æ¨¨ ®¡ê¥¤¨-

­¥­¨ï �(x; y) =
b(x+ y) + (a� b)xy

b+ axy
. �á«¨ ¯®«®¦¨âì a=b = �, â® ¯®«ãç¨¬ g�(x) ¨ G�(x; y);

iii) b = d = a = �c ¯®§¢®«ï¥â ¯®«ãç¨âì  ¤¤¨â¨¢­ë© £¥­¥à â®à '(x) = ln
1 + x

1� x
¨ ®¯¥à æ¨î

®¡ê¥¤¨­¥­¨ï Gl(x; y) =
x+ y

1 + xy
, ¨§¢¥áâ­ãî ¯®¤ ­ §¢ ­¨¥¬ ®¯¥à â®à  �®à¥­æ .

'3(x) = arctg
ax+ b

cx+ d
­¨ ¯à¨ ª ª¨å ãá«®¢¨ïå ­  ª®íää¨æ¨¥­âë a, b, c, d ­¥ ¯®à®¦¤ ¥â âà¥-

ã£®«ì­ë¥ ­®à¬ë ¨ ª®­®à¬ë.
�­ «¨§ ãá«®¢¨©, ­ ª« ¤ë¢ ¥¬ëå ­  ª®íää¨æ¨¥­âë  ¤¤¨â¨¢­ëå £¥­¥à â®à®¢, ¯®§¢®«ï¥â á¤¥-

« âì ¢ë¢®¤ ® ­¥¢®§¬®¦­®áâ¨ ¯®«ãç¨âì ¤àã£¨¥ ¯à¥¤áâ ¢«¥­¨ï ­¥ç¥âª¨å ®¯¥à â®à®¢ ®¡ê¥¤¨­¥­¨ï
¨ ¯¥à¥á¥ç¥­¨ï, ®â«¨ç­ë¥ ®â ¨§¢¥áâ­ëå (¢ â®¬ ç¨á«¥ ¯ à ¬¥âà¨ç¥áª¨å) ¢ ¢¨¤¥ ®â­®è¥­¨ï ¤¢ãå
¬­®£®ç«¥­®¢ (¢ ç áâ­®¬ á«ãç ¥ | ¬­®£®ç«¥­®¬).

�áá«¥¤ã¥¬ ¢§ ¨¬®á¢ï§¨, áãé¥áâ¢ãîé¨¥ ¬¥¦¤ã à §«¨ç­ë¬¨ ¯à¥¤áâ ¢«¥­¨ï¬¨ ­¥ç¥âª¨å ®¡ê-
¥¤¨­¥­¨© ¨ ¯¥à¥á¥ç¥­¨©. �ë¡¥à¥¬ ¢ ª ç¥áâ¢¥ ¡ §®¢ëå ®¯¥à æ¨© ­  [0; 1]  «£¥¡à ¨ç¥áªãî áã¬¬ã
x� y = x+ y � xy (x� 0 = x, x� 1 = 1) ¨  «£¥¡à ¨ç¥áª®¥ ¯à®¨§¢¥¤¥­¨¥ xy (x � 0 = 0, x � 1 = 1) ¨
¯®ª ¦¥¬, çâ® á ¨å ¯®¬®éìî ¬®£ãâ ¡ëâì ¢ëà ¦¥­ë à áá¬ âà¨¢ ¥¬ë¥ ­¥ç¥âª¨¥ ®¯¥à â®àë.

� ¬¥â¨¬, çâ® Gp(x; y) = x� y, Fp(x; y) = xy.
�á«¨ x; y 2 [0; 1], x+ y � xy = z, â®

x =
z � y

1� y
= z�y; y =

z � x

1� x
= z�x;

£¤¥ � | ®¯¥à æ¨ï ¢ëç¨â ­¨ï ¤«ï ®¯¥à æ¨¨ á«®¦¥­¨ï �, ª®â®àãî ¡ã¤¥¬ ­ §ë¢ âì ­®à¬¨à®¢ ­-
­®© à §­®áâìî ¬¥¦¤ã x ¨ y. �¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ á¢®©áâ¢  ®¯¥à æ¨¨ �:

x�0 = x; x�x = 0; 1�x = 1; x�y 6= y�x:

� ¬¥â¨¬, çâ® ®¯¥à æ¨ï ¢ëç¨â ­¨ï � á¢ï§ ­  á ¯à®æ¥áá®¬ ­®à¬¨à®¢ ­¨ï, ¯à¥¤áâ ¢«ïîé¨¬
á®¡®© «¨­¥©­®¥ ¯à¥®¡à §®¢ ­¨¥, ¯à¨ ª®â®à®¬ ®¡« áâì §­ ç¥­¨© «î¡®£® ®£à ­¨ç¥­­®£® ¤¥©áâ¢¨-
â¥«ì­®£® ®â®¡à ¦¥­¨ï f ¯¥à¥¢®¤¨âáï ¢ ¨­â¥à¢ « [0; 1], â.¥.

f ! (f � inf f)=(sup f � inf f):

�ãáâì t(xmin; x; xmax) =
x� xmin

xmax � xmin

|äã­ªæ¨ï ­®à¬¨à®¢ ­¨ï, § ¤ ­­ ï ­  [xmin; xmax], â®£¤ 

­  [0; 1] ¯à¨ 0 < x < y < 1 t(0; x; y) =
x

y
| íâ® ­®à¬¨à®¢ ­­®¥ §­ ç¥­¨¥ x ­  [0; y]; t(x; y; 1) =

x� y

1� y
= x�y | íâ® ­®à¬¨à®¢ ­­®¥ §­ ç¥­¨¥ x ­  [y; 1]. [0; y] ¨ [y; 1] ¡ã¤¥¬ ­ §ë¢ âì ¨­â¥à¢ « ¬¨

­®à¬¨à®¢ ­¨ï.
�â¬¥â¨¬ á¢®©áâ¢  äã­ªæ¨¨ t(xmin; x; xmax).
�¢®©áâ¢® 1. �á«¨ 0 < x < x1 < x2, â® t(0; x; x2) = t(0; x; x1)�t(0; x1; x2), â.¥. ¯à¨ à áè¨à¥­¨¨ ¨­-

â¥à¢ «  ­®à¬¨à®¢ ­¨ï ­®¢®¥ ­®à¬¨à®¢ ­­®¥ §­ ç¥­¨¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ¯à®¨§¢¥¤¥­¨¥ áâ à®£®
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­®à¬¨à®¢ ­­®£® §­ ç¥­¨ï ¨ ­®à¬¨à®¢ ­­®£® §­ ç¥­¨ï ¯à¥¦­¥© £à ­¨æë ­  ­®¢®¬ ¨­â¥à¢ «¥
­®à¬¨à®¢ ­¨ï.

�¢®©áâ¢® 2. �á«¨ x2 < x1 < x < 1, â® t(x1; x; 1) � t(x2; x1; 1) = t(x2; x1; 1) | ¯à¨ à áè¨à¥-
­¨¨ ¨­â¥à¢ «  ­®à¬¨à®¢ ­¨ï, â.¥. ¥á«¨ ¢¬¥áâ® x1 ¢ë¡à âì §­ ç¥­¨¥ x2 < x1, â® ­®à¬¨à®¢ ­­®¥
§­ ç¥­¨¥ x ­  [x2; 1] ¯à¥¤áâ ¢«ï¥â á®¡®©  «£¥¡à ¨ç¥áªãî áã¬¬ã ­®à¬¨à®¢ ­­®£® §­ ç¥­¨ï x ­ 
[x1; 1] ¨ ­®à¬¨à®¢ ­­®£® §­ ç¥­¨ï ¯à¥¦­¥© £à ­¨æë x1 ­  ­®¢®¬ ¨­â¥à¢ «¥ ­®à¬¨à®¢ ­¨ï [x2; 1].

�ãáâì x; y 2 [0; 1], â®£¤  xy � x� y. �®¦­® ¯®ª § âì, çâ®

F0(x; y) =
xy

x+ y � xy
=

xy

x� y
= t(0; xy; x � y);

G�1(x; y) =
x+ y � 2xy
1� xy

=
(x� y)� xy

1� xy
= (x� y)�xy = t(xy; x� y; 1);

F�(x; y) =
xy

�+ (1� �)(x+ y � xy)
=

xy

�� (x� y)
= t(0; xy; � � (x� y)) (� > 0);

G�(x; y) =
(� � 1)xy + x+ y

1 + �xy
=
(x� y) + �xy

1 + �xy
= (x� y)�(��xy) = t(��xy; x� y; 1) (� > �1):

� ª¨¬ ®¡à §®¬, F0 ¨ F�, ¬®¤¥«¨àãîé¨¥ ¯¥à¥á¥ç¥­¨¥ ­¥ç¥âª¨å ¬­®¦¥áâ¢, ®¯à¥¤¥«ïîâ ­®à-
¬¨à®¢ ­­®¥ §­ ç¥­¨¥ xy ­  [0; x � y] ¨«¨ ­  ¨­â¥à¢ «¥ ­®à¬¨à®¢ ­¨ï á à áè¨à¥­­®© ¯à ¢®©
£à ­¨æ¥© [0; ��(x�y)]. G�1 ¨ G�, ¬®¤¥«¨àãîé¨¥ ®¡ê¥¤¨­¥­¨¥ ­¥ç¥âª¨å ¬­®¦¥áâ¢, ®¯à¥¤¥«ïîâ
­®à¬¨à®¢ ­­®¥ §­ ç¥­¨¥ x�y ­  ¨­â¥à¢ «¥ ­®à¬¨à®¢ ­¨ï [xy; 1] ¨«¨ ­  ¨­â¥à¢ «¥ ­®à¬¨à®¢ ­¨ï
á à áè¨à¥­­®© «¥¢®© £à ­¨æ¥© [��xy; 1].

�à¨ � = 0 F�(x; y) = F0(x; y), ¯à¨ � = �1 G�(x; y) = G�1(x; y).
� á®®â¢¥âáâ¢¨¨ á® á¢®©áâ¢®¬ 1

F�(x; y) = t(0; xy; � � (x� y)) = t(0; xy; x � y)t(0; x� y; �� (x� y)) = F0(x; y)
x� y

�� (x� y)
:

� ¬¥â¨¬, çâ® ¯à¨ � > 0 ¤«ï ä¨ªá¨à®¢ ­­ëå §­ ç¥­¨© x; y 2 [0; 1]

F�(x; y) < F0(x; y) < Fp(x; y);

¯à¨ç¥¬ ¯à¨ �!1 F�(x; y)! 0.
� á®®â¢¥âáâ¢¨¨ á® á¢®©áâ¢®¬ 2

G�(x; y) = t(��xy; x� y; 1) = t(xy; x� y; 1)� t(��xy; xy; 1) = G�1(x; y)� xy + �xy

1 + �xy
:

� ¬¥â¨¬, çâ® ¯à¨ � > �1 ¤«ï ä¨ªá¨à®¢ ­­ëå §­ ç¥­¨© x; y 2 [0; 1]

G�(x; y) > G�1(x; y) > Gp(x; y);

¯à¨ç¥¬ ¯à¨ � !1 G�(x; y)! 1.
�ç¨âë¢ ï, çâ® Fp(x; y) < Gp(x; y), ¯®«ãç¨¬ á«¥¤ãîé¨¥ á®®â­®è¥­¨ï ¬¥¦¤ã ­¥ç¥âª¨¬¨ ®¯¥-

à â®à ¬¨ ®¡ê¥¤¨­¥­¨ï ¨ ¯¥à¥á¥ç¥­¨ï:

F�(x; y) < F0(x; y) < Fp(x; y) < Gp(x; y) < G�1(x; y) < G�(x; y):

� ¦­®¥ §­ ç¥­¨¥ ¤«ï ¢ë¡®à  ¢¨¤  ®¯¥à â®à  ¢ ¯à¨ª« ¤­ëå § ¤ ç å ¨¬¥¥â å à ªâ¥à¨áâ¨ª 
­®á¨â¥«ï ¨ â¨¯ § ¤ ç¨. �á«¨ à áá¬ âà¨¢ ¥âáï ¢ë¡®à ­ ¨«ãçè¥£® ¢ à¨ ­â  ­  ­ áëé¥­­®¬ ­®á¨-
â¥«¥ (¨§¡ëâ®ª ¯à¥â¥­¤¥­â®¢), â® æ¥«¥á®®¡à §­® à áè¨à¨âì ¨­â¥à¢ « ­®à¬¨à®¢ ­¨ï, çâ® ®¡ãá«®-
¢«¨¢ ¥â ¨á¯®«ì§®¢ ­¨¥ ®¯¥à â®à®¢ ®¡ê¥¤¨­¥­¨ï ¨ ¯¥à¥á¥ç¥­¨ï á ¢ëá®ª¨¬ ãà®¢­¥¬ ¦¥áâª®áâ¨
(ã¢¥«¨ç¥­¨¥ � ¤«ï F� ¨ ã¬¥­ìè¥­¨¥ �� ¤«ï G�). �  ®¡¥¤­¥­­®¬ ­®á¨â¥«¥ ãà®¢¥­ì ¦¥áâª®áâ¨
á«¥¤ã¥â á­¨¦ âì. � § ¤ ç¥ à ­¦¨à®¢ ­¨ï ¢ à¨ ­â®¢ ­ àï¤ã á Fp ¨ Gp ¢®§¬®¦­® ¨á¯®«ì§®¢ -
­¨¥ F� ¨ G� á ­¥¡®«ìè¨¬ ãà®¢­¥¬ ¦¥áâª®áâ¨. � ®á®¡¥­­® á«®¦­ëå § ¤ ç å ¯à¨­ïâ¨ï à¥è¥­¨©
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­¥®¡å®¤¨¬® ¯à®¢¥áâ¨ ¯à¥¤¢ à¨â¥«ì­®¥ ¨áá«¥¤®¢ ­¨¥, ¨ â®«ìª® ­  ®á­®¢¥ âé â¥«ì­®£®  ­ «¨-
§  § ¤ ç¨ ¨ á¢®©áâ¢ ®¯¥à â®à®¢ á«¥¤ã¥â ¢ë¡à âì â®â, ª®â®àë© ­ ¨¡®«¥¥  ¤¥ª¢ â­® ®âà ¦ ¥â
¢§ ¨¬®¤¥©áâ¢¨¥ ­¥ç¥âª¨å ¬­®¦¥áâ¢.
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