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� áá¬®âà¨¬ ãà ¢¥¨¥ [1]{[3]

L(u) � uxxyy + a21uxxy + a12uxyy + a11uxy + a20uxx + a02uyy + a10ux + a01uy + a00u = f; (1)

£¤¥ aij 2 C(i;j), f 2 C, ¨ ¤¢  ¥£® âà¥å¬¥àëå   «®£ . �« áá C(k;l) ®§ ç ¥â áãé¥áâ¢®¢ ¨¥ ¨
¥¯à¥àë¢®áâì ¢á¥å ¯à®¨§¢®¤ëå, ®¯à¥¤¥«ï¥¬ëå ®¯¥à â®à ¬¨ @r+s=@xr@ys (r = 0; : : : ; k; s =
0; : : : ; l). � ç áâ®áâ¨, ª ¢¨¤ã (1) ®â®á¨âáï ãà ¢¥¨¥ �ãáá¨¥áª {�ï¢ 

uttxx + uxx � utt = 0;

®¯¨áë¢ îé¥¥ ¯à®¤®«ìë¥ ¢®«ë ¢ â®ª®¬ ã¯àã£®¬ áâ¥à¦¥ á ãç¥â®¬ íää¥ªâ®¢ ¨¥àæ¨¨ [1].
� ¤ ®© à ¡®â¥ ¤«ï íâ®£® ãà ¢¥¨ï ¨ ¥£® âà¥å¬¥àëå   «®£®¢ áâà®ïâáï ä®à¬ã«ë à¥è¥¨ï
§ ¤ ç¨ �®è¨ ¢ â¥à¬¨ å äãªæ¨¨ �¨¬  .

1. �«¥¤ãï [2], ®¯à¥¤¥«¨¬ äãªæ¨î �¨¬   R = R(x; y; �; �) ª ª à¥è¥¨¥ ¨â¥£à «ì®£® ãà ¢-
¥¨ï

v(x; y)�
Z y

�

[a21(x; �)� (y � �)a20(x; �)]v(x; �)d� �

�

Z x

�

[a12(�; y)� (x� �)a02(�; y)]v(�; y)d� +

+
Z x

�

Z y

�

[a11(�; �) � (x� �)a01(�; �) � (y � �)a10(�; �) +

+ (x� �)(y � �)a00(�; �)]v(�; �)d�d� = 1: (2)

�¥è¥¨¥ (2) áãé¥áâ¢ã¥â ¨ ¥¤¨áâ¢¥® ([4], ác. 154, 164). �ãªæ¨ï �¨¬   ¨á¯®«ì§®¢ « áì ¢ [2]
¤«ï ¯®áâà®¥¨ï à¥è¥¨ï § ¤ ç¨ �ãàá .

�¨ää¥à¥æ¨àãï (2), ã¡¥¦¤ ¥¬áï, çâ® v(x; y) ã¤®¢«¥â¢®àï¥â á®¯àï¦¥®¬ã á (1) ãà ¢¥¨î

L�(v) � vxxyy � (a21v)xxy � (a12v)xyy + (a11v)xy + (a20v)xx +

+ (a02v)yy � (a10v)x � (a01v)y + a00v = 0: (3)

�¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®

RL(u) � (Ruxy)xy � (Muy)xy � (Nux)xy + (Puy)y + (Qux)x + (Su)xy � (Fu)y � (Gu)x; (4)

M = Rx � a12R; N = Ry � a21R; P =Mx + a02R;

Q = Ny + a20R; S = Rxy � (a21R)x � (a12R)y + a11R;

F = Sx + (a02R)y � a01R; G = Sy + (a20R)x � a10R:

� â®¦¤¥áâ¢¥ (4) R § ¢¨á¨â ®â x, y, �, �,   ª®íää¨æ¨¥âë aij | ®â x, y. �à¨ íâ®¬ u(x; y) |
«î¡ ï äãªæ¨ï ¨§ C(2;2). �®®â®è¥¨¥ (4) ¬®¦® ¯à®¢¥à¨âì ¥¯®áà¥¤áâ¢¥®, ãç¨âë¢ ï, çâ® R
ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (3).
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�§ (2) á«¥¤ãîâ â®¦¤¥áâ¢ 

M(x; y; x; y) � N(x; y; x; y) � S(x; y; x; y) � P (x; y; �; y) �

� Q(x; y; x; �) � F (x; y; �; y) � G(x; y; x; �) � 0:
(5)

� ¯¨è¥¬ (4) ¢ ¤¨¢¥à£¥â®© ä®à¬¥

RL(u) �
@W1

@x
+
@W2

@y
; (6)

W1 =
1
2
(Ruxy)y �

1
2
(Muy)y �

1
2
(Nux)y +Qux +

1
2
(Su)y �Gu;

W2 =
1
2
(Ruxy)x �

1
2
(Muy)x �

1
2
(Nux)x + Puy +

1
2
(Su)x � Fu:

� áá¬®âà¨¬ âà¥ã£®«ìãî ®¡« áâì D ¯«®áª®áâ¨ (�; �), ®£à ¨ç¥ãî å à ªâ¥à¨áâ¨ª ¬¨ � =
x0, � = y0, x0 > 0, y0 > 0, ¨ ®âà¥§ª®¬ ªà¨¢®© �: � = �(�), �0(�) < 0, ª« áá C3. �«ï ®¯à¥¤¥«¥®áâ¨
¯®« £ ¥¬ y0 = �(0), �(x0) = 0.

�¥£ã«ïàë¬ ¢ ®¡« áâ¨ G à¥è¥¨¥¬ ãà ¢¥¨ï, ª ª ®¡ëç®,  §®¢¥¬ à¥è¥¨¥, ¥¯à¥àë¢®¥
¢ G ¢¬¥áâ¥ á® ¢á¥¬¨ ¢å®¤ïé¨¬¨ ¢ ãà ¢¥¨¥ ¯à®¨§¢®¤ë¬¨. � á«ãç ¥ (1) ¥¯à¥àë¢ë¬¨ ¤®«¦ë
¡ëâì u, ux, uy, uxx, uxy, uyy, uxxy, uxyy, uxxyy.

�ä®à¬ã«¨àã¥¬ § ¤ çã �®è¨ ¤«ï ãà ¢¥¨ï (1):  ©â¨ à¥£ã«ïà®¥ ¢ D à¥è¥¨¥ ãà ¢¥¨ï

(1), ã¤®¢«¥â¢®àïîé¥¥ £à ¨çë¬ § ç¥¨ï¬

u
��
�
= u0(�);

@u

@n

���
�
= u1(�);

@2u

@n2

���
�
= u2(�);

@3u

@n3

���
�
= u3(�): (7)

�¤¥áì ~n | ¥¤¨¨çë© ¢¥ªâ®à ¢¥è¥© ®à¬ «¨, ~n = (�0;�1)=�, � =
q
1 + �02(x) ([5], c. 254),

u0 2 C
3[0; x0], u1 2 C2[0; x0], u2 2 C1[0; x0], u3 2 C[0; x0].

�®§ì¬¥¬ â®çªã (x; y) ¨§ D. �ãáâì y1 = �(x), y = �(x1); Dxy ¨ �xy | ç áâ¨ ®¡« áâ¨ D ¨
ªà¨¢®© � á®®â¢¥âáâ¢¥®, «¥¦ é¨¥ ¬¥¦¤ã å à ªâ¥à¨áâ¨ª ¬¨ � = x, � = y. �®¬¥ï¢ ¢ (6) à®«ï¬¨
¯¥à¥¬¥ë¥ � á x, � á y, ¯à®¨â¥£à¨àã¥¬ (6) ¯® (�; �) ¢ ®¡« áâ¨ Dxy. �á¯®«ì§®¢ ¢ ä®à¬ã«ã �à¨ 
([6], c. 236), ¯®«ãç¨¬

ZZ
Dxy

Rfd� d� =
Z y

y1

W1

��
�=x

d� +
Z x

x1

W2

��
�=y

d� +
Z
�xy

W1d� �W2d�: (8)

� áá¬®âà¨¬ ¯¥à¢ë© ¨â¥£à « ¢ ¯à ¢®© ç áâ¨ (8):
Z y

y1

W1

��
�=x

d� =
��

1
2
Ru�� �

1
2
Mu� �

1
2
Nu� +

1
2
Su

�����
�=x

��=y
�=y1

+
Z y

y1

�
Qu� �Gu

���
�=x

d�:

� á¨«ã (5) ¨¬¥¥¬ M(x; y; x; y) � N(x; y; x; y) � S(x; y; x; y) � Q(x; �; x; y) � G(x; �; x; y) � 0.
�«¥¤®¢ â¥«ì®,
Z y

y1

W1

��
�=x

d� =
1
2
Ru��(x; y; x; y)�

1
2
Ru��(x; y1; x; y) +

+
1
2
Mu�(x; y1; x; y) +

1
2
Nu�(x; y1; x; y) �

1
2
Su(x; y1; x; y):

� «®£¨ç® ¯®«ãç ¥¬
Z x

x1

W2

��
�=y

d� =
1
2
Ru��(x; y; x; y) �

1
2
Ru��(x1; y; x; y) +

+
1
2
Mu�(x1; y; x; y) +

1
2
Nu�(x1; y; x; y)�

1
2
Su(x1; y; x; y):
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�®à¬ã«  (8) ¯à¨¨¬ ¥â ¢¨¤ZZ
Dxy

Rfd� d� = u��(x; y)�
1
2
Ru��(x; y1; x; y) �

�
1
2
Ru��(x1; y; x; y) +

1
2
Mu�(x; y1; x; y) +

1
2
Nu�(x; y1; x; y)�

�
1
2
Su(x; y1; x; y) +

1
2
Mu�(x1; y; x; y) +

1
2
Nu�(x1; y; x; y)�

�
1
2
Su(x1; y; x; y) +

Z
�xy

W1d� �W2d�: (9)

� (9) ãçâ¥®, çâ® R(x; y; x; y) � 1.
�¥à¥¯¨á ¢ (9) ¢ ¢¨¤¥

uxy(x; y) = F (x; y) (10)

¨ ¯à®¨â¥£à¨à®¢ ¢ (10) ¯® x ¨ y ¢ ®¡« áâ¨ Dxy, ¯®«ãç ¥¬ à¥è¥¨¥ § ¤ ç¨ �®è¨ ¢ â¥à¬¨ å
äãªæ¨¨ �¨¬  

u(x; y) = u(x1; y) +
Z x

x1

ux(�; �(�))d� +
Z x

x1

d�

Z y

�(�)
F (�; �)d�: (11)

� ª¨¬ ®¡à §®¬, ¯®«ãç¥   «®£ ¨§¢¥áâ®© ä®à¬ã«ë, ¤ îé¥© à¥è¥¨¥ § ¤ ç¨ �®è¨ ¤«ï ãà ¢-
¥¨ï uxy + aux + buy + cu = f ([7], c. 67).

�®à¬ã«a (11) á®¤¥à¦¨â § ¤ ë¥   � § ç¥¨ï u, ux, uy, uxx, uxy, uyy, uxxy, uxyy, ª®â®àë¥
¬®¦® ®¯à¥¤¥«¨âì ¨§ (7). �¥©áâ¢¨â¥«ì®,  ©¤¥¬ u0

0, u1, u
00

0 , u
0

1, u2, u
000

0 , u
00

1 , u
0

2, u3, ¢ëà ¦¥ë¥
ç¥à¥§ § ç¥¨ï ¯à®¨§¢®¤ëå äãªæ¨¨ u   ªà¨¢®© � ¤® âà¥âì¥£® ¯®àï¤ª  ¢ª«îç¨â¥«ì®:

@u

@x
+ �0

@u

@y
= u0

0;

�0

�
@u

@x
�

1
�
@u

@y
= u1;

�00
@u

@y
+
@2u

@x2
+ 2�0

@2u

@x@y
+ �02@

2u

@y2
= u00

0 ;

�00�� �0�0

�2

@u

@x
+
�0

�2

@u

@y
+
�0

�
@2u

@x2
+
�02 � 1
�

@2u

@x@y
�
�0

�
@2u

@y2
= u0

1;

�02

�2

@2u

@x2
�
2�0

�2

@2u

@x@y
+

1
�2

@2u

@y2
= u2;

�000
@u

@y
+ 3�00

@2u

@x@y
+ 3�0�00

@2u

@y2
+
@3u

@x3
+ 3�0

@3u

@x2@y
+ 3�02 @3u

@x@y2
+ �03@

3u

@y3
= u000

0 ;

(�00�� �0�0)0�� 2�0(�00�� �0�0)
�3

@u

@x
+
��00 � 2�02

�3

@u

@y
+ 2

(�00�� �0�0)0

�2

@2u

@x2
+ (12)

+
3�0�00�+ 2�0(1� �02)

�2

@2u

@x@y
+
�0(2�0 � �00�)

�2

@2u

@y2
+
�0

�
@3u

@x3
+

+
2�02 � 1

�
@3u

@x2@y
+
�0(�02 � 2)

�
@3u

@x@y2
�
�02

�
@3u

@y3
= u00

1 ;

2�0(�00�� �0�0)
�3

@2u

@x2
�
2(�00�� 2�0�0)

�3

@2u

@x@y
�
2�0

�3

@2u

@y2
+
�02

�2

@3u

@x3
+

+
�03 � 2�0

�2

@3u

@x2@y
�
2�02 � 1
�2

@3u

@x@y2
+
�0

�2

@3u

@y3
= u0

2;
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�03

�3

@3u

@x3
� 3

�02

�3

@3u

@x2@y
+ 3

�0

�3

@3u

@x@y2
�

1
�3

@3u

@y3
= u3:

�¯à¥¤¥«¨â¥«ì ¤ ®© á¨áâ¥¬ë à ¢¥ (1 + �02)5 > 0, ¯®íâ®¬ã ¯® ãá«®¢¨ï¬ (7) ®¯à¥¤¥«ïîâáï ¢á¥
âà¥¡ã¥¬ë¥ ¤«ï (11) äãªæ¨¨.

�à®¬¥ â®£®, ¨§ á¨áâ¥¬ë (12) á«¥¤ã¥â, çâ® ä®à¬ã«  (11) ¤ ¥â à¥è¥¨¥ § ¤ ç¨ �®è¨ á ãá«®-
¢¨ï¬¨ (7). �¥©áâ¢¨â¥«ì®, ¯® ¯®áâà®¥¨î ä®à¬ã«ë (11) äãªæ¨ï u ¯à¨¨¬ ¥â ®¯à¥¤¥«ï¥¬ë¥
¨§ (7) § ç¥¨ï u, ux, uy, uxx, uxy, uyy, uxxy, uxyy   ªà¨¢®© �. �â® ¯®§¢®«ï¥â ãâ¢¥à¦¤ âì, çâ®
¢ë¯®«¥ë ¯¥à¢ë¥ âà¨ ãá«®¢¨ï ¨§ (7). �¨ää¥à¥æ¨à®¢ ¨¥ u0, u1 ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì ¥¯à¥-
àë¢ë¥ uxxx, uyyy. �® â®£¤    � ¨§¢¥áâë uxxx, uxxy, uxyy, uyyy, â. ¥. ¢ë¯®«ï¥âáï ¨ ç¥â¢¥àâ®¥
ãá«®¢¨¥ ¨§ (7).

�áá«¥¤ã¥¬ ¢®¯à®á ® áãé¥áâ¢®¢ ¨¨ ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï § ¤ ç¨ �®è¨ (1), (7). �¢¥¤¥¬
®¡®§ ç¥¨ï ¤«ï ¯à®¨§¢®¤ëå ¨áª®¬®© äãªæ¨¨ uxxy = v21, uxyy = v12, uxx = v20, uxy = v11,
uyy = v02, ux = v10, uy = v01 ¨ ®¯à¥¤¥«ï¥¬ëå ¤ ë¬¨ �®è¨ ¨å £à ¨çëå § ç¥¨©

uxxyj� = '21(x); uxyyj� =  12(y); uxxj� = '20(x); uxyj� = '11(x);

uyyj� =  02(y); uxj� = '10(x); uyj� = '01(x):
(13)

�§ (1) ¨ (13) ¯®«ãç ¥¬ á¨áâ¥¬ã ¨â¥£à «ìëå ãà ¢¥¨©

u(x; y) = u0(x) +
Z y

�(x)

v01(x; �)d�;

v01(x; y) = '01(x) +
Z y

�(x)

v02(x; �)d�;

v10(x; y) = '10(x) +
Z y

�(x)

v11(x; �)d�;

v02(x; y) =  02(y) +
Z x

��1(y)
v12(�; y)d�;

v11(x; y) = '11(x) +
Z y

�(x)

v12(x; �)d�;

v20(x; y) = '20(x) +
Z y

�(x)

v21(x; �)d�;

v12(x; y) =  12(y) +
Z x

��1(y)
(f � a21v21 � a12v12 � a20v20�

�a11v11 � a02v02 � a10v10 � a01v01 � a00u)(�; y)d�;

v21(x; y) = '21(x) +
Z y

�(x)

(f � a21v21 � a12v12 � a20v20�

�a11v11 � a02v02 � a10v10 � a01v01 � a00u)(x; �)d�:

(14)

�¥â®¤®¬ ¯®á«¥¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨© ([8], á. 77{79) ¬®£ãâ ¡ëâì ¤®ª § ë áãé¥áâ¢®¢ ¨¥
¨ ¥¤¨áâ¢¥®áâì à¥è¥¨ï á¨áâ¥¬ë (14) ¢ ®¡« áâ¨ D ¢ ª« áá¥ ¥¯à¥àë¢ëå äãªæ¨©. �á®,
çâ® (14) ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ãà ¢¥¨ï (1) ¨ ¤ ëå �®è¨. �®ª ¦¥¬ ®¡à â®¥. �§ ¯¥à¢®£®
ãà ¢¥¨ï (14) uj� = u0(x). �à®¤¨ää¥à¥æ¨àã¥¬ íâ® ãà ¢¥¨¥ ¯® y: uy(x; y) = v01(x; y). �§
¢â®à®£® ãà ¢¥¨ï v01j� = '01(x), uyy = v01y = v02. �¥â¢¥àâ®¥ ¨ á¥¤ì¬®¥ ãà ¢¥¨ï ¤ îâ v02j� =
 02(y), uxyy = v02x = v12, v12j� =  12(y). �à®¤¨ää¥à¥æ¨àã¥¬ ¯¥à¢®¥ ãà ¢¥¨¥ (14) ¯® x

ux(x; y) = u0

0(x) +
Z y

�(x)

v01x(x; �)d� � v01(x; �(x))�
0(x):

�® u0

0(x) = ux(x; y)j� + uy(x; y)j��0(x), ¯®íâ®¬ã

ux(x; y) = '10(x) +
Z y

�(x)

v01x(x; �)d�: (15)
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�®¤áâ ¢¨¬ ¢ (15) v01x

ux(x; y) = '10(x) +
Z y

�(x)

�
'01x(x) +

+
Z �

�(x)

v02x(x; �1)d�1 � v02(x; �(x))�0(x)
�
d� =

= '10(x) +
Z y

�(x)

�
'11(x) +

Z �

�(x)
v12(x; �1)d�1

�
d� =

= '10(x) +
Z y

�(x)

v11(x; �)d� = v10(x; y):

�ç¥¢¨¤®, v10j� = '10(x). �§ âà¥âì¥£® ¨ ¯ïâ®£® ãà ¢¥¨© (14) uxy = v10y = v11, v11j� = '11(x).
� «¥¥

uxx(x; y) = '0

10(x) +
Z y

�(x)
v11x(x; �)d� � v11(x; �(x))�

0(x) =

= '20(x) +
Z y

�(x)

�
'0

11(x) +
Z �

�(x)

v12x(x; �1)d�1 � v12(x; �(x))�0(x)
�
d� =

= '20(x) +
Z y

�(x)

�
'21(x) +

Z �

�(x)
(f � a21v21 � a12v12 � a20v20 �

� a11v11 � a02v02 � a10v10 � a01v01 � a00u)(x; �1)d�1

�
d� =

= '20(x) +
Z y

�(x)

v21(x; �)d� = v20(x; y); v20j� = '20(x):

�¥áâ®¥ ¨ ¢®áì¬®¥ ãà ¢¥¨ï á¨áâ¥¬ë ¤ îâ uxxy = v20y = v21, v21j� = '21(x). �à®¤¨ää¥à¥æ¨-
à®¢ ¢ ¢®áì¬®¥ ãà ¢¥¨¥ ¯® y, ¯®«ãç ¥¬ ãà ¢¥¨¥ (1). �à®¬¥ â®£®, äãªæ¨ï u ã¤®¢«¥â¢®àï¥â
ãá«®¢¨ï¬ (13). � ª ¡ë«® ¯®ª § ® ¢ëè¥, (13) á ãç¥â®¬ (12) ¯®§¢®«ï¥â ãâ¢¥à¦¤ âì, çâ®

u
��
�
= u0(x);

@u

@n

���
�
= u1(x);

@2u

@n2

���
�
= u2(x);

@3u

@n3

���
�
= u3(x):

� ª¨¬ ®¡à §®¬, á¨áâ¥¬  (14) íª¢¨¢ «¥â  § ¤ ç¥ �®è¨. �«¥¤®¢ â¥«ì®, á¯à ¢¥¤«¨¢ 

�¥®à¥¬ . �á«¨ aij 2 C(i;j)(D), f 2 C(D), u0 2 C3[0; x0], u1 2 C2[0; x0], u2 2 C1[0; x0], u3 2
C[0; x0], � 2 C3[0; x0], â® à¥è¥¨¥ § ¤ ç¨ �®è¨ (1), (7) áãé¥áâ¢ã¥â ¨ ¥¤¨áâ¢¥®.

2. � áá¬®âà¨¬ â¥¯¥àì ãà ¢¥¨¥

L1(u) �
2X

k;l=0

1X
m=0

aklm(x; y; z)
@k+l+mu

@xk@yl@zm
= f; a221 � 1; (16)

£¤¥ aklm 2 C(k;l;m), f 2 C. �« áá C(k;l;m) ®§ ç ¥â áãé¥áâ¢®¢ ¨¥ ¨ ¥¯à¥àë¢®áâì ¯à®¨§¢®¤ëå,
®¯à¥¤¥«ï¥¬ëå ®¯¥à â®à ¬¨ @r+s+t=@xr@ys@zt (r = 0; : : : ; k; s = 0; : : : ; l; t = 0; : : : ;m). �®à¬ã« 
à¥è¥¨ï § ¤ ç¨ �ãàá  ¤«ï (16) ¯®«ãç¥  ¢ [9].

�ãªæ¨¥© �¨¬   ¤«ï (16) R(x; y; z; �; �; �)  §ë¢ ¥âáï à¥è¥¨¥ ¨â¥£à «ì®£® ãà ¢¥¨ï [9]

v(x; y; z) �
Z x

�

f[a121 � (x� �)a021]vg(�; y; z)d� �

�

Z y

�

f[a211 � (y � �)a201]vg(x; �; z)d� �
Z z

�

[a220v](x; y; )d +

+
Z x

�

Z y

�

f[a111 � (y � �)a101 � (x� �)a011 +
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+ (x� �)(y � �)a001]vg(�; �; z)d� d�+

+
Z x

�

Z z

�

f[a120 � (x� �)a020]vg(�; y; )d d�+

+
Z y

�

Z z

�

f[a210 � (y � �)a200]vg(x; �; )d d� �

�

Z x

�

Z y

�

Z z

�

f[a110 � (y � �)a100 � (x� �)a010 +

+ (x� �)(y � �)a000]vg(�; �; )d d� d� = 1: (17)

�¥è¥¨¥ (17) áãé¥áâ¢ã¥â ¨ ¥¤¨áâ¢¥® ([4], c. 180).
� «¥¥ ¨á¯®«ì§ãîâáï ®¡®§ ç¥¨ï

A100 = Rx � a121R; A010 = Ry � a211R; A001 = Rz � a220R;

A200 = (A100)x + a021R; A110 = (A100)y � (a211R)x + a111R;

A101 = (A100)z � (a220R)x + a120R; A020 = (A010)y � (a211R)z + a201R;

A011 = (A010)z � (a220R)y + a210R; A210 = (A110)x + (a021R)y � a011R;

A201 = (A101)x + (a021R)z � a020R; A120 = (A110)y + (a201R)x � a101R;

A111 = (A110)z � (a220R)xy + (a210R)x + (a120R)y � a110R;

A021 = (A011)y + (a201R)z � a200R;

A220 = (A210)y + (a201R)xx � (a101R)x + a001R;

A211 = (A111)x + (a021R)yz � (a011R)z � (a020R)y + a010R;

A121 = (A111)y + (a201R)xz � (a101R)z � (a200R)x + a100R:

�§ ¨â¥£à «ì®£® ãà ¢¥¨ï (17) ¯®«ãç ¥¬ â®¦¤¥áâ¢ 

A100(x; y; z; x; y; z) � A010(x; y; z; x; y; z) � A001(x; y; �; x; y; z) �

� A200(�; y; z; x; y; z) � A110(x; y; z; x; y; z) � A101(x; y; �; x; y; z) �

� A020(x; �; z; x; y; z) � A011(x; y; �; x; y; z) � A210(�; y; z; x; y; z) �

� A201(�; y; �; x; y; z) � A120(x; �; z; x; y; z) � A111(x; y; �; x; y; z) �

� A021(x; �; �; x; y; z) � A220(�; �; z; x; y; z) � A211(�; y; �; x; y; z) �

� A121(x; �; �; x; y; z) � 0; R(x; y; z; x; y; z) � 1: (18)

�à®¬¥ â®£®, ¨§ (17) á«¥¤ã¥â, çâ® R ã¤®¢«¥â¢®àï¥â á®¯àï¦¥®¬ã á (16) ãà ¢¥¨î

2X
k;l=0

1X
m=0

(�1)k+l+m+1 @
k+l+m(aklmv)
@xk@yl@zm

= 0:

�¥¯®áà¥¤áâ¢¥®© ¯à®¢¥àª®© ¬®¦® ã¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨ â®¦¤¥áâ¢ 

RL1(u) �
@W1

@x
+
@W2

@y
+
@W3

@z
; (19)

W1 =
@B12

@y
+
@B13

@z
�A021ux +A121u;

W2 =
@B12

@x
+
@B23

@z
�A201uy +A211u;

W3 =
@B13

@x
+
@B23

@y
+A220u;

B12 =
1
6
Hz �

1
2
A001uxy +

1
2
A101uy +

1
2
A011ux �

1
2
A111u;
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B13 =
1
6
Hy +

1
2
A020ux �

1
2
A120u;

B23 =
1
6
Hx +

1
2
A200uy �

1
2
A210u;

H = Ruxy �A100uy �A010ux +A110u:

� â®¦¤¥áâ¢¥ (19) R § ¢¨á¨â ®â (x; y; z; �; �; �),   ª®íää¨æ¨¥âë aklm | ®â (x; y; z).
� ¤ «ì¥©è¥¬ ¨á¯®«ì§ã¥âáï áå¥¬  à ááã¦¤¥¨© áâ âì¨ [10].
�ãáâì S : � = �(�; �) | ¯®¢¥àå®áâì ¢ ¯à®áâà áâ¢¥ (�; �; �) ª« áá  C4. �®âà¥¡ã¥¬, çâ®¡ë íâ 

¯®¢¥àå®áâì ¢ ª ¦¤®© á¢®¥© â®çª¥ ¨¬¥«  ª á â¥«ìãî ¯«®áª®áâì, ¥ ¯ à ««¥«ìãî ¨ ®¤®© ¨§
ª®®à¤¨ âëå ®á¥©. �«ï ®¯à¥¤¥«¥®áâ¨ ¬®¦® ¯®«®¦¨âì � 0� < 0, � 0� < 0.

�à®¢¥¤¥¬ ç¥à¥§ â®çªã M(x; y; z) ¯«®áª®áâ¨ � = x, � = y, � = z. �ãáâì ãª § ë¥ ¯«®áª®áâ¨
¯¥à¥á¥ª îâ ¯®¢¥àå®áâì S ¯® ªà¨¢ë¬ BC, CA ¨ AB á®®â¢¥âáâ¢¥®. �«®áª®áâ¨ � = x, � = y,
� = z ¨ ¯®¢¥àå®áâì S ®¯à¥¤¥«ïîâ ®¡« áâì D, £à ¨æ  ª®â®à®© á®áâ®¨â ¨§ ¤¢ã¬¥àëå ¬®-
£®®¡à §¨© AMC, BCM , BMA ¨ ACB. �à¨¥â æ¨î D áç¨â ¥¬ ¯®«®¦¨â¥«ì®© (®à¨¥â æ¨î ¢
¯à®áâà áâ¢¥ ¬®¦® á¢ï§ âì á  ¯à ¢«¥¨¥¬ ¢¥è¥© ®à¬ «¨ ª £à ¨æ¥ ®¡« áâ¨).

� ¤ ç  �®è¨:  ©â¨ à¥£ã«ïà®¥ à¥è¥¨¥ ãà ¢¥¨ï (16), ã¤®¢«¥â¢®àïîé¥¥   ¯®¢¥àå®-

áâ¨ S ãá«®¢¨ï¬

u
��
S
= u0(�; �);

@u

@n

���
S
= u1(�; �);

@2u

@n2

���
S
= u2(�; �);

@3u

@n3

���
S
= u3(�; �);

@4u

@n4

���
S
= u4(�; �): (20)

�¤¥áì ~n | ¥¤¨¨çë© ¢¥ªâ®à ¢¥è¥© ®à¬ «¨ ª ¯®¢¥àå®áâ¨ S, u0 2 C4, u1 2 C3, u2 2 C2,
u3 2 C

1, u4 2 C.
�®¬¥ï¢ ¢ (19) à®«ï¬¨ ¯¥à¥¬¥ë¥ � á x, � á y, � á z, ¨â¥£à¨àã¥¬ (19) ¯® �, �, � ¢ D.

�à¨¬¥ïï ä®à¬ã«ã � ãáá {�áâà®£à ¤áª®£® ([6], c. 241), ¯®«ãç¨¬

ZZZ
D

Rf d� d� d� =
ZZ
@D

W1d� ^ d� +W2d� ^ d� +W3d� ^ d�: (21)

�¤¥áì \^" ®§ ç ¥â ¢¥è¥¥ ã¬®¦¥¨¥ ¤¨ää¥à¥æ¨ «ìëå ä®à¬. �¡®§ ç¨¬ ¯à ¢ãî ç áâì
(21) ç¥à¥§ I. � ¬¥¨¬ ¨â¥£à « ¯® @D áã¬¬®© ¨â¥£à «®¢ ¯® ¥¥ á®áâ ¢«ïîé¨¬ ACB, AMC,
BCM ¨ ABM . �à¨ íâ®¬ ãçâ¥¬ â®¦¤¥áâ¢  (18). �®«ãç¨¬

I =
ZZ

BCM

�
@B12

@�
+
@B13

@�

�
d� ^ d� +

ZZ
AMC

�
@B12

@�
+
@B23

@�

�
d� ^ d� +

+
ZZ

ABM

�
@B13

@�
+
@B23

@�

�
d� ^ d� +

ZZ
ACB

W1d� ^ d� +W2d� ^ d� +W3d� ^ d�:

�® ä®à¬ã«¥ �à¨  ([6], c. 236) ¨â¥£à «ë ¯® ¯«®áª¨¬ ®¡« áâï¬ AMC, BCM ¨ ABM á¢®¤ïâáï
ª ®¤®ªà âë¬ ¨â¥£à « ¬ ¯® § ¬ªãâë¬ ª®âãà ¬

I =
Z

BCM

B12d� �B13d� +
Z

AMC

B23d� �B12d� +

+
Z

ABM

B13d� �B23d� +
ZZ
ACB

W1d� ^ d� +W2d� ^ d� +W3d� ^ d�:
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�ëç¨á«ïï ¢ ¯®«ãç¥®© ä®à¬ã«¥ ªà¨¢®«¨¥©ë¥ ¨â¥£à «ë ¯® ®âà¥§ª ¬ ¯àï¬ëå, § ¯¨è¥¬ (21)
¢ ¢¨¤¥ZZZ

D

Rfd� d� d� = u��
��
M
�
1
3
H
��
A
�
1
3
H
��
B
�
1
3
H
��
C
+

+
Z
BC

B12d� �B13d� +
Z
CA

B23d� �B12d� +

+
Z
AB

B13d� �B23d� +
ZZ
ACB

W1d� ^ d� +W2d� ^ d� +W3d� ^ d�: (22)

�à¨ ¯®«ãç¥¨¨ (22) ãçâ¥ë â®¦¤¥áâ¢  (18).
� ¯¨è¥¬ (22) ¢ ¢¨¤¥

uxy(x; y; z) = F (x; y; z); (23)

  § â¥¬ ¯à®¨â¥£à¨àã¥¬ (23) ¯® x, y ¢ ¯à®¥ªæ¨¨ ®¡« áâ¨ D   ¯«®áª®áâì (x; y). � à¥§ã«ìâ â¥
¯®«ãç¨¬ äãªæ¨î u, ï¢«ïîéãîáï à¥è¥¨¥¬ § ¤ ç¨ �®è¨.

�®à¬ã«  (23) á®¤¥à¦¨â § ç¥¨ï ç áâëå ¯à®¨§¢®¤ëå à¥è¥¨ï u ¯® x, y, z ¤® ç¥â¢¥à-
â®£® ¯®àï¤ª  ¢ª«îç¨â¥«ì®, ¢ëç¨á«¥ë¥   ABC. �â¨ ¯à®¨§¢®¤ë¥  ¤® ®¯à¥¤¥«¨âì ç¥-
à¥§ äãªæ¨¨ ui, i = 1; 4, ¢å®¤ïé¨¥ ¢ (20). �ã¤¥¬ à ááã¦¤ âì ª ª ¢ à ¡®â¥ [11]. �«ï ã¤®¡-
áâ¢  ¯¥à¥®¡®§ ç¨¬ x = x1, y = x2, z = x3. �ãáâì ¯®«¥  ¯à ¢«¥¨© § ¤ ® ¢¥ªâ®à®¬
n(n1(�1; �2); n2(�1; �2); n3(�1; �2)). �¢¥¤¥¬ á¢ï§ ãî á ¯®¢¥àå®áâìî ABC á¨áâ¥¬ã ª®®à¤¨ â
xi = xi(�1; �2) + ni(�1; �2)�3, i = 1; 3. �®«¥  ¯à ¢«¥¨© ¯® ãá«®¢¨î ¥ ª á â¥«ì® ª ABC,
á«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â ®¡à â®¥ ¯à¥®¡à §®¢ ¨¥ �i = �i(x1; x2; x3) ª« áá  C4 ¢ ®ªà¥áâ-
®áâ¨ ¯®¢¥àå®áâ¨ ABC ([12], c. 495). �®á«¥¤®¢ â¥«ì®  å®¤¨¬ ¯à®¨§¢®¤ë¥ à¥è¥¨ï u =
U(�1(x1; x2; x3); �2(x1; x2; x3); �3(x1; x2; x3)) ¯® xi   ¯®¢¥àå®áâ¨ ABC. �®¤áâ ¢«ïï íâ¨ ¯à®¨§-
¢®¤ë¥ ¢ (23), ¯®«ãç¨¬ à¥è¥¨¥ § ¤ ç¨ �®è¨.

3. �¥à¥©¤¥¬ ª à áá¬®âà¥¨î ãà ¢¥¨ï

L2(u) �
2X

k;l;m=0

aklm(x; y; z)
@k+l+mu

@xk@yl@zm
= f; a222 � 1; (24)

£¤¥ aklm 2 C(k;l;m), f 2 C. � ¤ ç  �®è¨ ¤«ï ¥£® à áá¬ âà¨¢ ¥âáï ¯®   «®£¨¨ á ãà ¢¥¨¥¬
(16).

�ãªæ¨¥© �¨¬   ¤«ï ãà ¢¥¨ï (24) R(x; y; z; �; �; �)  §ë¢ ¥âáï à¥è¥¨¥ ¨â¥£à «ì®£®
ãà ¢¥¨ï

v(x; y; z) �
Z x

�

f[a122 � (x� �)a022]vg(�; y; z)d� �

�

Z y

�

f[a212 � (y � �)a202]vg(x; �; z)d� �
Z z

�

f[a221 � (z � )a220]vg(x; y; )d �

�

Z x

�

Z y

�

f[a112 � (y � �)a102 � (x� �)a012 +

+ (x� �)(y � �)a002]vg(�; �; z)d� d�+

+
Z x

�

Z z

�

f[a121 � (z � )a120 � (x� �)a021 +

+ (x� �)(z � )a020]vg(�; y; )d d�+

+
Z y

�

Z z

�

f[a211 � (z � )a210 � (y � �)a201 +

+ (y � �)(z � )]vg(x; �; )d d� �
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�

Z x

�

Z y

�

Z z

�

f[a111 � (z � )a110 � (y � �)a101 � (x� �)a011 +

+ (y � �)(z � )a100 + (x� �)(z � )a010 + (x� �)(y � �)a001 +

+ (x� �)(y � �)(z � )a000]vg(�; �; )d d� d� = 1: (25)

�¥è¥¨¥ (25) áãé¥áâ¢ã¥â ¨ ¥¤¨áâ¢¥® ([4], c. 180).
�¢¥¤¥¬ ®¡®§ ç¥¨ï

A100 = Rx � a122R; A010 = Ry � a212R; A001 = Rz � a221R;

A200 = (A100)x + a022R; A020 = (A010)y + a202R;

A002 = (A001)z + a220R; A110 = (A010)x � (a122R)y + a112R;

A101 = (A100)z � (a221R)x + a121R; A011 = (A001)y � (a212R)z + a211R;

A210 = (A110)x + (a022R)y � a012R; A201 = (A101)x + (a022R)z � a021R;

A120 = (A110)y + (a202R)x � a102R; A102 = (A101)z + (a220R)x � a120R;

A021 = (A011)y + (a202R)z � a201R; A012 = (A011)z + (a220R)y � a210R;

A111 = (A110)z � (a221R)xy + (a211R)x + (a121R)y � a111R;

A220 = (A120)x + (a022R)yy � (a012R)y + a002R;

A202 = (A201)z + (a220R)xx � (a120R)x + a020R;

A022 = (A012)y + (a202R)zz � (a201R)z + a200R;

A211 = (A111)x + (a022R)yz � (a021R)y � (a012R)z + a011R;

A121 = (A111)y + (a202R)xz � (a201R)x � (a102R)z + a101R;

A112 = (A111)z + (a220R)xy � (a210R)x � (a120R)y + a110R;

A122 = (A121)z + (a220R)xyy � (a210R)xy � (a120R)yy + (a200R)x + (a110R)y � a100R;

A212 = (A112)x + (a022R)yzz � (a021R)yz � (a012R)zz + (a020R)y + (a011R)z � a010R;

A221 = (A211)y + (a202R)xxz � (a201R)xx � (a102R)xz + (a101R)x + (a002R)z � a001R:

�§ ¨â¥£à «ì®£® ãà ¢¥¨ï (25) á«¥¤ãîâ â®¦¤¥áâ¢ 

A100(x; y; z; x; y; z) � A010(x; y; z; x; y; z) � A001(x; y; �; x; y; z) �

� A200(�; y; z; x; y; z) � A020(x; �; z; x; y; z) � A002(x; y; �; x; y; z) �

� A110(x; y; z; x; y; z) � A101(x; y; z; x; y; z) � A011(x; y; z; x; y; z) �

� A210(�; y; z; x; y; z) � A201(�; y; z; x; y; z) � A120(x; �; z; x; y; z) �

� A102(x; y; �; x; y; z) � A021(x; �; z; x; y; z) � A012(x; y; �; x; y; z) �

� A111(x; y; z; x; y; z) � A220(�; �; z; x; y; z) � A202(�; y; �; x; y; z) �

� A022(x; �; �; x; y; z) � A211(�; y; z; x; y; z) � A121(x; �; z; x; y; z) �

� A112(x; y; �; x; y; z) � A122(x; �; �; x; y; z) � A212(�; y; �; x; y; z) �

� A221(�; �; z; x; y; z) � 0; R(x; y; z; x; y; z) � 1:

�§ (25) â ª¦¥ á«¥¤ã¥â, çâ® R ã¤®¢«¥â¢®àï¥â á®¯àï¦¥®¬ã á (24) ãà ¢¥¨î

2X
k;l;m=0

(�1)k+l+m
@k+l+m(aklmv)
@xk@yl@zm

= 0:

�¥¯®áà¥¤áâ¢¥®© ¯à®¢¥àª®© ¬®¦® ã¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨ â®¦¤¥áâ¢ 

RL2(u) �
@W1

@x
+
@W2

@y
+
@W3

@z
; (26)
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W1 =
@C12

@y
+
@C13

@z
+A022ux �A122u;

W2 =
@C12

@x
+
@C23

@z
+A202uy �A212u;

W3 =
@C13

@x
+
@C23

@y
+A220uz �A221u;

C12 =
1
6
Kz +

1
2
(A002uxy �A102uy �A012ux +A112u);

C13 =
1
6
Ky +

1
2
(A020uxz �A120uz �A021ux +A121u);

C23 =
1
6
Kx +

1
2
(A200uyz �A210uz �A201uy +A211u);

K = Ruxyz �A100uyz �A010uxz �A001uxy +A110uz +A101uy +A011ux �A111u:

�ãáâì D | ®¡« áâì ¢ R3 ¨§ ¯. 2, S : � = �(�; �) | ¯®¢¥àå®áâì ª« áá  C5.
� ¤ ç  �®è¨:  ©â¨ à¥£ã«ïà®¥ à¥è¥¨¥ ãà ¢¥¨ï (24), ã¤®¢«¥â¢®àïîé¥¥   ¯®¢¥àå®-

áâ¨ S ãá«®¢¨ï¬

u
��
S
= u0(�; �);

@u

@n

���
S
= u1(�; �);

@2u

@n2

���
S
= u2(�; �);

@3u

@n3

���
S
= u3(�; �);

@4u

@n4

���
S
= u4(�; �);

@5u

@n5

���
S
= u5(�; �):

�¤¥áì u0 2 C5, u1 2 C4, u2 2 C3, u3 2 C2, u4 2 C1, u5 2 C.
�®¬¥ï¢ ¢ (26) à®«ï¬¨ ¯¥à¥¬¥ë¥ � á x, � á y, � á z, ¨â¥£à¨àã¥¬ (26) ¯® �, �, � ¢ ®¡« áâ¨ D.

�à®¢®¤ï ¢ëç¨á«¥¨ï ¯®   «®£¨¨ á ¯. 2, ¯®«ãç¨¬ZZZ
D

Rfd� d� d� = u���
��
M
�
1
3
K
��
A
�
1
3
K
��
B
�
1
3
K
��
C
+

+
Z
BC

C12d� � C13d� +
Z
CA

C23d� � C12d� +

+
Z
AB

C13d� � C23d� +
ZZ
ACB

W1d� ^ d� +W2d� ^ d� +W3d� ^ d�: (27)

� ¯¨áë¢ ï (27) ¢ ¢¨¤¥

uxyz(x; y; z) = F (x; y; z); (28)

  § â¥¬ ¨â¥£à¨àãï (28) ¯® x, y, z ¢ ®¡« áâ¨ D, ¯®«ãç¨¬ äãªæ¨î u, ï¢«ïîéãîáï à¥è¥¨¥¬
§ ¤ ç¨ �®è¨.

�®à¬ã«  (28) á®¤¥à¦¨â § ç¥¨ï ç áâëå ¯à®¨§¢®¤ëå à¥è¥¨ï u ¯® x, y, z ¤® ¯ïâ®£® ¯®-
àï¤ª  ¢ª«îç¨â¥«ì®, ¢ëç¨á«¥ë¥   ABC. �â¨ ¯à®¨§¢®¤ë¥ ¢ëç¨á«ïîâáï   «®£¨ç® á«ãç î
§ ¤ ç¨ �®è¨ (16), (20).
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