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�à ¢­¥­¨ï ¢ ª®­¥ç­ëå à §­®áâïå è¨à®ª® ¯à¨¬¥­ïîâáï ¯à¨ ®¯¨á ­¨¨ ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬,
á®áâ®ï­¨ï ª®â®àëå ¨§¢¥áâ­ë (¨§¬¥àïîâáï) ¢ ¤¨áªà¥â­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨. � â ª¨¬ á¨áâ¥¬ ¬
®â­®áïâáï, ­ ¯à¨¬¥à, á¨áâ¥¬ë ã¯à ¢«¥­¨ï á ¤¨áªà¥â­ë¬¨ à¥£ã«ïâ®à ¬¨ [1]. � §­®áâ­ë¥ ãà ¢-
­¥­¨ï ï¢«ïîâáï ®á­®¢­ë¬ ¬ â¥¬ â¨ç¥áª¨¬  ¯¯ à â®¬ ¯à¨ ¨§ãç¥­¨¨ ­¥«¨­¥©­ëå ¨¬¯ã«ìá­ëå
á¨áâ¥¬ [2]. �¨á«¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨© à §«¨ç­ëå â¨¯®¢ â ª¦¥ ¯à¨¢®¤¨â ª § ¬¥­¥ ­¥¯à¥àë¢-
­ëå á¨áâ¥¬ ¤¨áªà¥â­ë¬¨ [1].

�¤­® ¨§ ­ ¯à ¢«¥­¨© ¨áá«¥¤®¢ ­¨©, ¢®§­¨ª îé¨å ¢ ãª § ­­ëå ¯à¨«®¦¥­¨ïå à §­®áâ­ëå
ãà ¢­¥­¨©, á¢ï§ ­® á  ­ «¨§®¬ ãáâ®©ç¨¢®áâ¨ ¨å à¥è¥­¨©. � ç áâ­®áâ¨, § ¤ ç¨ áå®¤¨¬®áâ¨ ¨â¥-
à æ¨®­­ëå ¯à®æ¥áá®¢ | íâ® ä ªâ¨ç¥áª¨ § ¤ ç¨ ãáâ®©ç¨¢®áâ¨ à §­®áâ­ëå á¨áâ¥¬. �¥â®¤ë ¨á-
á«¥¤®¢ ­¨ï ãáâ®©ç¨¢®áâ¨ å®à®è® à §à ¡®â ­ë ¤«ï «¨­¥©­ëå à §­®áâ­ëå ãà ¢­¥­¨©. �«ï ­¥-
«¨­¥©­ëå á¨áâ¥¬, ª ª ¨ ¤«ï á¨áâ¥¬ ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ¤®ª § ­ 
â¥®à¥¬  ®¡ ãáâ®©ç¨¢®áâ¨ ¯® «¨­¥©­®¬ã ¯à¨¡«¨¦¥­¨î ([2], c. 38{40). � ¨¡®«¥¥ ®¡é¨¬ ¬¥â®¤®¬
 ­ «¨§  ãáâ®©ç¨¢®áâ¨ à¥è¥­¨© à §­®áâ­ëå á¨áâ¥¬ ï¢«ï¥âáï ¤¨áªà¥â­ë©  ­ «®£ ¢â®à®£® ¬¥â®¤ 
�ï¯ã­®¢  ([2], c. 20{35). � ¤ ­­®© à ¡®â¥ ®­ ¨á¯®«ì§ã¥âáï ¤«ï ¯®«ãç¥­¨ï ãá«®¢¨©  á¨¬¯â®-
â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¯® ­¥«¨­¥©­®¬ã ¯à¨¡«¨¦¥­¨î. �à¨ íâ®¬ ¢ ª ç¥áâ¢¥ á¨áâ¥¬ë ¯¥à¢®£®
¯à¨¡«¨¦¥­¨ï à áá¬ âà¨¢ îâáï ãà ¢­¥­¨ï á ®¤­®à®¤­ë¬¨ ¯à ¢ë¬¨ ç áâï¬¨.

1. �à¥¤¢ à¨â¥«ì­®¥ ®¡áã¦¤¥­¨¥. � ¤ ­­®¬ à §¤¥«¥ ¯à®¢®¤¨âáï áà ¢­¥­¨¥ ®¤­®à®¤­®©
à §­®áâ­®© á¨áâ¥¬ë ¨ á®®â¢¥âáâ¢ãîé¥© ¥© á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥-
­¨© ¢ á¬ëá«¥ ãáâ®©ç¨¢®áâ¨ ¯® �ï¯ã­®¢ã.

� áá¬®âà¨¬ à §­®áâ­ãî á¨áâ¥¬ã

X(k + 1) = X(k) + F(X(k)) (1)

¨ ®¤­®à®¤­ãî á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

_Z = F(Z); (2)

£¤¥ X(k), Z| n-¬¥à­ë¥ ¢¥ªâ®àë, í«¥¬¥­âë ¢¥ªâ®à­®© äã­ªæ¨¨ F(Z) ®¯à¥¤¥«¥­ë ¨ ­¥¯à¥àë¢­®
¤¨ää¥à¥­æ¨àã¥¬ë ¯à¨ ¢á¥å Z 2 En ¨ ï¢«ïîâáï ®¤­®à®¤­ë¬¨ äã­ªæ¨ï¬¨ ¯®àï¤ª  � > 1. �ã-
¤¥¬ áç¨â âì, çâ® æ¥«®ç¨á«¥­­ë©  à£ã¬¥­â k ¢® ¢á¥å à §­®áâ­ëå ãà ¢­¥­¨ïå à ¡®âë ¯à¨­¨¬ ¥â
§­ ç¥­¨ï 0; 1; : : : �§ ®¤­®à®¤­®áâ¨ F(Z) á«¥¤ã¥â, çâ® á¨áâ¥¬ë (1) ¨ (2) ¨¬¥îâ ­ã«¥¢ë¥ à¥è¥­¨ï.

�¥¬¬  1. �á«¨ ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (2)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®, â® ­ã«¥¢®¥ à¥-

è¥­¨¥ á¨áâ¥¬ë (1) â ª¦¥  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

�®ª § â¥«ìáâ¢®. �§¢¥áâ­® ([3], c. 115{123), çâ® ¤«ï á¨áâ¥¬ë (2), ¨¬¥îé¥©  á¨¬¯â®â¨ç¥áª¨
ãáâ®©ç¨¢®¥ ­ã«¥¢®¥ à¥è¥­¨¥, áãé¥áâ¢ãîâ äã­ªæ¨¨ �ï¯ã­®¢  V (Z) ¨ W (Z), ª®â®àë¥ ®¡« ¤ îâ
á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1) V (Z), W (Z) | ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë¥ ®¤­®à®¤­ë¥ äã­ªæ¨¨ ¯®àï¤ª  m ¨
m+ �� 1 á®®â¢¥âáâ¢¥­­®, m > 1;

2) V (Z), W (Z) | ¯®«®¦¨â¥«ì­®-®¯à¥¤¥«¥­­ë¥ äã­ªæ¨¨;
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3) äã­ªæ¨ï V (Z) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î�
@V (Z)
@Z

�>
F(Z) = �W (Z):

� áá¬®âà¨¬ ¯à¨à é¥­¨¥ äã­ªæ¨¨ V (Z) ­  à¥è¥­¨ïå á¨áâ¥¬ë (1). �®«ãç¨¬

�V = V (X(k + 1))� V (X(k)) = �W (X(k)) +W1(X(k)):

�¤¥áì W1(Z)=kZkm+��1 ! 0 ¯à¨ kZk ! 0 (k � k | ¥¢ª«¨¤®¢  ­®à¬  ¢¥ªâ®à ). �«¥¤®¢ â¥«ì­® ([3],
c. 118), áãé¥áâ¢ãîâ â ª¨¥ ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥ b1, b2 ¨ �, çâ® ¯à¨ kX(k)k < � á¯à ¢¥¤«¨¢ë
®æ¥­ª¨

�b1kX(k)km+��1 � �V � �b2kX(k)km+��1: (3)

�­ ç¨â ([2], c. 27{30), ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (1)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

�¡à â­®¥ ãâ¢¥à¦¤¥­¨¥, ª ª ¯®ª §ë¢ ¥â á«¥¤ãîé¨© ¯à¨¬¥à, ­¥¢¥à­®.

�à¨¬¥à 1. � áá¬®âà¨¬ à §­®áâ­ãî á¨áâ¥¬ã

x1(k + 1) = x1(k) + �2k
�
�kx1(k)� �kx2(k)

�
;

x2(k + 1) = x2(k) + �2k
�
�kx1(k) + �kx2(k)

�
:

(4)

�¤¥áì � ¨ '| ¯®«ïà­ë¥ ª®®à¤¨­ âë (x1 = � cos', x2 = � sin'), �k = �(k), 'k = '(k), �k = �('k),
�k = �('k),   äã­ªæ¨¨ �(') ¨ �(') ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã« ¬

�(') =
�(') cos(10')
1 + 0;1 sin(10')

; �(') = 2� sin(10'):

�¨áâ¥¬  (4) ï¢«ï¥âáï ®¤­®à®¤­®© ¯®àï¤ª  � = 3, ¯à¨ç¥¬ ¥¥ ¯à ¢ë¥ ç áâ¨ ¤¢ ¦¤ë ­¥¯à¥àë¢-
­® ¤¨ää¥à¥­æ¨àã¥¬ë. �®ª ¦¥¬, çâ® ­ã«¥¢®¥ à¥è¥­¨¥ íâ®© á¨áâ¥¬ë  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

� ¯®«ïà­ëå ª®®à¤¨­ â å ãà ¢­¥­¨ï (4) ¯à¨­¨¬ îâ ¢¨¤

�k+1 = �k

q
(1 + �k�

2
k)

2 + (�k�2k)
2
;

tg('k+1 � 'k) =
�k�

2
k

1 + �k�2k
:

(5)

�¢¥¤¥¬ ¢á¯®¬®£ â¥«ì­ãî äã­ªæ¨î

c(') =
Z '

0

�(�)
�(�)

d� = ln(1 + 0;1 sin(10')):

�ãáâì

V (�; ') = �2 exp(�2 c('))
�
1� �2 exp(�2 c('))

�

'+

+
Z '

0

exp(2c(�))�(�)(1 + (c0(�))2 � c00(�))d�
��

;

£¤¥


 = � 1
2�

Z 2�

0

exp(2c(�))�(�)(1 + (c0(�))2 � c00(�))d� > 0:

�à¨à é¥­¨¥ äã­ªæ¨¨ V (�; ') ­  à¥è¥­¨ïå á¨áâ¥¬ë (5) ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥

�V = V (�k+1; 'k+1)� V (�k; 'k) = �
�6k�k exp(�4 c('k)) +W1(�k; 'k):

�¤¥áì äã­ªæ¨ï W1(�; ') ¢ ¤®áâ â®ç­® ¬ «®© ®ªà¥áâ­®áâ¨ â®çª¨ � = 0 ¨ ¯à¨ ¢á¥å ' 2 (�1;+1)
ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã jW1(�; ')j � b1�

8, £¤¥ b1 | ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï.
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�­ ç¨â, áãé¥áâ¢ãîâ ç¨á«  � > 0 ¨ b2 > 0 â ª¨¥, çâ® ¯à¨ �k < �, 'k 2 (�1;+1) á¯à ¢¥¤«¨¢ 
®æ¥­ª  �V � �b2 �6k, ¨§ ª®â®à®© ¨ á«¥¤ã¥â  á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì ­ã«¥¢®£® à¥è¥­¨ï
á¨áâ¥¬ë (4).

�®®â¢¥âáâ¢ãîé ï ãà ¢­¥­¨ï¬ (4) á¨áâ¥¬  ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢
¯®«ïà­ëå ª®®à¤¨­ â å ¨¬¥¥â ¢¨¤

_� = �(')�3; _' = �(')�2: (6)

�à¨ íâ®¬
2�R
0

�(')=�(')d' = 0. �­ ç¨â, ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (6) ãáâ®©ç¨¢®, ­® ­¥ ï¢«ï¥âáï

 á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢ë¬.

�«¥¤ãîé¨© ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® ¥á«¨ ­ã«¥¢®¥ à¥è¥­¨¥ à §­®áâ­®© á¨áâ¥¬ë ¢¨¤  (1) ­¥-
ãáâ®©ç¨¢®, â® á®®â¢¥âáâ¢ãîé ï ¥© á¨áâ¥¬  (2) ¬®¦¥â ¨¬¥âì ãáâ®©ç¨¢®¥ ­ã«¥¢®¥ à¥è¥­¨¥.

�à¨¬¥à 2. � áá¬®âà¨¬ á¨áâ¥¬ã

x1(k + 1) = x1(k) �
�
x21(k) + x22(k)

�
x2(k);

x2(k + 1) = x2(k) +
�
x21(k) + x22(k)

�
x1(k):

(7)

� ª ç¥áâ¢¥ äã­ªæ¨¨ �ï¯ã­®¢  ¢ë¡¥à¥¬ äã­ªæ¨î V (x1; x2) = x21 + x22. �®«ãç¨¬

V (x1(k + 1); x2(k + 1))� V (x1(k); x2(k)) = (x21(k) + x22(k))
3
:

�âáî¤  ¢ëâ¥ª ¥â ([4], c. 82), çâ® ­ã«¥¢®¥ à¥è¥­¨¥ ãà ¢­¥­¨© (7) ­¥ãáâ®©ç¨¢®.
� â® ¦¥ ¢à¥¬ï ­ã«¥¢®¥ à¥è¥­¨¥ á®®â¢¥âáâ¢ãîé¥© ®¤­®à®¤­®© á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ä-

ä¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

_z1 = �(z21 + z22)z2; _z2 = (z21 + z22)z1

ï¢«ï¥âáï ãáâ®©ç¨¢ë¬.

2. �æ¥­ª¨ à¥è¥­¨© ­¥«¨­¥©­ëå à §­®áâ­ëå á¨áâ¥¬. �§¢¥áâ­® ([3], á. 117), çâ® ¥á«¨
­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (2)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®, â® ¯à¨ ¢á¥å Z0 2 En, t0 2 (�1;+1),
t � t0 á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

c1kZ0k
�
1 + c2kZ0k��1(t� t0)

�� 1
��1 � kZ(t;Z0; t0)k � c3kZ0k

�
1 + c4kZ0k��1(t� t0)

�� 1
��1 ;

£¤¥ c1, c2, c3, c4 | ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, Z(t;Z0; t0) | à¥è¥­¨¥ ãà ¢­¥­¨© (2), ¯à®å®¤ïé¥¥
¯à¨ t = t0 ç¥à¥§ â®çªã Z0.

�æ¥­¨¬ áª®à®áâì áâà¥¬«¥­¨ï ª ­ ç «ã ª®®à¤¨­ â à¥è¥­¨© à §­®áâ­®© á¨áâ¥¬ë (1) ¢ á«ãç ¥,
ª®£¤  ¤«ï ­¥¥ ¯®áâà®¥­  ®¤­®à®¤­ ï äã­ªæ¨ï �ï¯ã­®¢ , ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬ â¥®à¥¬ë
®¡  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ([2], c. 27{30).

�ãáâì ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (2)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©-
ç¨¢®. �§ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 1 á«¥¤ã¥â, çâ® â®£¤  ¤«ï «î¡®£® à¥è¥­¨ï X(k) á¨áâ¥¬ë (1),
­ ç¨­ îé¥£®áï ¯à¨ k = k0 � 0 ¢ ¤®áâ â®ç­® ¬ «®© ®ªà¥áâ­®áâ¨ â®çª¨ X = 0, ¯à¨ ¢á¥å k � k0
¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢  (3).

�§¢¥áâ­® ([3], c. 118), çâ® ¥á«¨ V (X) | ¯®«®¦¨â¥«ì­®-®¯à¥¤¥«¥­­ ï ®¤­®à®¤­ ï ¯®àï¤ª  m
äã­ªæ¨ï, â® ¤«ï «î¡ëå X 2 En á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

a1kXkm � V (X) � a2kXkm; (8)

£¤¥ a1, a2 | ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥.
�á¯®«ì§ãï ­¥à ¢¥­áâ¢  (8), ¯®«ãç ¥¬, çâ® ¯à¨ k = k0; k0 + 1; : : : ¨¬¥îâ ¬¥áâ® á®®â­®è¥­¨ï

V (X(k)) � b1

�
V (X(k))

a1

���1
m

+1

� V (X(k + 1)) � V (X(k)) � b2

�
V (X(k))

a2

���1
m

+1

: (9)
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�¥¬¬  2. �ãáâì ¤«ï ç«¥­®¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fvkg ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

0 � vk+1 � vk � av�k ; k = 0; 1; : : : ; (10)

£¤¥ a > 0, � > 1, v0 � 0, a�v��10 � 1. �®£¤  ¯à¨ ¢á¥å k = 0; 1; : : : á¯à ¢¥¤«¨¢  ®æ¥­ª 

vk � v0
�
1 + a(�� 1)v��10 k

�� 1
��1 : (11)

�®ª § â¥«ìáâ¢®. �à¨¬¥­ï¥¬ ¬¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨­¤ãªæ¨¨. �à¨ k = 0 ­¥à ¢¥­áâ¢® (11)
¢¥à­®. �à¥¤¯®«®¦¨¬, çâ® ®­® ¨¬¥¥â ¬¥áâ® ¤«ï ¢á¥å k � l. �®£¤  vl � v0, ®âªã¤  á«¥¤ã¥â a�v

��1
l �1.

�ã­ªæ¨ï vl � av�l ¬®­®â®­­® ¢®§à áâ ¥â ­  ¯à®¬¥¦ãâª¥ [0; (a�)�1=(��1)]. �­ ç¨â, á¯à ¢¥¤«¨¢ë
á®®â­®è¥­¨ï

vl+1 � vl(1� av��1l ) � v0(1 + �l)�
1

��1

�
1� �

(�� 1)(1 + �l)

�
= v0

�
1 + �(l+ 1)

�� 1
��1 g(�);

£¤¥

� = a(�� 1)v��10 ; g(�) =
�
1 +

�

1 + �l

� 1
��1

�
1� �

(�� 1)(1 + �l)

�
:

� ¬¥â¨¬ â¥¯¥àì, çâ® g(0) = 1 ¨ ¯à¨ íâ®¬ äã­ªæ¨ï g(�) ¬®­®â®­­® ã¡ë¢ ¥â ­  ¯à®¬¥¦ãâª¥
[0;+1). �«¥¤®¢ â¥«ì­®, ­¥à ¢¥­áâ¢® (11) ¢ë¯®«­ï¥âáï ¨ ¯à¨ k = l + 1.

�­ «®£¨ç­ë¬ ®¡à §®¬ ¤®ª §ë¢ ¥âáï

�¥¬¬  3. �ãáâì ¤«ï ç«¥­®¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fvkg ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

vk � bv�k � vk+1 � (b�)�
1

��1 ; k = 0; 1; : : : ; (12)

£¤¥ b > 0, � > 1, v0 � 0, 2b�v��10 � 1. �®£¤  ¯à¨ ¢á¥å k = 0; 1; : : : ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

v0
�
1 + 2b(�� 1)v��10 k

�� 1
��1 � vk: (13)

� ¬¥ç ­¨¥ 1. �á«¨ ­¥à ¢¥­áâ¢  (10) (­¥à ¢¥­áâ¢  (12)) ¢ë¯®«­ïîâáï «¨èì ¯à¨ k = 0; 1; :::; N ,
â® ®æ¥­ª  (11) (®æ¥­ª  (13)) ¡ã¤¥â á¯à ¢¥¤«¨¢  ¯à¨ k = 0; 1; : : : ; N + 1.

� ¯®¬®éìî «¥¬¬ 2, 3 ¯®«ãç ¥¬, çâ® ¨§ ­¥à ¢¥­áâ¢ (8), (9) á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ç¨á« 
� > 0 â ª®£®, çâ® ¤«ï «î¡®£® à¥è¥­¨ï X(k) á¨áâ¥¬ë (1) á ­ ç «ì­ë¬¨ ¤ ­­ë¬¨ X(k0) = X0,
ã¤®¢«¥â¢®àïîé¨¬¨ ãá«®¢¨ï¬ k0 � 0, kX0k < �, ¯à¨ ¢á¥å k � k0 ¨¬¥îâ ¬¥áâ® ®æ¥­ª¨

c1kX0k
�
1 + c2kX0k��1(k � k0)

�� 1
��1 � kX(k)k � c3kX0k

�
1 + c4kX0k��1(k � k0)

�� 1
��1 : (14)

�¤¥áì c1 = (a1=a2)1=m, c2 = 2(�� 1)b1=(ma1), c3 = 1=c1, c4 = (�� 1)b2=(ma2).

3. �­ «¨§ ãáâ®©ç¨¢®áâ¨ à §­®áâ­ëå á¨áâ¥¬ ¯® ­¥«¨­¥©­®¬ã ¯à¨¡«¨¦¥­¨î. � «¥¥
¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¤«ï á¨áâ¥¬ë (1) áãé¥áâ¢ãîâ ®¤­®à®¤­ë¥ äã­ªæ¨¨ �ï¯ã­®¢  V (X) ¨
W (X), ª®â®àë¥ ®¡« ¤ îâ á¢®©áâ¢ ¬¨, ãª § ­­ë¬¨ ¢ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 1. �«¥¤®¢ â¥«ì­®,
­ã«¥¢®¥ à¥è¥­¨¥ íâ®© á¨áâ¥¬ë  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

� àï¤ã á ãà ¢­¥­¨ï¬¨ (1) à áá¬®âà¨¬ ¢®§¬ãé¥­­ë¥ ãà ¢­¥­¨ï

X(k + 1) = X(k) + F(X(k)) +R(k;X(k)): (15)

�¤¥áì ¢¥ªâ®à­ ï äã­ªæ¨ï R(k;X) ®¯à¥¤¥«¥­  ¯à¨ k = 0; 1; : : : ¨ kXk � h (h | ¯®«®¦¨â¥«ì­ ï
¯®áâ®ï­­ ï), ­¥¯à¥àë¢­  ¯® X ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î kR(k;X)k � ckXk� , £¤¥ c > 0, � > 0.

�¥®à¥¬  1. �à¨ ¢ë¯®«­¥­¨¨ ­¥à ¢¥­áâ¢  � > � ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (15)  á¨¬¯â®-
â¨ç¥áª¨ ãáâ®©ç¨¢®.
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�®ª § â¥«ìáâ¢®. �à¨à é¥­¨¥ äã­ªæ¨¨ V (X) ­  à¥è¥­¨ïå ¢®§¬ãé¥­­®© á¨áâ¥¬ë ¬®¦­®
¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

�V = V
�
X(k) + F(X(k))

�� V (X(k)) +

+
�
@V

@X

�
X(k) + F(X(k)) + �kR(k;X(k))

��>
R(k;X(k)); (16)

£¤¥ �k 2 (0; 1). �­ ç¨â, ¯à¨ kX(k)k � h á¯à ¢¥¤«¨¢  ®æ¥­ª 

�V � �b1 kX(k)km+��1 +  (X(k))kX(k)km+��1 + b2kX(k)k�(kX(k)k + kX(k)k� + kX(k)k�)m�1:
�¤¥áì b1, b2 | ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï  (X) ­¥®âà¨æ â¥«ì­  ¨ áâà¥¬¨âáï ª ­ã«î
¯à¨ kXk ! 0.

�á«¨ � > �, â® ¤«ï ¤®áâ â®ç­® ¬ «ëå §­ ç¥­¨© kX(k)k ¨ ¯à¨ ¢á¥å k = 0; 1; : : : ¨¬¥¥â ¬¥áâ® ­¥-
à ¢¥­áâ¢® �V � �b1kX(k)km+��1=2. �«¥¤®¢ â¥«ì­®, äã­ªæ¨ï V (X) ã¤®¢«¥â¢®àï¥â âà¥¡®¢ ­¨ï¬
â¥®à¥¬ë ®¡  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ([2], c. 27{30).

� ¬¥ç ­¨¥ 2. �­ «®£¨ç­ë¬ ®¡à §®¬ ¬®¦­® ¯®ª § âì, çâ® ¥á«¨ kX(k)k ¤®áâ â®ç­® ¬ « ,
â® ¯à¨ ¢á¥å k = 0; 1; : : : ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® �V � �b3kX(k)km+��1, £¤¥ b3 > 0. �­ ç¨â, ¤«ï
à¥è¥­¨© á¨áâ¥¬ë (15) ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ â®çª¨ X = 0 á¯à ¢¥¤«¨¢ë â¥ ¦¥ á ¬ë¥ ®æ¥­ª¨
(14), çâ® ¨ ¤«ï à¥è¥­¨© ­¥¢®§¬ãé¥­­®© á¨áâ¥¬ë, ­®, ¢®®¡é¥ £®¢®àï, á ¤àã£¨¬¨ §­ ç¥­¨ï¬¨
¯®áâ®ï­­ëå c1, c2, c3, c4.

� ¬¥ç ­¨¥ 3. �à¥¤¯®«®¦¨¬, çâ® ãá«®¢¨¥ 2), ª®â®à®¬ã ã¤®¢«¥â¢®àïîâ äã­ªæ¨¨ V (X) ¨
W (X), § ¬¥­¥­® ãá«®¢¨¥¬

20) äã­ªæ¨ï V (X) ­¥ ï¢«ï¥âáï §­ ª®¯®áâ®ï­­®© ®âà¨æ â¥«ì­®©,   äã­ªæ¨ï W (X) ®âà¨æ -
â¥«ì­® ®¯à¥¤¥«¥­ .

�®£¤ , ¯à¨¬¥­ïï ¯¥à¢ãî â¥®à¥¬ã ® ­¥ãáâ®©ç¨¢®áâ¨ ([4], c. 82), ¬®¦­® ¯®ª § âì, çâ® ­ã«¥¢®¥
à¥è¥­¨¥ á¨áâ¥¬ë (1) ­¥ãáâ®©ç¨¢®,   ¯à¨ � > � ­¥ãáâ®©ç¨¢®áâì ­ã«¥¢®£® à¥è¥­¨ï á®åà ­ï¥âáï ¨
¤«ï ¢®§¬ãé¥­­®© á¨áâ¥¬ë.

4. �áá«¥¤®¢ ­¨¥ ãáâ®©ç¨¢®áâ¨ á¨áâ¥¬, ­ å®¤ïé¨åáï ¯®¤ ¢®§¤¥©áâ¢¨¥¬ ­¥®£à -

­¨ç¥­­ëå ¢®§¬ãé¥­¨©. �ãáâì â¥¯¥àì ¢¥ªâ®à­ ï äã­ªæ¨ï R(k;X) ¯à¨ ¢á¥å k = 0; 1; : : : ¨
kXk � h ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

kR(k;X)k � c(k + 1)�kXk� ; (17)

£¤¥ c, �, � | ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥. � ª¨¬ ®¡à §®¬, ¢®§¬ãé¥­¨ï ¢ á¨áâ¥¬¥ (15), ¢®®¡é¥
£®¢®àï, ï¢«ïîâáï ­¥®£à ­¨ç¥­­ë¬¨,   ¯ à ¬¥âà � ®¯à¥¤¥«ï¥â áâ¥¯¥­ì ¨å à®áâ .

�áá«¥¤ã¥¬ ¢®¯à®á, ­ áª®«ìª® ¯®àï¤®ª ¢®§¬ãé¥­¨© (¢¥«¨ç¨­  �) ¤®«¦¥­ ¯à¥¢ëè âì ¯®àï¤®ª
®¤­®à®¤­®áâ¨ ¯à ¢ëå ç áâ¥© á¨áâ¥¬ë (1), çâ®¡ë ¨§  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ­ã«¥¢®£® à¥-
è¥­¨ï íâ®© á¨áâ¥¬ë á«¥¤®¢ «   á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì ­ã«¥¢®£® à¥è¥­¨ï ¢®§¬ãé¥­­ëå
ãà ¢­¥­¨©.

�¥®à¥¬  2. �à¨ ¢ë¯®«­¥­¨¨ ­¥à ¢¥­áâ¢  � > �+ �(� � 1) ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (15)
 á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

�®ª § â¥«ìáâ¢®. �á¯®«ì§ãï ¯à¥¤áâ ¢«¥­¨¥ ¯à¨à é¥­¨ï äã­ªæ¨¨ V (X) ­  à¥è¥­¨ïå ¢®§-
¬ãé¥­­ëå ãà ¢­¥­¨© ¢ ¢¨¤¥ (16) ¨ ãá«®¢¨¥ (17), ¯®«ãç ¥¬, çâ® ¯à¨ kX(k)k < �, £¤¥ � | ¤®áâ -
â®ç­® ¬ «®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«®, ¨ ¤«ï ¢á¥å k = 0; 1; : : : á¯à ¢¥¤«¨¢  ®æ¥­ª 

�V � �b1kX(k)km+��1 + b2(k + 1)�kX(k)km+��1 + b3(k + 1)�mkX(k)k�m;
£¤¥ b1; b2; b3 > 0.
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�®ª ¦¥¬, çâ® áãé¥áâ¢ãîâ ç¨á«  
, A ¨ L â ª¨¥, çâ® ¤«ï «î¡®£® à¥è¥­¨ï X(k) á¨áâ¥¬ë (15)
á ­ ç «ì­ë¬¨ ¤ ­­ë¬¨ X(k0) = X0, ã¤®¢«¥â¢®àïîé¨¬¨ ãá«®¢¨ï¬

k0 � L; kX0k��1 < 
=k0; (18)

¯à¨ ¢á¥å k � k0 ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

kX(k)k��1 < A=k: (19)

�ãáâì a1 = min
kXk=1

V (X), a2 = max
kXk=1

V (X). �ë¡¥à¥¬ ç¨á«  
 ¨ A â ª, çâ®¡ë ¢ë¯®«­ï«¨áì
á®®â­®è¥­¨ï

0 < 
 <
2ma2

(�� 1)b1
; A >

2ma2
(�� 1)b1

�
a2
a1

���1
m

:

� «¥¥ § ¤ ¥¬ L > 0 ­ áâ®«ìª® ¡®«ìè¨¬, çâ®¡ë ¯à¨ k � L ¡ë«¨ á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

A=k < ���1; k � (�� 1 +m)b1

2ma2

; 4b2(k + 1)�(A=k)
���

��1 < b1; 4b3(k + 1)�m(A=k)
(��1)m
��1 �1 < b1:

� áá¬®âà¨¬ à¥è¥­¨¥ X(k) á¨áâ¥¬ë (15) á ­ ç «ì­ë¬¨ ¤ ­­ë¬¨, ã¤®¢«¥â¢®àïîé¨¬¨ ãá«®-
¢¨ï¬ (18). �ãáâì áãé¥áâ¢ã¥â â ª®¥ ­ âãà «ì­®¥ ç¨á«® k1 > k0, çâ® kX(k1)k��1 � A=k1,   ¯à¨
k = k0; : : : ; k1 � 1 ¨¬¥¥â ¬¥áâ® ®æ¥­ª  (19). �®£¤  ¤«ï ¢á¥å k = k0; : : : ; k1 � 1 ¯®«ãç ¥¬

�V � �b1
2
kX(k)km+��1 � �b1

2

�
V (X(k))

a2

���1
m

+1

:

� ¬¥â¨¬, çâ® ¯à¨ íâ®¬

(�� 1 +m)b1
2ma2

�
V (X0)
a2

���1
m

<
(�� 1 +m)b1


2ma2k0
� 1:

�à¨¬¥­ïï «¥¬¬ã 2, ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã

V (X(k1)) � V (X0)
�
1 +

(�� 1)b1
2m

a
���1

m
�1

2 V
��1
m (X0)(k1 � k0)

�� m
��1

:

�ç¨âë¢ ï ®æ¥­ª¨ (8), ª®â®àë¬ ã¤®¢«¥â¢®àï¥â äã­ªæ¨ï V (X), ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢®

k1

�
(�� 1)b1
2ma2

� 1
A

�
a2
a1

���1
m
�
� k0

�
(�� 1)b1
2ma2

� 1



�
:

�§ ãá«®¢¨© ¢ë¡®à  ç¨á¥« 
 ¨ A á«¥¤ã¥â, çâ® «¥¢ ï ç áâì ¤ ­­®£® ­¥à ¢¥­áâ¢  ¯®«®¦¨â¥«ì­ ,  
¯à ¢ ï | ®âà¨æ â¥«ì­ . �à¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î. �­ ç¨â, ¤«ï à¥è¥­¨ï X(k) ¯à¨ ¢á¥å k � k0
¨¬¥¥â ¬¥áâ® ®æ¥­ª  (19).

�á¯®«ì§ãï ¤®ª § ­­®¥ á¢®©áâ¢® à¥è¥­¨© á¨áâ¥¬ë (15),   â ª¦¥ ¨å ­¥¯à¥àë¢­ãî § ¢¨á¨¬®áâì
®â ­ ç «ì­ëå ¤ ­­ëå, ¯®«ãç ¥¬ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë.

5. �®áâà®¥­¨¥ ­¥áâ æ¨®­ à­ëå äã­ªæ¨© �ï¯ã­®¢  ¤«ï ­¥«¨­¥©­ëå á¨áâ¥¬. �¥-
®à¥¬  1 ãâ¢¥à¦¤ ¥â, çâ® ¢®§¬ãé¥­¨ï ­¥ ­ àãè îâ  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ­ã«¥¢®£®
à¥è¥­¨ï, ¥á«¨ ¨å ¯®àï¤®ª ¢ëè¥ ¯®àï¤ª  ®¤­®à®¤­®áâ¨ äã­ªæ¨©, ¢å®¤ïé¨å ¢ ¯à ¢ë¥ ç áâ¨
ãà ¢­¥­¨© (1). �®ª ¦¥¬ â¥¯¥àì, çâ® ¤«ï ­¥ª®â®àëå ª« áá®¢ ­¥áâ æ¨®­ à­ëå ¢®§¬ãé¥­¨©  á¨¬-
¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì á®åà ­ï¥âáï ¨ ¢ á«ãç ¥, ª®£¤  � � �.

�ãáâì á¨áâ¥¬  (15) ¨¬¥¥â ¢¨¤

X(k + 1) = X(k) + F(X(k)) +BkQ(X(k)): (20)

�¤¥áì Bk | ¯®áâ®ï­­ë¥ ¬ âà¨æë à §¬¥à­®áâ¨ n� l,   í«¥¬¥­âë l-¬¥à­®£® ¢¥ªâ®à  Q(X) ¯à¥¤-
áâ ¢«ïîâ á®¡®© ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë¥ ®¤­®à®¤­ë¥ äã­ªæ¨¨ ¯®àï¤ª  � > 1.
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�à¥¤¯®«®¦¨¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì Bk ï¢«ï¥âáï ®£à ­¨ç¥­­®©. �à®¬¥ â®£®, ¢ ¤®¯®«­¥­¨¥
ª ãá«®¢¨ï¬ 1){3) ­  äã­ªæ¨¨ V (X) ¨ W (X), ¡ã¤¥¬ áç¨â âì, çâ® V (X) | ¤¢ ¦¤ë ­¥¯à¥àë¢­®
¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï. � ¬¥â¨¬, çâ® ¤«ï áãé¥áâ¢®¢ ­¨ï â ª¨å äã­ªæ¨© �ï¯ã­®¢  ¤®-
áâ â®ç­®, çâ®¡ë ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (2) ¡ë«®  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢ë¬,   ¢¥ªâ®à­ ï
äã­ªæ¨ï F(X) ¤¢ ¦¤ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬®© ([3], c. 119{123).

� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì n� l-¬ âà¨æ

I0 = 0; Ik =
k�1X
j=0

Bj ; k = 1; 2; : : : (21)

�¥®à¥¬  3. �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì (21) ®£à ­¨ç¥­ , â® ¯à¨ ¢ë¯®«­¥­¨¨ ­¥à ¢¥­áâ¢ 

2� > �+ 1 (22)

­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (20)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

�®ª § â¥«ìáâ¢®. �ã­ªæ¨î �ï¯ã­®¢  ¢ë¡¨à ¥¬ ¢ ¢¨¤¥

V1(k;X) = V (X)�
�
@V (X)
@X

�>
IkQ(X): (23)

�®«ãç¨¬

�V1 = V1(k + 1;X(k + 1))� V1(k;X(k)) = �W (X(k)) +

+
1
2

�
X(k + 1)�X(k)�>@2V (Zk)

@X2

�
X(k + 1)�X(k)�+

+
�
@V (X(k))

@X

�>
Ik+1Q(X(k))�

�
@V (X(k + 1))

@X

�>
Ik+1Q(X(k + 1));

£¤¥ Zk = X(k)+ �k(X(k+1)�X(k)), �k 2 (0; 1). �«¥¤®¢ â¥«ì­®, ¯à¨ ¢á¥å k = 0; 1; : : : ¨ X(k) 2 En

á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

a1kX(k)km � a3kX(k)km+��1 � V1(k;X(k)) � a2kX(k)km + a3kX(k)km+��1;

�V1 � �b1kX(k)km+��1 + b2(kX(k)k2� + kX(k)k2�)(kX(k)k +
+kX(k)k� + kX(k)k�)m�2 + b3(kX(k)k� + kX(k)k�)(kX(k)k + kX(k)k� + kX(k)k�)m+��2;

£¤¥ a1, a2, a3, b1, b2, b3 | ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥.
�á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (22), â® ¤«ï ¤®áâ â®ç­® ¬ «ëå §­ ç¥­¨© kX(k)k ¨ ¯à¨ ¢á¥å k =

0; 1; : : : ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢ 

a1
2
kX(k)km � V1(k;X(k)) � 2a2kX(k)km; �V1 � �b1

2
kX(k)km+��1:

� ª¨¬ ®¡à §®¬, äã­ªæ¨ï V1(k;X) ã¤®¢«¥â¢®àï¥â âà¥¡®¢ ­¨ï¬ â¥®à¥¬ë ®¡  á¨¬¯â®â¨ç¥áª®©
ãáâ®©ç¨¢®áâ¨ ([2], c. 27{30).

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì (21) ­¥ ï¢«ï¥âáï ®£à ­¨ç¥­­®©. �¤­ ª® áãé¥-
áâ¢ã¥â â ª®¥ ç¨á«® 0 < � � 1, çâ®

lim
k!1

1
k�
Ik = 0: (24)

�¥®à¥¬  4. �à¨ ¢ë¯®«­¥­¨¨ ­¥à ¢¥­áâ¢  2� � �+1+�(��1) ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (20)
 á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.
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�®ª § â¥«ìáâ¢®. � ª ç¥áâ¢¥ äã­ªæ¨¨ �ï¯ã­®¢  á­®¢  ¢ë¡¥à¥¬ äã­ªæ¨î (23). �«ï ¤®áâ -
â®ç­® ¬ «ëå §­ ç¥­¨© kX(k)k ¨ ¯à¨ ¢á¥å k = 0; 1; : : : ¯®«ãç¨¬ ®æ¥­ª¨

a1kX(k)km � !k(k + 1)�kX(k)km+��1 � V1(k;X(k)) �
� a2kX(k)km + !k(k + 1)�kX(k)km+��1;

�V1 � �bkX(k)km+��1 + "k(k + 1)�(kX(k)km+�+��2 + kX(k)km+2��2);

£¤¥ a1; a2; b > 0,   ¯®á«¥¤®¢ â¥«ì­®áâ¨ ­¥®âà¨æ â¥«ì­ëå ç¨á¥« !k, "k áâà¥¬ïâáï ª ­ã«î ¯à¨
k !1.

� «¥¥  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 2 ¬®¦­® ¤®ª § âì áãé¥áâ¢®¢ ­¨¥ ¯®«®¦¨â¥«ì­ëå
¯®áâ®ï­­ëå 
, A ¨ L â ª¨å, çâ® ¥á«¨ ­ ç «ì­ë¥ ¤ ­­ë¥ à¥è¥­¨ï X(k) á¨áâ¥¬ë (20) ã¤®¢«¥â¢®-
àïîâ ãá«®¢¨ï¬ (18), â® ¯à¨ ¢á¥å k � k0 ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® (19).

� ¬¥ç ­¨¥ 4. �à¨ 0 < � � 1 ¨¬¥¥¬ (� + 1 + �(� � 1))=2 � �. �«¥¤®¢ â¥«ì­®, ¤«ï ¢á¥å
à áá¬ âà¨¢ ¥¬ëå §­ ç¥­¨© ¯ à ¬¥âà  � â¥®à¥¬  4 ãâ®ç­ï¥â ¯®«ãç¥­­ë© ¢ à §¤¥«¥ 3 ªà¨â¥à¨©
 á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¯® ­¥«¨­¥©­®¬ã ¯à¨¡«¨¦¥­¨î: � > �.

� ¬¥ç ­¨¥ 5. �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì (21) ®£à ­¨ç¥­ , â® ¯à¥¤¥«ì­®¥ á®®â­®è¥­¨¥ (24)
á¯à ¢¥¤«¨¢® ¤«ï «î¡®£® � > 0. �­ ç¨â, ¤«ï ¢®§¬ãé¥­¨© â ª®£® à®¤  â¥®à¥¬  4 ®¯à¥¤¥«ï¥â â®
¦¥ á ¬®¥ ãá«®¢¨¥  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨, çâ® ¨ â¥®à¥¬  3, â. ¥. 2� > �+ 1.

�à¨¬¥à 3. � áá¬®âà¨¬ áª «ïà­®¥ ãà ¢­¥­¨¥

x(k + 1) = x(k)� ax9(k) + bkx
�(k); (25)

£¤¥ a | ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï, � | à æ¨®­ «ì­®¥ ç¨á«® á ­¥ç¥â­ë¬ §­ ¬¥­ â¥«¥¬, � > 1.
�ãáâì bk = sink, k = 0; 1; : : : �®£¤  ¯®á«¥¤®¢ â¥«ì­®áâì fIkg, ¯®áâà®¥­­ ï ¯® ä®à¬ã« ¬

(21), ¡ã¤¥â ®£à ­¨ç¥­­®©. �à¨¬¥­ïï â¥®à¥¬ã 3, ­ å®¤¨¬ ¤®áâ â®ç­®¥ ãá«®¢¨¥  á¨¬¯â®â¨ç¥áª®©
ãáâ®©ç¨¢®áâ¨ ­ã«¥¢®£® à¥è¥­¨ï ãà ¢­¥­¨ï (25): � > 5.

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® bk = cos �
p
k, k = 0; 1; : : : � íâ®¬ á«ãç ¥ ¯®á«¥¤®¢ â¥«ì­®áâì fIkg

ã¦¥ ­¥ ï¢«ï¥âáï ®£à ­¨ç¥­­®©,   ¯à¥¤¥«ì­®¥ á®®â­®è¥­¨¥ (24) á¯à ¢¥¤«¨¢® â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  � > 1=2. � á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 4 ¤«ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ­ã«¥¢®£®
à¥è¥­¨ï à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï ¤®áâ â®ç­® ¢ë¯®«­¥­¨ï ­¥à ¢¥­áâ¢  � > 7.

6. �á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì ¯® ®â­®è¥­¨î ª ç áâ¨ ¯¥à¥¬¥­­ëå. � áá¬®âà¨¬
á¨áâ¥¬ã

X(k + 1) = X(k) + F(X(k)) +R(k;X(k);Y(k));

Y(k + 1) = G(k;Y(k)) +D(k;X(k);Y(k)):
(26)

�¤¥áì X(k) ¨ Y(k) | ¢¥ªâ®àë à §¬¥à­®áâ¨ n ¨ l á®®â¢¥âáâ¢¥­­®; í«¥¬¥­âë ¢¥ªâ®à­®© äã­ªæ¨¨
F(X) ®¯à¥¤¥«¥­ë ¨ ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë ¯à¨ ¢á¥å X 2 En ¨ ï¢«ïîâáï ®¤­®à®¤­ë¬¨
äã­ªæ¨ï¬¨ ¯®àï¤ª  � > 1; ¢¥ªâ®à­ë¥ äã­ªæ¨¨ G(k;Y), R(k;X;Y), D(k;X;Y) § ¤ ­ë ¯à¨
k = 0; 1; : : : , kXk � h, kYk � h (h | ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï), ¤«ï ª ¦¤®£® ä¨ªá¨à®¢ ­­®£®
§­ ç¥­¨ï k ­¥¯à¥àë¢­ë ª ª äã­ªæ¨¨ ¯¥à¥¬¥­­ëå X, Y ¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

G(k;0) = 0; kR(k;X;Y)k �  (X;Y) kXk�; kD(k;X;Y)k � ckXk�;
£¤¥  (X;Y)! 0 ¯à¨ kXk+ kYk ! 0, c > 0, � > 0.

� àï¤ã á ãà ¢­¥­¨ï¬¨ (26) à áá¬®âà¨¬ á¨áâ¥¬ã, á®áâ ¢«¥­­ãî ¨§ ãà ¢­¥­¨© (1) ¨ ãà ¢­¥­¨©

Y(k + 1) = G(k;Y(k)): (27)

�¨áâ¥¬ã ãà ¢­¥­¨© (1), (27) ¡ã¤¥¬ ­ §ë¢ âì á¨áâ¥¬®© ¯¥à¢®£® ¯à¨¡«¨¦¥­¨ï ¤«ï (26).
�áá«¥¤ã¥¬ ¢®¯à®á, ¯à¨ ª ª¨å ãá«®¢¨ïå ãáâ®©ç¨¢®áâì ­ã«¥¢®£® à¥è¥­¨ï á¨áâ¥¬ë ¯¥à¢®£®

¯à¨¡«¨¦¥­¨ï ®¡¥á¯¥ç¨¢ ¥â ãáâ®©ç¨¢®áâì ­ã«¥¢®£® à¥è¥­¨ï á¨áâ¥¬ë (26).
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�®-¯à¥¦­¥¬ã ¡ã¤¥¬ áç¨â âì, çâ® ­ã«¥¢®¥ à¥è¥­¨¥ ãà ¢­¥­¨© (1)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®,
¯à¨ç¥¬ ¤«ï íâ¨å ãà ¢­¥­¨© áãé¥áâ¢ãîâ ®¤­®à®¤­ë¥ äã­ªæ¨¨ �ï¯ã­®¢  V (X) ¨ W (X), ®¡« -
¤ îé¨¥ á¢®©áâ¢ ¬¨ 1){3). �à®¬¥ â®£®, ¯à¥¤¯®«®¦¨¬, çâ® ¤«ï ãà ¢­¥­¨© (27) ­ ©¤¥­  äã­ªæ¨ï
�ï¯ã­®¢  V1(k;Y), ª®â®à ï § ¤ ­  ¯à¨ k = 0; 1; : : : , kYk � h, ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­ , ­¥-
¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬  ¯® Y, ¥¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ @V1=@yj , j = 1; : : : ; l, ®£à ­¨ç¥­ë,
  ¯à¨à é¥­¨¥ V1(k;Y) ­  à¥è¥­¨ïå ãà ¢­¥­¨© (27) ­¥¯®«®¦¨â¥«ì­®. � ¬¥â¨¬, çâ® ¥á«¨ äã­ª-
æ¨ï V1(k;Y) ã¤®¢«¥â¢®àï¥â ãª § ­­ë¬ ãá«®¢¨ï¬, â® ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (27) ï¢«ï¥âáï
à ¢­®¬¥à­® ãáâ®©ç¨¢ë¬ ([2], c. 27).

�¥®à¥¬  5. �à¨ ¢ë¯®«­¥­¨¨ ­¥à ¢¥­áâ¢  � > �� 1 ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (26) ãáâ®©-
ç¨¢® ¯® ¢á¥¬ ¯¥à¥¬¥­­ë¬ ¨  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢® ®â­®á¨â¥«ì­® X.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¯à¨à é¥­¨ï äã­ªæ¨© V (X) ¨ V1(k;Y) ­  à¥è¥­¨ïå á¨áâ¥-
¬ë (26). �®«ãç¨¬, çâ® ¯à¨ ¢á¥å k = 0; 1; : : : , kX(k)k � h, kY(k)k � h ¨¬¥îâ ¬¥áâ® á®®â­®è¥­¨ï

V (X(k + 1)) � V (X(k)) � kX(k)km+��1
�� b1 + b2  (X(k);Y(k))

�
;

V1(k + 1;Y(k + 1))� V1(k;Y(k)) � b3 kX(k)k�;
£¤¥ b1, b2, b3 | ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥. �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â â ª®¥ ç¨á«® 
 > 0, çâ®
¥á«¨ ¯à¨ k = k0; : : : ; k1 à¥è¥­¨¥ (X>(k);Y>(k))> á¨áâ¥¬ë (26) ®áâ ¥âáï ¢ ®¡« áâ¨ kXk < 
,
kYk < 
, â® ¤«ï íâ¨å §­ ç¥­¨© k á¯à ¢¥¤«¨¢  ®æ¥­ª 

V (X(k + 1)) � V (X(k))� b1
2
kX(k)km+��1:

�ç¨âë¢ ï ­¥à ¢¥­áâ¢  (8), ª®â®àë¬ ã¤®¢«¥â¢®àï¥â ®¤­®à®¤­ ï äã­ªæ¨ï V (X), ¨¬¥¥¬

V (X(k + 1)) � V (X(k)) � b1
2

�
V (X(k))

a2

���1
m

+1

:

�à¨ íâ®¬ ç¨á«® 
 ¢ë¡¥à¥¬ ­ áâ®«ìª® ¬ «ë¬, çâ®¡ë ¢ë¯®«­ï«®áì ãá«®¢¨¥ (��1+m)b1

��1

2ma2
� 1.

�á¯®«ì§ãï «¥¬¬ã 2 ¨ ®æ¥­ª¨ (8), ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã

kX(k)k � c1kX(k0)k
�
1 + c2kX(k0)k��1(k � k0)

�� 1
��1 ; (28)

ª®â®à®¥ á¯à ¢¥¤«¨¢® ¯à¨ k = k0; : : : ; k1 +1. �¤¥áì c1, c2 | ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, ­¥ § ¢¨-
áïé¨¥ ®â ­ ç «ì­ëå ¤ ­­ëå à¥è¥­¨ï.

� «¥¥ ¯®«ãç ¥¬

V1(k1 + 1;Y(k1 + 1)) � V1(k0;Y(k0)) � b3

k1X
k=k0

kX(k)k� �

� b3kX(k0)k�
�
1 + c�1

k1X
k=k0+1

�
1 + c2kX(k0)k��1(k � k0)

�� �
��1

�
�

� b3kX(k0)k�
�
1 + c�1

Z k1�1

k0

�
1 + c2kX(k0)k��1(t� k0)

�� �
��1dt

�
:

�­ ç¨â, ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

V1(k1 + 1;Y(k1 + 1)) � V1(k0;Y(k0)) + b3kX(k0)k� + b3c
�
1c3kX(k0)k���+1; (29)

£¤¥ c3 =
+1R
0

(1 + c2�)
� �
��1d� .

� ¤ ¤¨¬ áª®«ì ã£®¤­® ¬ «®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«® " < 
. �ãáâì � = inf
k�0; kYk="

V1(k;Y). �ë¡¥-

à¥¬ � > 0 â ª, çâ®¡ë ¢ë¯®«­ï«¨áì ãá«®¢¨ï c1� < ", 3b3�� < �, 3b3c�1c3�
���+1 < �, V1(k;Y) < �=3

¯à¨ kYk < �, k = 0; 1; : : :
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�§ ®æ¥­®ª (28) ¨ (29) á«¥¤ã¥â, çâ® ¥á«¨ ­ ç «ì­ë¥ ¤ ­­ë¥ à¥è¥­¨ï (X>(k);Y>(k))> ã¤®¢«¥-
â¢®àïîâ ­¥à ¢¥­áâ¢ ¬ k0 � 0, kX(k0)k < �, kY(k0)k < �, â® ¯à¨ ¢á¥å k � k0 ¨¬¥¥¬ kX(k)k < ",
kY(k)k < ", ¨ ¯à¨ íâ®¬ kX(k)k ! 0 ¯à¨ k ! +1.

� ¬¥ç ­¨¥ 6. �¥®à¥¬  5 ¯à¥¤áâ ¢«ï¥â á®¡®© à á¯à®áâà ­¥­¨¥ â¥®à¥¬ë �ï¯ã­®¢ {� «ª¨­ 
([5], c. 108{113) ®¡  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¯® ®â­®è¥­¨î ª ç áâ¨ ¯¥à¥¬¥­­ëå ­  á«ãç ©
à §­®áâ­ëå á¨áâ¥¬ á áãé¥áâ¢¥­­® ­¥«¨­¥©­ë¬¨ ãà ¢­¥­¨ï¬¨ ¯¥à¢®£® ¯à¨¡«¨¦¥­¨ï.

�à¨¬¥à 4. �ãáâì § ¤ ­® áª «ïà­®¥ ãà ¢­¥­¨¥

�z + a(z) _z� = u; (30)

£¤¥ äã­ªæ¨ï a(z), a(0) = 0, ®¯à¥¤¥«¥­  ¨ ­¥¯à¥àë¢­  ¯à¨ jzj � h (h | ¯®«®¦¨â¥«ì­ ï ¯®áâ®-
ï­­ ï); � | à æ¨®­ «ì­®¥ ç¨á«® á ­¥ç¥â­ë¬ §­ ¬¥­ â¥«¥¬, � � 1; u | ã¯à ¢«¥­¨¥. � áá¬®-
âà¨¬ § ¤ çã áâ ¡¨«¨§ æ¨¨ ¬­®£®®¡à §¨ï _z = 0 ãà ¢­¥­¨ï (30) ¤¨áªà¥â­ë¬ à¥£ã«ïâ®à®¬ ¢¨¤ 
u(t) = '( _z(k)) ¯à¨ t 2 [k; k + 1), k = 0; 1; : : :

�áá«¥¤ã¥¬®¥ ãà ¢­¥­¨¥ íª¢¨¢ «¥­â­® á¨áâ¥¬¥

_x = �a(y)x� + u; _y = x: (31)

�­â¥£à¨àãï íâã á¨áâ¥¬ã ­  ¯à®¬¥¦ãâª å [k; k + 1], ¯à¨å®¤¨¬ ª á¨áâ¥¬¥ à §­®áâ­ëå ãà ¢­¥­¨©

x(k + 1) = x(k) + '(x(k)) +R(x(k); y(k));

y(k + 1) = y(k) +D(x(k); y(k));
(32)

£¤¥ R(x(k); y(k)) = �
k+1R
k

a(y(t))x�(t)dt, D(x(k); y(k)) =
k+1R
k

x(t)dt. � ¬¥â¨¬, çâ® ¥á«¨ ç¨á«® � ¤®-

áâ â®ç­® ¬ «®, â® ¯à¨ jx(k)j<�, jy(k)j<� á¯à ¢¥¤«¨¢ë ®æ¥­ª¨ jR(x(k); y(k))j �  (x(k); y(k))jx(k)j� ,
jD(x(k); y(k))j � cjx(k)j. �¤¥áì  (x; y)! 0 ¯à¨ jxj+ jyj ! 0, c > 0.

�ãáâì '(x(k)) = �bx�(k), £¤¥ b | ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï, � > 1 | à æ¨®­ «ì­®¥ ç¨á«®
á ­¥ç¥â­ë¬¨ ç¨á«¨â¥«¥¬ ¨ §­ ¬¥­ â¥«¥¬. �à¨¬¥­ïï â¥®à¥¬ã 5, ¯®«ãç ¥¬, çâ® ¯à¨ ¢ë¯®«­¥­¨¨
­¥à ¢¥­áâ¢ � < 2, � � � ­ã«¥¢®¥ à¥è¥­¨¥ à §­®áâ­®© á¨áâ¥¬ë (32) ãáâ®©ç¨¢® ¯® ¢á¥¬ ¯¥à¥¬¥­-
­ë¬ ¨  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢® ®â­®á¨â¥«ì­® x. �® â®£¤  â¥¬ ¦¥ á ¬ë¬ á¢®©áâ¢®¬ ®¡« ¤ ¥â
¨ ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (31).
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