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2003 ���������� ò 2 (489)

��� 517.547

�.�.�������, �.�.���� ������

������ ����������{���� � ������ S[a; b]

1. �¢¥¤¥¨¥

�à¨ ¨áá«¥¤®¢ ¨¨ áâ¥¯¥®© ¯à®¡«¥¬ë ¬®¬¥â®¢   ª®¬¯ ªâ®¬ ¨â¥à¢ «¥ �.�.�à¥© ¢¢¥«
([1], c. 527) ¥ª®â®àë© á¯¥æ¨ «ìë© ª« áá £®«®¬®àäëå äãªæ¨© S[a; b]. �â®â ª« áá ¡ë« ¨á¯®«ì-
§®¢  ¤«ï ®¯¨á ¨ï ¢á¥å à¥è¥¨© ¥®¯à¥¤¥«¥®© áâ¥¯¥®© ¯à®¡«¥¬ë ¬®¬¥â®¢   ª®¬¯ ªâ-
®¬ ¨â¥à¢ «¥. � ª ¨§¢¥áâ® ([2], c. 121), à¥è¥¨¥ ¯à®¡«¥¬ë ¬®¬¥â®¢ ¬®¦® á¢¥áâ¨ ª ®¯¨á ¨î
¥¢ «¨®¢áª¨å äãªæ¨© á ¯à¥¤¯¨á ®©  á¨¬¯â®â¨ª®© ¢¤®«ì ¬¨¬®© ®á¨. � íâ¨å â¥à¬¨ å
¬®¦® áç¨â âì, çâ® ¯à¨ à¥è¥¨¨ ¯à®¡«¥¬ë ¬®¬¥â®¢   ª®¬¯ ªâ®¬ ¨â¥à¢ «¥ ¡ë«  à¥è¥ 
¨â¥à¯®«ïæ¨® ï § ¤ ç  á ªà âë¬ ã§«®¬ ¨â¥à¯®«ïæ¨¨ ¢ ¡¥áª®¥ç® ã¤ «¥®© â®çª¥ ¤«ï
äãªæ¨© ª« áá  S[a; b].

� ¤ ®© à ¡®â¥ ¯®áâ ¢«¥  ¨ à¥è¥  § ¤ ç  �¥¢ «¨ë{�¨ª  ¢ ª« áá¥ S[a; b] ¢ á«ãç ¥,
ª®£¤  § ¤ ë ¯à®áâë¥ ª®¬¯«¥ªáë¥ ã§«ë ¨â¥à¯®«ïæ¨¨. �à¨ íâ®¬ ¬ë à áá¬ âà¨¢ ¥¬ á«ãç ©
¬ âà¨ç®§ çëå äãªæ¨©. �«¥¤ã¥â ®â¬¥â¨âì, çâ® ¯à®¡«¥¬  ¬®¬¥â®¢   ª®¬¯ ªâ®¬ ¨â¥à-
¢ «¥ ¢ ¬ âà¨ç®© ¯®áâ ®¢ª¥ ¡ë«  à áá¬®âà¥  ¢ [3].

�á®¢ë¬¨ à¥§ã«ìâ â ¬¨ áâ âì¨ ï¢«ïîâáï â¥®à¥¬ë 8 ¨ 9, ¢ ª®â®àëå ¤ ® ®¯¨á ¨¥ ¢á¥å à¥-
è¥¨© ¢¯®«¥ ¥®¯à¥¤¥«¥®© § ¤ ç¨ �¥¢ «¨ë{�¨ª  ¢ ª« áá¥ S[a; b] ¨ ãáâ ®¢«¥ ªà¨â¥à¨©
à §à¥è¨¬®áâ¨ á®®â¢¥âáâ¢ãîé¥© ¨â¥à¯®«ïæ¨®®© § ¤ ç¨.

� à ¡®â¥ ¨á¯®«ì§ã¥âáï ¬¥â®¤ �.�.�®â ¯®¢  à¥è¥¨ï ¨â¥à¯®«ïæ¨®ëå § ¤ ç [4] ¨ ¥ª®â®-
àë¥ ¥£® ®¡®¡é¥¨ï ¤«ï ¥¢ «¨®¢áª¨å [5] ¨ áâ¨«âì¥á®¢áª¨å äãªæ¨© [6]{[8].

2. �®áâ ®¢ª  § ¤ ç¨ �¥¢ «¨ë-�¨ª  ¢ ª« áá¥ S[a; b]

�ãáâì § ¤ ® æ¥«®¥ ç¨á«® m � 1. �¡®§ ç¨¬ ç¥à¥§ R (¨  §®¢¥¬ ¥¢ «¨®¢áª¨¬) ¬®¦¥-
áâ¢® m�m-¬ âà¨æ-äãªæ¨© w(z), ª®â®àë¥ ®¯à¥¤¥«¥ë ¨ £®«®¬®àäë ¢ ¢¥àå¥© ¯®«ã¯«®áª®áâ¨
Im z > 0 ¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (w(z) � w�(z))=2i � 0.

�ãáâì [a; b] | ª®¥çë© ¨â¥à¢ « ¢ R. �¡®§ ç¨¬ ç¥à¥§ S[a; b] ¬®¦¥áâ¢® m � m-¬ âà¨æ-
äãªæ¨©, ª®â®àë¥ ®¯à¥¤¥«¥ë ¨ £®«®¬®àäë ¢ ¯®«ã¯«®áª®áâ¨ Im z > 0, ®¯à¥¤¥«¥ë ¨ ¥¯à¥-
àë¢ë ¢ â®çª å x 2 (�1; a) [ (b;+1) ¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

1. fs(z)� s�(z)g=f2ig � 0, Im z > 0,
2. s(x) � 0, x 2 (�1; a) [ (b;+1).

�§ íâ®£® ®¯à¥¤¥«¥¨ï ¢¨¤®, çâ® ¬ âà¨æë-äãªæ¨¨ s(z) 2 S[a; b] ¯® ¯à¨æ¨¯ã á¨¬¬¥âà¨¨ �¢ à-
æ  s(z) = s�(z)   «¨â¨ç¥áª¨ ¯à®¤®«¦ îâáï ç¥à¥§ (�1; a) [ (b;+1) ¢ ¨¦îî ¯®«ã¯«®áª®áâì.
�®íâ®¬ã ®¨ ä ªâ¨ç¥áª¨ ®¯à¥¤¥«¥ë ¨ £®«®¬®àäë ¢® ¢á¥© ª®¬¯«¥ªá®© ¯«®áª®áâ¨ á à §à¥§®¬
¯® ¨â¥à¢ «ã [a; b].

�ä®à¬ã«¨àã¥¬ ¤¢¥ â¥®à¥¬ë ([1], c. 528).

�¥®à¥¬  1. � âà¨æ -äãªæ¨ï s(z) ¯à¨ ¤«¥¦¨â S[a; b] â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  s(z)
¤®¯ãáª ¥â ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ ¢¨¤ 

s(z) = (b� z)
Z b

a

d�(t)
t� z

: (1)
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�¤¥áì �(t) | ¥ã¡ë¢ îé ï íà¬¨â®¢  m�m-¬ âà¨æ -äãªæ¨ï ®£à ¨ç¥®© ¢ à¨ æ¨¨.

�¥®à¥¬  2. � âà¨æ -äãªæ¨ï s(z) ¯à¨ ¤«¥¦¨â S[a; b] â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

s(z) 2 R ¨ z�a

b�z
s(z) 2 R.

�ãáâì § ¤   ¯®á«¥¤®¢ â¥«ì®áâì ª®¬¯«¥ªáëå ç¨á¥«

z1; z2; : : : ; zn; zj 6= zk; zj 6= zk; j 6= k; Im zj 6= 0;

¨ ¯®á«¥¤®¢ â¥«ì®áâì ª¢ ¤à âëå m � m-¬ âà¨æ s1; : : : ; sn. �â¥à¯®«ïæ¨® ï § ¤ ç  �¥¢ -
«¨ë{�¨ª  ¢ ª« áá¥ S[a; b] á®áâ®¨â ¢ ®¯¨á ¨¨ â ª¨å ¬ âà¨æ-äãªæ¨© s(z), çâ®

s(zj) = sj ; 1 � j � n; s(z) 2 S[a; b]: (2)

�®¦¥áâ¢® ¢á¥å à¥è¥¨© íâ®© ¯à®¡«¥¬ë ®¡®§ ç¨¬ ç¥à¥§ L.
�¬¥áâ¥ á ª ¦¤ë¬ à¥è¥¨¥¬ s(z) ¯à®¡«¥¬ë (2) ¡ã¤¥¬ à áá¬ âà¨¢ âì ¬ âà¨æë-äãªæ¨¨

s1(z) = s(z); s2(z) =
z � a

b� z
s(z): (3)

�¢¥¤¥¬ ¡«®çë¥ ¬ âà¨æë

T =

2
6664
z1I 0 : : : 0
0 z2I : : : 0
...

...
. . .

...
0 0 : : : znI

3
7775 ; K1 =

�
sj � s�k
zj � zk

�n

j;k=1

;

K2 =
�esj � es�k
zj � zk

�n

j;k=1

; esj = zj � a

b� zj
sj; 1 � j � n;

RT (z) = (T � zI)�1 =

2
64
(z1 � z)�1I : : : 0

...
. . .

...
0 : : : (zn � z)�1I

3
75 ;

v = col[I; I; : : : ; I]; u1 = col[s1; s2; : : : ; sn]; u2 = col[es1; es2; : : : ; esn]:
� íâ¨å ä®à¬ã« å 0 ¨ I ®¡®§ ç îâ á®®â¢¥âáâ¢¥® ã«¥¢ãî ¨ ¥¤¨¨çãî m�m-¬ âà¨æë.

�¥®à¥¬  3. �á«¨ s(z) ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ (2), â® s1(z) ¨ s2(z), ®¯à¥¤¥«¥ë¥ ä®à¬ã-
«®© (3), ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¥© á¨áâ¥¬¥ ®á®¢ëå ¬ âà¨çëå ¥à ¢¥áâ¢ (��� ) �.�.�®-
â ¯®¢  (Im z 6= 0)

Ar(z) �
�
Kr R�T�(z)fur � vs�r(z) g
� fsr(z)� s�r(z)g=fz � zg

�
� 0; r = 1; 2: (4)

�®ª § â¥«ìáâ¢®. �®«ãç¨¬ ¨â¥£à «ìë¥ ¯à¥¤áâ ¢«¥¨ï ¤«ï ¡«®ª®¢ ¥à ¢¥áâ¢  (4). �ãáâì
r = 1, â®£¤ 

s1(z)� s�
1
(z)

z � z
=
Z b

a

1
t� z

(b� t)d�(t)
1

t� z
:

� ¤ «¥¥

K1 =
Z b

a

2
6666666664

I

t� z1
I

t� z2
...
I

t� zn

3
7777777775
(b� t)d�(t)

�
I

t� z1

I

t� z2
� � �

I

t� zn

�
=
Z b

a

R�T�(t)v(b� t)d�(t)v�RT�(t):
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�à®¬¥ â®£®,

R�T�(z)[ur � vs�
1
(z)] = �

Z b

a

R�T�(t)v(b � t)d�(t)
1

t� z
:

�«¥¤®¢ â¥«ì®,

A1(z) =
Z b

a

�
R�T�(t)v

�(t� z)�1I

�
(b� t)d�(t)

�
v�RT�(t); �(t� z)�1I

�
� 0:

� «®£¨ç® ¯à¨ r = 2 ¨¬¥¥¬

A2(z) =
Z b

a

�
R�T�(t)v

�(t� z)�1I

�
(t� a)d�(t)

�
v�RT�(t); �(t� z)�1I

�
� 0: �

�®ª ¦¥¬ ®¡à â®¥ ãâ¢¥à¦¤¥¨¥.

�¥®à¥¬  4. �ãáâì ¬ âà¨æ -äãªæ¨ï s(z) £®«®¬®àä  ¢ Im z > 0 ¨ ¯®áâà®¥ë¥ ¯® s(z)
¬ âà¨æë-äãªæ¨¨ s1(z) ¨ s2(z) (á¬. (3)) ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ��� (4) ¢ ¯®«ã¯«®áª®áâ¨

Im z > 0. �®£¤  s(z) ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ �¥¢ «¨ë{�¨ª  (2).

�®ª § â¥«ìáâ¢®. �§ ��� á«¥¤ã¥â fsr(z)� s�r(z)g=f2ig � 0, Im z > 0, r = 1; 2. �«¥¤®¢ â¥«ì-
®, sr(z) 2 R. �® â¥®à¥¬¥ 2 s(z) 2 S[a; b]. � «¥¥, á®¢  ¨§ ��� ¨¬¥¥¬

2
6664

sj � s�j
zj � zj

sj � s�(z)
zj � z

s�j � s(z)

zj � z

s(z)� s�(z)
z � z

3
7775 � 0:

�ãáâì e ¨ f | ¯à®¨§¢®«ìë¥ â ª¨¥ m-¬¥àë¥ ¢¥ªâ®à-áâ®«¡æë, çâ® kek � 1 ¨ kfk � 1. �®£¤ 

2
6664
f�
sj � s�j
zj � zj

f f�
sj � s�(z)
zj � z

e

e�
s�j � s(z)

zj � z
f e�

s(z)� s�(z)
z � z

e

3
7775 � 0:

�âáî¤  ����e� sj � s�(z)
zj � z

f

����
2

�

�
f�
sj � s�j
zj � zj

f

��
e�
s(z)� s�(z)

z � z
e

�
:

�§ â®£®, çâ® ¯à ¢ ï ç áâì íâ®£® ¥à ¢¥áâ¢  ®£à ¨ç¥  ¯à¨ z ! zj , ¯®«ãç¨¬ e�[s�(zj)�sj ]f = 0.
�®íâ®¬ã s�(zj) = sj . �§ ¯à¨æ¨¯  á¨¬¬¥âà¨¨ �¢ àæ  á«¥¤ã¥â s(zj) = sj, 1 � j � n.

3. �¥è¥¨¥ § ¤ ç¨ �¥¢ «¨ë{�¨ª  ¢ ª« áá¥ S[a; b]

� ¤ ç  �¥¢ «¨ë{�¨ª  (1)  §ë¢ ¥âáï ¢¯®«¥ ¥®¯à¥¤¥«¥®©, ¥á«¨ ¢ë¯®«¥ë ¥à ¢¥-
áâ¢ 

K1 > 0; K2 > 0: (5)

�® ¢¯®«¥ ¥®¯à¥¤¥«¥®¬ á«ãç ¥ á¢ï¦¥¬ á § ¤ ç¥© (1) ¤¢¥ ¬ âà¨æë-äãªæ¨¨ ¯®àï¤ª  2m�2m.
�â¨ ¬ âà¨æë-äãªæ¨¨ ¯®§¢®«ïîâ à¥è¨âì á¨áâ¥¬ã ��� ¬¥â®¤®¬ ä ªâ®à¨§ æ¨¨.
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�¥®à¥¬  5. �ãáâì

Br = I � i(z � b)J
�
u�r
v�

�
R�T (b)K

�1

r RT (z)[ur; v]; r = 1; 2;

U1(z) =
�
I M1

0 I

�
B1;

U2(z) =
�

I 0
�M2 I

�
B2; (6)

M1 = (b� a)v�R�T (b)K
�1

2 RT (b)v;

M2 = (b� a)u�
1
R�T (b)K

�1

1
RT (b)u1;

J =
�
0 �iI
iI 0

�
:

�®£¤ 

U�r (z)JUr(z)� J = i(z � z)
�
u�r
v�

�
R�T (z)K

�1

r RT (z)[ur; v]; r = 1; 2: (7)

�®ª § â¥«ìáâ¢®. �à®¢¥à¨¬ â®¦¤¥áâ¢® (7)

U�r (z)JUr(z)� J =
�
I + i(z � b)

�
u�r
v�

�
R�T (z)K

�1

r RT (b)[ur; v]J
�
JBr � J =

= �i(z � b)
�
u�r
v�

�
R�T (b)K

�1

r RT (z)[ur; v] + i(z � b)
�
u�r
v�

�
R�T (z)K

�1

r RT (b)[ur; v] +

+ jz � bj2
�
u�r
v�

�
R�T (z)K

�1

r RT (b)i(KrT
� � TKr)R

�

T (b)K
�1

r RT (z)[ur; v] =

= i(z � z)
�
u�r
v�

�
R�T (z)K

�1

r RT (z)[ur; v]:

�à¨ íâ®¬ ¨á¯®«ì§®¢ ® ®ç¥¢¨¤®¥ â®¦¤¥áâ¢®

[ur; v]J
�
u�r
v�

�
= i(KrT

� � TKr): �

�«¥¤áâ¢¨¥. � âà¨æë-äãªæ¨¨ U1(z) ¨ U2(z) ®¡à â¨¬ë ¢® ¢á¥å â®çª å z, ªà®¬¥ ã§«®¢ ¨-
â¥à¯®«ïæ¨¨ ¨ ª®¬¯«¥ªá® á®¯àï¦¥ëå â®ç¥ª

z1; z2; : : : ; zn; z1; z2; : : : ; zn:

�¡à âë¥ ¬ âà¨æë ¬®£ãâ ¡ëâì  ©¤¥ë ¯® ¯à¨æ¨¯ã á¨¬¬¥âà¨¨

U�1r (z) = JU�r (z)J; r = 1; 2: (8)

�«ï J -ä®à¬ U�1r (z) ¨¬¥îâ ¬¥áâ® ¢ëà ¦¥¨ï

U�1r (z)JU�1
�

r (z)� J = �i(z � z)J
�
u�r
v�

�
RT�(z)K�1

r R�T�(z)[ur; v]J; r = 1; 2: (9)

�®ª § â¥«ìáâ¢®. �ãáâì ¢ (7) z = z = x. �®£¤ 

U�r (x)JUr(x)� J = 0; x 2 R:

�¬®¦¨¬ íâ® à ¢¥áâ¢® á«¥¢    J . �®«ãç¨¬

JU�r (x)JUr(x)� I = 0; x 2 R: (10)
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� áá¬®âà¨¬ à æ¨® «ìãî ¬ âà¨æã-äãªæ¨î F (z) = JU�r (z)JUr(z)�I. �§ (10) á«¥¤ã¥â F (x) = 0,
x 2 R. �® â¥®à¥¬¥ ¥¤¨áâ¢¥®áâ¨ F (z) = 0 ¢® ¢á¥å â®çª å £®«®¬®àä®áâ¨. �âáî¤  á«¥¤ã¥â (8).
� à ¢¥áâ¢¥ (7) § ¬¥¨¬ z   z ¨ ã¬®¦¨¬ ¥£® á«¥¢  ¨ á¯à ¢    J . �®«ãç¨¬

JU�r (z)JJJUr(z)J � J = i(z � z)J
�
u�r
v�

�
RT�(z)K�1

r R�T�(z)[ur; v]J; r = 1; 2:

�§ (8) á«¥¤ã¥â (9).

�¡®§ ç¨¬

Ur(z) =
�
�r(z) �r(z)
r(z) �r(z)

�
; r = 1; 2; (11)

£¤¥ �r, �r, r, �r ï¢«ïîâáï m�m-¬ âà¨æ ¬¨.

�¥®à¥¬  6. � âà¨æë-äãªæ¨¨ U1(z) ¨ U2(z) á¢ï§ ë á«¥¤ãîé¨¬ á®®â®è¥¨¥¬:

U2(z) =

0
@
�
z � a

b� z

�
I 0

0 I

1
A
�1

U1(z)

0
@
�
z � a

b� z

�
I 0

0 I

1
A : (12)

�®ª § â¥«ìáâ¢®. �¬¥¥¬

U1(z) =
�
�1(z) �1(z)
1(z) �1(z)

�
=
�
I M1

0 I

�
�

�

�
I � (z � b)v�R�T (b)K

�1

1 RT (z)u1 �(z � b)v�R�T (b)K
�1

1 RT (z)v
(z � b)u�

1
R�T (b)K

�1

1
RT (z)u1 I + (z � b)u�

1
R�T (b)K

�1

1
RT (z)v

�
:

�à¥®¡à §ã¥¬

�1(z) = I � (z � b)v�R�T (b)K
�1

1
RT (z)u1 + (b� a)(z � b)v�R�T (b)K

�1

2
RT (b)vu

�

1
R�T (b)K

�1

1
RT (z)u1 =

= I � (z � b)v�R�T (b)K
�1

1
RT (z)u1 + (z � b)v�R�T (b)K

�1

2
fK2 +R�1T (a)RT (b)K1gK

�1

1
RT (z)u1 =

= I � (z � b)v�R�T (b)K
�1

2
RT (z)u2

á ¨á¯®«ì§®¢ ¨¥¬ ®ç¥¢¨¤®£® â®¦¤¥áâ¢ 

RT (b)vu
�

1
R�T (b) = (b� a)�1fK2 +R�1T (a)RT (b)K1g:

� «®£¨çë¬ ®¡à §®¬ ã¡¥¦¤ ¥¬áï ¢ â®¬, çâ® �1(z) = (z � a)v�R�T (b)K
�1

2
RT (z)v. �«¥¤®¢ -

â¥«ì®,

U1(z) =
�
I � (z � b)v�R�T (b)K

�1

2 RT (z)u2 (z � a)v�R�T (b)K
�1

2 RT (z)v
(z � b)u�

1
R�T (b)K

�1

1 RT (z)u1 I + (z � b)u�
1
R�T (b)K

�1

1 RT (z)v

�
: (13)

�®ç® â ª ¦¥ ¯®ª ¦¥¬

U2(z) =
�
I � (z � b)v�R�T (b)K

�1

2
RT (z)u2 �(z � b)v�R�T (b)K

�1

2
RT (z)v

�(z � a)u�
1
R�T (b)K

�1

1
RT (z)u1 I + (z � b)u�

1
R�T (b)K

�1

1
RT (z)v

�
: (14)

�§ (13) ¨ (14) á«¥¤ã¥â (12).

�¥®à¥¬  7. �® ¢¯®«¥ ¥®¯à¥¤¥«¥®¬ á«ãç ¥ (5) á¨áâ¥¬  ��� (4) íª¢¨¢ «¥â  ä ªâ®-

à¨§®¢ ®© á¨áâ¥¬¥ ���

[sr(z) I]
U�1r (z)JU�1

�

r (z)
i(z � z)

�
s�r(z)
I

�
� 0: (15)
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�®ª § â¥«ìáâ¢®. �¬®¦¨¬ ¥à ¢¥áâ¢® (4) ¯à¨ r = 1 á«¥¢  ¨ á¯à ¢    ¬ âà¨æë�
I 0

�fu�
1
� s1(z)v�gRT�(z)K�1

1 I

�
;

�
I �K�1

1 R�T�(z)fu1 � vs�
1
(z)g

0 I

�
:

�®«ãç¨¬ 2
4 K1 0

0
s1(z)� s�

1
(z)

z � z
� fu�

1
� s1(z)v�gRT�(z)K�1

1 R�T�(z)fu1 � vs�
1
(z)g

3
5 � 0:

�âáî¤ 
s1(z) � s�

1
(z)

z � z
� fu�

1
� s1(z)v�gRT�(z)K�1

1
R�T�(z)fu1 � vs�

1
(z)g � 0:

�®á«¥¤¥¥ ¥à ¢¥áâ¢® ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

[s1(z) I]
�

J

i(z � z)
� J

�
u�
1

v�

�
RT�(z)K�1

1
R�T�(z)[u1 v]J

� �
s�
1
(z)
I

�
� 0:

�âáî¤  ¨ ¨§ (7) á«¥¤ã¥â

[s1(z) I]
�

J

i(z � z)
+
U�1
1
(z)JU�1

�

1
(z)� J

i(z � z)

��
s�
1
(z)
I

�
� 0:

� ª¨¬ ®¡à §®¬, ¥à ¢¥áâ¢® (15) ¤®ª § ® ¯à¨ r = 1. � «®£¨ç® (15) ¤®ª §ë¢ ¥âáï ¯à¨
r = 2.

� áá¬®âà¨¬ ¢á¥¢®§¬®¦ë¥ ¯ àë m�m-¬ âà¨æ-äãªæ¨© [p(z) q(z)], ª®â®àë¥ ¬¥à®¬®àäë ¢
C n [a; b] ¨ ¤«ï ª®â®àëå áãé¥áâ¢ã¥â â ª®¥ ¤¨áªà¥â®¥ ¢ C n [a; b] ¬®¦¥áâ¢® â®ç¥ª Dpq, çâ®

p(z)p�(z) + q(z)q�(z) > 0; z 2 C n f[a; b] [Dpqg; (16)

[p(z); q(z)]
J

i(z � z)

�
p�(z)
q�(z)

�
� 0; z 2 C n fR [ Dpqg; (17)

�
z � a

b� z
p(z); q(z)

�
J

i(z � z)

2
4z � a

b� z
p�(z)

q�(z)

3
5 � 0; z 2 C n fR [ Dpqg: (18)

�à¨¬¥à®¬ ¯ à, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ (16){(18), ï¢«ïîâáï ¯ àë ¢¨¤  [s(z); I], s(z) 2 S[a; b].
� à  [p(z); q(z)]  §ë¢ ¥âáï íª¢¨¢ «¥â®© ¯ à¥ [p1(z); q1(z)], ¥á«¨ áãé¥áâ¢ã¥â ¬¥à®¬®àä ï

¨ ¬¥à®¬®àä® ®¡à â¨¬ ï ¢ C n [a; b] ¬ âà¨æ -äãªæ¨ï Q(z) â ª ï, çâ®

p1(z) = Q(z)p(z); q1(z) = Q(z)q(z):

�®¦¥áâ¢® ª« áá®¢ íª¢¨¢ «¥â®áâ¨ ¯ à ®¡®§ ç¨¬ ç¥à¥§ S1[a; b].

�¥®à¥¬  8. �ãáâì U1(z) ®¯à¥¤¥«¥  ä®à¬ã« ¬¨ (11) ¨ (6). �®£¤  ¤à®¡®-«¨¥©®¥ ¯à¥®¡à -
§®¢ ¨¥

s(z) = fp(z)�1(z) + q(z)�1(z)g
�1fp(z)�1(z) + q(z)1(z)g (19)

§ ¤ ¥â ¢§ ¨¬® ®¤®§ ç®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã ª« áá ¬¨ íª¢¨¢ «¥â®áâ¨ S1[a; b] ¨ à¥è¥-
¨ï¬¨ § ¤ ç¨ �¥¢ «¨ë{�¨ª  L (2).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ®á®¢ ®   «¥¬¬ax 1{6.

�¥¬¬  1. �á«¨ ¯ à  [p(z); q(z)] ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (16){(18), â® ¨ ¯ à 

[p1(z); q1(z)] = [p(z); q(z)]U1(z) (20)

â®¦¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (16){(18).
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�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ ç¥à¥§ Dp1q1 ¬®¦¥áâ¢® Dpq, ãç áâ¢ãîé¥¥ ¢ ®¯à¥¤¥«¥¨¨ ¯ -
àë [p(z); q(z)], ®¡ê¥¤¨¥®¥ á ã§« ¬¨ ¨â¥à¯®«ïæ¨¨ ¨ â®çª ¬¨, ª®¬¯«¥ªá® á®¯àï¦¥ë-
¬¨ á ã§« ¬¨ ¨â¥à¯®«ïæ¨¨. �á®, çâ® íâ® ¬®¦¥áâ¢® ¤¨áªà¥â® ¢ C n [a; b]. �® ¢á¥å â®çª å
z 2 C n f[a; b][Dp1 q1g ¬ âà¨æ -äãªæ¨ï U1(z) ¥¢ëà®¦¤¥  (á¬. á«¥¤áâ¢¨¥ ¨§ â¥®à¥¬ë 5),   ¯ à 
[p(z); q(z)] ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (16). �âáî¤  á«¥¤ã¥â, çâ® ¯ à  [p1(z); q1(z)] ã¤®¢«¥â¢®àï¥â
ãá«®¢¨î (16) á § ¬¥®© ¬®¦¥áâ¢  Dpq   ¬®¦¥áâ¢® Dp1q1 .

�¥¯¥àì ¯®ª ¦¥¬, çâ® ¢ë¯®«¥® ãá«®¢¨¥ (17) ¤«ï ¯ àë [p1(z); q1(z)]. �«ï ¢á¥å z 2 C nf[a; b][
Dp1q1g ¨¬¥¥¬

[p1(z); q1(z)]
J

i(z � z)

�
p�
1
(z)

q�
1
(z)

�
= [p(z); q(z)]

U1(z)JU�1 (z)
i(z � z)

�
p�(z)
q�(z)

�
�

� [p(z); q(z)]
J

i(z � z)

�
p�(z)
q�(z)

�
� 0:

�¤¥áì ¨á¯®«ì§®¢ ® ¥à ¢¥áâ¢® U�
1
(z)JU1(z)=i(z � z) � J=i(z � z), ª®â®à®¥ á«¥¤ã¥â ¨§ (7). � -

«®£¨çë¬ ®¡à §®¬ ¬®¦¥â ¡ëâì ¤®ª § ® (18).

�¥¬¬  2. det q1(z) 6� 0, z 2 C n [a; b]:

�®ª § â¥«ìáâ¢®. �ãáâì z0 2 C n fR [ Dp1q1g. �§ (20) ¨¬¥¥¬

0 � [p(z0); q(z0)]
J

i(z0 � z0)

�
p�(z0)
q�(z0)

�
= [p1(z0); q1(z0)]

U�1
1
(z0)JU

�1
�

1
(z0)

i(z0 � z0)

�
p�
1
(z0)

q�
1
(z0)

�
:

�®íâ®¬ã

[p1(z0); q1(z0)]
U�1
1
(z0)JU

�1
�

1
(z0)

i(z0 � z0)

�
p�
1
(z0)

q�
1
(z0)

�
� 0: (21)

�ãáâì ¢¥ªâ®à-áâ®«¡¥æ e 2 C â ª®¢, çâ® q�
1
(z0)e = 0. �§ (21) á«¥¤ã¥â

[e�p1(z0); 0]
J � U�1

1
(z0)JU

�1
�

1
(z0)

i(z0 � z0)

�
p�
1
(z0)e
0

�
� 0:

�âáî¤  ¨ ¨§ (9) ¨¬¥¥¬

[e�p1(z0); 0]J
�
u�
1

v�

�
RT�(z0)K�1

1
R�T�(z0)[u1; v]J

�
p�
1
(z0)e
0

�
� 0:

�® ï¤à® ¯®á«¥¤¥£® ¥à ¢¥áâ¢  áâà®£® ¯®«®¦¨â¥«ì®, ¯®íâ®¬ã p�
1
(z0)e = 0. � ª¨¬ ®¡à §®¬,

p�
1
(z0)e = q�

1
(z0)e = 0. �âáî¤  ¨ ¨§ (16) á«¥¤ã¥â e = 0. �®íâ®¬ã

det q1(z0) 6= 0 ¨ det q1(z) 6� 0:

�¥¬¬  3. �à®¡®-«¨¥©®¥ ¯à¥®¡à §®¢ ¨¥ (19) ª®àà¥ªâ® ®¯à¥¤¥«¥® ¤«ï ¢á¥å ¯ à (p(z); q(z)),
ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ (16){(18), ¨ s(z) 2 S[a; b].

�®ª § â¥«ìáâ¢®. �® § ¤ ®© ¯ à¥ [p(z); q(z)] á ¯®¬®éìî (20) ¯®áâà®¨¬ [p1(z); q1(z)]. �
ãç¥â®¬ (11) ¨¬¥¥¬

[p1(z); q1(z)] = [p(z)�1(z) + q(z)1(z); p(z)�1(z) + q(z)�1(z)]:

� ª ª ª det q1(z) 6� 0 ¯® «¥¬¬¥ 2, â® s(z) = q1(z)�1p1(z) ª®àà¥ªâ® ®¯à¥¤¥«¥  ª ª ¬¥à®¬®àä ï
¬ âà¨æ -äãªæ¨ï (19). �® ¯®áâà®¥¨î [p1(z); q1(z)] íª¢¨¢ «¥â  ¯ à¥ [s(z); I]. �«¥¤®¢ â¥«ì®,
[s(z); I] ã¤®¢«¥â¢®àï¥â ¢ â®çª å £®«®¬®àä®áâ¨ á®®â®è¥¨ï¬ (17) ¨ (18), â. ¥.

s�(z)� s(z)
(z � z)

� 0;
z�a

b�z
s�(z)� z�a

b�z
s(z)

(z � z)
� 0:
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�¥à¢®¥ ¨§ íâ¨å ¥à ¢¥áâ¢ ¯®ª §ë¢ ¥â, çâ® ¢á¥ ¥¢¥é¥áâ¢¥ë¥ ®á®¡¥®áâ¨ s(z) ãáâà ¨¬ë [9].
�® â¥®à¥¬¥ 2 s(z) 2 S[a; b].

�¥¬¬  4. � àë [p(z); q(z)] ¨ [p1(z); q1(z)] ¢ à¥§ã«ìâ â¥ ¤à®¡®-«¨¥©®£® ¯à¥®¡à §®¢ ¨ï

(19) ¯à¨¢®¤ïâ ª ®¤®© ¨ â®© ¦¥ ¬ âà¨æ¥-äãªæ¨¨ s(z) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®¨ íª¢¨-

¢ «¥âë.

�®ª § â¥«ìáâ¢®. �ç¥¢¨¤®, çâ® ¤à®¡®-«¨¥©®¥ ¯à¥®¡à §®¢ ¨¥ (20), ¯à¨¬¥¥®¥ ª íª¢¨-
¢ «¥âë¬ ¯ à ¬ [p(z); q(z)] ¨ [p1(z); q1(z)], ¯à¨¢®¤¨â ª ®¤®© ¨ â®© ¦¥ ¬ âà¨æ¥-äãªæ¨¨ s(z).

�®ª ¦¥¬ ®¡à â®¥ ãâ¢¥à¦¤¥¨¥. �ãáâì [p(z); q(z)] ¨ [p1(z); q1(z)] ¯à¨¢®¤ïâ ª ®¤®© ¨ â®© ¦¥
¬ âà¨æ¥-äãªæ¨¨ s(z) ¢ à¥§ã«ìâ â¥ ¤à®¡®-«¨¥©®£® ¯à¥®¡à §®¢ ¨ï (20). � áá¬®âà¨¬ ¯ àë

[u(z); v(z)] = [p(z); q(z)]U1(z); [u1(z); v1(z)] = [p1(z); q1(z)]U1(z):

�âáî¤ 

[v(z)�1u(z); I]U�1
1
(z) = [v�1p(z); v�1q(z)];

[v1(z)
�1u1(z); I]U1 = [v�1

1
(z)p1(z); v

�1

1
(z)q1(z)]:

�® ãá«®¢¨î ¨¬¥¥¬ v�1(z)u(z) = v�1
1
(z)u1(z) = s(z). �® â®£¤ 

[v�1(z)p(z); v�1(z)q(z)] = [v�1
1
(z)p1(z); v�11 (z)q1(z)]:

�ª®ç â¥«ì® ¯®«ãç¨¬ p(z) = v(z)v�1
1
(z)p1(z); q(z) = v(z)v�1

1
(z)q1(z).

�¥¬¬  5. �§ á®®â®è¥¨ï (15) á«¥¤ã¥â ¯à¥¤áâ ¢«¥¨¥ (19).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¯ àã

[p(z); q(z)] = [s(z); I]U�1
1
(z): (22)

�®ª ¦¥¬, çâ® ¤«ï íâ®© ¯ àë ¢ë¯®«ïâáï ãá«®¢¨ï (16){(18). �¥©áâ¢¨â¥«ì®, ¢® ¢á¥å â®çª å
z 2 C n [a; b], §  ¨áª«îç¥¨¥¬ ã§«®¢ ¨â¥à¯®«ïæ¨¨ ¨ á®¯àï¦¥ëå â®ç¥ª, ¨¬¥¥¬

[p(z); q(z)]
�
p�(z)
q�(z)

�
= [s(z); I]U�1

1
(z)U�1

�

1
(z)

�
s�(z)
I

�
> 0;

â. ¥. ¢ë¯®«¥® (16). � ¤ «¥¥ á ãç¥â®¬ (15) ¨¬¥¥¬

[p(z); q(z)]
J

i(z � z)

�
p�(z)
q�(z)

�
= [s(z); I]

U�1
1
(z)JU�1

�

1
(z)

i(z � z)

�
s�(z)
I

�
� 0;

â. ¥. ¢ë¯®«¥® (17). � «®£¨çë¬ ®¡à §®¬ ã¡¥¦¤ ¥¬áï ¢ â®¬, çâ® ¢ë¯®«¥® ãá«®¢¨¥ (18).
�§ (22) á«¥¤ã¥â

[s(z); I] = [p(z)�1(z) + q(z)1(z); p(z)�1(z) + q(z)�1(z)]:

�âáî¤ 

s(z) = p(z)�1(z) + q(z)1(z); I = p(z)�1(z) + q(z)�1(z):

�«¥¤®¢ â¥«ì®, s(z) ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥¨¥ ¢ ¢¨¤¥ ¯à¥®¡à §®¢ ¨ï (19)  ¤ ¯ à®© [p(z); q(z)],
ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨ï¬ (16){(18).

�¥¬¬  6. �á«¨ § ¤   ¯à®¨§¢®«ì ï ¯ à  [p(z); q(z)], ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬ (16){(18),
â® ¯à¥®¡à §®¢ ¨¥ (19) § ¤ ¥â ¬ âà¨æã-äãªæ¨î s(z), ª®â®à ï ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ ���

(15).
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�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¯ àã [p1(z); q1(z)] = [p(z); q(z)]U1(z). � âà¨æ -äãªæ¨ï q1(z)
¬¥à®¬®àä® ®¡à â¨¬  ¢ C n [a; b]. �®íâ®¬ã

[q�1
1
(z)p1(z); I]U

�1

1
(z) = [q�1

1
(z)p(z); q�1

1
(z)q(z)]: (23)

�ãáâì s(z) = q�1
1
(z)p1(z), P (z) = q�1

1
(z)p(z), Q(z) = q�1

1
(z)q(z). �á®, çâ® s(z) ¯à¥¤áâ ¢«¥  ¢

¢¨¤¥ (19) ¨ s(z) 2 S[a; b] ¯® «¥¬¬¥ 3. � à  [P (z); Q(z)] ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (16){(18), â. ª.
®  íª¢¨¢ «¥â  ¯ à¥ [p(z); q(z)]. �§ (23) á«¥¤ã¥â

0 � [P (z); Q(z)]
J

i(z � z)

�
P �(z)
Q�(z)

�
= [s(z); I]

U�11 (z)JU�1
�

1 (z)
i(z � z)

�
s�(z)
I

�
:

� ª¨¬ ®¡à §®¬, s(z) ã¤®¢«¥â¢®àï¥â ��� (15) ¯à¨ r = 1. � «®£¨çë¬ ®¡à §®¬ ã¡¥¦¤ ¥¬áï,
çâ® s(z) ã¤®¢«¥â¢®àï¥â (15) ¯à¨ r = 2. �«¥¤®¢ â¥«ì®, s(z) 2 L.

�¥®à¥¬  9. �«ï à §à¥è¨¬®áâ¨ § ¤ ç¨ �¥¢ «¨ë{�¨ª  (2) ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®,

çâ®¡ë K1 � 0, K2 � 0.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ãáâì s(z) = (b� z)
bR
a

(t� z)�1d�(t) ï¢«ï¥âáï à¥è¥¨¥¬

¨â¥à¯®«ïæ¨®®© § ¤ ç¨ �¥¢ «¨ë{�¨ª  (2). � ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 3, ã¡¥¦¤ -
¥¬áï ¢ â®¬, çâ®

K1 =
Z b

a

R�T�(t)v(b � t)d�(t)v�RT�(t) � 0;

K2 =
Z b

a

R�T�(t)v(t� a)d�(t)v�RT�(t) � 0:

�®áâ â®ç®áâì. � áá¬®âà¨¬ ¢á¯®¬®£ â¥«ìãî ¨â¥à¯®«ïæ¨®ãî § ¤ çã. �§«ë ¨â¥à¯®-
«ïæ¨¨ ¡ã¤ãâ â ª¨¬¨ ¦¥, ª ª ¨ ¢ § ¤ ç¥ (2),   ¨â¥à¯®«¨àã¥¬ë¥ § ç¥¨ï § ¤ îâáï ä®à¬ã« ¬¨

w1 = (b� z1)
Z b

a

Idt

t� z1
; w2 = (b� z2)

Z b

a

Idt

t� z2
; : : : ; wn = (b� zn)

Z b

a

Idt

t� zn
:

�à¥¡ã¥âáï ®¯¨á âì à¥è¥¨ï á«¥¤ãîé¥© ¨â¥à¯®«ïæ¨®®© § ¤ ç¨:

w(zj) = wj ; 1 � j � n; w(z) 2 S[a; b]: (24)

�¥£ª® ¢¨¤¥âì, çâ® w(z) = (b � z)
bR
a

I(t � z)�1dt ï¢«ï¥âáï à¥è¥¨¥¬ ¨â¥à¯®«ïæ¨®®© § ¤ ç¨

(24). �® â®£¤ , ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 3, ¨¬¥¥¬

Kw
1
=
Z b

a

R�T�(t)vv�RT�(t)(b� t)dt � 0;

Kw
2
=
Z b

a

R�T�(t)vv�RT�(t)(t� a)dt � 0:

�®ª ¦¥¬, çâ® íâ¨ ¬ âà¨æë áâà®£® ¯®«®¦¨â¥«ìë. �¥©áâ¢¨â¥«ì®, ¯ãáâì   ¥ª®â®à®¬ n �m-
¬¥à®¬ áâ®«¡æ¥ F = col[f1; f2; : : : ; fn] ¢ëà®¤¨« áì ¬ âà¨æ  Kw

1
. �®£¤  ¨¬¥¥¬

0 = F �Kw
1
F =

Z b

a

F �(t)F (t)(b � t)dt; F (t) = v�RT�(t)F:

�âáî¤  á«¥¤ã¥â F (t) � 0, ® â®£¤  F = 0: � ª¨¬ ®¡à §®¬, Kw
1
> 0. � «®£¨çë¥ à ááã¦¤¥¨ï

¯à¨¢®¤ïâ ª ¢ë¢®¤ã Kw
2

> 0. �®ª § «¨, çâ® ¢á¯®¬®£ â¥«ì ï ¨â¥à¯®«ïæ¨® ï § ¤ ç  (24)
ï¢«ï¥âáï ¢¯®«¥ ¥®¯à¥¤¥«¥®©.

�ãáâì â¥¯¥àì ¤   ¨â¥à¯®«ïæ¨® ï § ¤ ç  (2) ¨ ¤«ï ¥¥ ¢ë¯®«¥® ãá«®¢¨¥ â¥®à¥¬ëK1�0,
K2 � 0. �®ª ¦¥¬, çâ® ã § ¤ ç¨ (2) áãé¥áâ¢ã¥â å®âï ¡ë ®¤® à¥è¥¨¥.
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�à¨ ª ¦¤®¬ k � 1 à áá¬®âà¨¬ ¨â¥à¯®«ïæ¨®ãî § ¤ çã

s(zj) = sj + wj=k; 1 � j � n; s(z) 2 S[a; b]: (25)

�§ ¯®«®© ¥®¯à¥¤¥«¥®áâ¨ § ¤ ç¨ (24) ¢ëâ¥ª ¥â ¯®« ï ¥®¯à¥¤¥«¥®áâì § ¤ ç¨ (25) ¯à¨
¢á¥å k. �à¨ ª ¦¤®¬ k ¢ë¡¥à¥¬ ¯® ®¤®¬ã à¥è¥¨î sk(z) § ¤ ç¨ (25). �¥£ª® ¢¨¤¥âì, çâ®

ksk(z1)k � ks1k+ kw1k 8k � 1:

�âáî¤  á«¥¤ã¥â ([10], c. 32), çâ® áãé¥áâ¢ã¥â ¯®¤¯®á«¥¤®¢ â¥«ì®áâì skl
(z), ª®â®à ï à ¢®¬¥à®

  ª®¬¯ ªâ å ¢ ¯®«ã¯«®áª®áâ¨ Im z > 0 áå®¤¨âáï ª £®«®¬®àä®© ¬ âà¨æ¥-äãªæ¨¨ s(z). �«ï
ª ¦¤®© ¨§ ¬ âà¨æ-äãªæ¨© skl

(z) § ¯¨è¥¬ á¨áâ¥¬ã ��� (4). �¥à¥å®¤ï ª ¯à¥¤¥«ã, ¯®«ãç¨¬, çâ®
¬ âà¨æ -äãªæ¨ï s(z) ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ ���, â. ¥. ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ (2).
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