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1. �¢¥¤¥­¨¥

�¨­¥©­ ï ¯¥à¨®¤¨ç¥áª ï á¨áâ¥¬  ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ¯®á«¥¤¥©áâ¢¨¥¬ ®¯¨áë-
¢ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

dx(t)
dt

=
Z 0

�r

ds�(t; s)x(t+ s); t 2 R+ = [0;+1): (1.1)

� âà¨ç­ ï äã­ªæ¨ï � : (�1;+1) � [�r; 0] ! Rn�n ï¢«ï¥âáï !-¯¥à¨®¤¨ç¥áª®© ¯® ¯¥à¢®¬ã
 à£ã¬¥­âã ¨ ¨§¬¥à¨¬®© ¯® �¥¡¥£ã ­  ¬­®¦¥áâ¢¥ [0; !]� [�r; 0], �(�; 0) = 0, ! > r > 0. �«ï ¯®çâ¨
¢á¥å t 2 [0; !] áãé¥áâ¢ã¥â ª®­¥ç­ ï ¢ à¨ æ¨ï V (t) = Var[�r;0] �(t; �) ¨ äã­ªæ¨ï V ¨­â¥£à¨àã¥¬ 
­  [0; !]:

�à¨ ãª § ­­ëå ¢ëè¥ ãá«®¢¨ïå á¨áâ¥¬  ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ¯®á«¥¤¥©áâ¢¨¥¬
(1.1) ¤«ï ­ ç «ì­®£® ¬®¬¥­â  t0 = 0 ¨ ¯à®¨§¢®«ì­®© ­ ç «ì­®© äã­ªæ¨¨ ' 2 C([�r; 0]; Rn) ¨¬¥¥â
¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ([1], á. 173). �¢¥¤¥¬ ¤«ï ­¥£® ®¡®§­ ç¥­¨¥ x(t; '), t � �r. �¤¥áì ¢ë¯®«­ï-
¥âáï ãá«®¢¨¥ x(t; ') = '(t) ¯à¨ t 2 [�r; 0]. � ç¥áâ¢¥­­®¥ ¯®¢¥¤¥­¨¥ à¥è¥­¨© á¨áâ¥¬ë ¤¨ää¥à¥­-
æ¨ «ì­ëå ãà ¢­¥­¨© á ¯®á«¥¤¥©áâ¢¨¥¬ (1.1) ã¤®¡­® ®¯¨áë¢ âì ¢ äã­ªæ¨®­ «ì­®¬ ¯à®áâà ­áâ¢¥
á®áâ®ï­¨© C([�r; 0]; Rn). �à¨ íâ®¬ í¢®«îæ¨ï äã­ªæ¨®­ «ì­ëå í«¥¬¥­â®¢ xt (xt(s) = x(t + s),
s 2 [�r; 0]), t � 0 ([2], á. 157; [3]) íâ®£® ¯à®áâà ­áâ¢  ®¯¨áë¢ ¥âáï ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥-
­¨¥¬ á ­¥®£à ­¨ç¥­­ë¬ ®¯¥à â®à®¬. �¥è¥­¨¥ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï, ®â¢¥ç îé¥¥ ­ ç «ì­®¬ã
¬®¬¥­âã t0 = 0 ¨ ­ ç «ì­®¬ã §­ ç¥­¨î x0 = ', ®¡®§­ ç¨¬ ç¥à¥§ xt(') (xt(')(s) = x(t + s; '),
s 2 [�r; 0]), t � 0.

�¯¥à â®à ¬®­®¤à®¬¨¨ ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© U' = x!('), ¤¥©áâ¢ã¥â ¢ ¯à®áâà ­áâ¢¥
C([�r; 0]; Rn) ¨ ï¢«ï¥âáï ¢¯®«­¥ ­¥¯à¥àë¢­ë¬ ([1], á. 228). �£® ®¡« áâì §­ ç¥­¨© ¯à¨­ ¤«¥¦¨â
¯à®áâà ­áâ¢ã ¢¥ªâ®à­®§­ ç­ëå äã­ªæ¨©,  ¡á®«îâ­® ­¥¯à¥àë¢­ëå ­  ®âà¥§ª¥ [�!; 0], ¨¬¥îé¨å
®£à ­¨ç¥­­ë¥ ¢ áãé¥áâ¢¥­­®¬ ¯à®¨§¢®¤­ë¥ ­  íâ®¬ ®âà¥§ª¥. �á¯®«ì§ãï ä®à¬ã«ã ®¡é¥£® à¥è¥-
­¨ï á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ¯®á«¥¤¥©áâ¢¨¥¬ ([1], á. 180), ­ å®¤¨¬ ¯à¥¤áâ ¢«¥-
­¨¥ ®¯¥à â®à  ¬®­®¤à®¬¨¨

(U')(#) = V (! + #; 0)'(0) +
Z

�0

�r

d�

�Z !+#

0
V (! + #; �)�(�; � � �)d�

�
'(�); # 2 [�r; 0]: (1.2)

�¤¥áì ¬ âà¨ç­ ï äã­ªæ¨ï V (�; �) «®ª «ì­®  ¡á®«îâ­® ­¥¯à¥àë¢­  ¯® ¯¥à¢®¬ã  à£ã¬¥­âã t ­ 
¯®«ã¨­â¥à¢ «¥ [�;+1) ¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ­­®¬ §­ ç¥­¨¨ ¢â®à®£®  à£ã¬¥­â  � 2 [0;+1),

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ò 99-01-00145, ¨ �¨­¨áâ¥àáâ¢  ®¡à §®¢ ­¨ï �®áá¨©áª®© �¥¤¥à æ¨¨, £à ­â ò�00-10-91.
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¨¬¥¥â ª®­¥ç­ãî ¢ à¨ æ¨î ¯® ¢â®à®¬ã  à£ã¬¥­âã � ­  ®âà¥§ª¥ [0; t] ¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ­­®¬
§­ ç¥­¨¨ ¯¥à¢®£®  à£ã¬¥­â  t 2 (0;+1), ã¤®¢«¥â¢®àï¥â ¬ âà¨ç­ë¬ ãà ¢­¥­¨ï¬

@V (t; �)
@t

=
Z 0

�r

d��(t; �)V (t+ �; �); 0 � � � t <1; (1.3)

V (t; �) = In �

Z t

�

V (t; �)�(�; � � �)d�; 0 � � � t <1; (1.4)

¨ ­ ç «ì­ë¬ ãá«®¢¨ï¬ V (t; �) = 0 ¯à¨ ��r � t < �, V (�; �) = In, � 2 R+. �¤¥áì In | ¥¤¨­¨ç­ ï
¬ âà¨æ  à §¬¥à­®áâ¨ n � n. � (1.2) ¨ (1.4) á ¯®¬®éìî à ¢¥­áâ¢ �(�; �) = �(�;�r) ¨ �(�; �) = 0
¤®®¯à¥¤¥«¥­ë §­ ç¥­¨ï äã­ªæ¨¨ � ¯à¨ �1 < � < �r ¨ 0 � � < +1 á®®â¢¥âáâ¢¥­­®.

�áâ®©ç¨¢®áâì ¯¥à¨®¤¨ç¥áª¨å á¨áâ¥¬ á ¯®á«¥¤¥©áâ¢¨¥¬ ®¯¨áë¢ ¥âáï ¢ â¥à¬¨­ å ®¯¥à â®à  ¬®-
­®¤à®¬¨¨ ([1], c. 233). �à®¡«¥¬  ­ å®¦¤¥­¨ï á¯¥ªâà  íâ®£® ®¯¥à â®à  ¨ ¯à®¡«¥¬  � ãá {�ãà¢¨æ 
(á«ãç © ¥¤¨­¨ç­®£® ªàã£ ) ¤«ï á¯¥ªâà  ®¯¥à â®à  ¬®­®¤à®¬¨¨ ®â­®áïâáï ª ª« ááã âàã¤­ëå
§ ¤ ç â¥®à¨¨ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ¯®á«¥¤¥©áâ¢¨¥¬ [4]. � ¤ ­­®© à ¡®â¥ ¢ á«ãç ¥
0 < r < ! ®¯¨á ­ á¯¥æ¨ «ì­ë© ª« áá ¯¥à¨®¤¨ç¥áª¨å á¨áâ¥¬ á ¯®á«¥¤¥©áâ¢¨¥¬, ¤«ï ª®â®àëå
®¯¥à â®àë ¬®­®¤à®¬¨¨ ª®­¥ç­®¬¥à­ë. �«ãç © r = ! ¨§ãç «áï ¢ [5]. � áá¬ âà¨¢ ¥¬ë© ª« áá
¯¥à¨®¤¨ç¥áª¨å á¨áâ¥¬ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ¯®á«¥¤¥©áâ¢¨¥¬ ¨ á ª®­¥ç­®¬¥à­ë¬¨
®¯¥à â®à ¬¨ ¬®­®¤à®¬¨¨ á®¤¥à¦¨â ª« áá á¨áâ¥¬ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ¨§ãç ¢è¨©áï
¢ [6]. �­ ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢ ­ ¯à¨ ®¯¨á ­¨¨ ¬ â¥¬ â¨ç¥áª¨å ¬®¤¥«¥© ¨¬¯ã«ìá­ëå á¨áâ¥¬
á  ¬¯«¨âã¤­®-¨¬¯ã«ìá­®© ¬®¤ã«ïæ¨¥© [7]. � § ¤ ç å ãáâ®©ç¨¢®áâ¨ ¯¥à¨®¤¨ç¥áª¨å à¥¦¨¬®¢ ¢
­¥«¨­¥©­ëå ¤¨­ ¬¨ç¥áª¨å ¬®¤¥«ïå á ªãá®ç­®-¯®áâ®ï­­ë¬¨  à£ã¬¥­â ¬¨ [8], [9] âà¥¡ã¥âáï ¨á-
á«¥¤®¢ âì à áá¬ âà¨¢ ¥¬ë¥ ¢ ¤ ­­®© à ¡®â¥ á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©.

2. �á«®¢¨ï ª®­¥ç­®¬¥à­®áâ¨

�¯¥à â®à ¬®­®¤à®¬¨¨ ¤¥©áâ¢ã¥â ¢ ¯à®áâà ­áâ¢¥ C([�r; 0]; Rn), ¨ ¥£® ¯à¥¤áâ ¢«¥­¨¥ § ¤ ¥âáï
ä®à¬ã«®© (1.2). �«ï ®¯¨á ­¨ï ãá«®¢¨© ª®­¥ç­®¬¥à­®áâ¨ íâ®£® ®¯¥à â®à  ¢¢¥¤¥¬

�¯à¥¤¥«¥­¨¥. � âà¨ç­ ï äã­ªæ¨ï f : [a; b]� [c; d)! Rn�n ­ §ë¢ ¥âáï ¢ëà®¦¤¥­­®©, ¥á«¨
áãé¥áâ¢ã¥â ­ âãà «ì­®¥ ç¨á«® N ¨ ­ ¡®à ¬ âà¨ç­ëå äã­ªæ¨© f 1j : [a; b] ! Rn�n, f 2j : [c; d) !
Rn�n, 1 � j � N , â ª¨å, çâ® á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥

f(t; s) =
NX
j=1

f 1j (t)f
2
j (s); t 2 [a; b]; s 2 [c; d):

�¢¥¤¥¬ ¬ âà¨ç­ãî äã­ªæ¨î f : [! � r; !] � [�r; 0)! Rn�n á ¯®¬®éìî ä®à¬ã«ë

f(t; �) = �(t; � � t) +
Z !�r

0

�(t; � � t)
Z �

0

G(�; �)�(�; � � �)d� d� �

�

Z !�r

0

�(t; � � t)�(�; � � �)d�; t 2 [! � r; !]; � 2 [�r; 0); (2.1)

£¤¥ G ï¢«ï¥âáï à¥§®«ì¢¥­â­ë¬ ï¤à®¬, ®¯à¥¤¥«ïîé¨¬ à¥è¥­¨¥ ([10], á. 45)

x(�) = y(�)�
Z !�r

�

y(�)G(�; �)d�; 0 � � � ! � r;

¨­â¥£à «ì­®£® ãà ¢­¥­¨ï �®«ìâ¥àà  2 à®¤ 

x(�) = y(�)�
Z !�r

�

x(�)�(�; � � �)d�; 0 � � � ! � r:

� âà¨ç­ ï äã­ªæ¨ï G ã¤®¢«¥â¢®àï¥â ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î �®«ìâ¥àà  2 à®¤  ([10], á. 54)

G(�; �) = �(�; � � �)�
Z �

�

�(�; s� �)G(s; �)ds; 0 � � � � � ! � r: (2.2)
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�®¤ç¥àª­¥¬, çâ® äã­ªæ¨ï f ®¯à¥¤¥«ï¥âáï ¯®«­®áâìî § ¤ ­¨¥¬ äã­ªæ¨¨ �.

�¥®à¥¬ . �ãáâì ¬ âà¨ç­ ï äã­ªæ¨ï � ï¢«ï¥âáï !-¯¥à¨®¤¨ç¥áª®© ¯® ¯¥à¢®¬ã  à£ã¬¥­âã,

¨§¬¥à¨¬®© ¯® �¥¡¥£ã ­  ¬­®¦¥áâ¢¥ [0; !]�[�r; 0] (! > r), �(�; s) = 0 ¯à¨ s � 0 ¨ �(�; s) = �(�;�r)
¯à¨ s � �r. �«ï ¯®çâ¨ ¢á¥å t 2 [0; !] áãé¥áâ¢ã¥â ª®­¥ç­ ï ¢ à¨ æ¨ï V (t) = Var[�r;0] �(t; �) ¨
äã­ªæ¨ï V ¨­â¥£à¨àã¥¬  ­  [0; !]. �®£¤  ¤«ï ª®­¥ç­®¬¥à­®áâ¨ ®¯¥à â®à  ¬®­®¤à®¬¨¨, ¤¥©-

áâ¢ãîé¥£® ¢ ¯à®áâà ­áâ¢¥ C([�r; 0]; Rn), ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¬ âà¨ç­ ï äã­ª-

æ¨ï f , ®¯à¥¤¥«ï¥¬ ï ä®à¬ã«®© (2:1), ¡ë«  ¢ëà®¦¤¥­­®©.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ãáâì ®¯¥à â®à ¬®­®¤à®¬¨¨ ª®­¥ç­®¬¥à¥­ ¨ ¢â®à®¥
á« £ ¥¬®¥ ¢ (1.2) ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨e

NX
j=1

Wj(#)fj('); # 2 [�r; 0];

£¤¥ Wj : [�r; 0] ! Rn�n (1 � j � N) |  ¡á®«îâ­® ­¥¯à¥àë¢­ë¥ ¬ âà¨ç­ë¥ äã­ªæ¨¨,
fj : C([�r; 0]; Rn)! Rn | ­¥¯à¥àë¢­ë¥ ®â®¡à ¦¥­¨ï, ®¯¨áë¢ ¥¬ë¥ ä®à¬ã« ¬¨

fj(') =
Z

�0

�r

d j(�)'(�) (1 � j � N);

£¤¥  j : [�r; 0] ! Rn�n | ¬ âà¨ç­ë¥ äã­ªæ¨¨ á ®£à ­¨ç¥­­ë¬ ¨§¬¥­¥­¨¥¬. �®£¤  ¤«ï «î¡®©
äã­ªæ¨¨ ' 2 C([�r; 0]; Rn) á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

Z
�0

�r

d�

�Z !+#

0

V (! + #; �)�(�; � � �)d�
�
'(�) =

NX
j=1

Wj(#)
Z

�0

�r

d j(�)'(�); # 2 [�r; 0];

¨§ ª®â®à®£® á«¥¤ã¥â, çâ® ¬ âà¨ç­ ï äã­ªæ¨ï

Z !+#

0
V (! + #; �)�(�; � � �)d�; # 2 [�r; 0]; � 2 [�r; 0); (2.3)

ï¢«ï¥âáï ¢ëà®¦¤¥­­®©. �®« £ ï ! + # = t, ­ å®¤¨¬, çâ® äã­ªæ¨ï

F (t; �) =
Z t

0
V (t; �)�(�; � � �)d�; t 2 [! � r; !]; � 2 [�r; 0); (2.4)

ï¢«ï¥âáï ¢ëà®¦¤¥­­®©. �à¥¡ã¥âáï ®¯¨á âì ãá«®¢¨ï ¢ëà®¦¤¥­­®áâ¨ äã­ªæ¨¨ F ¢ â¥à¬¨­ å
äã­ªæ¨¨ �. � íâ®© æ¥«ìî ¯à ¢ë¥ ç áâ¨ ¢ëà ¦¥­¨© (2.4) ¨ (1.4) ¯à¥¤áâ ¢¨¬ á«¥¤ãîé¨¬ ®¡à §®¬:

F (t; �) =
Z !�r

0

V (t; �)�(�; � � �)d� +
Z t

!�r

V (t; �)�(�; � � �)d�; (2.5)

V (t; �) = In �

Z !�r

�

V (t; �)�(�; � � �)d� �
Z t

!�r

V (t; �)�(�; � � �)d�; (2.6)

t 2 [! � r; !]; � 2 [�r; 0); � 2 [0; ! � r]:

�¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (2.6) ¨¬¥¥â ¢¨¤

V (t; �) = In �

Z t

!�r

V (t; �)�(�; � � �)d� �
Z !�r

�

G(�; �)d� +

+
Z !�r

�

Z t

!�r

V (t; s)�(s; � � s)dsG(�; �)d�; 0 � � � ! � r � t � !: (2.7)
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�®¤áâ ¢«ïï (2.7) ¢ (2.5), ­ å®¤¨¬

F (t; �) =
Z !�r

0

�(�; � � �)d� �
Z !�r

0

Z !�r

�

G(�; �)�(�; � � �)d�d� +

+
Z !�r

0

Z !�r

�

x(t; �)G(�; �)�(�; � � �)d�d� + x(t; �)�

�

Z !�r

0

x(t; �)�(�; � � �)d�; t 2 [! � r; !]; � 2 [�r; 0);

£¤¥ äã­ªæ¨ï x : [! � r; !]� [�r; ! � r]! Rn�n ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

x(t; �) =
Z t

!�r

V (t; �)�(�; � � �)d�; t 2 [! � r; !]; � 2 [�r; ! � r]: (2.8)

�§ ¢ëà®¦¤¥­­®áâ¨ äã­ªæ¨¨ F á«¥¤ã¥â ¢ëà®¦¤¥­­®áâì äã­ªæ¨¨

F1(t; �) = x(t; �) +
Z !�r

0

x(t; �)
Z �

0

G(�; �)�(�; � � �)d� d� �

�

Z !�r

0
x(t; �)�(�; � � �)d�; t 2 [! � r; !]; � 2 [�r; 0); (2.9)

â. ª. à §­®áâì äã­ªæ¨© F (t; �) � F1(t; �) § ¢¨á¨â â®«ìª® ®â  à£ã¬¥­â  �. �á¯®«ì§ãï ä®à¬ã«ë
(2.8) ¨ (2.9), ®¯à¥¤¥«ïîé¨¥ äã­ªæ¨¨ x ¨ F1, ­ å®¤¨¬

F1(t; �) =
Z t

!�r

V (t; �)f(�; �)d�; � 2 [�r; 0); t 2 [! � r; !]; (2.10)

£¤¥

f(�; �) = �(�; � � �) +
Z !�r

0
�(�; � � �)G1(�; �)d�; (2.11)

G1(�; �) =
Z �

0

G(�; �)�(�; � � �)d� � �(�; � � �); (2.12)

�r � � < 0, ! � r � � � t � !. �§ (2.10) ¨ ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ ¯® t äã­ªæ¨¨ V á«¥¤ã¥â
¤¨ää¥à¥­æ¨àã¥¬®áâì ¯® t äã­ªæ¨¨ F1. �¥ ¯à®¨§¢®¤­ ï ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

@F1(t; �)
@t

= f(t; �) +
Z t

!�r

@V (t; �)
@t

f(�; �)d�; (2.13)

£¤¥ � 2 [�r; 0), t 2 [! � r; !], ¨ ï¢«ï¥âáï ¢ëà®¦¤¥­­®© äã­ªæ¨¥©. �à¨ ä¨ªá¨à®¢ ­­®¬ §­ ç¥-
­¨¨ � à ¢¥­áâ¢® (2.13) ï¢«ï¥âáï ãà ¢­¥­¨¥¬ �®«ìâ¥àà  2 à®¤  ¤«ï äã­ªæ¨¨ f ¨ ¥£® à¥è¥­¨¥
®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

f(t; �) =
@F1(t; �)

@t
�

Z t

!�r

�(t; s)
@F1(s; �)

@s
ds; (2.14)

£¤¥ t 2 [!�r; !], � 2 [�r; 0), � | à¥§®«ì¢¥­â­®¥ ï¤à® à áá¬ âà¨¢ ¥¬®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï
(2.13). �§ (2.14) á«¥¤ã¥â, çâ® äã­ªæ¨ï f ï¢«ï¥âáï ¢ëà®¦¤¥­­®©. �®¤áâ ¢«ïï (2.12) ¢ (2.11),
¯®«ãç¨¬, çâ® ¯à¥¤áâ ¢«¥­¨¥ äã­ªæ¨¨ f , ®¯à¥¤¥«ï¥¬®¥ ä®à¬ã« ¬¨ (2.12) ¨ (2.11), á®¢¯ ¤ ¥â á
¯à¥¤áâ ¢«¥­¨¥¬ (2.1). H¥®¡å®¤¨¬®áâì ¤®ª § ­ .

�®áâ â®ç­®áâì. �§ (2.1) ­ å®¤¨¬

�(t; � � t) = f(t; �)�
Z !�r

0

�(t; � � t)
Z �

0

G(�; �)�(�; � � �)d� d� +

+
Z !�r

0
�(t; � � t)�(�; � � �)d�; t 2 [! � r; !]; � 2 [�r; 0); (2.15)
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£¤¥ f | ¢ëà®¦¤¥­­ ï äã­ªæ¨ï. �®¤áâ ¢«ïï (2.15) ¢ (2.5) ¨ ã¡¨à ï ¢ëà®¦¤¥­­®¥ á« £ ¥¬®¥,
¯®«ãç¨¬

F 0(t; �) =
Z !�r

0

V (t; �)�(�; � � �)d� +
Z t

!�r

V (t; �)
Z !�r

0

�(�; � � �)�(�; � � �)d� d��

�

Z t

!�r

V (t; �)
Z !�r

0
�(�; � � �)

Z �

0
G(�; �)�(�; � � �)d� d� d�; (2.16)

£¤¥ t 2 [! � r; !], � 2 [�r; 0). �á¯®«ì§ãï ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (1.4),Z t

!�r

V (t; �)�(�; � � �)d� = In � V (t; �)�
Z !�r

�

V (t; �)�(�; � � �)d�;

0 � � � ! � r � t � !;

¯à¥®¡à §ã¥¬ âà¥âì¥ á« £ ¥¬®¥ ¢ ä®à¬ã«¥ (2.16)

F 0

3 =
Z t

!�r

V (t; �)
Z !�r

0

�(�; � � �)
Z �

0

G(�; �)�(�; � � �)d� d� d� =

=
Z !�r

0

Z �

0

G(�; �)�(�; � � �)d�d� �
Z !�r

0

V (t; �)
Z �

0

G(�; �)�(�; � � �)d� d� �

�

Z !�r

0

Z !�r

�

V (t; �)�(�; � � �)d�
Z �

0
G(�; �)�(�; � � �)d� d�; (2.17)

£¤¥ t 2 [! � r; !], � 2 [�r; 0). � ¯à¥¤áâ ¢«¥­¨¨ (2.17) ¯à¥®¡à §ã¥¬ âà¥âì¥ á« £ ¥¬®¥

F 00

3 =
Z !�r

0

Z !�r

�

Z �

0
V (t; �)�(�; � � �)G(�; �)�(�; � � �)d� d� d� =

=
Z !�r

0

Z �

0

V (t; �)
Z �

�

�(�; � � �)G(�; �)d� �(�; � � �)d� d�; (2.18)

£¤¥ t 2 [! � r; !], � 2 [�r; 0). �á¯®«ì§ãï ãà ¢­¥­¨¥ (2.2), ¯à¥®¡à §ã¥¬ ¢ëà ¦¥­¨¥ (2.18)

F 00

3 =
Z !�r

0

Z �

0
V (t; �)�(�; � � �)�(�; � � �)d� d��

�

Z !�r

0

Z �

0

V (t; �)G(�; �)�(�; � � �)d� d�; t 2 [! � r; !]; � 2 [�r; 0): (2.19)

� ¬¥­ïï ¢ (2.17) âà¥âì¥ á« £ ¥¬®¥ F 00

3 ¢ëà ¦¥­¨¥¬ (2.19), ¯®«ãç¨¬

F 0

3 =
Z !�r

0

Z �

0

G(�; �)�(�; � � �)d� d� �

�

Z !�r

0

Z �

0

V (t; �)�(�; � � �)�(�; � � �)d� d�; t 2 [! � r; !]; � 2 [�r; 0):

� ¬¥­ïï ¢ (2.16) âà¥âì¥ á« £ ¥¬®¥ F 0

3 ¯®«ãç¥­­ë¬ ¢ëà ¦¥­¨¥¬ ¨ ã¡¨à ï ¢ëà®¦¤¥­­®¥ á« £ ¥-
¬®¥, ­ å®¤¨¬

F 00(t; �) =
Z !�r

0
V (t; �)�(�; � � �)d� +

Z t

!�r

V (t; �)
Z !�r

0
�(�; � � �)�(�; � � �)d� d�+

+
Z !�r

0

Z �

0

V (t; �)�(�; � � �)�(�; � � �)d� d� =

=
Z !�r

0

V (t; �)�(�; � � �)d� +
Z !�r

0

Z t

!�r

V (t; �)�(�; � � �)�(�; � � �)d� d� +

+
Z !�r

0

Z !�r

�

V (t; �)�(�; � � �)�(�; � � �)d� d� =
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=
Z !�r

0

�
V (t; �) +

Z t

�

V (t; �)�(�; � � �)d�
�
�(�; � � �)d�:

�á¯®«ì§ãï ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (1.2), ­ å®¤¨¬

F 00(t; �) =
Z !�r

0

�(�; � � �)d�;

â.¥. F 00 | ¢ëà®¦¤¥­­ ï äã­ªæ¨ï, çâ® § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® ¤®áâ â®ç­®áâ¨.

�¢¥¤¥¬ äã­ªæ¨î �1 : [0; !]� [�r; ! � r]! Rn�n á ¯®¬®éìî ä®à¬ã«ë

�1(t; �) = �(t; � � t); t 2 [0; !]; � 2 [�r; ! � r]:

� ¬¥ç ­¨¥ 1. �«ï ¢ëà®¦¤¥­­®áâ¨ äã­ªæ¨¨ (2.1) ¤®áâ â®ç­®, çâ®¡ë áã¦¥­¨¥ äã­ªæ¨¨ �1
­  ¬­®¦¥áâ¢® [0; !� r]� [�r; 0) ¯à¨ ! � 2r ¨«¨ áã¦¥­¨¥ äã­ªæ¨¨ �1 ­  ¬­®¦¥áâ¢® [0; !]� [�r; 0)
¯à¨ ! < 2r ¡ë«¨ ¢ëà®¦¤¥­­ë¬¨ äã­ªæ¨ï¬¨.

� ¬¥ç ­¨¥ 2. �«ï ¢ëà®¦¤¥­­®áâ¨ äã­ªæ¨¨ (2.1) ¤®áâ â®ç­®, çâ®¡ë áã¦¥­¨¥ äã­ªæ¨¨ �1
­  ¬­®¦¥áâ¢® [!� r; !]� [0; !� r) ¯à¨ ! � 2r ¨«¨ áã¦¥­¨¥ äã­ªæ¨¨ �1 ­  ¬­®¦¥áâ¢® [!� r; !]�
[�r; ! � r) ¯à¨ ! < 2r ¡ë«¨ ¢ëà®¦¤¥­­ë¬¨ äã­ªæ¨ï¬¨.

� ¯à¥¤¥«ì­®¬ á«ãç ¥ r ! ! ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¢ëà®¦¤¥­­®áâ¨ äã­ªæ¨¨ (2.1), ¯à¨¢¥¤¥­-
­ë¥ ¢ § ¬¥ç ­¨ïå 1 ¨ 2, â. ¥. ª®­¥ç­®¬¥à­®áâ¨ ®¯¥à â®à  ¬®­®¤à®¬¨¨, á®¢¯ ¤ îâ á ­¥®¡å®¤¨¬ë¬¨
¨ ¤®áâ â®ç­ë¬¨ ãá«®¢¨ï¬¨ ª®­¥ç­®¬¥à­®áâ¨ ®¯¥à â®à  ¬®­®¤à®¬¨¨, ª®â®àë¥ ¯®«ãç¥­ë ¢ [5].

�¯¥æ¨ «ì­® ®â¬¥â¨¬, çâ® ¢ ®¯à¥¤¥«¥­¨¨ äã­ªæ¨¨ (2.1) äã­ªæ¨ï � ¤®«¦­  ã¤®¢«¥â¢®àïâì
ãá«®¢¨ï¬ �(�; s) = 0 ¯à¨ s � 0, �(�; s) = �(�;�r) ¯à¨ s � �r. �â¨ ¤®¯®«­¨â¥«ì­ë¥ âà¥¡®¢ ­¨ï
§ âàã¤­ïîâ à¥ «¨§ æ¨î ãá«®¢¨© â¥®à¥¬ë.

3. �¥ «¨§ æ¨ï ãá«®¢¨© ª®­¥ç­®¬¥à­®áâ¨ ®¯¥à â®à  ¬®­®¤à®¬¨¨

� áá¬®âà¨¬ ¢®§¬®¦­®áâ¨ à¥ «¨§ æ¨¨ ãá«®¢¨© â¥®à¥¬ë ¨ ¯à®æ¥¤ãàë ¯®áâà®¥­¨ï ª®­¥ç­®-
¬¥à­ëå ®¯¥à â®à®¢ ¬®­®¤à®¬¨¨. �£à ­¨ç¨¬áï ¨§ãç¥­¨¥¬ ¤¢ãå á«ãç ¥¢.

1. � ¤ ¥âáï á¯¥æ¨ «ì­®¥ ¢ëà®¦¤¥­­®¥ ¯à¥¤áâ ¢«¥­¨¥ áã¦¥­¨ï ®â®¡à ¦¥­¨ï �1 ­  ¬­®¦¥áâ¢®

[0; ! � r]� [�r; 0), ®¯à¥¤¥«ï¥¬®¥ ä®à¬ã«®© �1(t; �) =
NP
j=1

�1j (t)�
2
j (�), t 2 [0; ! � r], � 2 [�r; 0), £¤¥

�1j : [0; ! � r] ! Rn�n (j = 1; N ) | ¨­â¥£à¨àã¥¬ë¥ ¯® �¥¡¥£ã äã­ªæ¨¨, �2j : [�r; 0) ! Rn�n (j =
1; N ) | äã­ªæ¨¨ á ª®­¥ç­ë¬ ¨§¬¥­¥­¨¥¬. �â®¡ë ã¤®¢«¥â¢®à¨âì ¤®¯®«­¨â¥«ì­ë¬ âà¥¡®¢ ­¨ï¬,
­ ª« ¤ë¢ ¥¬ë¬ ­  äã­ªæ¨î � : �(�; s) = 0 ¯à¨ s � 0 ¨ �(�; s) = �(�;�r) ¯à¨ s � �r, ¢ë¡¥à¥¬
¯à®¨§¢®«ì­®¥ ª®­¥ç­®¥ à §¡¨¥­¨¥ ¯®«ã¨­â¥à¢ « 

[�r; 0) =
N+1[
k=1

[��k; ��k+1);

£¤¥ �r = ��N�1 < ��N < � � � < ��1 < �0 = 0. �®« £ ¥¬ �2j (�) = 0 ¯à¨ � 2 [�r; 0), � =2 [��j ; ��j+1),
j = 1; N . �¨ªá¨àã¥¬ ­ âãà «ì­®¥ k, ¤«ï ª®â®à®£® ¯®«ã¨­â¥à¢ « [��k; ��k+1) ¯¥à¥á¥ª ¥âáï ¯à¨
­¥ª®â®à®¬ t 2 [0; !�r] á ¬­®¦¥áâ¢®¬ f� : �� t � �rg, â. ¥. ��k� t � �r. �à¥¡ã¥¬, çâ®¡ë �1k(t) = 0
¤«ï ¢ë¡à ­­®£® k ¨ ¢á¥å t 2 [0; ! � r]

T
[��k + r; ! � r].

1a) �ãáâì ! � 2r. �®£¤  �(t; �� t) � 0 ¯à¨ t 2 [!� r; !], � 2 [�r; 0). �§ ä®à¬ã«ë (2.1) á«¥¤ã¥â

f(t; �) =
NX
j=1

Z !�r

0

�(t; � � t)
� Z �

0

G(�; �)�1j (�)d� � �1j (�)
�
d� �2j (�);

£¤¥ t 2 [! � r; !], � 2 [�r; 0), â. ¥. äã­ªæ¨ï f ¢ëà®¦¤¥­ . �á¯®«ì§ãï (2.5), ­ å®¤¨¬

F (t; �) =
Z !�r

0
V (t; �)�(�; � � �)d� =

NX
j=1

Z !�r

0
V (t; �)�1j (�)d� �

2
j (�);
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£¤¥ t 2 [! � r; !], � 2 [�r; 0). �«¥¤®¢ â¥«ì­®,

(U')(#) = V (! + #; 0)'(0) +
Z

�0

�r

d�F (! + #; �)'(�) =
NX
j=0

Wj(#)fj('); # 2 [�r; 0]:

�¤¥áì

W0(#) = V (! + #; 0); Wj(#) =
Z !�r

0

V (! + #; �)�1j (�)d�; # 2 [�r; 0]; (3.1)

f0(') = '(0); fj(') =
Z

�0

�r

d��
2
j (�)'(�); j = 1; N:

� ¯®¬®éìî ä®à¬ã« (3.1) ¯à®¤®«¦ ¥¬ äã­ªæ¨¨ Wk, k = 0; N , ­  ®âà¥§®ª [�! � r; 0]. �§
­ ç «ì­ëå ãá«®¢¨© ¤«ï äã­ªæ¨¨ V ¨¬¥¥¬

W0(�!) = In; W0(#) = 0; Wj(�!) =Wj(#) = 0; # 2 [�! � r;�!); j = 1; N: (3.2)

�§ (1.3) á«¥¤ã¥â, çâ® äã­ªæ¨ï W0 ­  ®âà¥§ª¥ [�!; 0] ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï

dW0(#)
d#

=
Z 0

�r

d��(! + #; �)W0(#+ �): (3.3)

�  ®âà¥§ª¥ [�!;�r] ¤«ï äã­ªæ¨¨ Wj (j = 1; N ) á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

dWj(#)
d#

=
d

d#

Z !+#

0

V (! + #; �)�1j (�)d� = �1j (! + #) +
Z !+#

0

@V (! + #; �)
@#

�1j (�)d�:

�á¯®«ì§ãï (1.3), ¯®«ãç¨¬, çâ® ­  ®âà¥§ª¥ [�!;�r] äã­ªæ¨ï Wj ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

dWj(#)
d#

= �1j (! + #) +
Z 0

�r

d��(! + #; �)Wj(#+ �):

�  ®âà¥§ª¥ [�r; 0] ¤«ï äã­ªæ¨¨ Wj á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

dWj(#)
d#

=
d

d#

Z !�r

0

V (! + #; �)�1j (�)d� =
Z !�r

0

@V (! + #; �)
@#

�1j (�)d�:

�á¯®«ì§ãï (1.3), ¯®«ãç¨¬, çâ® ­  ®âà¥§ª¥ [�r; 0] äã­ªæ¨ï Wj ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

dWj(#)
d#

=
Z 0

�r

d��(! + #; �)Wj(#+ �):

1¡) �ãáâì ! < 2r. �§ ä®à¬ã«ë (2.1) ­ å®¤¨¬

�(t; � � t) = f(t; �)�
NX
j=1

Z !�r

0

�(t; � � t)
� Z �

0

G(�; �)�1j (�)d� � �1j (�)
�
d� �2j (�); (3.4)

£¤¥ t 2 [! � r; !], � 2 [�r; 0). �¨ªá¨àã¥¬ k = 1; N , ¤«ï ª®â®à®£® [��k; ��k+1) ¯¥à¥á¥ª ¥âáï ¯à¨
­¥ª®â®à®¬ t 2 [! � r; !] á ¬­®¦¥áâ¢®¬ f� : � � t � �rg, â. ¥. ��k � t � �r. �à¥¡ã¥¬, çâ®¡ë
�(t; � � t) = 0 ¯à¨ ¢á¥å t 2 [! � r; !]

T
[��k + r; !], � 2 [��k; ��k+1). � å®¤¨¬

f(t; �) =
NX
j=1

Z !�r

0

�(t; � � t)
� Z �

0

G(�; �)�1j (�)d� � �1j (�)
�
d� �2j (�); (3.5)

� 2 [��k; ��k+1); t 2 [! � r; !]
\
[��k + r; !]; k = 1; N:

�®« £ ¥¬

f(t; �) = 0; � 2 [��k; ��k+1); t 2 [! � r; !]
\
(0; ��k + r); k = 1; N;

f(t; �) = 0; � 2 [�r; ��N ); t 2 [! � r; !]:
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�®áâà®¥­­ ï äã­ªæ¨ï f ï¢«ï¥âáï ¢ëà®¦¤¥­­®©. �®£« á­® â¥®à¥¬¥ ®¯¥à â®à ¬®­®¤à®¬¨¨ ï¢«ï-
¥âáï ª®­¥ç­®¬¥à­ë¬. �ç¨âë¢ ï ãá«®¢¨ï (3.4) ¨ (3.5), ­ å®¤¨¬

�(t; � � t) = 0; � 2 [��k; ��k+1); t 2 [! � r; !]
\
[��k + r; !]; k = 1; N;

�(t; � � t) = 0; � 2 [�r; ��N ); t 2 [! � r; !];

�(t; � � t) = �
NX
j=1

Z !�r

0

�(t; � � t)
� Z �

0

G(�; �)�1j (�)d� � �1j (�)
�
d��2j (�);

� 2 [��k; ��k+1); t 2 [! � r; !]
\
(0; ��k + r); k = 1; N:

�à¨ à¥ «¨§ æ¨¨ ãá«®¢¨© â¥®à¥¬ë ¢ ¯¥à¢®¬ á«ãç ¥ ¬ë á¯¥æ¨ «ì­ë¬ ®¡à §®¬ ®¯à¥¤¥«ï¥¬
äã­ªæ¨î � : (t; s) ! Rn�n ¢ ®¡« áâ¨ f(t; s) : t 2 [0; !], s = � � t, � 2 [�r; 0)g. � ®¡« áâ¨
f(t; s) : t 2 [0; !], s = � � t, � 2 [�r; ! � r)g äã­ªæ¨ï � ¬®¦¥â ¢ë¡¨à âìáï ¯à®¨§¢®«ì­ë¬
®¡à §®¬ á á®¡«î¤¥­¨¥¬ âà¥¡ã¥¬ëå ¢ â¥®à¥¬¥ ãá«®¢¨© £« ¤ª®áâ¨ ¨ ãá«®¢¨© �(�; s) = 0 ¯à¨ s � 0,
�(�; s) = �(�;�r) ¯à¨ s � �r.

�á¯®«ì§ãï (2.5), ­ å®¤¨¬

F (t; �) =
NX
j=1

Z !�r

0
V (t; �)�1j (�)d� �

2
j (�)�

NX
k=1

1(��k + 2r � !)
Z t

!�r

1(��k + r � �)V (t; �) �

�

Z !�r

0
�(�; � � �)

� Z �

0
G(�; �)�1k(�)d� � �1k(�)

�
d� d� �2k(�);

£¤¥ t 2 [! � r; !], � 2 [�r; 0), 1(�) | äã­ªæ¨ï �¥¢¨á ©¤ . �®«ãç¥­­ ï äã­ªæ¨ï ¯®à®¦¤ ¥â
ª®­¥ç­®¬¥à­®¥ ¯à¥¤áâ ¢«¥­¨¥ ®¯¥à â®à  ¬®­®¤à®¬¨¨

(U')(#) =
NX
j=0

Wj(#)fj('); # 2 [�r; 0]:

�¤¥áì

W0(#) = V (! + #; 0); Wj(#) =
Z !�r

0
V (! + #; �)�1j (�)d� �

�1(��j + 2r � !)
Z !+#

!�r

1(��j + r � �)V (! + #; �)�

�

Z !�r

0
�(�; � � �)

� Z �

0
G(�; �)�1j (�)d� � �1j (�)

�
d� d�; # 2 [�r; 0]; (3.6)

f0(') = '(0); fj(') =
Z

�0

�r

d��
2
j (�)'(�); j = 1; N:

� ¯®¬®éìî ä®à¬ã« (3.6) äã­ªæ¨¨ Wj , j = 0; N , ã¤®¢«¥â¢®àïîé¨¥ ­ ç «ì­ë¬ ãá«®¢¨ï¬
(3.2), ¯à®¤®«¦¨¬ ­  ®âà¥§®ª [�!� r; 0]. � ª ¦¥, ª ª ¢ á«ãç ¥ 1 ), ãáâ ­ ¢«¨¢ ¥¬, çâ® äã­ªæ¨ï
W0 ­  ®âà¥§ª¥ [�!; 0] ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (3.3). �  ®âà¥§ª¥ [�!;�r] äã­ªæ¨ï Wj

®¯¨áë¢ ¥âáï ä®à¬ã«®©

Wj(#) =
Z !+#

0

V (! + #; �)�1j (�)d�

¨ ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

dWj(#)
d#

= �1j (! + #) +
Z 0

�r

d��(! + #; �)Wj(#+ �); j = 1; N:

�  ®âà¥§ª¥ [�r; 0] ¤«ï ­¥¥ á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

dWj(#)
d#

=
Z !�r

0

@V (! + #; �)
@#

�1j (�)d� � 1(��j + 2r � !)1(��j + r � ! � #)�
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�

Z !�r

0
�(! + #; � � ! � #)

� Z �

0
G(�; �)�1j (�)d� � �1j (�)

�
d� �

� 1(��j + 2r � !)
Z !+#

!�r

1(��j + r � �)
@V (! + #; �)

@#
�

�

Z !�r

0

�(�; � � �)
� Z �

0

G(�; �)�1j (�)d� � �1j (�)
�
d�d�; j = 1; N;

®âªã¤  ¢ á¨«ã (1.3)

dWj(#)
d#

=
Z 0

�r

d��(! + #; �)Wj(#+ �)� 1(��j + 2r � !)1(��j + r � ! � #)�

�

Z !�r

0

�(! + #; � � ! � #)
� Z �

0

G(�; �)�1j (�)d� � �1j (�)
�
d�; j = 1; N:

2. � ¤ ¥âáï á¯¥æ¨ «ì­®¥ ¢ëà®¦¤¥­­®¥ ¯à¥¤áâ ¢«¥­¨¥ áã¦¥­¨ï ®â®¡à ¦¥­¨ï �1 ­  ¬­®¦¥áâ¢®

[! � r; !] � [0; ! � r), ®¯à¥¤¥«ï¥¬®¥ �1(t; �) =
NP
j=1

�1j (t)�
2
j (�), t 2 [0; ! � r], � 2 [�r; 0), £¤¥ �1j :

[!�r; !]! Rn�n (j = 1; N) | ¨­â¥£à¨àã¥¬ë¥ ¯® �¥¡¥£ã äã­ªæ¨¨, �2j : [0; !�r)! Rn�n (j = 1; N)
| äã­ªæ¨¨ á ª®­¥ç­ë¬ ¨§¬¥­¥­¨¥¬. �ë¡¥à¥¬ ¯à®¨§¢®«ì­®¥ ª®­¥ç­®¥ à §¡¨¥­¨¥ ¯®«ã¨­â¥à¢ « 

[! � r; !) =
N+1[
k=1

[tk�1; tk);

£¤¥ ! � r = t0 < t1 < � � � < tN < tN+1 = !. �®« £ ¥¬ �1j (t) = 0 ¯à¨ t =2 [tj�1; tj), j = 1; N .
�¨ªá¨àã¥¬ k, ¤«ï ª®â®à®£® ¯®«ã¨­â¥à¢ « [tk�1; tk) ¯¥à¥á¥ª ¥âáï ¯à¨ ­¥ª®â®à®¬ � 2 [0; ! � r) á
¬­®¦¥áâ¢®¬ ft : � � t � �rg, â. ¥. tk > � + r. �à¥¡ã¥¬, çâ®¡ë �2k(�) = 0 ¤«ï ¢ë¡à ­­®£® k ¨ ¢á¥å
� 2 [0; ! � r]

T
[0; tk � r).

2 ) �ãáâì ! � 2r. �®£¤  �(t; �� t) � 0 ¯à¨ t 2 [!�r; !], � 2 [�r; 0). �§ ä®à¬ã«ë (2.1) á«¥¤ã¥â

f(t; �) =
NX
j=1

�1j (t)
Z !�r

0
�2j (�)

� Z �

0
G(�; �)�(�; � � �)d� � �(�; � � �)

�
d�;

£¤¥ t 2 [! � r; !], � 2 [�r; 0), â. ¥. äã­ªæ¨ï f ¢ëà®¦¤¥­ . �á¯®«ì§ãï (2.5), § ¯¨è¥¬

F (t; �) =
Z !�r

0

V (t; �)�(�; � � �)d�; t 2 [! � r; !]; � 2 [�r; 0): (3.7)

�§ (2.7) ­ å®¤¨¬

V (t; �) = In �

Z t

!�r

V (t; �)
NX
j=1

�1j (�)�
2
j (�)d� �

Z !�r

�

G(�; �)d� +

+
Z !�r

�

Z t

!�r

V (t; s)
NX
j=1

�1j (s)�
2
j (�)dsG(�; �)d� = In �

Z !�r

�

G(�; �)d� +

+
NX
j=1

Z t

!�r

V (t; s)�1j (s)ds
� Z !�r

�

�2j (�)G(�; �)d� � �2j (�)
�
; (3.8)

£¤¥ t 2 [! � r; !], � 2 [0; ! � r]. �®¤áâ ¢«ïï (3.8) ¢ (3.7), ¨¬¥¥¬

F (t; �) =
Z !�r

0
�(�; � � �)d� �

Z !�r

0

Z !�r

�

G(�; �)d��(�; � � �)d� +

+
NX
j=1

Z t

!�r

V (t; s)�1j (s)ds
Z !�r

0

� Z !�r

�

�2j (�)G(�; �)d� � �2j (�)
�
�(�; � � �)d�;
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£¤¥ t 2 [! � r; !], � 2 [�r; 0). �®«ãç¥­­ ï äã­ªæ¨ï ¯®à®¦¤ ¥â ª®­¥ç­®¬¥à­®¥ ¯à¥¤áâ ¢«¥­¨¥
®¯¥à â®à  ¬®­®¤à®¬¨¨

(U')(#) =
N+1X
j=0

Wj(#)fj('); # 2 [�r; 0]:

�¤¥áì

W0(#) = V (! + #; 0); WN+1(#) = In;

Wj(#) =
Z !+#

!�r

V (! + #; s)�1j (s)ds; # 2 [�r; 0]; (3.9)

f0(') = '(0); fj(') =
Z

�0

�r

d� j(�)'(�); j = 1; N + 1;

£¤¥

 j(�) =
Z !�r

0

� Z !�r

�

�2j (�)G(�; �)d� � �2j (�)
�
�(�; � � �)d�; j = 1; N;

 N+1(�) =
Z !�r

0
�(�; � � �)d��

Z !�r

0

Z !�r

�

G(�; �)d� �(�; � � �)d�;

£¤¥ � 2 [�r; 0). � ¯®¬®éìî ä®à¬ã« (3.9) äã­ªæ¨¨ Wj , j = 0; N , ã¤®¢«¥â¢®àïîé¨¥ ­ ç «ì­ë¬
ãá«®¢¨ï¬ (3.2), ¯à®¤®«¦¨¬ ­  ®âà¥§®ª [�! � r; 0]. �ã­ªæ¨ï W0 ­  ®âà¥§ª¥ [�!; 0] ï¢«ï¥âáï
à¥è¥­¨¥¬ ãà ¢­¥­¨ï (3.3). �  ®âà¥§ª¥ [�!;�r] äã­ªæ¨¨ Wj, j = 1; N , â®¦¤¥áâ¢¥­­® à ¢­ë
­ã«î. �  ®âà¥§ª¥ [�r; 0] äã­ªæ¨ï Wj (j = 1; N) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

dWj(#)
d#

= �1j (! + #) +
Z 0

�r

d��(! + #; �)Wj(#+ �):

2¡) �ãáâì ! < 2r. �§ ä®à¬ã«ë (2.1) ­ å®¤¨¬

�(t; � � t) = f(t; �)�
NX
j=1

�1j (t)
Z !�r

0

�2j (�)
� Z �

0

G(�; �)�(�; � � �)d� � �(�; � � �)
�
d�;

£¤¥ t 2 [! � r; !], � 2 [�r; 0). �¨ªá¨àã¥¬ k = 1; N , ¤«ï ª®â®à®£® [tk�1; tk) ¯¥à¥á¥ª ¥âáï ¯à¨
­¥ª®â®à®¬ � 2 [�r; 0) á ¬­®¦¥áâ¢®¬ ft : �� t � �rg, â. ¥. tk > �+r. �à¥¡ã¥¬, çâ®¡ë �(t; �� t) = 0
¯à¨ ¢á¥å � 2 [�r; 0)

T
[�r; tk � r), t 2 [tk�1; tk). � å®¤¨¬

f(t; �) =
NX
j=1

�1j (t)
Z !�r

0

�2j (�)
� Z �

0

G(�; �)�(�; � � �)d� � �(�; � � �)
�
d�;

t 2 [tk�1; tk); � 2 [�r; 0)
\
[�r; tk � r); k = 1; N:

�®« £ ¥¬

f(t; �) = 0; t 2 [tk�1; tk); � 2 [�r; 0)
\
[tk � r; 0); k = 1; N;

f(t; �) = 0; t 2 [tN ; !); � 2 [�r; 0):

�®áâà®¥­­ ï äã­ªæ¨ï f ï¢«ï¥âáï ¢ëà®¦¤¥­­®©. �®£« á­® â¥®à¥¬¥ ®¯¥à â®à ¬®­®¤à®¬¨¨ ï¢«ï-
¥âáï ª®­¥ç­®¬¥à­ë¬. � å®¤¨¬

�(t; � � t) = 0; t 2 [tk�1; tk); � 2 [�r; 0)
\
[�r; tk � r); k = 1; N;

�(t; � � t) = 0; t 2 [tN ; !); � 2 [�r; 0);

�(t; � � t) = �
NX
j=1

�1j (t)
Z !�r

0
�2j (�)

� Z �

0
G(�; �)�(�; � � �)d�� �(�; � � �)

�
d�;
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t 2 [tk�1; tk); � 2 [�r; 0)
\
[tk � r; 0); k = 1; N: (3.10)

�à¨ à¥ «¨§ æ¨¨ ãá«®¢¨© â¥®à¥¬ë ¢® ¢â®à®¬ á«ãç ¥ ¬ë á¯¥æ¨ «ì­ë¬ ®¡à §®¬ ®¯à¥¤¥«ï¥¬
äã­ªæ¨î � : (t; s) ! Rn�n ¢ ®¡« áâ¨ f(t; s) : t 2 [! � r; !], s = � � t, � 2 [�r; ! � r)g. � ®¡« áâ¨
f(t; s) : t 2 [0; ! � r], s = � � t, � 2 [�r; ! � r)g äã­ªæ¨ï � ¬®¦¥â ¢ë¡¨à âìáï ¯à®¨§¢®«ì­ë¬
®¡à §®¬ á á®¡«î¤¥­¨¥¬ âà¥¡ã¥¬ëå ¢ â¥®à¥¬¥ ãá«®¢¨© £« ¤ª®áâ¨ ¨ ãá«®¢¨© �(�; s) = 0 ¯à¨ s � 0,
�(�; s) = �(�;�r) ¯à¨ s � �r. �á¯®«ì§ãï (2.5), ­ å®¤¨¬

F (t; �) =
Z !�r

0

V (t; �)�(�; � � �)d� +
Z t

!�r

V (t; �)�(�; � � �)d�; (3.11)

£¤¥ t 2 [! � r; !], � 2 [�r; 0). �¤¥áì á®£« á­® (3.8)

V (t; �) = In +
NX
j=1

Z t

!�r

V (t; s)�1j (s)ds
� Z !�r

�

�2j (�)G(�; �)d� � �2j (�)
�
�

�

Z !�r

�

G(�; �)d�; t 2 [! � r; !]; � 2 [0; ! � r]: (3.12)

�§ (3.10) á«¥¤ã¥â

�(�; � � �) = �
NX
k=1

�[tk�1;tk)(�)1(� + r � tk)�

�
NX
j=1

�1j (�)
Z !�r

0
�2j (�)

� Z �

0
G(�; �)�(�; � � �)d� � �(�; � � �)

�
d�; (3.13)

£¤¥ � 2 [!� r; !], � 2 [�r; 0), �E | ¨­¤¨ª â®à ¬­®¦¥áâ¢  E. �®¤áâ ¢«ïï (3.12) ¨ (3.13) ¢ (3.11),
­ å®¤¨¬

F (t; �) = �
NX

j;k=1

Z tk

tk�1

1(� � t)�1j (�)d�1(� + r � tk)�

�

Z !�r

0

�2j (�)
� Z �

�

G(�; �)�(�; � � �)d� � �(�; � � �)
�
d� +

+
NX
j=1

Z t

!�r

V (t; s)�1j (s)ds
Z !�r

0

� Z !�r

�

�2j (�)G(�; �)d� � �2j (�)
�
�(�; � � �)d� +

+
Z !�r

0

�
In �

Z !�r

�

G(�; �)d�
�
�(�; � � �)d�; t 2 [! � r; !]; � 2 [�r; 0):

�®«ãç¥­­ ï äã­ªæ¨ï ¯®à®¦¤ ¥â ª®­¥ç­®¬¥à­®¥ ¯à¥¤áâ ¢«¥­¨¥ ®¯¥à â®à  ¬®­®¤à®¬¨¨

(U')(#) =
N+1X
j=0

Wj(#)fj(') +
NX

k;j=0

Wkj(#)fkj(');

£¤¥

W0(#) = V (! + #; 0); Wj(#) =
Z !+#

!�r

V (! + #; s)�1j (s)ds; WN+1(#) = In;

Wkj(#) = �

Z tk

tk�1

1(� � ! � #)�1j (�)d�; k; j = 1; N; # 2 [�r; 0]; (3.14)

fj(') =
Z

�0

�r

d�

�Z !�r

0

� Z !�r

�

�2j (�)G(�; �)d� � �2j (�)
�
�(�; � � �)d�

�
'(�);

fN+1(') =
Z

�0

�r

d�

�Z !�r

0

�
In �

Z !�r

�

G(�; �)d�
�
�(�; � � �)d�

�
'(�);
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f0(') = '(0); fkj(') =
Z

�0

�r

d�

�
1(� + r � tk)

Z !�r

0
�2j (�)�

�

� Z �

0
G(�; �)�(�; � � �)d� � �(�; � � �)

�
d�

�
'(�); k; j = 1; N:

� ¯®¬®éìî ä®à¬ã« (3.14) äã­ªæ¨¨ Wj , j = 0; N , ã¤®¢«¥â¢®àïîé¨¥ ­ ç «ì­ë¬ ãá«®¢¨ï¬
(3.2), ¯à®¤®«¦¨¬ ­  ®âà¥§®ª [�! � r; 0]. �ã­ªæ¨ï W0 ­  ®âà¥§ª¥ [�!; 0] ï¢«ï¥âáï à¥è¥­¨¥¬
ãà ¢­¥­¨ï (3.3). �ã­ªæ¨¨ Wj � 0, j = 1; N , ­  ®âà¥§ª¥ [�!;�r]. �  ®âà¥§ª¥ [�r; 0] äã­ªæ¨ï Wj

(j = 1; N ) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

dWj(#)
d#

= �1j (! + #) +
Z 0

�r

d��(! + #; �)Wj(#+ �):

4. �à¨¬¥à

� áá¬®âà¨¬ ¤¨ää¥à¥­æ¨ «ì­®-à §­®áâ­®¥ ãà ¢­¥­¨¥ ¢¨¤ 

dx (t)
dt

= A (t)x (t) +B (t)x ([t]) ;

£¤¥ x| ­¥¯à¥àë¢­ ï ¢¥ªâ®à­ ï äã­ªæ¨ï, § ¤ ­­ ï ­  ¯®«®¦¨â¥«ì­®© ¯®«ã®á¨, A ¨ B | ¯¥à¨-
®¤¨ç¥áª¨¥ ¬ âà¨æë à §¬¥à­®áâ¨ n� n á ¯¥à¨®¤®¬ ! = 2, ¨­â¥£à¨àã¥¬ë¥ ¯® �¥¡¥£ã ­  ®âà¥§ª¥
[0; 2]. � ­­®¥ ãà ¢­¥­¨¥ ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ (1.1) á r = 1 ¨ äã­ªæ¨¥©

� (t; s) =

8>><
>>:
0; s � 0;

�A (t) ; [t]� t < s < 0;

�A (t)�B (t) ; s � [t]� t;

t 2 [0; 2] :

� å®¤¨¬ äã­ªæ¨î

�1 (t; �) = � (t; � � t) =

8>><
>>:
0; � � t;

�A (t) ; [t] < � < t;

�A (t)�B (t) ; � � [t] ;

t 2 [0; 2] :

�  ¬­®¦¥áâ¢¥ [0; ! � r] � [�r; 0) = [0; 1] � [�1; 0) äã­ªæ¨î �1 ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥
�1 (t; �) = �A (t)�B (t) = �11 (t) �

2
1 (�), £¤¥ �

1
1 (t) = �A (t)�B (t) ; �21 (t) = In, â. ¥. äã­ªæ¨ï �1 ï¢«ï-

¥âáï ¢ëà®¦¤¥­­®©. �«ï ¤ ­­®£® ¯à¨¬¥à  à¥ «¨§ã¥âáï á«ãç © 1a), â. ª. ! = 2r ¨ äã­ªæ¨ï �1 ­ 
¬­®¦¥áâ¢¥ [0; 1]�[�1; 0) ¢ëà®¦¤¥­ . �¯¥à â®à ¬®­®¤à®¬¨¨ ª®­¥ç­®¬¥à¥­ ¨ ¨¬¥¥â ¢¨¤ (U')(#) =

W0(#)f0(') +W1(#)f1('), # 2 [�1; 0]. �®áª®«ìªã f0 (') =' (0) ¨ f1 (') =
�0R
�1

d��
2
1 (�)' (�) � 0, â®

(U')(#) = W0(#)'(0), # 2 [�1; 0]. �ã­ªæ¨ï W0 ï¢«ï¥âáï à¥è¥­¨¥¬ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥-
­¨ï

dW0(#)
d#

=
Z

�0

�1

d��(! + #; �)W0(#+ �) = A(#)W0(#) +B(#)W0([#]) (4.1)

á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨

W0 (#) = 0; # < �2; W0(�2) = In: (4.2)

�¥è¥­¨¥ ãà ¢­¥­¨ï (4.1) á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ (4.2) ­ å®¤¨¬ ¬¥â®¤®¬ è £®¢.
1) �à¨ # 2 [�2;�1), ãç¨âë¢ ï ­ ç «ì­ë¥ ãá«®¢¨ï, ¯®«ãç¨¬ ãà ¢­¥­¨¥

dW0 (#)
d#

= A (#)W0 (#) +B (#) (4.3)
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á à¥è¥­¨¥¬ W0 (#) = X (#)X�1 (�2) +
#R
�2

X (#)X�1 (s)B (s) ds, £¤¥ X | äã­¤ ¬¥­â «ì­ ï ¬ -

âà¨æ  ãà ¢­¥­¨ï (4.3).
2) �à¨ # 2 [�1; 0] ¯®«ãç¨¬ ãà ¢­¥­¨¥

dW0 (#)
d#

= A (#)W0 (#) +B (#)W0 (�1) :

�¥è¥­¨¥ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï ¨¬¥¥â ¢¨¤

W0 (#) = X (#)

"
X�1 (�1) +

Z #

�1

X�1 (s)B (s) ds

#
X (�1)

�
X�1 (�2) +

Z
�1

�2

X�1 (s)B (s) ds
�
:

�¨â¥à âãà 
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