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�ãáâì G | «®ª «ì­® ª®¬¯ ªâ­ ï  ¡¥«¥¢  £àã¯¯  á ¬¥à®© �  à  �, Lp(G) | ¯à®áâà ­-
áâ¢® ¨­â¥£à¨àã¥¬ëå ¢ p-© áâ¥¯¥­¨ (1 � p < 1) ­  G ¯® ¬¥à¥ � äã­ªæ¨© f á ­®à¬®©

kfkLp(G) =
� R
G

jf jpd�
	1=p

,   bG | ¤ã «ì­ ï ª G £àã¯¯ , á®áâ®ïé ï ¨§ ­¥¯à¥àë¢­ëå ª®¬¯«¥ªá­ëå

å à ªâ¥à®¢ £àã¯¯ë G. �à¥¤¯®«®¦¨¬, çâ® â®¯®«®£¨ï G x ãá¤®àä®¢ . � [1] ¨§ãç¥­ë  ¯¯à®ªá¨-
¬ â¨¢­ë¥ á¢®©áâ¢  ­¥ª®â®àëå ¯®¤¯à®áâà ­áâ¢ W p(K) ¢ Lp(G). �à¨ 1 � p � 2 ¯®¤¯à®áâà ­-
áâ¢® W p(K) á®áâ®¨â ¨§ äã­ªæ¨©, ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ª®â®àëå à ¢­o ­ã«î ¯®çâ¨ ¢áî¤ã ¢­¥
á¨¬¬¥âà¨ç¥áª®£® ª®¬¯ ªâ­®£® ¬­®¦¥áâ¢  K ¨§ bG, ª®â®à®¥ ï¢«ï¥âáï § ¬ëª ­¨¥¬ ®ªà¥áâ­®áâ¨
¥¤¨­¨æë. �­â¥à¥á­® ¤ âì ­®¢ë¥ å à ªâ¥à¨áâ¨ª¨ ¤«ï äã­ªæ¨© ¨§ W p(K). �¨¦¥ ¤«ï á¢ï§­ëå G
¯à¨¢¥¤¥¬ ®¤­ã å à ªâ¥à¨áâ¨ªã ¤«ï á«ãç ï p = 2, ª®â®àãî ¬®¦­® áç¨â âì ­¥ª®â®àë¬  ­ «®£®¬
â¥®à¥¬ë �í«¨{�¨­¥à  ([2], á. 129; [3], á. 109). �®£« á­® íâ®© â¥®à¥¬¥, ¥á«¨ G ¥áâì n-¬¥à­®¥ ¥¢ª«¨-
¤®¢® ¯à®áâà ­áâ¢® Rn ,   K | á¨¬¬¥âà¨ç­®¥ â¥«® ¨§ Rn , â® äã­ªæ¨ï f 2 L2(Rn) ¯à¨­ ¤«¥¦¨â
W 2(K) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­  ¯®çâ¨ ¢áî¤ã á®¢¯ ¤ ¥â á áã¦¥­¨¥¬ ­  Rn ­¥ª®â®à®©
äã­ªæ¨¨ F íªá¯®­¥­æ¨ «ì­®£® â¨¯  K (â. ¥. F |  ­ «¨â¨ç¥áª ï äã­ªæ¨ï ­  ¢á¥¬ n-¬¥à­®¬
ª®¬¯«¥ªá­®¬ e¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ C n , ¨ ¤«ï «î¡®£® " > 0 ­ ©¤¥âáï ç¨á«® A" â ª®¥, çâ®
jF (z)j � A" expf(1 + ") sup

y2K
jz � yjg, £¤¥ z � y | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ â®ç¥ª z; y 2 C n) 1.

�®ª ¦¥¬ ®¤­® ¢á¯®¬®£ â¥«ì­®¥ ¯à¥¤«®¦¥­¨¥. � ¯®¬­¨¬, çâ® ­¥¯à¥àë¢­ë© £®¬®¬®àä¨§¬
£àã¯¯ë G ¢  ¤¤¨â¨¢­ãî £àã¯¯ã R = R1, â. ¥. äã­ªæ¨ï ¨§ Hom(G;R), ­ §ë¢ ¥âáï ­¥¯à¥àë¢­ë¬
¢¥é¥áâ¢¥­­ë¬ å à ªâ¥à®¬ £àã¯¯ë G ([4], á. 495). �ã¬¬  ¢¥é¥áâ¢¥­­ëå å à ªâeà®¢ ®¯à¥¤¥«ï¥âáï
¯®â®ç¥ç­ë¬ ®¡à §®¬, ¨ ®â­®á¨â¥«ì­® â ª ®¯à¥¤¥«¥­­®© ®¯¥à æ¨¨ ®­¨ ®¡à §ãîâ ¢¥é¥áâ¢¥­­ãî
£àã¯¯ã å à ªâ¥à®¢.

�¯à¥¤¥«¥­¨¥ 1. �ãáâì K | á¨¬¬¥âà¨ç­®¥ ª®¬¯ ªâ­®¥ ¬­®¦¥áâ¢® ¨§ G. �ª ¦¥¬, çâ® K
®¡« ¤ ¥â B-á¢®©áâ¢®¬, ¥á«¨ í«¥¬¥­â g £àã¯¯ë G, ¤®¯ãáª îé¨© ¤«ï ­¥ª®â®à®£® ­ âãà «ì­®£®
ç¨á«  n ¯à¥¤áâ ¢«¥­¨¥ gn = gn11 gn22 : : : gnkk , £¤¥ n1; n2; : : : ; nk | ­ âãà «ì­ë¥ ç¨á« , n = n1 + n2+
� � �+ nk,   g1; g2; : : : ; gk 2 K, ¯à¨­ ¤«¥¦¨â K.

�¥¬¬ . �ãáâì G | «®ª «ì­® ª®¬¯ ªâ­ ï  ¡¥«¥¢  £àã¯¯ , ª®â®à ï ­¥ á®¤¥à¦¨â ­¥âà¨-

¢¨ «ì­ëå ª®¬¯ ªâ­ëå ¯®¤£àã¯¯,   K | ¯®¤¬­®¦¥áâ¢® ¨§ G, ®¡« ¤ îé¥¥ B-á¢®©áâ¢®¬. �®£¤ 
¤«ï «î¡®© â®çª¨ go 2 G, ­¥ ¯à¨­ ¤«¥¦ é¥© K, áãé¥áâ¢ã¥â ­¥¯à¥àë¢­ë© ¢¥é¥áâ¢¥­­ë© å -

à ªâ¥à r 2 Hom(G;R) â ª®©, çâ® sup
g 2K

r(g) � 1, r(go) > 1.

�®ª § â¥«ìáâ¢®. �ãáâì K1 = K
S
fgog. �§¢¥áâ­® ([4], á. 56), çâ® áãé¥áâ¢ã¥â ®âªàëâ®-

§ ¬ª­ãâ ï ª®¬¯ ªâ­® ¯®à®¦¤e­­ ï ¯®¤£àã¯¯  H ¢ G, á®¤¥à¦ é ï K1. � ¨­¤ãæ¨à®¢ ­­®© â®-
¯®«®£¨¨ H | «®ª «ì­® ª®¬¯ ªâ­ ï, ª®¬¯ ªâ­® ¯®à®¦¤e­­ ï  ¡¥«¥¢  £àã¯¯ , ¨ ¯® ¨§¢¥áâ­®©
áâàãªâãà­®© â¥®à¥¬¥ ([4], á. 121) ®­  â®¯®«®£¨ç¥áª¨ ¨§®¬®àä­  £àã¯¯¥ eH = Ra � Zb � F , £¤¥ a
¨ b | ­¥ª®â®àë¥ ­¥®âà¨æ â¥«ì­ë¥ æ¥«ë¥ ç¨á« , Ra |  ¤¤¨â¨¢­ ï £àã¯¯  ¢¥é¥áâ¢¥­­ëå ç¨á¥«,

1� [2] F ­ §ë¢ ¥âáï äã­ªæ¨¥© íªá¯®­¥­æ¨ «ì­®£® â¨¯  K�, £¤¥ K� | ¯®«ïà  ¬­®¦¥áâ¢  K.
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Zb | æ¥«®ç¨á«¥­­ ï à¥è¥âª  ¢ Rb,   F | ª®¬¯ ªâ­ ï  ¡¥«¥¢  £àã¯¯ . �® ãá«®¢¨î ¢ G ­¥â ­¥-
âà¨¢¨ «ì­ëx ª®¬¯ ªâ­ëx ¯®¤£àã¯¯. �®íâ®¬ã eH = Ra�Zb. �ãáâì � | ãª § ­­ë© ¨§®¬®àä¨§¬,
  fK = �(K) ¨ x = �(go) | ®¡à §ë K ¨ go ¢ eH. � áá¬®âà¨¬ fK ª ª ­¥ª®â®à®¥ ¯®¤¬­®¦¥áâ¢®
¯à®áâà ­áâ¢  Ra+b, ¨ ¯ãáâì LfK | ¥£® ¢ë¯ãª« ï ®¡®«®çª . �®çª¨ ¨§ eH § ¯¨è¥¬ ¢ ¢¨¤¥ (y; z), £¤¥
y 2 Ra, z 2 Zb. �à¨ ä¨ªá¨à®¢ ­­®© â®çª¥ zo 2 Zb ¬­®¦¥áâ¢® � = fK T

(y; zo), y 2 Ra, ï¢«ï¥âáï
¢ë¯ãª«ë¬ ¬­®¦¥áâ¢®¬ ¯à®áâà ­áâ¢  Ra+b. �¥©áâ¢¨â¥«ì­®, ¥á«¨ x1; x2 2 �, â® Zb-ª®®à¤¨­ â 
â®çª¨ x1+x2

2
á­®¢  ¥áâì zo ¨ x1+x2

2
«¥¦¨â ¢ Ra�zo. �â® ®§­ ç ¥â, çâ® x1+x2

2
= �(g) ¤«ï ­¥ª®â®à®£®

g 2 H. �®£¤  g2 = g1g2, £¤¥ gi = ��1(xi) 2 K, i = 1; 2, ¨ g 2 K ¯® ®¯à¥¤¥«¥­¨î 1. �­ ç¨â,
x1+x2

2
2 �. �®ª ¦¥¬, çâ® x = �(go) «¥¦¨â ¢­¥ LfK. �®¯ãáâ¨¬ ¯à®â¨¢­®¥. �ãáâì x 2 LfK. �­®-

¦¥áâ¢® LfK á®¢¯ ¤ ¥â á ¢ë¯ãª«®© ®¡®«®çª®© ª®­¥ç­®£® ç¨á«  ¬­®¦¥áâ¢ â¨¯  �. �®íâ®¬ã ¤«ï
­¥ª®â®à®£® ­ âãà «ì­®£® ç¨á«  k áãé¥áâ¢ãîâ ç¨á«  0 < �i < 1, 1 � i � k � 1, �1 + � � ��k�1 < 1,
â ª¨¥, çâ®

x = �1x1 + � � �+ �k�1xk�1 + (1� �1 � � � � � �k�1)xk ; (1)

£¤¥ xi, 1 � i � k, ¯à¨­ ¤«¥¦ â fK = �(K) ¨ ¨å Zb-ª®®à¤¨­ âë à §«¨ç­ë. �ã¤¥¬ ¯à¥¤¯®« £ âì,
çâ® k | ­ ¨¬¥­ìè¥¥ ç¨á«®, ¤«ï ª®â®à®£® á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥ (1). � íâ®¬ á«ãç ¥ ª®íä-
ä¨æ¨¥­âë �1; : : : ; �k�1 ®¯à¥¤¥«ïîâáï ®¤­®§­ ç­®. �à¨à ¢­¨¢ ï ¤àã£ ª ¤àã£ã á®®â¢¥âáâ¢ãîé¨¥
Zb-ª®®à¤¨­ âë ¢¥ªâ®à®¢, áâ®ïé¨å ¢ «¥¢®© ¨ ¯à ¢®© ç áâïå, ¯®«ãç¨¬ á¨áâ¥¬ã

z(i) � z(i)k = �1(z
(i)
1 � z(i)k ) + � � �+ �k�1(z

(i)
k�1 � z(i)k ); 1 � i � b; (2)

£¤¥ z = (z(1); : : : ; z(b)), zi = (z(1)i ; : : : ; z
(b)
i ).

�ë § à ­¥¥ §­ ¥¬, çâ® á¨áâ¥¬  (2) ¨¬¥¥â à¥è¥­¨¥ ®â­®á¨â¥«ì­® �1; : : : ; �k�1. �¢¨¤ã â®£®,
çâ® ª®íää¨æ¨¥­âë íâ®© á¨áâ¥¬ë ï¢«ïîâáï æ¥«ë¬¨ ç¨á« ¬¨, ¢ ª ç¥áâ¢¥ à¥è¥­¨ï ¬®¦­® ¢§ïâì
à æ¨®­ «ì­ë¥ ç¨á« . �á«¨ (2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, â® �i, 1 � i � k � 1, ï¢«ïîâáï
à æ¨®­ «ì­ë¬¨ ç¨á« ¬¨ ¨ ¢ (1) x ï¢«ï¥âáï ¢ë¯ãª«®© ª®¬¡¨­ æ¨¥© ¢¥ªâ®à®¢ x1; : : : ; xk á à æ¨®-
­ «ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨. �® â®£¤  ¤«ï ­¥ª®â®à®£® n = n1 + � � �+ nk, ni 2 N , gno = gn11 � � � gnkk ,
£¤¥ x = �(go), xi = �(gi), 1 � i � k. � ª ª ª K ®¡« ¤ ¥â B-á¢®©áâ¢®¬, â® go 2 K,   íâ®
­¥¢®§¬®¦­®. �á«¨ ¦¥ á¨áâ¥¬  (2) ¨¬¥¥â ­¥ ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, â® à ­£ r íâ®© á¨áâ¥¬ë ¬¥­ì-
è¥ b ¨ ­¥ª®â®àë¥ ­¥¨§¢¥áâ­ë¥, ­ ¯à¨¬¥à, �1; : : : ; �r «¨­¥©­® ¨ ®¤­®§­ ç­® ¢ëà ¦ îâáï ç¥à¥§
®áâ «ì­ë¥ ­¥¨§¢¥áâ­ë¥ �r+1; : : : ; �k�1.

�ãáâì �i = 'i(�r+1; : : : ; �k�1), 1 � i � r,   0 < �
(n)
j < 1, r + 1 � j � k � 1, | à æ¨®­ «ì-

­ë¥ ¯à¨¡«¨¦¥­¨ï ç¨á¥« �j , ãç áâ¢®¢ ¢è¨å ¢ (1), â ª¨¥, çâ® lim
n!1

�
(n)
j = �j . �®£¤  ç¨á«  �

(n)
i :=

'i(�
(n)
r+1; : : : ; �

(n)
k�1), 1 � i � r, à æ¨®­ «ì­ë ¨ lim

n!1
�
(n)
i = �i, 1 � i � n. �®§ì¬¥¬ â ª¨¥ §­ ç¥­¨ï

n � no, çâ® 0 < �
(n)
i < 1, 1 � i � n, ¨ ¯ãáâì exn := �

(n)
1 x1+ � � �+�

(n)
k�1xk�1+(1��

(n)
1 �� � ���

(n)
k�1)xk.

�â ª, fxn ¥áâì ¢ë¯ãª« ï ª®¬¡¨­ æ¨ï á à æ¨®­ «ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨ í«¥¬¥­â®¢ x1; : : : ; xk ¨§fK ¨ exn 2 eH. �®íâ®¬ã ¢ K áãé¥áâ¢ãîâ í«¥¬¥­âë g(n) 2 K â ª¨¥, çâ® exn = �(g(n)). �® lim
n!1

exn = x,

¨, §­ ç¨â, lim
n!1

g(n) = go. � ª ª ª K | § ¬ª­ãâ®¥ ¬­®¦¥áâ¢®, â® go 2 K, çâ® ¯à®â¨¢®à¥ç¨â ¤®-

¯ãé¥­¨î. �â ª, x = �(go) ­¥ ¯à¨­ ¤«¥¦¨â ¢ë¯ãª«®¬ã ¬­®¦¥áâ¢ã L(fK). �§ á¨¬¬¥âà¨ç­®áâ¨
¬­®¦¥áâ¢ K ¢ëâ¥ª ¥â, çâ® fK | á¨¬¬¥âà¨ç­®¥ ¬­®¦¥áâ¢® ®â­®á¨â¥«ì­® ­ ç «  ¢ Ra+b ¨ O 2 fK.
�®íâ®¬ã L(fK) ¥áâì § ¬ª­ãâ®¥ ãà ¢­®¢¥è¥­­®¥ ¢ë¯ãª«®¥ ¬­®¦¥áâ¢® ¢ Ra+b, ¨ áãé¥áâ¢ã¥â ¢¥é¥-
áâ¢¥­­ë© «¨­¥©­ë© ­¥¯à¥àë¢­ë© äã­ªæ¨®­ « f ­  Ra+b â ª®©, çâ® supeg2eK f(eg) � 1, f(�(go)) > 1

([5], á. 73). �®£¤  äã­ªæ¨ï rH(g) = f(�(g)) ï¢«ï¥âáï ¢¥é¥áâ¢¥­­ë¬ å à ªâ¥à®¬ £àã¯¯ë H, ª®â®-
àë© ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ «¥¬¬ë. � á¨«ã â¥®à¥¬ë ® ¯à®¤®«¦¥­¨¨ ¢¥é¥áâ¢¥­­®£® å à ªâ¥à 
([4], á. 496) áãé¥áâ¢ã¥â ­¥¯à¥àë¢­ë© ¢¥é¥áâ¢¥­­ë© å à ªâ¥à r ­  G, ª®â®àë© á®¢¯ ¤ â ­  H á
rH .
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�«ï äã­ªæ¨¨ f 2 Lp(G), 1 � p � 2, ç¥à¥§ bf ¨ f_ á®®â¢¥âáâ¢¥­­® ®¡®§­ ç¨¬ ¯àï¬®¥ ¨ ®¡à â­®¥
¯à¥®¡à §®¢ ­¨ï �ãàì¥ ®â f ([6], á. 268). �à¥¤¯®« £ ¥¬, çâ® ¬¥àë �  à  ­  G ¨ bG ­®à¬¨à®¢ ­ë

â ª, çâ® ¨¬¥¥â ¬¥áâ® ä®à¬ã«  ®¡à é¥­¨ï f = ( bf)_ ¤«ï äã­ªæ¨© f 2 L1(G), bf 2 L1( bG).
�¯à¥¤¥«¥­¨¥ 2. �ãáâìK| á¨¬¬¥âà¨ç­®¥ ª®¬¯ ªâ­®¥ ¬­®¦¥áâ¢® ¨§ bG. �ª ¦¥¬, çâ® äã­ª-

æ¨ï F (g; r), ®¯à¥¤¥«¥­­ ï ¨ ­¥¯à¥àë¢­ ï ­  ¯à®¨§¢¥¤¥­¨¨ eG = G � Hom( bG;R), ¯à¨­ ¤«¥¦¨â
ª« ááã A2

K(G), ¥á«¨
1) cãé¥áâ¢ã¥â ®¯à¥¤¥«¥­­ ï ­  bG äã­ªæ¨ï ' â ª ï, çâ® '(�)e�r(�) 2 L2( bG) ¤«ï «î¡®£®

r 2 Hom( bG;R),   äã­ªæ¨ï F (g; r) ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥
F (g; r) = ('(�)e�r(�))

_
(g) =

Z
bG '(�)�(g)e�r(�)d�; (3)

2) ¤«ï «î¡®£® r 2 Hom( bG;R) á¯à ¢¥¤«¨¢  ®æ¥­ª 
kF (g; r)kL2(G) � e

sup
�2K

jr(�)j

k'k
L2(bG): (4)

�á«®¢¨¥ 1) ®§­ ç ¥â, çâ® äã­ªæ¨ï F (g; r) ï¢«ï¥âáï ¯à¥®¡à §®¢ ­¨¥¬ � ¯« á  ®â äã­ªæ¨¨ '
([7], á. 49; [8]).

� ¬¥â¨¬, çâ® ¢®¯à®á ® ¯à¥¤áâ ¢«¥­¨¨ äã­ªæ¨¨ F (g; r) ¢ ¢¨¤¥ (3) â¥á­® á¢ï§ ­ á ¯®­ïâ¨¥¬
 ­ «¨â¨ç­®áâ¨, ª®â®àë© ¢¢¥« �.� ªª¨ ¢ [8] (á¬. â ª¦¥ [7], á. 50 ¨ [9]). � [8] ¡¥§ ¤®ª § â¥«ìáâ¢ 
¯à¨¢¥¤¥­® ¯à¥¤«®¦¥­¨¥, á®£« á­® ª®â®à®¬ã ¯à¨ ®¯à¥¤¥«¥­­ëå ãá«®¢¨ïå ª« ááë äã­ªæ¨©,  ­ -
«¨â¨ç¥áª¨å ­  bG�K (K | ­¥ª®â®à®¥ ¢ë¯ãª«®¥ ¯®¤¬­®¦¥áâ¢® ¨§ Hom(G;R)) ¨ ¯à¥¤áâ ¢¨¬ëå
¢ ¢¨¤¥ ¯à¥®¡à §®¢ ­¨ï � ¯« á , á®¢¯ ¤ îâ.

�¥®à¥¬ . �ãáâì G | «®ª «ì­® ª®¬¯ ªâ­ ï á¢ï§­ ï  ¡¥«¥¢  £àã¯¯ . �«ï â®£® çâ®¡ë ¯à¥-

®¡à §®¢ ­¨¥ �ãàì¥ äã­ªæ¨¨ f 2 L2(G) ¡ë«® à ¢­® ­ã«î ¯®çâ¨ ¢áî¤ã ¢­¥ ¬­®¦¥áâ¢  K ¨§bG, ®¡« ¤ îé¥£® B-á¢®©áâ¢®¬, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë f á®¢¯ ¤ «  ¯®çâ¨ ¢áî¤ã á

áã¦¥­¨¥¬ ­  G ­¥ª®â®à®© äã­ªæ¨¨ ¨§ A2
K(G).

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �á«¨ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ bf äã­ªæ¨¨ f à ¢­® ­ã«î
¯®çâ¨ ¢áî¤ã (¯. ¢.) ¢­¥ K, â® äã­ªæ¨ï

F (g; r) =
Z
K

bf(�)�(g)e�r(�)d�
¯à¨­ ¤«¥¦¨â ª« ááã A2

K(G). �¥©áâ¢¨â¥«ì­®, ®­  ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ (3) á ' = bf ¨ ¤«ï ¯à®¨§-
¢®«ì­®£® r 2 Hom( bG;R) ï¢«ï¥âáï ®¡à â­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ �ãàì¥ äã­ªæ¨¨

�(�) =

( bf(�)e�r(�); � 2 K;

0; � =2 K:

�«¥¤®¢ â¥«ì­®, ¢ á¨«ã â¥®à¥¬ë �« ­è¥à¥«ï ([6], á. 268)

kF (g; r)kL2(G) = k�k
L2(bG) = �Z

K

j bf(�)j2e�2r(�)d�� 1
2

� e
sup
�2K

jr(�)j

k bfk
L2(bG);

â. ¥. ¨¬¥¥â ¬¥áâ® (4). �­ ç¨â, F 2 A2
K(G) ¨ \F (g; 0) = bf . �®íâ®¬ã ([6], á. 274) H(g) = F (g; 0) ¯. ¢. ¢

G. �¥®¡å®¤¨¬®áâì ¤®ª § ­ , ¯à¨â®¬ ¡¥§ ¨á¯®«ì§®¢ ­¨ï á¢ï§­®áâ¨ £àã¯¯ë G.

�®áâ â®ç­®áâì. �ãáâì äã­ªæ¨ï f 2 L2(G) ¯. ¢. á®¢¯ ¤ ¥â á áã¦¥­¨¥¬ ­  G ­¥ª®â®à®©
äã­ªæ¨¨ F ¨§ A2

K(G), ¯à¥¤áâ ¢¨¬®© ¢ ¢¨¤¥ (3). F (g; r) ï¢«ï¥âáï ®¡à â­ë¬ ¯à¥®¡à §o¢ ­¨¥¬
�ãàì¥ äã­ªæ¨¨ '(�)e�r(�) ¨ ¯® â¥®à¥¬¥ �« ­è¥à¥«ï ¨¬¥¥¬Z

G
jF (g; r)j2dg =

Z
bG j'(�)j2e�2r(�)d� ¤«ï ¢á¥å r 2 Hom( bG;R):
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�®£« á­® (4) ¯®«ãç ¥¬ Z
bG j'(�)j2e�2r(�)d� � e

2 sup
�2K

jr(�)j

k'k2
L2(bG): (5)

�®ª ¦¥¬, çâ® íâ® ­¥à ¢¥­áâ¢® ¢ë¯®«­ï¥âáï â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤  ' = 0 ¯. ¢. ¢­¥ K.
�®§ì¬¥¬ �0 =2 K ¨ ç¥à¥§ K� ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® â¥å r ¨§ Hom( bG;R), ¤«ï ª®â®àëå r(�) � 1
¤«ï ¢á¥å � 2 K. �á«¨ r 2 K�, â® r�1 2 K�. �¥©áâ¢¨â¥«ì­®, â. ª. K | á¨¬¬¥âà¨ç­®¥ ¬­®¦¥áâ¢®,
â® ¤«ï � 2 K ¨¬¥¥¬ r�1(�) = �r(�) = r(��1) � 1. G | á¢ï§­ ï £àã¯¯  ¨, á«¥¤®¢ â¥«ì­®, ¢bG ­¥â ­¥âà¨¢¨ «ì­ëx ª®¬¯ ªâ­ëx ¯®¤£àã¯¯ ([4], á. 487). �«ï �0 =2 K ¢ á¨«ã «¥¬¬ë áãé¥áâ¢ã¥â
r0 2 K�, ¤«ï ª®â®à®£® r0(�0) > 1. �®£¤  �r0(�0) < �1, r�10 (�0) < �1. �¡®§­ ç¨¬ r�10 = �.
�®£¤  �(�0) < �1. �«ï ­ âãà «ì­®£® ç¨á«  n à áá¬®âà¨¬ ¢¥é¥áâ¢¥­­ë© å à ªâ¥à �n. �á­®,
çâ® �n(�) = n�(�). � ª ª ª � | ­¥¯à¥àë¢­ ï äã­ªæ¨ï, â® áãé¥áâ¢ã¥â � > 0 ¨ ®ªà¥áâ­®áâì
N = N(�0) â®çª¨ �0 â ª ï, çâ® �(�) < �(1 + �) ¤«ï ¢á¥å � 2 N . �®£« á­® (5) ¨¬¥¥¬Z

N

j'(�)j2e2n(1+�)d� �
Z
N

j'(�)j2e�2n�(�)d� � k'k2
L2(bG)e2n sup

�2K

j�(�)j

:

� ª ª ª � 2 K�, â® j�(�)j � 1. �¥©áâ¢¨â¥«ì­®, ¥á«¨ �(�1) < �1, â® �(��11 ) = ��(�1) > 1, çâ®
¯à®â¨¢®à¥ç¨â ®¯à¥¤¥«¥­¨î K�. �­ ç¨â,Z

N

j'(�)j2e2n(1+�)d� � k'k2
L2(bG)e2n:

�®¯ãáâ¨¬, çâ®
R
N

j'(�)j2d� > 0. �®£¤ 

e2n� �

�Z
N

j'(�)j2d�
��1

k'k2
L2(bG) ;

çâ® ­¥á¯à ¢¥¤«¨¢® ¤«ï ¡®«ìè¨å n. �â ª, '(�) = 0 ¤«ï ¯®çâ¨ ¢á¥å � 2 N . � ª ª ª \F (g; 0) = ',  
f = F (g; 0) ¯. ¢. ¢ G, â® ¤®áâ â®ç­®áâì ¤®ª § ­ .

� ¬¥ç ­¨¥ 1. �à¥¤¯®«®¦¥­¨¥ ® á¢ï§­®áâ¨ G, â. ¥. ® ­¥áãé¥áâ¢®¢ ­¨¨ ¢ bG ­¥âà¨¢¨ «ì­ëå
ª®¬¯ ªâ­ëå ¯®¤£àã¯¯, ¢ ç áâ¨ ¤®áâ â®ç­®áâ¨ â¥®à¥¬ë ï¢«ï¥âáï áãé¥áâ¢¥­­ë¬. �¥©áâ¢¨â¥«ì­®,
¯ãáâì G ­¥á¢ï§­  ¨ D | ­¥âà¨¢¨ «ì­ ï § ¬ª­ãâ ï ¯®¤£àã¯¯  ª®¬¯ ªâ­ëå í«¥¬¥­â®¢ £àã¯¯ë bG
([4], á. 123). �  ¬­®¦¥áâ¢¥KD�1, K 2 UbG, ¯à®¨§¢®«ì­ë© í«¥¬¥­â r ¨§ Hom( bG;R) ¬®¦¥â ¯à¨­ïâì
§­ ç¥­¨ï â®«ìª® ¨§ ¬­®¦¥áâ¢  r(K) � R. �â® á«¥¤ã¥â ¨§ â®£®, çâ® £àã¯¯  R ¨¬¥¥â â®«ìª® ®¤­ã
ª®¬¯ ªâ­ãî £àã¯¯ã (¨¬¥­­® âà¨¢¨ «ì­ãî),   r(D) = 0 ¤«ï «î¡®£® ­¥¯à¥àë¢­®£® ¢¥é¥áâ¢¥­-
­®£® å à ªâ¥à . � ª ç¥áâ¢¥ äã­ªæ¨¨ f ¢®§ì¬¥¬ ®¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ¯à®¨§¢®«ì­®©
­¥­ã«¥¢®© äã­ªæ¨¨ ' 2 L2( bG), ­®á¨â¥«ì ª®â®à®© ¥áâì KD�1. �®£¤  äã­ªæ¨ï

F (g; r) =
Z
KD�1

'(�)�(g)e�r(�)d�

ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë, ­® ­®á¨â¥«ì ¯à¥®¡à §®¢ ­¨ï �ãàì¥ äã­ªæ¨¨ f(g) = F (g; 0)
­¥ ¯à¨­ ¤«¥¦¨â K.

� ¬¥ç ­¨¥ 2. �®¯ëâª  ®á« ¡¨âì âà¥¡®¢ ­¨¥ (4) ¢ ®¯à¥¤¥«¥­¨¨ ª« áá  A2
K(G) ¯ãâ¥¬ ¢¢¥¤¥-

­¨ï ¢ ¯à ¢®© ç áâ¨ ¢ ª ç¥áâ¢¥ ¬­®¦¨â¥«ï ­¥ª®â®à®© ­¥ § ¢¨áïé¥© ®â å à ªâ¥à  r ¯®«®¦¨â¥«ì-
­®© ¯®áâ®ï­­®© A ­¥ ¯à¨¢®¤¨â ª à áè¨à¥­¨î ª« áá . �¥©áâ¢¨â¥«ì­®, ¯®¢â®àïï ¤®ª § â¥«ìáâ¢®
¤®áâ â®ç­®áâ¨ â¥®à¥¬ë, á­®¢  ¯®«ãç¨¬, çâ® ­®á¨â¥«ì ¯à¥®¡à §o¢ ­¨ï �ãàì¥ äã­ªæ¨¨ F (g; 0)
®¯ïâì ¡ã¤¥â «¥¦ âì ¢ K. �® â®£¤  ¨§ ç áâ¨ ­¥®¡å®¤¨¬®áâ¨ â¥®à¥¬ë á«¥¤ã¥â, çâ® ¤«ï äã­ªæ¨¨
F (g; r) á¯à ¢¥¤«¨¢  ®æ¥­ª  (4) ¤«ï ¢á¥å r 2 Hom( bG;R).
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�áâ¥áâ¢¥­­® ¢®§­¨ª ¥â á«¥¤ãîé¨© ¢®¯à®á. �®¦­® «¨ ¢ ¤®ª § ­­®© â¥®à¥¬¥ ª« áá A2
K(G) § -

¬¥­¨âì ª« áá®¬ äã­ªæ¨© eA2
K(G), ª®â®àë© ®â«¨ç ¥âáï ®â A

2
K(G) â¥¬, çâ® ¢ (3) '(�)e

�r(�) 2 L1( bG)
¤«ï «î¡®£® r, '(�) 2 L2( bG),   ãá«®¢¨¥ (4) § ¬¥­¥­® á«¥¤ãîé¨¬: ¤«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â
ç¨á«® A" > 0 â ª®¥, çâ® ¤«ï «î¡®£® g 2 G ¨ r 2 Hom( bG;R) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

jF (g; r)j � A"e
(1+") sup jr(�)j

�2K : (6)

�â¢¥â ­  ¯®áâ ¢«¥­­ë© ¢®¯à®á ¢ á«ãç ¥, ª®£¤  G | £àã¯¯  �¨, ¤ ¥â

�à¥¤«®¦¥­¨¥. �á«¨ G| «®ª «ì­® ª®¬¯ ªâ­ ï á¢ï§­ ï  ¡¥«¥¢  £àã¯¯  �¨, â® ¤«ï «î¡®£®

ª®¬¯ ªâ  K, ®¡« ¤ îé¥£® B-á¢®©áâ¢®¬, ª« ááë A2
K(G) ¨ eAK(G) á®¢¯ ¤ îâ.

�®ª § â¥«ìáâ¢®. �á«¨G| ª®¬¯ ªâ­ ï £àã¯¯ , â® ¯à¥¤«®¦¥­¨¥ âà¨¢¨ «ì­®, ¨ ¡ã¤¥¬ ¯à¥¤-
¯®« £ âì, çâ® G ­¥ª®¬¯ ªâ­ .

�á«¨ F (g; r) 2 A2
K(G), â® á®£« á­® â¥®à¥¬¥ ¤«ï ¢á¥å g 2 G ¨ Hom( bG;R) á¯à ¢¥¤«¨¢® ¯à¥¤-

áâ ¢«¥­¨¥

F (g; r) =
Z
K
'(�)�(g)e�r(�)d�; ' = \F (g; 0)(�):

�âáî¤  á«¥¤ã¥â ®æ¥­ª  (6), â. ¥. F 2 eA2
k(G).

�ãáâì â¥¯¥àì F 2 eA2
K(G). � ª ª ª G| «®ª «ì­® ª®¬¯ ªâ­ ï á¢ï§­ ï  ¡¥«¥¢  £àã¯¯  �¨, â®

®­  ¨§®¬®àä­  ¯à®¨§¢¥¤¥­¨î Rn � Tk, £¤¥ Tk | k-¬¥à­ë© â®à ([10], á. 17). �®£¤  bG �= \Rn � Tk �=cRn�cTk �= Rn�Zk, £¤¥ Zk | k-¬¥à­ ï æ¥«®ç¨á«¥­­ ï à¥èeâª  ¢ Rk . �®íâ®¬ã, ¥á«¨ � 2 Hom(G;T1),
g 2 G, g = �(x; t�), x 2 Rn , t� = (eit1 ; : : : ; eitk ) 2 Tk, � 2 Hom(Rn � Tk; G), â® �(g) = ei�1�xeim�t,
�1 2 Rn , m 2 Zk, t = (t1; : : : ; tk). � á¢®î ®ç¥à¥¤ì Hom( bG;R) �= Hom(Rn � Zk; R) �= Rn � Rk ¨,
§­ ç¨â, ¥á«¨ � 2 Hom(G;T1),   r 2 Hom( bG;R), â® r(�) = r1 � �1 + r2 �m á ­¥ª®â®àë¬¨ r1 2 Rn ,
r2 2 Rk . �¥¯¥àì ïá­®, çâ®

F (g; r) = eF (x; t; r1; r2) = Z
Rn�Zk

	(�1;m)ei�1�xeim�te�r1��1e�r2�md�;

£¤¥ �| ­¥ª®â®à ï ¬¥à  �  à  ­  Rn�Zk,   	(�1;m) = '(�). �­ ç¨â, ¤«ï ­¥ª®â®à®© ¯®áâ®ï­­®©
C ¨¬¥¥¬

F (g; r) = C
X
m2Zk

ei(t+ir2)�m
Z
Rn

	(�1;m)ei(x+ir1)��1d�1:

�á«¨ x = (x1; : : : ; xn), r1 = (r(1)1 ; : : : ; r
(n)
1 ), t = (t1; : : : ; tk), r2 = (r(1)2 ; : : : ; r

(k)
2 ), â® z = (x1 +

ir
(1)
1 ; : : : ; xn + ir

(n)
1 ; t1 + ir

(1)
2 ; : : : ; tk + ir

(k)
2 ) ¥áâì â®çª  (n + k)-¬¥à­®£® ª®¬¯«¥ªá­®£® ¥¢ª«¨¤®-

¢  ¯àoáâà ­áâ¢  C n+k ¨ äã­ªæ¨ï eF ¥áâì æ¥« ï äã­ªæ¨ï ®â­®á¨â¥«ì­® z. � ¯à®áâà ­áâ¢¥ Rn+k
¢®§ì¬e¬ ­®¢ë© ®àâ®­®à¬ «ì­ë© ¡ §¨á e1; e2; : : : ; en+k, £¤¥ e1 | ¥¤¨­¨ç­ë© ¢¥ªâ®à, ­ ¯à ¢«¥­-
­ë© ¯® er(r1; r2). �ãáâì ¢ ­®¢®© á¨áâ¥¬¥ ª®®à¤¨­ âë â®çª¨ (x; t) áãâì (u1; : : : ; un+k), ¯à¨ç¥¬ u1
¬¥­ï¥âáï ®â �1 ¤®1. �ãáâì n+k�1 ¢¥é¥áâ¢¥­­ëå ç¨á¥« u2; : : : ; un+k ä¨ªá¨à®¢ ­ë ¨ ¯®«®¦¨¬

� =
n+kP
j=2

ujej . �á«¨ ~r(r1; r2) = v1e1, v1 2 R, w1 = u1 + iv1, ¨ '(w1) = eF (w1e1 + �), â® ' | æ¥« ï

äã­ªæ¨ï ®¤­®£® ª®¬¯«¥ªá­®£® ¯¥à¥¬¥­­®£® w1. �¨¯ äã­ªæ¨¨ ' ¥áâì ke�1k = sup
x2K

je1 � (�1;m)j.

�¥©áâ¢¨â¥«ì­®, ¥á«¨ " > 0, â®

j'(w1)j = j eF (w1e1 + �)j = jF (g; r)j � A"e
(1+") sup

�2K

jr(�)j

=

= A"e
(1+") sup

�2K

j(w1e1+�)�(�1;m)j

� A0
"e

(1+")ke�1k jw1j:
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�à¨¬¥­ïï ¤«ï æ¥«®© äã­ªæ¨¨ ®¤­®© ¯¥à¥¬¥­­®©w1 â¨¯  ke�1k ¨§¢¥áâ­®¥ ¯à¥¤«®¦¥­¨¥ ([2], «¥¬¬ 
4.4, á. 126), ¬®¦¥¬ ­ ¯¨á âìZ 1

�1

j'(u1 + iv1)j2du1 � e2ke
�
1k jv1j

Z 1

�1

j'(u1)j2du1

¤«ï ¢á¥å v1 2 R. �ë¡¥àe¬ v1 â ª, çâ®¡ë (r1; r2) = v1e1. �®£¤  ¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¯à¨¬¥â ¢¨¤Z 1

�1

���� eF�ir+ n+kX
j=1

ujej

�����2du1 � e
2 sup
�2K

jr�(�1�m)j Z 1

�1

���� eF� n+kX
j=1

ujej

�����2du1:
�® sup

�2K
jr � (�1;m)j = sup

�2K
jr(�)j. �­â¥£à¨àãï ®¡¥ ç áâ¨ ¯® u2; : : : ; un+k, ã¡¥¦¤ ¥¬áï, çâ® ¤«ï F

¢ë¯®«­¥­® (4).

�ãáâì G = Rn ,   K | á¨¬¬¥âà¨ç­®¥ â¥«® ¨§ Rn . � â ª®¬ á«ãç ¥ bG �= Rn , r(y) = r � y,
r; y 2 Rn , ¨ ª« áá eA2

K(G) á®¢¯ ¤ ¥â á ª« áá®¬ E(K) æ¥«ëå äã­ªæ¨© íªá¯®­¥­æ¨ «ì­®£® â¨¯  K,
áã¦¥­¨ï ª®â®àëå ­  Rn ¯à¨­ ¤«¥¦ â L2(Rn) ([2], á. 108). �®£¤  ¨§ ¤®ª § ­­ëå ¢ëè¥ â¥®à¥¬ë
¨ ¯à¥¤«®¦¥­¨ï á«¥¤ã¥â, çâ® ¤«ï á¨¬¬¥âà¨ç­ëå â¥« K ¨ Rn ®¡à é¥­¨¥ ¢ ­ã«ì ¯®çâ¨ ¢áî¤ã
¢­¥ K ¯à¥®¡à §®¢ ­¨ï �ãàì¥ äã­ªæ¨¨ f 2 L2(Rn) íª¢¨¢ «¥­â­® á®¢¯ ¤¥­¨î f ¯®çâ¨ ¢áî¤ã á
áã¦¥­¨¥¬ ­  Rn ­¥ª®â®à®© äã­ªæ¨¨ ¨§ E(K). �â®â à¥§ã«ìâ â, ª ª ¡ë«® ®â¬¥ç¥­® ¢ëè¥, å®à®è®
¨§¢¥áâ¥­.

�á«¨ G = Tn (Tn | n-¬¥à­ë© â®à), â® ª« áá eA2
K(G) á®¢¯ ¤ ¥â á ª« áá®¬ eE(K) æ¥«ëå äã­ª-

æ¨© íªá¯®­¥­æ¨ «ì­®£® â¨¯  K ¨ ¯¥à¨®¤¨ç¥áª¨å á ¯¥à¨®¤®¬ 2� ®â­®á¨â¥«ì­® ¢á¥å  à£ã¬¥­â®¢.
� â ª®¬ á«ãç ¥ ¨§ â¥®à¥¬ë ¨ ¯à¥¤«®¦¥­¨ï ¢ëâ¥ª ¥â á«¥¤ãîé¨© à¥§ã«ìâ â. �á«¨ K | á¨¬¬¥-
âà¨ç­®¥ â¥«® ¨§ ¯à®áâà ­áâ¢  Rn , Qn = fx(x1; : : : ; xn) 2 Rn , �� � xi � �, i = 1; 2; : : : ; ng,   Zn |
æ¥«®ç¨á«¥­­ ï à¥è¥âª  ¯à®áâà ­áâ¢  Rn , â® ¢á¥ ª®íää¨æ¨¥­âë �ãàì¥ äã­ªæ¨¨ f 2 eE(K), â. ¥.
ç¨á« 

am = ��n
Z
Qn

f(x)e�im�xdx; m 2 Zn;

à ¢­ë ­ã«î, ¥á«¨ m =2 K. �â®â à¥§ã«ìâ â ¤«ï n = 1 ¯®«ãç¥­ ¢ ([11], á. 374),   ¤«ï n > 1 ¯®«ãç¥­
¢ [12].
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