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�ãáâì � : H ! R1 | ¢ë¯ãª«ë© ®£à ¨ç¥ë© á¨§ã ¤¨ää¥à¥æ¨àã¥¬ë© ¯® � â® äãªæ¨-
® «, H | ¢¥é¥áâ¢¥®¥ £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢®, 
 | ¢ë¯ãª«®¥ § ¬ªãâ®¥ ¬®¦¥áâ¢® ¢ H,

 � dom� = H, ¬®¦¥áâ¢® N = fx 2 
 j �(x) = min�(y) j y 2 
g. �®£¤  áãé¥áâ¢ã¥â ¥¤¨-
áâ¢¥ë© í«¥¬¥â x� ¢ N , ¨¬¥îé¨© ¬¨¨¬ «ìãî ®à¬ã (x� | ®à¬ «ì ï â®çª  ¬¨¨¬ã¬ 
äãªæ¨® «  �   
). �â ¢¨âáï § ¤ ç  ®  å®¦¤¥¨¨ í«¥¬¥â  x� 2 N . H¥ â¥àïï ®¡é®áâ¨, áç¨-
â ¥¬, çâ® �(x) � 0 ¯à¨ ¢á¥å x 2 H. �®áâà®¨¬ ¢ë¯ãª«ë© ¤¨ää¥à¥æ¨àã¥¬ë© ¯® � â® èâà ä®©
äãªæ¨® « ' : H ! R1, '(x) = 0 ¯à¨ x 2 
 ¨ '(x) > 0 ¯à¨ x =2 
,

lim
kxk!+1

'(x) = +1; x =2 
: (1)

� «¥¥ áç¨â ¥¬, çâ® ®¯¥à â®àë Ax = grad�(x) ¨ Bx = grad'(x) ®£à ¨ç¥ë.
�®áª®«ìªã   äãªæ¨® « � ¥  « £ ¥âáï ¤®¯®«¨â¥«ìëå ãá«®¢¨© â¨¯  á¨«ì®© ¨«¨ à ¢-

®¬¥à®© ¢ë¯ãª«®áâ¨, â® ¯®áâ ¢«¥ãî § ¤ çã á«¥¤ã¥â áç¨â âì ¥ª®àà¥ªâ®© ([1], á. 148) ¨ ¤«ï
¥¥ à¥è¥¨ï ¨á¯®«ì§®¢ âì ª ª®©-«¨¡® ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨. � à ¡®â å [2], [3] ¤«ï à¥è¥¨ï § -
¤ ç ãá«®¢®© ¬¨¨¬¨§ æ¨¨ ¯à¨¬¥ï¥âáï ¥¯à¥àë¢ë© ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ ¢â®à®£® ¯®àï¤ª ,
¯à¨ç¥¬ ¢ [2] ¯à¨ ¯®áâà®¥¨¨ íâ®£® ¬¥â®¤  ¨á¯®«ì§ã¥âáï ®¯¥à â®à ¯à®¥ªâ¨à®¢ ¨ï   ¢ë¯ãª«®¥
§ ¬ªãâ®¥ ¬®¦¥áâ¢® 
 £¨«ì¡¥àâ®¢  ¯à®áâà áâ¢  H,   ¬¥â®¤, ¨§ãç¥ë© ¢ [3], ¨¬¥¥â ¢¨¤

d2x

dt2
+ �

dx

dt
+ (t)fBx+ �(t)[Ax+ �(t)x]g = 0; � > 0; (2)

x(t0) = x0 2 H; x0(t0) = x1 2 H;

â. ¥. ¢ (2) ¨á¯®«ì§®¢  £à ¤¨¥â èâà ä®£® äãªæ¨® «  '. �áïª ï ¤¨áªà¥â¨§ æ¨ï ¥¯à¥àë¢-
®£® ¬¥â®¤  ¯®à®¦¤ ¥â ¥ª®â®àë© ¨â¥à æ¨®ë© ¯à®æ¥áá. � [4]{[7] ¯®áâà®¥ë ¨ ¨§ãç¥ë ¯®-
à®¦¤¥ë¥ ¥¯à¥àë¢ë¬¨ ¬¥â®¤ ¬¨ ¬®£®è £®¢ë¥ ¨â¥à æ¨®ë¥ ¬¥â®¤ë, ¢ ª®áâàãªæ¨¨ ª®-
â®àëå ¨á¯®«ì§ã¥âáï ®¯¥à â®à ¯à®¥ªâ¨à®¢ ¨ï   ¬®¦¥áâ¢® 
. �á«¨ ¢ (2) ¯à¨¬¥¨âì á¯®á®¡
 ¯¯à®ªá¨¬ æ¨¨ ¯¥à¢®© ¨ ¢â®à®© ¯à®¨§¢®¤®©, ¯à¨ïâë© ¢ [4]{[7], â® ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨,
£¥¥à¨àã¥¬®© ¯®«ãç¥ë¬ ¯à¨ íâ®¬ ¨â¥à æ¨®ë¬ ¯à®æ¥áá®¬, á¢®©áâ¢  âà ¥ªâ®à¨© ãà ¢¥¨ï
(2), ¨£à îé¨¥ áãé¥áâ¢¥ãî à®«ì ¯à¨ ¤®ª § â¥«ìáâ¢¥ áå®¤¨¬®áâ¨ ¬¥â®¤ , ¥ á®åà ïîâáï. �â®
¯®¤â¢eà¦¤ ¥â à¥§ã«ìâ â ¨§ à ¡®âë [8] ® â®¬, çâ® á¢®©áâ¢  ¥¯à¥àë¢®£® ¨ ¤¨áªà¥â®£® ¬¥â®¤®¢
¥ ¢á¥£¤  á®¢¯ ¤ îâ. �á¯®«ì§®¢ ¢ ®â«¨çãî ®â [4]{[7]  ¯¯à®ªá¨¬ æ¨î ¯à®¨§¢®¤ëå dx

dt
¨ d2x

dt2
,

¯®áâà®¨¬ à¥£ã«ïà¨§®¢ ë© ¨â¥à æ¨®ë© ¯à®æ¥áá ¢¨¤ 

�k(xk � xk�1) + tkk[Bxk + �k(Axk + �kxk)] = �k(xk�1 � xk�2); (3)

£¤¥ k � 2, �k = 1 + ��k, � > 0, tk = � 2k , �k = �k=�k�1, f�kg, f�kg, fkg | ã¡ë¢ îé¨¥ ¡¥áª®¥ç®
¬ «ë¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¯®«®¦¨â¥«ìëå ç¨á¥«, f�kg, �k > 0, | ¥¢®§à áâ îé ï ¯®á«¥¤®¢ -
â¥«ì®áâì,  ç «ìë¥ § ç¥¨ï x0 ¨ x1 | ¯à®¨§¢®«ìë¥ í«¥¬¥âë ¨§ H, ª®â®àë¥ § ¤ îâáï.

�«¥¤ãï [8], ¡ã¤¥¬  §ë¢ âì (3) ¨â¥à æ¨®ë¬ ¯à®æ¥áá®¬ ¢â®à®£® ¯®àï¤ª . �ãáâì fxkg |
®£à ¨ç¥ ï ¢ H ¯®á«¥¤®¢ â¥«ì®áâì. � ©¤¥¬ ãá«®¢¨ï, ¯à¨ ª®â®àëå xk ! x� ¯à¨ k !1.

� ¡®â  ¯®¤¤¥à¦   �®áá¨©áª¨¬ ä®¤®¬ äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨© (£à â 99-01-00807).
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�à¨¢¥¤¥¬ ¢á¯®¬®£ â¥«ìë¥ ãâ¢¥à¦¤¥¨ï, ¯®§¢®«ïîé¨¥ ¯®«ãç¨âì ®æ¥ª¨ á¢¥àåã ¤«ï ç¨á«®-
¢ëå ¯®á«¥¤®¢ â¥«ì®áâ¥©, ã¤®¢«¥â¢®àïîé¨å à¥ªãàà¥âë¬ ¥à ¢¥áâ¢ ¬.

�§¢¥áâ  ([9]; [10], á. 83)

�¥¬¬  1. �á«¨ ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì®áâì f!kg ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã

!k � (1� ak)!k�1 + bk; 0 � ak � 1; bk 2 R
1 8k � k0; (4)

â®

!k � !k0�1

kY
i=k0

(1� ai) +
k�1X
i=k0

bi

kY
j=i+1

(1� aj) + bk; k � k0: (5)

�ç¨â ï, çâ®
nQ
i=j

ci = 1 ¯à¨ n < j, ¥à ¢¥áâ¢® (5) ¯¥à¥¯¨è¥¬ ¢ ¡®«¥¥ ª®¬¯ ªâ®© ä®à¬¥

!k � !k0�1

kY
i=k0

(1� ai) +
kX

i=k0

bi

kY
j=i+1

(1� aj); k � k0: (6)

�á«¨ ãç¥áâì ¥à ¢¥áâ¢® 1� ai � exp(�ai), ¢¢¥áâ¨ ®¡®§ ç¥¨¥ Ak =
kP

i=k0

ai, áç¨â âì, çâ® !k0�1 >

0, bk > 0 ¯à¨ ¢á¥å k � k0, â® ¨§ (6) ¯®«ãç¨¬

!k � !k0�1 exp(�Ak) +
kX

i=k0

bi exp(Ai �Ak); k � k0: (7)

�ãáâì â¥¯¥àì ¢¬¥áâ® (4) ¯®á«¥¤®¢ â¥«ì®áâì f!kg ¥®âà¨æ â¥«ìëå ç¨á¥« ã¤®¢«¥â¢®àï¥â
à¥ªãàà¥â®¬ã ¥à ¢¥áâ¢ã

!k � !k�1
�k

(1 + p�k)�
!k�1 � !k�2

�k�1
+ q!k�k � ak�k; k � 2; (8)

£¤¥ p ¨ q | ¥ª®â®àë¥ ¤¥©áâ¢¨â¥«ìë¥ ç¨á« , f�kg | ¥¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì®áâì ¯®-
«®¦¨â¥«ìëå ç¨á¥«, ak � 0. �ãáâì k1 ¨ k2 | ª®à¨ ª¢ ¤à â®£® ãà ¢¥¨ï

s2 + ps+ q = 0; (9)

¯à¨ç¥¬ áç¨â ¥¬, çâ® ª®à¨ ¤¥©áâ¢¨â¥«ìë ¨ ¥¯®«®¦¨â¥«ìë. �®£¤  (8) ¬®¦® ¯¥à¥¯¨á âì ¢
íª¢¨¢ «¥â®© ä®à¬¥�

!k � !k�1
�k

� k2!k

�
(1� k1�k) �

!k�1 � !k�2
�k�1

� k2!k�1 + ak�k: (10)

�®« £ ï wk = (!k�!k�1)=�k�k2!k, ¥à ¢¥áâ¢® (10) ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥ wk(1�k1�k) � wk�1+ak�k.
�®áª®«ìªã ¢  è¨å ¯à¥¤¯®«®¦¥¨ïå k1 � 0, 1� k1�k � 1, â® ¯®á«¥¤¥¥ ¥à ¢¥áâ¢® ¤ ¥â

wk � (1� b1k)wk�1 + ak�k; k � 2; (11)

£¤¥ b1k = �k1�k=(1� k1�k), 0 � b1k � 1. �§ (11) ¨ «¥¬¬ë 1 ¨¬¥¥¬

wk � w1

kY
i=2

(1� b1i ) +
kX
i=2

ai�i

kY
j=i+1

(1� b1j); k � 2: (12)

�§ ®¯à¥¤¥«¥¨ï ¢¥«¨ç¨ë wk ¯®«ãç¨¬

!k = (1� b2k)!k�1 + wk�khk; 0 < hk � 1; (13)
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§¤¥áì b2k = �k2�k=(1 � k2�k), 0 � b2k � 1. �¥¬¬  1 ¨ ¥à ¢¥áâ¢® (13) ¤ îâ

!k � !1

kY
i=2

(1� b2i ) +
kX
i=2

wi�ihi

kY
j=i+1

(1� b2j):

�à¨ï¢ ¢® ¢¨¬ ¨¥ (12),   ®á®¢ ¨¨ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ¨¬¥¥¬

!k � !1

kY
i=2

(1� b2i ) +
kX
i=2

hi�i

�
w1

iY
j=2

(1� b1j) +
iX

j=2

aj�j

iY
l=j+1

(1� b1l )
� kY

j=i+1

(1� b2j): (14)

�¢®©áâ¢® ¥¢®§à áâ ¨ï ¯®á«¥¤®¢ â¥«ì®áâ¨ f�kg ¨ ¥¯®«®¦¨â¥«ì®áâì k1 ¨ k2 ¤ îâ 1=(1 �

kn�k) � 1=(1 � kn�2) = �n, k � 2, n = 1; 2. �¢¥¤¥¬ ®¡®§ ç¥¨ï � = minf�1; �2g > 0, Tk =
kP
i=2

�i,

k � 2. �®£¤ 
kP
i=2

bni = �kn
kP
i=2

�i=(1 � kn�i) � �kn�Tk,   § ç¨â, exp
�
�

kP
i=2

bni

�
� exp(�knTk), k � 2,

n = 1; 2. �¥à¥å®¤ï ®â (14) ª ¥à ¢¥áâ¢ã ¢¨¤  (7), ¯®«ãç¨¬

!k � !1 exp(k2�Tk) + jw1j
kX
i=2

exp(�k1Ti) exp(�k2(Tk � Ti))�i +

+
kX
i=2

�i

iX
j=2

aj�j exp(�k1(Ti � Tj)) exp(�k2(Tk � Ti)) = !1 exp(�k2Tk) +

+ jw1j exp(�k2Tk)
kX
i=2

exp(�(k1 � k2)Ti)�i + exp(�k2Tk)
kX

j=2

�jaj exp(��k1Tj) �

�
kX
i=j

exp(�(k1 � k2)Ti)�i � !1 exp(�k2Tk) + jw1j exp(�k2Tk)
Z Tk

0

exp(�(k1 � k2)t)dt+

+ exp(�k2Tk)
kX

j=2

�jaj exp(��k1Tj)
Z Tk

Tj�1

exp(�(k1 � k2)t)dt �

� !1 exp(�k2Tk) +
jw1j

�(k2 � k1)
exp(�k2Tk) +

c1
�(k2 � k1)

kX
j=2

�jaj exp(�k2(Tk � Tj)); c1 > 0:

�¤¥áì áç¨â «¨, çâ® k1 � k2 < 0, ¯à®¨§¢¥«¨ ¯¥à¥áâ ®¢ªã ¯®àï¤ª  áã¬¬¨à®¢ ¨ï ¨ ¨á¯®«ì§®¢ -

«¨ ®æ¥ªã
kP

i=m
f(Ti)�i �

TkR
Tm�1

f(t)dt, á¯à ¢¥¤«¨¢ãî ¤«ï «î¡®© ¥¢®§à áâ îé¥© ¥®âà¨æ â¥«ì®©

äãªæ¨¨ f(t). �¥¬ á ¬ë¬ ¤®ª § a

�¥¬¬  2. �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì ¥®âà¨æ â¥«ìëå ç¨á¥« f!kg ã¤®¢«¥â¢®àï¥â ¥à -

¢¥áâ¢ã (8), f�kg | ¥¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì®áâì, �k > 0 ¯à¨ ¢á¥å k � 2, k1 ¨ k2 |
¥¯®«®¦¨â¥«ìë¥ ª®à¨ ª¢ ¤à â®£® ãà ¢¥¨ï (9), k2 � k1 > 0, â®£¤  ¢¥à  ®æ¥ª 

!k � !1 exp(�k2Tk) +
jw1j

�(k2 � k1)
exp(�k2Tk) +

c1
�(k2 � k1)

kX
i=2

�iai exp(�k2(Tk � Ti)); (15)

£¤¥ � = minf�1; �2g, �i = 1=(1 � ki�2), i = 1; 2, c1 > 0, w1 = (!1 � !0)=�1 � k2!2.

�®áâà®¨¬ ¯®á«¥¤®¢ â¥«ì®áâì fzkg, £¤¥ zk ¥áâì à¥è¥¨¥ ®¯¥à â®à®£® ãà ¢¥¨ï

Bzk + �k(Az
k + �kz

k) = 0; k � 2: (16)
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�â¬¥â¨¬, çâ® í«¥¬¥â zk ¢  è¨å ¯à¥¤¯®«®¦¥¨ïå ®¤®§ ç® ®¯à¥¤¥«ï¥âáï ¨§ ãà ¢¥¨ï (16)
([1], â¥®à¥¬ë 9.9 ¨ 9.1). �ã¤¥¬ áç¨â âì, çâ® ¢ë¯®«¥ë ãá«®¢¨ï, ¯à¨ ª®â®àëå zk ! x� ¯à¨ k !1.
� ¯à¨¬¥à, ¢ à ¡®â¥ [3] íâ  áå®¤¨¬®áâì ¢ë¢®¤¨âáï ¨§ ãá«®¢¨ï (1) ¨ á®®â®è¥¨©

lim
k!1

�k
�k

= 0; (17)

kzk � zkk � ckBzkk 8k � 2; (18)

£¤¥ c | ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï, zk | ¯à®¥ªæ¨ï í«¥¬¥â  zk   ¬®¦¥áâ¢® 
. �àã£¨¥ ¤®-
áâ â®çë¥ ãá«®¢¨ï íâ®© áå®¤¨¬®áâ¨ ¬®¦®  ©â¨,  ¯à¨¬¥à, ¢ [11].

�®áâà®¨¬ ¯®á«¥¤®¢ â¥«ì®áâì fymk g :

�k(ymk � ymk�1) + tkm[Bymk + �m(Aymk + �my
m
k )] =

= �k(ymk�1 � ymk�2); k � 2; m � 2; ym0 = x0; ym1 = x1; (19)

â. ¥. §¤¥áì ¯à¨¬¥ï¥¬ ¬¥â®¤ § ¬®à®¦¥ëå ª®íää¨æ¨¥â®¢ ¨§ ([11], á. 261), ¨á¯®«ì§®¢ ë© à -
¥¥ ¢ [3] ¤«ï ¥¯à¥àë¢®£® ¬¥â®¤ . �®ª ¦¥¬, çâ® kymk k � C ¯à¨ ¢á¥å k � 2, m � 2. �«ï íâ®£®
®¯à¥¤¥«¨¬ ¢¥«¨ç¨ã

E(ymk ) = Rm
k + mf'(ymk ) + �m[�(ymk ) + �mky

m
k k

2=2]g;

£¤¥ Rm
k = kymk � ymk�1k

2=(2tk). �á¯®«ì§ãï ¥à ¢¥áâ¢®

g(x) � g(y) � (grad g(x); x � y) 8x; y 2 H; (20)

á¯à ¢¥¤«¨¢®¥ ¤«ï «î¡®£® ¢ë¯ãª«®£® ¤¨ää¥à¥æ¨àã¥¬®£® ¯® � â® äãªæ¨® «  g : H ! R1,
D(g) = H ([1], â¥®à¥¬ë 5.1, 8.9 ¨ «¥¬¬a 8.3), ¨¬¥¥¬

E(ymk )�E(ymk�1) � m(By
m
k + �m(Ay

m
k + �my

m
k ); y

m
k � ymk�1) +

+
�
ymk � ymk�1

�k
;
ymk � ymk�1

�k
�
ymk�1 � ymk�2

�k�1

�
:

�ç¨âë¢ ï (19), ¨§ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ¯®«ãç¨¬

E(ymk )�E(ymk�1) � �2��kR
m
k � 0; k � 2: (21)

� ç¨â, ¯®á«¥¤®¢ â¥«ì®áâì fE(ymk )g ¥ ¢®§à áâ ¥â ¯à¨ k ! 1, ¯®íâ®¬ã E(ymk ) � E(ym1 ) =
E(x1) = C. � ª ª ª E(ymk ) � 0 ¯à¨ ¢á¥å k � 2, m � 2, â® â¥¬ á ¬ë¬ ãáâ ®¢«¥® áãé¥áâ¢®¢ ¨¥

lim
k!1

E(ymk ) = Em � C. � «¥¥, ¨§ (21) ¨¬¥¥¬ E(ymk ) � C�2�
kP
i=2

Rm
i �i ¨«¨ 2�

kP
i=2

Rm
i �i � C�E(ymk ).

�âáî¤  ¯à¨ k !1 ¯®«ãç¨¬
1X
i=2

Rm
i �i � C=(2�): (22)

� ç¨â, àï¤
1P
i=2

Rm
i �i áå®¤¨âáï, ¯à¨ç¥¬ ¥£® áã¬¬  sm � C=(2�) ¯à¨ ¢á¥å m � 2. �¢¥¤¥¬ ¢¥«¨ç¨ã

�mk = kymk �z
mk2=2 ¨ ¨áá«¥¤ã¥¬ ¥¥ ¯®¢¥¤¥¨¥ ¯à¨ k !1. �¬®¦¨¢ (19) áª «ïà®   (ymk �z

m)=�k,
¨¬¥¥¬
�k
�k
(ymk � ymk�1; y

m
k � zm) + �km(Bymk + �m(Aymk + �my

m
k ); y

m
k � zm) =

�k
�k
(ymk�1 � ymk�2; y

m
k � zm):

�ç¨âë¢ ï §¤¥áì à ¢¥áâ¢® Bzm + �m(Azm + �mz
m) = 0 ¨ ¬®®â®®áâì ®â®¡à ¦¥¨© A ¨ B,

¯à¨¤¥¬ ª ¥à ¢¥áâ¢ã�
1
�k

+ �

�
(ymk � ymk�1; y

m
k � zm) + 2�k e�m�mk �

�
ymk�1 � ymk�2

�k�1
; ymk � zm

�
; (23)
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£¤¥ e�m = �m�mm, m � 2.
�à¨¬¥¨¢ (20) ª äãªæ¨® «ã kxk2=2, § ¯¨è¥¬ ¥à ¢¥áâ¢ 

�mk � �mk�1 � (ymk � ymk�1; y
m
k � zm); �mk�2 � �mk�1 � (ymk�2 � ymk�1; y

m
k�2 � zm):

�¥¯¥àì ®â (23), ¢®á¯®«ì§®¢ ¢è¨áì ¥à ¢eáâ¢®¬ ab � a2=2 + b2=2, a � 0, b � 0, ¯à¨å®¤¨¬ ª
¥à ¢¥áâ¢ã�

1
�k

+ �

�
(�mk � �mk�1) + 2�k e�m�mk +

1
�k�1

(�mk�2 � �mk�1) � (ymk�1 � ymk�2; y
m
k � ymk�2)=�k�1 �

� kymk�1 � ymk�2k(ky
m
k � ymk�1k+ kymk�1 � ymk�2k)=�k�1 � 2�k�1Rm

k�1 + �k�kR
m
k + �k�1R

m
k�1:

� ª ª ª ¯®á«¥¤®¢ â¥«ì®áâì f�kg ¥ ¢®§à áâ ¥â, â® ¯®á«¥¤¥¥ ¥à ¢¥áâ¢® ¤ ¥â

�mk � �mk�1
�k

(1 + ��k)�
�mk�1 � �mk�2

�k�1
+ 2�k e�m�mk � c2(R

m
k �k +Rm

k�1�k�1); c2 > 0: (24)

K¢ ¤à â®¥ ãà ¢¥¨¥

s2 + �s+ 2e�m = 0 (25)

¨¬¥¥â ª®à¨

km1 = ��=2�
p
�2 � 8e�m=2 = ��+ 2e�m=�+ o(e�m);

km2 = ��=2 +
p
�2 � 8e�m=2 = �2e�m=�+ o(e�m):

� á¨«ã ¬ «®áâ¨ e�m áç¨â ¥¬, çâ® �2 � 8e�m > 0 ¯à¨ m � 2. � ª¨¬ ®¡à §®¬, ãà ¢¥¨¥ (25) ¯à¨
ª ¦¤®¬ m � 2 ¨¬¥¥â ¤¢  ¤¥©áâ¢¨â¥«ìëå ®âà¨æ â¥«ìëå ª®àï. �®íâ®¬ã ¨§ ¥à ¢¥áâ¢  (24)
¯® «¥¬¬¥ 2 ¢ë¢®¤¨¬ ®æ¥ªã (á¬.(15))

�mk � �m1 exp(�
mkm2 Tk) +

jwmj

�m(km2 � km1 )
exp(�mkm2 Tk) +

+
ec1

�m(km2 � km1 )

kX
j=2

(Rm
j �j +Rm

j�1�j�1) exp(�
mkm2 (Tk � Tj)); (26)

£¤¥ �m = minf�m1 ; �
m
2 g, �

m
i = 1=(1 � kmi �2), i = 1; 2, ec1 > 0, wm = (�m1 � �m0 )=�1 � km2 �

m
1 . �®áª®«ìªy

km2 < 0, t2 � �m � t1 > 0, km2 � km1 � t3 > 0, ãáâ ®¢«¥® (22), ¨ ¢¥«¨ç¨ë �m0 = kym0 � zmk2=2 =
kx0�z

mk2=2, �m1 = kym1 �z
mk2=2 = kx1�z

mk2=2 ®£à ¨ç¥ë á¢¥àåã ¯®áâ®ïë¬¨, ¥ § ¢¨áïé¨¬¨
®âm (m � 2), â® ¨§ (26) ¢ëâ¥ª ¥â ®£à ¨ç¥®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ f�mk g, k � 2,m � 2. � á¨«ã
®£à ¨ç¥®áâ¨ fzmg ¤¥« ¥¬ ¢ë¢®¤ ®¡ ®£à ¨ç¥®áâ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ fymk g, k � 2, m � 2.
� ©¤¥¬ ®æ¥ªã á¢¥àåã ¤«ï ¯à ¢®© ç áâ¨ ¥à ¢¥áâ¢  (24). �«ï íâ®£® (19) ã¬®¦¨¬ áª «ïà®
  (ymk � ymk�1)=�k:

kymk � ymk�1k
2

�k
(1 + ��k) + �km(By

m
k + �m(Ay

m
k + �my

m
k ); y

m
k � ymk�1) =

= �k(y
m
k�1 � ymk�2; y

m
k � ymk�1)=�k:

�à¨ï¢ ¢® ¢¨¬ ¨¥ ¤®ª § ãî ®£à ¨ç¥®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ fymk g ¨ ®£à ¨ç¥®áâì
®¯¥à â®à®¢ A ¨ B, ¨§ ¯®á«¥¤¥£® à ¢¥áâ¢  ¯®«ãç¨¬

kymk � ymk�1k

�k
(1 + ��k) �

kymk�1 � ymk�2k

�k�1
+ �kmL; L > 0:

�âáî¤  «¥£ª® ¯à¨¤¥¬ ª á®®â®è¥¨î

vmk �

�
1�

��k
1 + ��k

�
vmk�1 + Lm�k; k � 2; m � 2; (27)

71



£¤¥ vmk = kymk � ymk�1k=�k, â. ¥. (v
m
k )

2 = 2Rm
k . �ãáâì ek = ��k=(1 + ��k), � = �=(1 + ��2), v = vm1 =

kx1 � x0k=�1 ¯à¨ m � 2, â®£¤  ¯® «¥¬¬¥ 1 ¨¬¥¥¬ (á¬. (7))

vmk � v exp
�
�

kX
i=2

ei

�
+ Lm

kX
i=2

�i exp
�
�

kX
j=i+1

ei

�
� v exp(��Tk) +

+ Lm

kX
i=2

exp(��(Tk � Ti))�i � v exp(��Tk) +

+ Lmc3

Z Tk

0

exp(��(Tk � t))dt � v exp(��Tk) + c3Lm=�; c3 > 0:

�à¥¤¯®«®¦¨¢, çâ® �k�1=�k � ec, ec > 0, ¯à¨ ¢á¥å k � 2, ¢¢¥¤¥¬ ¯®áâ®ïãî L = c3L=�. �¥¯¥àì
¬®¦¥¬ § ¯¨á âì á®®â®è¥¨¥

c2[R
m
k �k +Rm

k�1�k�1] � ec2[v2 exp(�2�Tk) + 2vLm exp(��Tk) + L
2
2m]�k:

�ç¨âë¢ ï ¯®á«¥¤îî ®æ¥ªã ¢ ¥à ¢¥áâ¢¥ (26) ¨ ¯®« £ ï ¢ ¥¬ k = m, ¨¬¥¥¬

�mm � �m1 exp(�
mkm2 Tm) +

jwmj exp(�mkm2 Tm)
�m(km2 � km1 )

+
ec3

�m(km2 � km1 )

mX
j=2

h
v2 exp(�2�Tj) +

+ 2vLm exp(��Tj) + L
2
2m

i
�j exp(�

mkm2 (Tm � Tj)); ec3 > 0: (28)

�¤¥« ¥¬ á«¥¤ãîé¨¥ ¯à¥¤¯®«®¦¥¨ï:

 ) lim
m!1

km2 Tm = �1; ¡) lim
m!1

m
�m�m

= 0: (29)

� ª ª ª km2 � �2e�m=� ¯à¨ m ! 1, â® ¨§ ãá«®¢¨ï  ) á«¥¤ã¥â à áå®¤¨¬®áâì àï¤ 
1P
k=2

�k, â. ¥.

Tm ! +1 ¯à¨ m ! 1. �à®¬¥ â®£®, ®âáî¤  ¦¥ ¤¥« ¥¬ ¢ë¢®¤ ® â®¬, çâ® �m, �m, m ¥ ¬®£ãâ
¡ëâì ¢¥«¨ç¨ ¬¨ ¯®àï¤ª  exp(�aTm), a > 0.

�á¨«¨¬ ¥à ¢¥áâ¢® (28), § ¬¥¨¢ áã¬¬ã ¢ ¯à ¢®© ç áâ¨ ¨â¥£à «®¬, § â¥¬, ¯à®¢¥¤ï ¨â¥-
£à¨à®¢ ¨¥, ¯à¨¤¥¬ ª ®æ¥ª¥

�mm �

�
�m1 +

jwmj

�m(km2 � km1 )

�
exp(�mkm2 Tm) +

+
c2

�m(km2 � km1 )

��
v2

2�+ �mkm2
+

2vLm
�+ �mkm2

�
exp(�mkm2 Tm)�

L
2
2m

�mkm2

�
; c2 > 0: (30)

�¥¯¥àì ¥à ¢¥áâ¢® (30) ¨ á¢®©áâ¢  (29) ¯®á«¥¤®¢ â¥«ì®áâ¥© f�kg, f�kg, fkg, f�kg £ à â¨àãîâ
áå®¤¨¬®áâì �mm ! 0 ¯à¨ m!1, â. ¥. kymm � zmk ! 0 ¯à¨ m!1.

�¢¥¤¥¬ ®¡®§ ç¥¨ï gmk = xk�y
m
k , r

m
k = kgmk k

2=2. � «¥¥ ¯à®¢¥¤¥¬ á«¥¤ãîé¨¥ ¯à¥®¡à §®¢ ¨ï:
¨§ (3) ¢ëçâ¥¬ (19), à¥§ã«ìâ â áª «ïà® ã¬®¦¨¬   gmk ¨ ¯®«ãç¨¬ à ¢¥áâ¢®

�k(g
m
k � gmk�1; g

m
k ) + tkk(Bxk + �k(Axk + �kxk); g

m
k )�

� tkm(By
m
k + �m(Ay

m
k + �my

m
k ); g

m
k ) = �k(g

m
k�1 � gmk�2; g

m
k ):

�á«¨ §¤¥áì ãçâ¥¬ ®£à ¨ç¥®áâì ¯®á«¥¤®¢ â¥«ì®áâ¥© fxkg, fymk g, ®£à ¨ç¥®áâì ¨ ¬®®â®-
®áâì ®â®¡à ¦¥¨© A ¨ B, â® ¯à¨¤¥¬ ª ¥à ¢¥áâ¢ã

�k(g
m
k �g

m
k�1; g

m
k )+2e�mtkrmk +�k(gmk�2�gmk�1; gmk�2) � L1u

m
k tk+�k(g

m
k�1�g

m
k�2; g

m
k �g

m
k�2); (31)
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£¤¥ L1 > 0, umk = jm � kj + jm�m � k�kj + je�m � e�kj. �à¨¬¥¨¢ ª (31) â¥ ¦¥ ¯à¥®¡à §®¢ ¨ï,
çâ® ¨ ¯à¨ ¢ë¢®¤¥ ¥à ¢¥áâ¢  (24), ¯®«ãç¨¬

rmk � rmk�1
�k

(1 + ��k)�
rmk�1 � rmk�2

�k�1
+ 2�k e�mrmk �

� L1u
m
k �k + c4(kgmk � gmk�1k

2 + kgmk�1 � gmk�2k
2)=�k�1); c4 > 0: (32)

�æ¥¨¬ á¢¥àåã ¢¥«¨ç¨ã �mk = (kgmk � gmk�1k
2 + kgmk�1 � gmk�2k

2)=�k�1. �«ï íâ®£® ®¯ïâì ¨§ (3)
¢ëçâ¥¬ (19), à¥§ã«ìâ â ã¬®¦¨¬ áª «ïà®   (gmk � gmk�1)=�k ¨ ¯à®áâë¬¨ ¯à¥®¡à §®¢ ¨ï¬¨,
ã¦¥ ¯à®¢®¤¨¬ë¬¨ ¢ëè¥ ¯à¨ ¢ë¢®¤¥ ®æ¥ª¨ (27), ¯à¨¤¥¬ ª ¥à ¢¥áâ¢ã

�mk �

�
1�

��k
1 + ��k

�
�mk�1 + L1u

m
k �k;

£¤¥ �mk = kgmk � gmk�1k=�k, �
m
1 = 0 ¯à¨ ¢á¥å m � 2. �¥¯¥àì ¯® «¥¬¬¥ 1 ¨¬¥¥¬

�mk � L1

kX
i=2

umi �i exp(��(Tk � Ti)) = L1�
m
k :

� ç¨â, (32) ¤ ¥â eà ¢¥áâ¢®

rmk � rmk�1
�k

(1 + ��k)�
rmk�1 � rmk�2

�k�1
+ 2�k e�mrmk �

� L1u
m
k �k + ec4[(�mk )2�k + (�mk�1)

2�k�1] =  m
k ; ec4 > 0:

�ç¨âë¢ ï, çâ® rm1 = rm0 = 0 ¯à¨ ¢á¥å m � 2, ¯® «¥¬¬¥ 2 ¨¬¥¥¬

rmk �
ec5

km2 � km1

kX
i=2

 m
i exp(�mkm2 (Tk � Ti)): (33)

�à¨ï¢ ¢® ¢¨¬ ¨¥ á¢®©áâ¢  ¯®á«¥¤®¢ â¥«ì®áâ¥© f�kg, f�kg, fkg, ¬®¦¥¬ áç¨â âì, çâ® umk �
Mk ¯à¨ k � m, M > 0, â®£¤ 

�mk � L1 exp(��Tk)
kX
i=2

i exp(�Ti)�i: (34)

� ª ã¦¥ ¡ë«® ®â¬¥ç¥®, ¢  è¨å ãá«®¢¨ïå ¯®á«¥¤®¢ â¥«ì®áâì fkg ¥ ¬®¦¥â ¨¬¥âì íªá¯®-

¥æ¨ «ìë© ¯®àï¤®ª ã¡ë¢ ¨ï, ¯®íâ®¬ã k exp(�Tk) 6! 0 ¯à¨ k ! 1, ¨ àï¤
kP
i=2

i exp(�Ti)�i

à áå®¤¨âáï. � ¯®¬®éìî â¥®à¥¬ë �â®«ìæ  (á¬. ¯à¨¬¥¥¨¥ íâ®© â¥®à¥¬ë,  ¯à., ¢ [9]) â¥¯¥àì
¥âàã¤® ã¡¥¤¨âìáï ¢ áãé¥áâ¢®¢ ¨¨ ¯®áâ®ï®© M1 > 0 â ª®©, çâ®

kX
i=2

i exp(�Ti)�i= exp(�Tk) �M1k; k � 2:

�¥¯¥àì ¨§ (34) á«¥¤ã¥â ¥à ¢¥áâ¢® �mk � fM1k, fM1 > 0, k � 2. �à¥¤¯®« £ ï, çâ® k�1=k � ec,ec > 0, k � 2, ¨§ (33) ¯à¨ k = m ¨¬¥¥¬

rmm �
1

km2 � km1

mX
i=2

(L2umi + L3
2

i ) exp(��
mkm2 Ti)�i= exp(��

mkm2 Tm); (35)

£¤¥ L2 > 0, L3 > 0.
�®¢¥¤¥¨¥ ¯à ¢®© ç áâ¨ ¢ (35) ®¯à¥¤¥«ï¥âáï ¯®¢¥¤¥¨¥¬ ¯®á«¥¤®¢ â¥«ì®áâ¥© f�kg, f�kg,

fkg, f�kg, ¯à¥¤¯®«®¦¨¬, çâ®

lim
m!1

� mX
i=2

(umi + 2i ) exp(��
mkm2 Ti)�i

�
= exp(��mkm2 Tm) = 0: (36)
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�®£¤  ¨§ (35) ¨¬¥¥¬ áå®¤¨¬®áâì rmm ! 0 ¯à¨ m!1. �¥¯¥àì ¨§ ¥à ¢¥áâ¢ 

kxm � x�k � kxm � ymmk+ kymm � zmk+ kzm � x�k

¨ ¤®ª § ëå ãâ¢¥à¦¤¥¨© ¤¥« ¥¬ ¢ë¢®¤ ® áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg, £¥¥à¨àã¥¬®©
á®®â®è¥¨¥¬ (19), ª ®à¬ «ì®© â®çª¥ ¬¨¨¬ã¬  äãªæ¨® «  �   
.

� ª¨¬ ®¡à §®¬, ¢  è¨å ¯à¥¤¯®«®¦¥¨ïå ®â®á¨â¥«ì® äãªæ¨® «®¢ � ¨ ' ¨ ¨å £à ¤¨¥â®¢
| ®¯¥à â®à®¢ A ¨ B á®®â¢¥âáâ¢¥®, á¯à ¢¥¤«¨¢ 

�¥®à¥¬ . �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì zk, ®¯à¥¤¥«ï¥¬ ï ¨§ (16), â ª®¢ , çâ® zk ! x� 2 N
¯à¨ k ! 1, ¯oá«¥¤®¢ â¥«ì®áâì fxkg, £¤¥ xk | à¥è¥¨¥ ãà ¢¥¨ï (3), ®£à ¨ç¥  ¢ H, ¯®-
«®¦¨â¥«ìë¥ ã¡ë¢ îé¨¥ ¡¥áª®¥ç® ¬ «ë¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ f�kg, f�kg, fkg ¨ ¥¢®§à -

áâ îé ï ¯®á«¥¤®¢ â¥«ì®áâì ¯®«®¦¨â¥«ìëå ç¨á¥« f�kg ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (29), (36)
¨

�k�1
�k

� ec; k�1
k

� ec 8k � 2:

�®£¤  ¯à¨ «î¡ëå  ç «ìëå í«¥¬¥â å x0 ¨ x1 ¨§ H ¯®á«¥¤®¢ â¥«ì®áâì xk ! x� 2 N ¯à¨

k !1.

� ¬¥ç ¨¥ 1. � á¨«ã â¥®à¥¬ë �â®«ìæ  ¨ ¢®§¬®¦®áâ¨ ®æ¥¨âì á¨§ã ¨â¥£à «ë ®â ¥-
®âà¨æ â¥«ìëå ¬®®â®ëå äãªæ¨© ¥ª®â®àë¬¨ ¨å ¨â¥£à «ìë¬¨ áã¬¬ ¬¨ ¨§ § ¬¥ç ¨ï 1
à ¡®âë [3] ¤¥« ¥¬ ¢ë¢®¤ ® â®¬, çâ® ãá«®¢¨ï¬ â¥®à¥¬ë ã¤®¢«¥â¢®àïîâ ¯®á«¥¤®¢ â¥«ì®áâ¨

 ) �k = 1=k�, �k = 1=k� , k = 1=k , �k = 1; �+ � +  < 1, �+ � < , � > 0, � > 0,  > 0;
¡) �k = 1= ln k, �k = 1=k� , k = 1=k , �k = 1, � +  < 1, � < , � > 0,  > 0,

£¤¥ k � 2.

� ¬¥ç ¨¥ 2. �«ãç © ¢®§¬ãé¥ëå ¤ ëå(¢®§¬ãé¥ëå äãªæ¨® «®¢ � ¨ ') ¨áá«¥¤ã-
¥âáï ¯® â®© ¦¥ áå¥¬¥, çâ® ¨ ¢ [3].

� ¬¥ç ¨¥ 3. �ãáâì áãé¥áâ¢ã¥â ç¨á«® r > 0 â ª®¥, çâ®

(Bx; x) � 0; (Ax; x) � 0 ¯à¨ kxk � r; x 2 H: (37)

�®ª ¦¥¬, çâ® ¯à¨ íâ¨å ãá«®¢¨ïå ¯®á«¥¤®¢ â¥«ì®áâì fxkg ®£à ¨ç¥ . �«ï íâ®£® ¯®áâà®¨¬
¯®á«¥¤®¢ â¥«ì®áâì fEkg, Ek = kxk� xk�1k

2=(2tk) + k['(xk) +�k(�(xk) +�kkxkk2=2)]. �à¨¬¥¨¢
¥à ¢¥áâ¢® (20) ª äãªæ¨® «ã kxk2=2 ¨ ãç¨âë¢ ï (3), ¨¬¥¥¬

Ek �Ek�1 � ��kxk � xk�1k
2=�k: (38)

�âáî¤  ¤¥« ¥¬ ¢ë¢®¤ ® ¥¢®§à áâ ¨¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¥®âà¨æ â¥«ìëå ç¨á¥« fEkg ¨ ® áã-

é¥áâ¢®¢ ¨¨ lim
k!1

Ek = E. �¥¯¥àì ¨§ (38) «¥£ª® ãáâ ®¢¨âì áå®¤¨¬®áâì àï¤ 
1P
k=1

kxk � xk�1k
2=�k,

áã¬¬ã ª®â®à®£® ®¡®§ ç¨¬ ç¥à¥§ s. �§ ®£à ¨ç¥®áâ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ fEkg á«¥¤ã¥â ®£à -
¨ç¥®áâì kxk�xk�1k=�k ¯à¨ ¢á¥å k � 2. �ãáâì kxk�xk�1k=�k � r1. �à¥¤¯®«®¦¨¬, çâ®,  ç¨ ï
á ¥ª®âoà®£® ®¬¥à  k = n+1, í«¥¬¥âë xk â ª®¢ë, çâ® kxkk > r,   kxnk � r, kxn�1k � r. �¬®-
¦¨¬ (3) áª «ïà®   xk ¯à¨ k > n, ¢ ¯®«ãç¥®¬ à ¢¥áâ¢¥ ¯à¨¬¥¬ ¢® ¢¨¬ ¨¥ (37) ¨, ¢¢¥¤ï
®¡®§ ç¥¨¥ �k = kxkk

2=2, ¨§¢¥áâë¬ á¯®á®¡®¬ ¯à¨¤¥¬ ª ¥à ¢¥áâ¢ã

�k � �k�1
�k

(1 + ��k)�
�k�1 � �k�2

�k�1
�
kxk � xk�1k

2

2�k
+
3kxk�1 � xk�2k

2

2�k�1
; k > n:

�¥âàã¤® ¯à®¢¥à¨âì, çâ® j�nj = j�n � �n�1j=�n � rr1. �®íâ®¬ã ¯® «¥¬¬¥ 2 ¯à¨ k1 = ��, k2 = 0,
w1 = �n, � = 1=(1+��n) ¨  ç «ìëå § ç¥¨ïå �n ¨ �n�1 ¨¬¥¥¬ ®æ¥ªã �k � r2=2+rr1=�+2c1s=�,
çâ® ¨ ¤®ª §ë¢ ¥â ®£à ¨ç¥®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg ¯à¨ k � 2. �â¬¥â¨¬, çâ® ¥á«¨ 0 2 
,
â® ¯¥à¢®¥ ¨§ ¥à ¢¥áâ¢ (37) ¢ëâ¥ª ¥â ¨§ ¬®®â®®áâ¨ ®â®¡à ¦¥¨ï B.
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� ¬¥ç ¨¥ 4. �ç¥â ®£à ¨ç¥¨© ¢ (3) á ¯®¬®éìî èâà ä®£® äãªæ¨® «  (¥á«¨ â ª®© á¬®-
¦¥¬ ¯®áâà®¨âì) ¢ ®â«¨ç¨¥ ®â à ¡®â [4], [5] ®á¢®¡®¦¤ ¥â ®â ¥®¡å®¤¨¬®áâ¨ ¯à®¢®¤¨âì âàã¤®¥¬ªãî
®¯¥à æ¨î ¯à®¥ªâ¨à®¢ ¨ï   ¢ë¯ãª«®¥ § ¬ªãâ®¥ ¬®¦¥áâ¢® £¨«ì¡¥àâ®¢  ¯à®áâà áâ¢ . � â®
¦¥ ¢à¥¬ï ¥ï¢ë© å à ªâ¥à ¥«¨¥©®£® à¥£ã«ïà¨§®¢ ®£® ¯à®æ¥áá  (3) á®§¤ ¥â ¨§¢¥áâë¥
âàã¤®áâ¨ ¯à¨ ¥£® ç¨á«¥®© à¥ «¨§ æ¨¨. �â¬¥â¨¬ ¥é¥ à §, çâ® á¢®©áâ¢  ¯à¨¡«¨¦¥¨© ª à¥-
è¥¨î § ¤ ç¨ ãá«®¢®© ¬¨¨¬¨§ æ¨¨, ¯®«ãç ¥¬ëå ¬¥â®¤®¬ ¨§ [5] ¨ á ¯®¬®éìî ¯à®æ¥áá  (3),
à §«¨çë, ¯®íâ®¬ã ®¡  ¬¥â®¤  ¨â¥à â¨¢®© à¥£ã«ïà¨§ æ¨¨ ¯à¥¤áâ ¢«ïîâ ¨â¥à¥á ¯à¨ à¥è¥¨¨
¥ª®àà¥ªâëå § ¤ ç ãá«®¢®© ¬¨¨¬¨§ æ¨¨, â. ª. ¯®§¢®«ïîâ ¯®«ãç¨âì ¯à¨¡«¨¦¥¨ï ª à¥è¥-
¨î § ¤ ç¨, ã¤®¢«¥â¢®àïîé¨¥ ¢ ®¡é¥¬ á«ãç ¥ à §«¨ç®©  ¯à¨®à®© ¨ä®à¬ æ¨¨ ®¡ ¨áª®¬®¬
à¥è¥¨¨. �®á«¥¤¥¥ ¢¥áì¬  ¢ ¦® ¯à¨ ®â¡®à¥ ¯à¨¡«¨¦¥¨ï ª à¥è¥¨î ¥ª®àà¥ªâ®© § ¤ ç¨.

�à¨¬¥à. �â ¢¨âáï § ¤ ç  ®¡ ®âëáª ¨¨ á®áâ®ï¨ï à ¢®¢¥á¨ï ¬¥¬¡à ë, ¯à®£¨¡ ª®â®à®©
®£à ¨ç¨¢ ¥âáï ¦¥áâª¨¬ ¥¯®¤¢¨¦ë¬ ¯à¥¯ïâáâ¢¨¥¬ ¢¨¤  z = �(x; y), (x; y) 2 G, G | ®£à -
¨ç¥ ï ®¡« áâì ¢ ¯«®áª®áâ¨ XOY , � | £à ¨æ  ®¡« áâ¨ G. �ãáâì ¬¥¬¡à   § ªà¥¯«¥  ¯®
ª®âãàã �,  £àã¦ ¥âáï ¤ ¢«¥¨¥¬ p, ¯¥à¯¥¤¨ªã«ïàë¬ áà¥¤¨®© ¯«®áª®áâ¨, ¯à®£¨¡ ¯à®¨á-
å®¤¨â ¢  ¯à ¢«¥¨¨ ®á¨ OZ. �ãáâì äãªæ¨ï w(x; y) ®¯à¥¤¥«ï¥â ¯à®£¨¡ ¬¥¬¡à ë,   q(x; y)
| à¥ ªæ¨ï ¯à¥¯ïâáâ¢¨ï. �ç¨â ï ¤ ãî § ¤ çã ¥«¨¥©®©, ¯à¨¤¥¬ ª ãà ¢¥¨î ¢ ç áâëå
¯à®¨§¢®¤ëå ([12], á. 135)

�
@

@x
a1(x; y; w

0
x)�

@

@y
a2(x; y; w

0
y) = �p(x; y; w)� q(x; y) (39)

á ªà ¥¢ë¬ ãá«®¢¨¥¬

w(x; y)j� = 0: (40)

�à®¬¥ â®£®, ¨¬¥¥¬ ¥à ¢¥áâ¢ 

w(x; y) � �(x; y); q(x; y) � 0; (41)

ª®â®àë¥ á®®â¢¥âáâ¢¥® å à ªâ¥à¨§ãîâ ¥¯à®¨ª®¢¥¨¥ â®ç¥ª ¬¥¬¡à ë ¢ ¯à¥¯ïâáâ¢¨¥ ¨ ®¯à¥-
¤¥«ïîâ  ¯à ¢«¥¨¥ à¥ ªæ¨¨ ¯à¥¯ïâáâ¢¨ï, ¨ ãà ¢¥¨¥

q(x; y)[w(x; y) � �(x; y)] = 0; (x; y) 2 G; (42)

®§ ç îé¥¥, çâ® ®¤® ¨§ ãá«®¢¨© (41) ¢ «î¡®© â®çª¥ (x; y) 2 G ®¡à é ¥âáï ¢ áâà®£®¥ à ¢¥áâ¢®.
�¤¥« ¥¬ á«¥¤ãîé¨¥ ¯à¥¤¯®«®¦¥¨ï:

1) äãªæ¨¨ ai(x; y; �), i = 1; 2, p(x; y; �) ¨§¬¥à¨¬ë ¯® (x; y) 2 G ¯à¨ ¢á¥å � 2 R1, ¥¯à¥àë¢ë
¨ ¥ ã¡ë¢ îâ ¯® � ¯à¨ ¯®çâ¨ ¢á¥å (x; y) 2 G;

2) jai(x; y; �)j � ci[bi(x; y) + j�j], i = 1; 2, jp(x; y; �)j � c3[b3(x; y) + j�j], ci > 0, bi(x; y) 2 L2(G),
i = 1; 2; 3.

�¢¥¤¥¬ £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® H = fw j w = w(x; y) 2 W 2
1 (G); (x; y) 2 G; w(x; y)j� = 0g á

®à¬®©

kwk =
�ZZ

G

jrwj2dx dy

�1=2
(43)

¨ ®¯à¥¤¥«¨¬ ®¯¥à â®à A

(Aw; v) =
ZZ
G

[a1(x; y; w0x)v
0
x + a2(x; y; w0y)v

0
y + p(x; y; w)v]dx dy 8w; v 2 H: (44)

�§ ãá«®¢¨© 2) á«¥¤ã¥â, çâ® A ¤¥©áâ¢ã¥â ¨§ H ¢ H ( ¯à., [13], â¥®à¥¬  19.2; [1], ¯à¨¬¥à 5.2;
[14], á. 194), ¥ã¡ë¢ ¨¥ äãªæ¨© a1(x; y; �), a2(x; y; �), p(x; y; �) ¯® � ¯®§¢®«ï¥â á¤¥« âì ¢ë-
¢®¤ ® ¬®®â®®áâ¨ ®¯¥à â®à  A ([1], á. 64; [15], á. 89; [16]). �à®¬¥ â®£®, ¬®¦® ãáâ ®¢¨âì
®£à ¨ç¥®áâì ¨ ¯®â¥æ¨ «ì®áâì ®â®¡à ¦¥¨ï A ([1], ¯à¨¬¥à 5.1; [15], á. 116; [16]). �ãáâì
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A = grad�. � ¤ ç  (39){(42) ¯à¥¤¯®« £ ¥âáï à §à¥è¨¬®©, ¯à¨ç¥¬ à¥è¥¨¥ ãà ¢¥¨ï (39) ¯®-
¨¬ ¥âáï ¢ ®¡®¡é¥®¬ á¬ëá«¥ ( ¯à., [12], áá. 17, 131; [16]) ¨«¨ ¢ á¬ëá«¥ á« ¡®£® à¥è¥¨ï ([1],
á. 370). �®áâ ¢«¥ ï § ¤ ç  ¯à¨ ¤®¯®«¨â¥«ìëå ãá«®¢¨ïå £« ¤ª®áâ¨ w(x; y) íª¢¨¢ «¥â  § -
¤ ç¥ ¬¨¨¬¨§ æ¨¨ ¢ë¯ãª«®£® äãªæ¨® «  � ([12], x 3.2)   ¢ë¯ãª«®¬ § ¬ªãâ®¬ ¬®¦¥áâ¢¥

 = fw j w = w(x; y) 2 H; w(x; y) � �(x; y); (x; y) 2 Gg ([12], á. 135). � ç¨â, ¢  è¨å ãá«®¢¨ïå
¬®¦¥áâ¢® N 6= ;, � ®£à ¨ç¥ á¨§ã, dom� = H. �§ ®¯à¥¤¥«¥¨ï (43) ®à¬ë á«¥¤ã¥â ¯à ¢¨«®
¢ëç¨á«¥¨ï áª «ïà®£® ¯à®¨§¢¥¤¥¨ï ¢ H

(w; v) =
ZZ
G

[w0xv
0
x + w0yv

0
y]dx dy = (rw;rv)2: (45)

�®£¤  ¥¤¨¨çë© ®¯¥à â®à E : H ! H ¡ã¤¥â ®¯à¥¤¥«ïâìáï á®®â®è¥¨¥¬ (Ew; v) = (rw;rv)2
¯à¨ «î¡ëå v; w 2 H. � «¥¥, áç¨â ï, çâ® � 2 H, ®¯à¥¤¥«¨¬   H èâà ä®© äãªæ¨® « (áà.
[11], á. 222)

'(w) =

(
0; w 2 
;

kw � �k2=2; w =2 
:
(46)

�â¬¥â¨¬ ®ç¥¢¨¤®áâì á¢®©áâ¢  (1) ¤«ï '. � â® ¦¥ ¢à¥¬ï ¥à ¢¥áâ¢® ¢¨¤  (18) ãáâ ®¢¨âì ¥
ã¤ ¥âáï. �à®¬¥ â®£®, ¢  è¥© ¯®áâ ®¢ª¥ § ¤ ç¨ ¥ ã¤ ¥âáï ¤®ª § âì ¨ ¢ë¯ãª«®áâì ', ¨ ¬®®-
â®®áâì ®¯¥à â®à  B = grad'   H. �¥áª®«ìª® ¨§¬¥¨¢ ¯®áâ ®¢ªã § ¤ ç¨, ¢á¥ ¯¥à¥ç¨á«¥ë¥
¯à®¡«¥¬ë ¬®¦® áïâì. �¥©áâ¢¨â¥«ì®, ¡ã¤¥¬ ¨áª âì ¬¨¨¬ã¬ � ¥   ¬®¦¥áâ¢¥ 
,     ¡®«¥¥
ã§ª®¬ ¬®¦¥áâ¢¥ 
0 = fw j w = w(x; y) 2 
; w0x(x; y) � �0x(x; y); w

0
y(x; y) � �0y(x; y); (x; y) 2 Gg,

¯à¥¤¯®« £ ï à §à¥è¨¬®áâì íâ®© § ¤ ç¨. �¥¯¥àì, § ¬¥¨¢ ¬®¦¥áâ¢® 
   
0 ¢ ®¯à¥¤¥«¥¨¨ (46)
äãªæ¨® «  ', «¥£ª® ãáâ ®¢¨¬ ¬®®â®®áâì ®¯¥à â®à  B, ¯à¨ç¥¬ Bw = 0 ¯à¨ w 2 
0,   ¯à¨
w =2 
0 ®â®¡à ¦¥¨¥ B ®¯à¥¤¥«ï¥âáï á®®â®è¥¨¥¬

(Bw; v) = (r(w � �);rv)2 = �
ZZ
G

(w00x � �00x + w00y � �00y)v dx dy: (47)

�®á«¥¤¥¥ à ¢¥áâ¢® ãáâ  ¢«¨¢ ¥âáï á ¯®¬®éìî ä®à¬ã«ë �à¨  ¯à¨ ãç¥â¥ £à ¨ç®£® ãá«®¢¨ï
(40). �ã¦ë¥ ¯à¨ íâ®¬ á¢®©áâ¢  £« ¤ª®áâ¨ áç¨â ¥¬ ¢ë¯®«¥ë¬¨. �¯à ¢¥¤«¨¢®áâì (18) á«¥-
¤ã¥â ¨§ ®¯à¥¤¥«¥¨ï ¯à®¥ªæ¨¨ í«¥¬¥â    ¬®¦¥áâ¢®, ¨§ (47) ¨ ¢ª«îç¥¨ï � 2 
0. �ë¯®«¨âì
ãá«®¢¨¥ (17) ¬®¦® ¡¥§ âàã¤ . �£à ¨ç¥®áâì ®¯¥à â®à  B ®ç¥¢¨¤ . �â¬¥â¨¬, çâ® ¯¥à¥å®¤ ®â
¬®¦¥áâ¢  
 ª ®£à ¨ç¥®¬ã ¢ H ¬®¦¥áâ¢ã 
0 ¬®¦® à áá¬ âà¨¢ âì ª ª ¯®áâà®¥¨¥ ¥ª®â®-
à®£® ¬®¦¥áâ¢  (ª« áá ) ¢®§¬®¦ëå à¥è¥¨© ¨áå®¤®© § ¤ ç¨ ([17], á. 41; [18], á. 38). �à®¬¥ â®£®,
á«¥¤ã¥â ¯®¤ç¥àªãâì, çâ® § ¤ ç  ¬¨¨¬¨§ æ¨¨ �   
0 á¢®¤¨âáï ª à¥è¥¨î ¥ª®âoà®£® ¢ à¨ -
æ¨®®£® ¥à ¢¥áâ¢    íâ®¬ ¬®¦¥áâ¢¥,   ¯¥à¥å®¤ ®â ¢ à¨ æ¨®®£® ¥à ¢¥áâ¢  ª ãà ¢¥¨î
(39) ®á®¢    ãá«®¢¨ïå (41), (42) ([12], x 3.2).

� á¨«ã ¢ëè¥¨§«®¦¥®£® ¬¥â®¤ë (2) ¨ (3) ¢ ä®à¬¥ ¢ à¨ æ¨®ëå ãà ¢¥¨© ¤«ï à áá¬ -
âà¨¢ ¥¬®© § ¤ ç¨ ¯à¨¬ãâ á®®â¢¥âáâ¢¥® ¢¨¤

�
d2rw

dt2
;rv

�
2

+ �

�
drw

dt
;rv

�
2

+ (t)f(Bw; v) + �(t)[(Aw; v) + �(t)(rw;rv)2]g = 0;

�k(rwk �rwk�1;rv)2 + tkkf(Bwk; v) + �k[(Awk; v) + �k(rwk;rv)2]g =

= �k(rwk�1 �rwk�2;rv)2

¯à¨ ¢á¥å v 2 H. �¥«¨ç¨ë (Aw; v), (Bw; v), (rw;rv)2 ®¯à¥¤¥«¥ë ¢ á®®â®è¥ïå (44), (47) ¨
(45).
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