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� [1] ¨§¢¥áâ­®¥ ¯®­ïâ¨¥ ¢¯®«­¥ à §«®¦¨¬®© £àã¯¯ë à á¯à®áâà ­¥­® á  ¡¥«¥¢ëå £àã¯¯ ¡¥§
ªàãç¥­¨ï ­  ¯à®¨§¢®«ì­ë¥  ¡¥«¥¢ë £àã¯¯ë. �¡¥«¥¢  £àã¯¯  ­ §ë¢ ¥âáï ¢¯®«­¥ à §«®¦¨¬®©,
¥á«¨ ®­  ï¢«ï¥âáï ¯àï¬®© áã¬¬®© £àã¯¯ à ­£  1, â. ¥. £àã¯¯, ª ¦¤ ï ¨§ ª®â®àëå ¨§®¬®àä­ 
«¨¡® ­¥­ã«¥¢®© ¯®¤£àã¯¯¥ ª¢ §¨æ¨ª«¨ç¥áª®© £àã¯¯ë Z(p1) ¤«ï ­¥ª®â®à®£® ¯à®áâ®£® ç¨á«  p,
«¨¡® ­¥­ã«¥¢®© ¯®¤£àã¯¯¥ £àã¯¯ë Q ¢á¥å à æ¨®­ «ì­ëå ç¨á¥«.

� ¤ ­­®© áâ âì¥ ¯®«ãç¥­® ¯®«­®¥ ®¯¨á ­¨¥ ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª¨å ¯®¤£àã¯¯ ¨ ¨å à¥è¥â-
ª¨ ¤«ï ¢¯®«­¥ à §«®¦¨¬ëå £àã¯¯. � ª ç¥áâ¢¥ á«¥¤áâ¢¨© ¯®«ãç¥­ë à¥§ã«ìâ âë ® ¯¥à¥á¥ç¥­¨ïå
¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª¨å ¯®¤£àã¯¯ á ­¥ª®â®àë¬¨ ¯®¤£àã¯¯ ¬¨ ¨áá«¥¤ã¥¬ëå £àã¯¯.

�§¢¥áâ­®, çâ® ¤«ï ¢¯®«­¥ à §«®¦¨¬ëå £àã¯¯ ¡¥§ ªàãç¥­¨ï «î¡ë¥ ¤¢  à §«®¦¥­¨ï ¢ ¯àï¬ãî
áã¬¬ã £àã¯¯ à ­£  1 ¨§®¬®àä­ë ([2], ¯à¥¤«®¦¥­¨¥ 86.1, á. 134) ¨ ¯àï¬ë¥ á« £ ¥¬ë¥ â ª¨å £àã¯¯
¢¯®«­¥ à §«®¦¨¬ë ([2], â¥®à¥¬  86.7, á. 137). �®ª ¦¥¬, çâ®  ­ «®£¨ç­ë¥ à¥§ã«ìâ âë ¨¬¥îâ
¬¥áâ® ¤«ï ¢¯®«­¥ à §«®¦¨¬ëå á¬¥è ­­ëå £àã¯¯.

�¥¬¬  1. �î¡ë¥ ¤¢  à §«®¦¥­¨ï ¢¯®«­¥ à §«®¦¨¬®© á¬¥è ­­®© £àã¯¯ë ¢ ¯àï¬ãî áã¬¬ã

£àã¯¯ à ­£  1 ¨§®¬®àä­ë.

�®ª § â¥«ìáâ¢®. �ãáâì G | ¢¯®«­¥ à §«®¦¨¬ ï á¬¥è ­­ ï £àã¯¯ . � ª ª ª ¤¥«¨¬ ï
ç áâì ¯¥à¨®¤¨ç¥áª®© ç áâ¨ «î¡®©  ¡¥«¥¢®© £àã¯¯ë ®¤­®§­ ç­® ®¯à¥¤¥«ï¥âáï íâ®© £àã¯¯®©, â®,
­¥ ã¬ «ïï ®¡é­®áâ¨, ¬®¦­® áç¨â âì, çâ® ¯¥à¨®¤¨ç¥áª ï ç áâì T (G) £àã¯¯ë G à¥¤ãæ¨à®¢ ­ .
� «î¡®¬ à §«®¦¥­¨¨ â ª®© ¢¯®«­¥ à §«®¦¨¬®© á¬¥è ­­®© £àã¯¯ë G ¢ ¯àï¬ãî áã¬¬ã £àã¯¯
à ­£  1 áã¬¬  ¢á¥å ¯à¨¬ à­ëå æ¨ª«¨ç¥áª¨å á« £ ¥¬ëå á®¢¯ ¤ ¥â á ¯¥à¨®¤¨ç¥áª®© ç áâìî £àã¯-
¯ë G. �®£¤  ([3], â¥®à¥¬  17.4, á. 108) ¬®é­®áâì Mpn ¬­®¦¥áâ¢  ¯àï¬ëå á« £ ¥¬ëå ¯®àï¤ª  pn,
n 2 N (p | ¯à®áâ®¥ ç¨á«®), ¢ «î¡®¬ à §«®¦¥­¨¨ £àã¯¯ë T (G) (§­ ç¨â, ¨ £àã¯¯ë G) ¢ ¯àï-
¬ãî áã¬¬ã £àã¯¯ à ­£  1 ®¤¨­ ª®¢ , ¨ G | à áé¥¯«ïîé ïáï £àã¯¯ . �á«¨ G = T (G) � A1

¨ G = T (G) � A2 | à §«®¦¥­¨ï £àã¯¯ë G ¢ ¯àï¬ãî áã¬¬ã ¯¥à¨®¤¨ç¥áª®© ç áâ¨ íâ®© £àã¯-
¯ë ¨ £àã¯¯ë ¡¥§ ªàãç¥­¨ï, â® A1

�= A2, A1 ¨ A2 | ¢¯®«­¥ à §«®¦¨¬ë¥ £àã¯¯ë ¡¥§ ªàãç¥­¨ï.
�à¨¬¥­¥­¨¥ ª £àã¯¯ ¬ A1 ¨ A2 ¯à¥¤«®¦¥­¨ï 86.1 ¨§ [2] § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® «¥¬¬ë.

�¥¬¬  2. �àï¬ë¥ á« £ ¥¬ë¥ ¢¯®«­¥ à §«®¦¨¬ëå á¬¥è ­­ëå £àã¯¯ ¢¯®«­¥ à §«®¦¨¬ë.

�®ª § â¥«ìáâ¢®. �ãáâì G | ¢¯®«­¥ à §«®¦¨¬ ï á¬¥è ­­ ï £àã¯¯  ¨ A | ¯àï¬®¥ á« -
£ ¥¬®¥ £àã¯¯ë G, â. ¥. G = A � B. �¬¥¥¬ T (G) = T (A) � T (B). �àã¯¯ã G ¬®¦­® ¯à¥¤áâ -
¢¨âì ¢ ¢¨¤¥ G = T (G) � G0, â. ¥. G | à áé¥¯«ïîé ïáï £àã¯¯ . � ª ª ª ¯àï¬ë¥ á« £ ¥¬ë¥
à áé¥¯«ïîé¨åáï £àã¯¯ à áé¥¯«ïîâáï, â® A = T (A) � A0 ¨ B = T (B) � B0. �®£¤  ¯®«ãç ¥¬
G = A � B = (T (A) � T (B)) � (A0 � B0) = T (G) � (A0 � B0). �âáî¤  A0 � B0 �= G0, ¨ â. ª. G0 |
¢¯®«­¥ à §«®¦¨¬ ï £àã¯¯  ¡¥§ ªàãç¥­¨ï, â® ¨ A0 | ¢¯®«­¥ à §«®¦¨¬ ï £àã¯¯  ¡¥§ ªàãç¥­¨ï
([2], â¥®à¥¬  86.7, á. 137). � ¯¨è¥¬ T (G) = D � R, T (A) = D1 � R1, T (B) = D2 �R2, £¤¥ D, D1,
D2 | ¤¥«¨¬ë¥ ç áâ¨ £àã¯¯ T (G), T (A) ¨ T (B) á®®â¢¥âáâ¢¥­­®, R, R1, R2 | à¥¤ãæ¨à®¢ ­­ë¥
£àã¯¯ë. �¬¥¥¬ D �R = T (G) = T (A)� T (B) = (D1 �D2)� (R1 �R2). � ª ª ª D = D1 �D2, â®
R1 � R2

�= R ¨ £àã¯¯  R1, ª ª ¯®¤£àã¯¯  ¯àï¬®© áã¬¬ë æ¨ª«¨ç¥áª¨å £àã¯¯, ï¢«ï¥âáï ¯àï¬®©
áã¬¬®© æ¨ª«¨ç¥áª¨å £àã¯¯. �­ ç¨â, T (A) | ¯¥à¨®¤¨ç¥áª ï ¢¯®«­¥ à §«®¦¨¬ ï £àã¯¯ . � ª
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ª ª A = T (A)�A0 ¨ A0 | ¢¯®«­¥ à §«®¦¨¬ ï £àã¯¯  ¡¥§ ªàãç¥­¨ï, â® A| ¢¯®«­¥ à §«®¦¨¬ ï
£àã¯¯ .

�á¯®«ì§ãï «¥¬¬ë 1 ¨ 2 á ãç¥â®¬ â®£®, çâ® «î¡ë¥ ¤¢  à §«®¦¥­¨ï ¢¯®«­¥ à §«®¦¨¬®© ¯¥à¨®-
¤¨ç¥áª®© £àã¯¯ë ¢ ¯àï¬ãî áã¬¬ã ª®æ¨ª«¨ç¥áª¨å £àã¯¯ ¨§®¬®àä­ë ¨ ¢áïª®¥ ¯àï¬®¥ á« £ ¥¬®¥
â ª®© ¯¥à¨®¤¨ç¥áª®© £àã¯¯ë ¢¯®«­¥ à §«®¦¨¬®, ¯®«ãç ¥¬

�à¥¤«®¦¥­¨¥ 1. �ãáâì G | ¢¯®«­¥ à §«®¦¨¬ ï £àã¯¯ . �®£¤ 

1) «î¡ë¥ ¤¢  à §«®¦¥­¨ï £àã¯¯ë G ¢ ¯àï¬ãî áã¬¬ã £àã¯¯ à ­£  1 ¨§®¬®àä­ë;
2) ¢áïª®¥ ¯àï¬®¥ á« £ ¥¬®¥ £àã¯¯ë G | ¢¯®«­¥ à §«®¦¨¬ ï £àã¯¯ .

�¥à¥©¤¥¬ â¥¯¥àì ª ¨§ãç¥­¨î ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª¨å ¯®¤£àã¯¯ ¢¯®«­¥ à §«®¦¨¬ëå
£àã¯¯. � â¥®à¥¬¥ 1.4 ¨§ [4] ¯®ª § ­®, çâ® ¯à¨ ¨§ãç¥­¨¨ áâà®¥­¨ï ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª¨å
¯®¤£àã¯¯  ¡¥«¥¢ëå £àã¯¯ ¬®¦­® ®£à ­¨ç¨âìáï à¥¤ãæ¨à®¢ ­­ë¬¨ £àã¯¯ ¬¨. �®íâ®¬ã ¢ ¤ «ì-
­¥©è¥¬ ¢ áâ âì¥ ¨§ãç îâáï à¥¤ãæ¨à®¢ ­­ë¥ £àã¯¯ë.

�à¥¦¤¥ ç¥¬ ä®à¬ã«¨à®¢ âì ®á­®¢­®© à¥§ã«ìâ â áâ âì¨, ¯à¨¢¥¤¥¬ ­¥®¡å®¤¨¬ë¥ ®¡®§­ ç¥­¨ï
¨ â¥à¬¨­ë, ¨á¯®«ì§ã¥¬ë¥ ¢ [4].

�ãáâì X | ¬­®¦¥áâ¢®, á®áâ®ïé¥¥ ¨§ ¯®á«¥¤®¢ â¥«ì­®áâ¥© v = (v(1); v(2); : : : ; v(n); : : : ), £¤¥ ª -
¦¤®¥ v(i), i 2 N, | æ¥«®¥ ­¥®âà¨æ â¥«ì­®¥ ç¨á«® ¨«¨ á¨¬¢®«1. � ª¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ­ §ë-
¢ îâáï å à ªâ¥à¨áâ¨ª ¬¨. � ¬­®¦¥áâ¢¥ X ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¢¢®¤¨âáï ç áâ¨ç­ë© ¯®àï¤®ª:
v 6 w â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  v(i) 6 w(i) ¤«ï ª ¦¤®£® i 2 N. �â­®á¨â¥«ì­® íâ®£® ç áâ¨ç­®£®
¯®àï¤ª  X ï¢«ï¥âáï ¯®«­®© à¥è¥âª®©. �ãáâì � = fp1; p2; : : : ; pn; : : : g| ¬­®¦¥áâ¢® ¢á¥å ¯à®áâëå
ç¨á¥«, ¯¥à¥­ã¬¥à®¢ ­­ëå ¢ ¯®àï¤ª¥ ¢®§à áâ ­¨ï. �á«¨ G|  ¡¥«¥¢  £àã¯¯  ¡¥§ ªàãç¥­¨ï, x 2 G,
â® å à ªâ¥à¨áâ¨ª  �G(x) í«¥¬¥­â  x| íâ® â ª ï å à ªâ¥à¨áâ¨ª  w = (w(1); w(2); : : : ; w(n); : : : ),
¢ ª®â®à®© ª ¦¤®¥ w(i) ¥áâì pi-¢ëá®â  hGpi(x) í«¥¬¥­â  x ¢ £àã¯¯¥ G. �á«¨ ¯®­ïâ­®, ® ª ª®© £àã¯¯¥
G ¨¤¥â à¥çì, â® ¨­¤¥ªá G ¢ ®¡®§­ ç¥­¨ïå å à ªâ¥à¨áâ¨ª¨ ¨ ¢ëá®âë ¡ã¤¥â ®¯ãáª âìáï.

�ãáâì G|  ¡¥«¥¢  £àã¯¯  ¡¥§ ªàãç¥­¨ï, v | ­¥ª®â®à ï å à ªâ¥à¨áâ¨ª . �¡®§­ ç¨¬ G(v) =
fg 2 G j �(g) > vg. �®­ïâ­®, çâ® G(v) | ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª ï ¯®¤£àã¯¯  £àã¯¯ë G.

�¯à¥¤¥«¥­¨¥ ([4]). �®¬®¬®àä­®© ®¡®«®çª®© ¯®¤£àã¯¯ë A0 £àã¯¯ë A ¢ £àã¯¯¥ B ¡ã¤¥¬ ­ -
§ë¢ âì ¯®¤£àã¯¯ã £àã¯¯ë B, ¯®à®¦¤¥­­ãî ¢á¥¬¨ í«¥¬¥­â ¬¨ ¢¨¤  �a0, £¤¥ � 2 Hom(A;B),
a0 2 A0.

�¥¬¬  3 ([4]). �ãáâì G =
L

�2A

G�, G
0 =

L

�2A

G0

�, £¤¥ G0

� | ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª ï

¯®¤£àã¯¯  £àã¯¯ë G� (� 2 A). �®¤£àã¯¯  G0 ¢¯®«­¥ å à ªâ¥à¨áâ¨ç­  ¢ G â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  ¤«ï ¢áïª®© ¯ àë ¨­¤¥ªá®¢ (
; �), £¤¥ 
; � 2 A, 
 6= �, £®¬®¬®àä­ ï ®¡®«®çª  ¯®¤£àã¯¯ë G0




£àã¯¯ë G
 ¢ £àã¯¯¥ G� á®¤¥à¦¨âáï ¢ G0

�.

�«ï  ¡¥«¥¢®© £àã¯¯ë G ®¡®§­ ç¨¬ ç¥à¥§ �(G) à¥è¥âªã ¢á¥å ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª¨å
¯®¤£àã¯¯ £àã¯¯ë G.

�ãáâì G |  ¡¥«¥¢  p-£àã¯¯ , fk(G) | k-© ¨­¢ à¨ ­â �«ì¬ {� ¯« ­áª®£® íâ®© £àã¯¯ë
(fk(G) = r(pkA[p]=pk+1A[p])) ¨ K(G) = fk 2 N j fG(k � 1) 6= 0g. � áá¬®âà¨¬ äã­ªæ¨¨ ', ®â®¡à -
¦ îé¨¥ ¬­®¦¥áâ¢® K(G) ¢ ¬­®¦¥áâ¢® ¢á¥å æ¥«ëå ­¥®âà¨æ â¥«ì­ëå ç¨á¥« ¨ ã¤®¢«¥â¢®àïîé¨¥
ãá«®¢¨ï¬

1) '(k) 6 k ¤«ï ¢áïª®£® k 2 K(G);
2) '(k) 6 '(k + r) 6 '(k) + r ¤«ï «î¡ëå k; k + r 2 K(G), r 2 N.

�¡®§­ ç¨¬ ¬­®¦¥áâ¢® äã­ªæ¨©, ã¤®¢«¥â¢®àïîé¨å á¢®©áâ¢ ¬ 1), 2) ç¥à¥§ F1(G); F1(G) ¬®¦­®
ç áâ¨ç­® ã¯®àï¤®ç¨âì, ¯®«®¦¨¢ ' 6  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  '(k) 6  (k) ¤«ï ª ¦¤®£®
k 2 K(G). �â­®á¨â¥«ì­® íâ®£® ¯®àï¤ª  F1(G) ï¢«ï¥âáï ¯®«­®© à¥è¥âª®©.

� â¥®à¥¬¥ 2.2 ¨§ [5] ¯®«ãç¥­® ­®¢®¥ ®¯¨á ­¨¥ ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª¨å ¯®¤£àã¯¯  ¡¥«¥¢ëå
p-£àã¯¯ ¡¥§ í«¥¬¥­â®¢ ¡¥áª®­¥ç­®© ¢ëá®âë ¨ ¯®ª § ­®, çâ® ¤«ï â ª¨å £àã¯¯ G à¥è¥âª¨ �(G) ¨
F1(G)  ­â¨¨§®¬®àä­ë. � ª á«¥¤áâ¢¨¥ íâ®£® ®¯¨á ­¨ï ¯®«ãç ¥âáï â ª®© à¥§ã«ìâ â ¤«ï  ¡¥«¥¢ëå
p-£àã¯¯, à §«®¦¨¬ëå ¢ ¯àï¬ë¥ áã¬¬ë æ¨ª«¨ç¥áª¨å £àã¯¯.
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�à¥¤«®¦¥­¨¥ 2 ([5], á«¥¤áâ¢¨¥ 2.5). �ãáâì B =
L

k2K

Bk,£¤¥ Bk = �Z(pk). �®¤£àã¯¯  S

¢¯®«­¥ å à ªâ¥à¨áâ¨ç­  ¢ B â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  S =
L

k2K

p'(k)Bk, £¤¥ ' | ­¥ª®-

â®à ï äã­ªæ¨ï ¨§ F1(B). �®®â¢¥âáâ¢¨¥ �1 : ' 7�!
L

k2K

p'(k)Bk ®¯à¥¤¥«ï¥â  ­â¨¨§®¬®àä¨§¬

à¥è¥â®ª F1(B) ¨ �(B).

�ãáâì G| ¢¯®«­¥ à §«®¦¨¬ ï £àã¯¯ . �¡®§­ ç¨¬ ç¥à¥§ 
(G) ¬­®¦¥áâ¢® ¢á¥å â¨¯®¢ ¯àï¬ëå
á« £ ¥¬ëå ¡¥§ ªàãç¥­¨ï à ­£  1 £àã¯¯ë G. �§ ¯à¥¤«®¦¥­¨ï 1 ¢ëâ¥ª ¥â, çâ® ¢ «î¡®¬ à §«®¦¥-
­¨¨ £àã¯¯ë G ¢ ¯àï¬ãî áã¬¬ã £àã¯¯ à ­£  1 ¤«ï ¢áïª®£® â¨¯  t 2 
(G) áãé¥áâ¢ã¥â ª®¬¯®­¥­â 
¡¥§ ªàãç¥­¨ï â ª®£® à §«®¦¥­¨ï, ¨¬¥îé ï â¨¯ t. � áá¬®âà¨¬ ¯à®¨§¢®«ì­®¥ à §«®¦¥­¨¥ £àã¯-
¯ë G ¢ ¯àï¬ãî áã¬¬ã £àã¯¯ à ­£  1. �¡®§­ ç¨¬ ç¥à¥§ At (t 2 
(G)) ¯àï¬ãî áã¬¬ã ¯àï¬ëå
á« £ ¥¬ëå ¡¥§ ªàãç¥­¨ï à ­£  1 â¨¯  t íâ®£® à §«®¦¥­¨ï,   ç¥à¥§ Bij (i; j 2 N) | ¯àï¬ãî
áã¬¬ã æ¨ª«¨ç¥áª¨å ¯àï¬ëå á« £ ¥¬ëå ¯®àï¤ª  pji â ª®£® à §«®¦¥­¨ï (­¥ª®â®àë¥ ¨§ £àã¯¯ Bij

¬®£ãâ ¡ëâì ­ã«¥¢ë¬¨). �®«ãç ¥¬ ª ­®­¨ç¥áª®¥ à §«®¦¥­¨¥ G = (
L

i;j2N

Bij) � (
L

t2
(G)

At). � ª¦¥

¨§ ¯à¥¤«®¦¥­¨ï 1 ¢ëâ¥ª ¥â, çâ® ª ­®­¨ç¥áª®¥ à §«®¦¥­¨¥ ¥¤¨­áâ¢¥­­® á â®ç­®áâìî ¤® ¨§®¬®à-
ä¨§¬ . �ãáâì Ki (i 2 N) | ¬­®¦¥áâ¢® ¢á¥å â¥å ­ âãà «ì­ëå ç¨á¥« n, ¤«ï ª®â®àëå áãé¥áâ¢ã¥â
æ¨ª«¨ç¥áª®¥ ¯àï¬®¥ á« £ ¥¬®¥ £àã¯¯ë G ¯®àï¤ª  pni .

� âà¨æã M = (mij)i;j2N, í«¥¬¥­â ¬¨ ª®â®à®© ï¢«ïîâáï ­¥®âà¨æ â¥«ì­ë¥ æ¥«ë¥ ç¨á« , ­ -
§®¢¥¬ ¤®¯ãáâ¨¬®© ¤«ï £àã¯¯ë G, ¥á«¨ ®­  ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

a) mij 6 j ¤«ï «î¡ëå i; j 2 N;
¡) mij 6mi;j+r 6 mij + r ¤«ï ¢áïª®£® i 2 N ¨ ¤«ï «î¡ëå j; j + r 2 Ki, r 2 N;
¢) mij = 0 ¤«ï ¢áïª®£® i 2 N ¨ ¤«ï «î¡®£® j 2 N nKi.

�ã¤¥¬ £®¢®à¨âì, çâ® äã­ªæ¨ï f , ®â®¡à ¦ îé ï 
(G) ¢ X, ¤®¯ãáâ¨¬  ¤«ï £àã¯¯ë G, ¥á«¨
®­  ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ ãá«®¢¨ï¬ (çâ®¡ë á®ªà â¨âì ª®«¨ç¥áâ¢® áª®¡®ª, ¡ã¤¥¬ § ¯¨áë¢ âì
 à£ã¬¥­â ª ª ¨­¤¥ªá):

1) «¨¡® ft = (f (1)t ; f (2)t ; : : : ; f (k)t ; : : : ) 6 � ¤«ï ­¥ª®â®à®© � 2 t, «¨¡® f (k)t =1 ¤«ï ¢á¥å k 2 N;
2) f (k)t =1 ¤«ï ¢á¥å k, ¤«ï ª®â®àëå pkAt = At;
3) ¥á«¨ t1 > t2 (t1; t2 2 
(G)), â® ¤«ï ¢áïª®£® k â ª®£®, çâ® pkAt1 6= At1 , ¨¬¥¥¬ f

(k)
t1 6 f

(k)
t2 .

�­®¦¥áâ¢® F2(G) ¢á¥å ¤®¯ãáâ¨¬ëå ¤«ï £àã¯¯ë G äã­ªæ¨© ¬®¦­® ç áâ¨ç­® ã¯®àï¤®ç¨âì,
¯®«®¦¨¢ f 6 ' â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ft 6 't ¤«ï ¢áïª®£® t 2 
(G). �â­®á¨â¥«ì­® íâ®£®
¯®àï¤ª  F2(G) ï¢«ï¥âáï ¯®«­®© à¥è¥âª®©. � â¥®à¥¬¥ 3.7 ¨§ [5] ¯®«ãç¥­® ¯®«­®¥ ®¯¨á ­¨¥ ¢¯®«-
­¥ å à ªâ¥à¨áâ¨ç¥áª¨å ¯®¤£àã¯¯ ¨ à¥è¥âª¨ (¨¬¨ ®¡à §ã¥¬®©) ¤«ï á¥¯ à ¡¥«ì­ëå £àã¯¯ ¡¥§
ªàãç¥­¨ï. � ª á«¥¤áâ¢¨¥ íâ®£® ®¯¨á ­¨ï ¤«ï ¢¯®«­¥ à §«®¦¨¬ëå £àã¯¯ ¡¥§ ªàãç¥­¨ï ¯®«ãç ¥¬

�à¥¤«®¦¥­¨¥ 3. �ãáâì G =
L

t2
(G)

At | ¢¯®«­¥ à §«®¦¨¬ ï £àã¯¯  ¡¥§ ªàãç¥­¨ï (At |

®¤­®à®¤­ ï ª®¬¯®­¥­â  â¨¯  t £àã¯¯ë G). S ï¢«ï¥âáï ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª®© ¯®¤£àã¯¯®©

£àã¯¯ë G â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  S =
L

t2
(G)

At(ft), £¤¥ f | ­¥ª®â®à ï äã­ªæ¨ï ¨§ F2(G).

�®®â¢¥âáâ¢¨¥ �2 : f 7�!
L

t2
(G)

At(ft) ®¯à¥¤¥«ï¥â  ­â¨¨§®¬®àä¨§¬ à¥è¥â®ª F2(G) ¨ �(G).

�¥à­¥¬áï ª ¨§ãç¥­¨î ¯à®¨§¢®«ì­®© ¢¯®«­¥ à §«®¦¨¬®© £àã¯¯ë G, ¨¬¥îé¥© ª ­®­¨ç¥áª®¥
à §«®¦¥­¨¥ G = (

L

i;j2N

Bij) � (
L

t2
(G)

At). � áá¬®âà¨¬ ¬­®¦¥áâ¢® M(G) ¢á¥å ¯ à ¢¨¤  (M;f), £¤¥

M ¨ f | ¤®¯ãáâ¨¬ë¥ ¤«ï £àã¯¯ë G ¬ âà¨æ  ¨ äã­ªæ¨ï á®®â¢¥âáâ¢¥­­®, ã¤®¢«¥â¢®àïîé¨¥
ãá«®¢¨î

infff (i)t j t 2 
(G)g > supfmij j j 2 Ng 8i 2 N: (�)

�  ¬­®¦¥áâ¢¥M(G) ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¢¢¥¤¥¬ ®â­®è¥­¨¥ ¯®àï¤ª : (M 0; f 0) 6 (M 00; f 00) ¢
â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  M 0 6 M 00, â. ¥. m0

ij 6 m00

ij (M
0 = (m0

ij)i;j2N, M
00 = (m00

ij)i;j2N) ¤«ï
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«î¡ëå i; j 2 N ¨ f 0 6 f 00, â. ¥. f 0t 6 f 00t ¤«ï ¢áïª®£® t 2 
(G). �¥¯®áà¥¤áâ¢¥­­® ¯à®¢¥àï¥âáï, çâ®
M(G) | ¯®«­ ï à¥è¥âª .

�¥®à¥¬ . �ãáâì G | ¢¯®«­¥ à §«®¦¨¬ ï £àã¯¯  ¨ G = (
L

i;j2N

Bij) � (
L

t2
(G)

At) | ¥e ª -

­®­¨ç¥áª®¥ à §«®¦¥­¨¥. �®¤£àã¯¯  S ¢¯®«­¥ å à ªâ¥à¨áâ¨ç­  ¢ G â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  S = (
L

i;j2N

p
mij

i Bij) � (
L

t2
(G)

At(ft)), £¤¥ (M;f) 2 M(G) (M = (mij)i;j2N). �®®â¢¥âáâ¢¨¥

� : (M;f) �! (
L

i;j2N

p
mij

i Bij)�(
L

t2
(G)

At(ft)) ®¯à¥¤¥«ï¥â  ­â¨¨§®¬®àä¨§¬ à¥è¥â®ª M(G) ¨ �(G).

�®ª § â¥«ìáâ¢®. 1. �®ª ¦¥¬ ¢­ ç «¥, çâ® � ®â®¡à ¦ ¥âM(G) ¢ �(G), â. ¥. S = (
L

i;j2N

p
mij

i Bij)�

(
L

t2
(G)

At(ft)), £¤¥ (M;f) 2M(G) | ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª ï ¯®¤£àã¯¯  £àã¯¯ë G. �§ ¯à¥¤-

«®¦¥­¨ï 2 ¢ëâ¥ª ¥â, çâ® ¯®¤£àã¯¯ 
L

i;j2N

p
mij

i Bij ¢¯®«­¥ å à ªâ¥à¨áâ¨ç­  ¢
L

i;j2N

Bij ,   â. ª. ¢ á¨«ã

¯à¥¤«®¦¥­¨ï 3 ¯®¤£àã¯¯ 
L

t2
(G)

At(ft) ¢¯®«­¥ å à ªâ¥à¨áâ¨ç­  ¢
L

t2
(G)

At, â® á ãç¥â®¬ «¥¬¬ë 3

­ã¦­® ¯®ª § âì â®«ìª®, çâ® ¤«ï «î¡®£® t 2 
(G) £®¬®¬®àä­ ï ®¡®«®çª  ¯®¤£àã¯¯ë At(ft)
£àã¯¯ë At ¢ «î¡®© £àã¯¯¥ Bij (i; j 2 N) á®¤¥à¦¨âáï ¢ pmij

i Bij .

�ãáâì t 2 
(G) ¨ a 2 At(ft), â®£¤  �At
(a) > ft ¨ hAt

pi
(a) > f (i)t . �á«¨ ' 2 Hom(At; Bij), â®

hpi('a) > f
(i)
t . � á¨«ã ãá«®¢¨ï (�) ¤«ï ¯ àë (M;f) ¨¬¥¥¬ f

(i)
t > mij ¨ ¯®íâ®¬ã hpi('a) > mij .

�­ ç¨â, 'a 2 pmij

i Bij .
2. �®ª ¦¥¬ â¥¯¥àì, çâ® � | áîàê¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥, â. ¥. ¢áïª ï ¢¯®«­¥ å à ªâ¥à¨áâ¨-

ç¥áª ï ¯®¤£àã¯¯  S £àã¯¯ë G ¨¬¥¥â ¢¨¤ S = (
L

i;j2N

p
mij

i Bij) � (
L

t2
(G)

At(ft)), £¤¥ (M;f) 2 M(G)

(M = (mij)i;j2N).
�ãáâì

L

i;j2N

Bij = B,
L

t2
(G)

At = A. �¬¥¥¬ G = B �A, ¨ ¥á«¨ S | ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª ï

¯®¤£àã¯¯  £àã¯¯ë G, â® S = (S \A)� (S \B), £¤¥ S \A ¨ S \B | ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª¨¥
¯®¤£àã¯¯ë £àã¯¯ A ¨ B á®®â¢¥âáâ¢¥­­®. �¬¥¥¬ S \ B =

L

i;j2N

p
mij

i Bij , £¤¥ M = (mij)i;j2N |

¤®¯ãáâ¨¬ ï ¬ âà¨æ  ¤«ï £àã¯¯ë G (¯à¥¤«®¦¥­¨¥ 2) ¨ S \A =
L

t2
(G)

At(ft), £¤¥ f |¤®¯ãáâ¨¬ ï

äã­ªæ¨ï ¤«ï G (¯à¥¤«®¦¥­¨¥ 3). �®ª ¦¥¬, çâ® M ¨ f á¢ï§ ­ë ãá«®¢¨¥¬ (�).
�ãáâì i 2 N. �«ï ¢áïª®£® t 2 
(G) f

(i)
t ï¢«ï¥âáï æ¥«ë¬ ­¥®âà¨æ â¥«ì­ë¬ ç¨á«®¬ ¨«¨

á¨¬¢®«®¬ 1. �ãáâì ti | â ª®© â¨¯ ¨§ ¬­®¦¥áâ¢  
(G), çâ® infff (i)t j t 2 
(G)g = f (i)ti . �á«¨
f
(i)
ti = 1, â® ãá«®¢¨¥ (�) ¢ë¯®«­ï¥âáï ®ç¥¢¨¤­ë¬ ®¡à §®¬. �ãáâì f (i)ti = ki 6= 1. � áá¬®âà¨¬
£àã¯¯ã Ati , ª®â®à ï ï¢«ï¥âáï ¯àï¬®© áã¬¬®© £àã¯¯ ¡¥§ ªàãç¥­¨ï à ­£  1 â¨¯  ti, ®¡®§­ ç¨¬
®¤­ã ¨§ â ª¨å £àã¯¯ à ­£  1 ç¥à¥§ Ci. �ãáâì j | â ª®¥ ¯à®¨§¢®«ì­®¥ ­ âãà «ì­®¥ ç¨á«®, çâ®
Bij 6= 0; Bij ï¢«ï¥âáï ¯àï¬®© áã¬¬®© æ¨ª«¨ç¥áª¨å £àã¯¯ ¯®àï¤ª  pji , ®¡®§­ ç¨¬ ®¡à §ãîé¨©
í«¥¬¥­â ®¤­®© ¨§ â ª¨å æ¨ª«¨ç¥áª¨å £àã¯¯ ç¥à¥§ bij . �¬¥¥¬ S \ Ci = Ci(fti) (Ci(fti) | ¯àï¬®¥
á« £ ¥¬®¥ £àã¯¯ë Ati(fti)).

� £àã¯¯¥ Ci(fti) ­ ©¤¥âáï â ª®© í«¥¬¥­â ci, çâ® hCi

pi
(ci) = f

(i)
ti = ki. �ãé¥áâ¢ã¥â £®¬®¬®à-

ä¨§¬ 'i £àã¯¯ë Ci ¢ £àã¯¯ã hbiji, ®â®¡à ¦ îé¨© í«¥¬¥­â ci ¢ í«¥¬¥­â p
ki
i bij . �®¬®¬®àä¨§¬ 'i

¤®¯ãáª ¥â ¯à®¤®«¦¥­¨¥ ¤® £®¬®¬®àä¨§¬  £àã¯¯ë Ati ¢ £àã¯¯ã Bij . �­ ç¨â, í«¥¬¥­â p
ki
i bij ¯à¨-

­ ¤«¥¦¨â £®¬®¬®àä­®© ®¡®«®çª¥ ¯®¤£àã¯¯ë Ati(fti) £àã¯¯ë Ati ¢ £àã¯¯¥ Bij . �âáî¤  ¯®«ãç ¥¬
pkii bij 2 p

mij

i Bij , ¨ ¯®íâ®¬ã ki > mij . �ç¨âë¢ ï, çâ® mij = 0, ¥á«¨ Bij = 0 (íâ® ¢ëâ¥ª ¥â ¨§
ãá«®¢¨ï ¢) ¤«ï ¤®¯ãáâ¨¬ëå ¬ âà¨æ), ¨¬¥¥¬ f

(i)
ti > mij ¤«ï «î¡®£® j 2 N. �âáî¤  ¢ëâ¥ª ¥â, çâ®

f (i)ti > supfmij j j 2 Ng, ¨ ¯®íâ®¬ã infff (i)t j t 2 
(G)g > supfmij j j 2 Ng.
3. �®ª ¦¥¬, çâ® � | ¨­ê¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥. �ãáâì (M 0; f 0); (M 00; f 00) 2 M(G) (M 0 =

(m0

ij)i;j2N, M
00 = (m00

ij)i;j2N) ¨ �(M 0; f 0) = �(M 00; f 00). �¬¥¥¬ (
L

i;j2N

p
m0

ij

i Bij) � (
L

t2
(G)

At(f 0t)) =
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(
L

i;j2N

p
m00

ij

i Bij) � (
L

t2
(G)

At(f 00t )). � ª ª ª p
m0

ij

i Bij � Bij , p
m00

ij

i Bij � Bij ¨  ­ «®£¨ç­® At(f 0t) � At,

At(f 00t ) � At, â® p
m0

ij

i Bij = p
m00

ij

i Bij ¤«ï «î¡ëå i; j 2 N ¨ At(f 0t) = At(f 00t ) ¤«ï ¢áïª®£® t 2 
(G).
�ç¨âë¢ ï ãá«®¢¨ï  ) ¨ ¢) ¤«ï ¤®¯ãáâ¨¬ëå ¬ âà¨æ ¨ ãá«®¢¨ï 1) ¨ 2) ¤«ï ¤®¯ãáâ¨¬ëå äã­ªæ¨©,
¯®«ãç¨¬ m0

ij = m00

ij (i; j 2 N) ¨ f 0t = f 00t (t 2 
(G)). �­ ç¨â, (M 0; f 0) = (M 00; f 00) ¨ ®â®¡à ¦¥­¨¥ �
¨­ê¥ªâ¨¢­®.

�®­ïâ­®, çâ® (M2; f2) 6 (M1; f1) ((M1; f1); (M2; f2) 2M(G)) ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤ 
�(M1; f1) � �(M2; f2). �®íâ®¬ã ¡¨¥ªæ¨ï � ï¢«ï¥âáï à¥è¥â®ç­ë¬  ­â¨¨§®¬®àä¨§¬®¬.

�ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ Tp(G), p 2 �, p-ª®¬¯®­¥­âã ¯¥à¨®¤¨ç¥áª®© ç áâ¨ £àã¯¯ë G. �â®¡ë
¯®¤ç¥àª­ãâì, çâ® p| k-¥ ¯à®áâ®¥ ç¨á«®, ¡ã¤¥¬ ¨­®£¤  ®¡®§­ ç âì íâã p-ª®¬¯®­¥­âã ç¥à¥§ Tpk(G).

�¨¯ t ­ §®¢¥¬ pk-¤¥«¨¬ë¬, ¥á«¨ ¤«ï  ¡¥«¥¢®© £àã¯¯ë A ¡¥§ ªàãç¥­¨ï à ­£  1 â¨¯  t ¨¬¥¥¬
pkA = A. �®­ïâ­®, çâ® â¨¯ t â®£¤  ¨ â®«ìª® â®£¤  pk-¤¥«¨¬, ª®£¤  ¤«ï ¢áïª®© å à ªâ¥à¨áâ¨ª¨
v 2 t ¨¬¥¥¬ v(k) =1.

�«¥¤áâ¢¨¥ 1. �ãáâì G | ¢¯®«­¥ à §«®¦¨¬ ï £àã¯¯ , S | ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª ï
¯®¤£àã¯¯  £àã¯¯ë G. �á«¨ ¤«ï ­¥ª®â®à®£® ¯à®áâ®£® ç¨á«  pk £àã¯¯  Tpk(G) ­¥®£à ­¨ç¥­ ,  
S \ Tpk(G) | ®£à ­¨ç¥­­ ï £àã¯¯ , â® ¤«ï ¢áïª®£® â¨¯  t 2 
(G), ­¥ ï¢«ïîé¥£®áï pk-¤¥«¨¬ë¬,
¨¬¥¥¬ S \At = 0.

�®ª § â¥«ìáâ¢®. � ¯¨è¥¬ G = (
L

i;j2N

Bij) � (
L

t2
(G)

At). � á¨«ã â¥®à¥¬ë ¢¯®«­¥ å à ªâ¥à¨-

áâ¨ç¥áª®© ¯®¤£àã¯¯¥ S á®®â¢¥âáâ¢ã¥â ­¥ª®â®à ï ¯ à  (M;f) 2 M(G) (�(M;f) = S). � ¬ âà¨æ¥
M = (mij)i;j2N à áá¬®âà¨¬ k-î áâà®ªã. �¬¥¥¬ S \ Tpk(G) =

L

j2N

p
mkj

k Bkj . � ª ª ª Tpk(G) |

­¥®£à ­¨ç¥­­ ï £àã¯¯ ,   S \ Tpk(G) | ®£à ­¨ç¥­­ ï £àã¯¯ , â® ¯®á«¥¤®¢ â¥«ì­®áâì (mkj)j2N
­¥®£à ­¨ç¥­ . �âáî¤  supfmkj j j 2 Ng = 1 ¨ ¢ á¨«ã ãá«®¢¨ï (�) ¤«ï ¯ àë (M;f) ¨¬¥¥¬
infff (k)t j t 2 
(G)g = 1. �ãáâì t0 2 
(G) ¨ t0 | ­¥ pk-¤¥«¨¬ë© â¨¯. �®£¤  pkAt0 6= At0 . �ç¨-
âë¢ ï, çâ® f (k)t0 = 1 ¨ ãá«®¢¨¥ 1) ¤«ï ¤®¯ãáâ¨¬®© äã­ªæ¨¨ f , ¨¬¥¥¬ f

(n)
t0 = 1 ¤«ï ¢á¥å n 2 N.

�âáî¤  S \At0 = At0(ft0) = 0.

�«ï  ¡¥«¥¢®© £àã¯¯ë A ®¡®§­ ç¨¬ ç¥à¥§ �(A) ¬­®¦¥áâ¢® ¢á¥å â ª¨å ¯à®áâëå ç¨á¥« p, ¤«ï
ª®â®àëå pA 6= A.

�«¥¤áâ¢¨¥ 2. �ãáâì G| ¢¯®«­¥ à §«®¦¨¬ ï £àã¯¯ , S | ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª ï ¯®¤-
£àã¯¯  £àã¯¯ë G. �á«¨ S \ At0 = At0 ¤«ï ­¥ª®â®à®£® â¨¯  t0 2 
(G), â® S \ Tq(G) = Tq(G) ¤«ï
«î¡®£® ¯à®áâ®£® ç¨á«  q 2 �(At0).

�®ª § â¥«ìáâ¢®. �¬¥¥¬ G = (
L

i;j2N

Bij)�(
L

t2
(G)

At). �® â¥®à¥¬¥ ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª®©

¯®¤£àã¯¯¥ S á®®â¢¥âáâ¢ã¥â ­¥ª®â®à ï ¯ à  (M;f) 2 M(G). � ª ª ª S \ At0 = At0 = At0(ft0), â®
f
(k)
t0 = 0 ¤«ï ¢á¥å â ª¨å ­ âãà «ì­ëå ç¨á¥« k, ¤«ï ª®â®àëå k-¥ ¯à®áâ®¥ ç¨á«® pk ¯à¨­ ¤«¥¦¨â
�(At0). �«ï â ª¨å ­ âãà «ì­ëå ç¨á¥« k ¨¬¥¥¬ infff (k)t j t 2 
(G)g = 0. � á¨«ã ãá«®¢¨ï (�)
¤«ï ¯ àë (M;f) ¨¬¥¥¬ supfmkj j j 2 Ng = 0 ¨, §­ ç¨â, mkj = 0 ¤«ï ¢áïª®£® j 2 N. �®£¤ 
S \ Tpk(G) =

L

j2N

p
mkj

k Bkj =
L

j2N

Bkj = Tpk(G).

�«¥¤áâ¢¨¥ 3. �ãáâì G | ¢¯®«­¥ à §«®¦¨¬ ï £àã¯¯ , á®¤¥à¦ é ï á¢®¡®¤­®¥ ¯àï¬®¥ á« -
£ ¥¬®¥, ¨ S | ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª ï ¯®¤£àã¯¯  £àã¯¯ë G, ¨¬¥îé ï á íâ¨¬ ¯àï¬ë¬ á« -
£ ¥¬ë¬ ­¥­ã«¥¢®¥ ¯¥à¥á¥ç¥­¨¥. �®£¤  S \ Tp(G) = Tp(G) ¯®çâ¨ ¤«ï ¢á¥å ¯à®áâëå ç¨á¥« p.

�®ª § â¥«ìáâ¢®. � ¯¨è¥¬ G = (
L

i;j2N

Bij) � (
L

t2
(G)

At). � á¨«ã â¥®à¥¬ë ¢¯®«­¥ å à ªâ¥à¨-

áâ¨ç¥áª®© ¯®¤£àã¯¯¥ S á®®â¢¥âáâ¢ã¥â ­¥ª®â®à ï ¯ à  (M;f) 2 M(G). �à¥¤¨ â¨¯®¢ ¬­®¦¥áâ¢ 

(G) ¥áâì â¨¯ t1, ï¢«ïîé¨©áï â¨¯®¬  ¤¤¨â¨¢­®© £àã¯¯ë æ¥«ëå ç¨á¥«. �ç¨âë¢ ï, çâ® S\At1 6= 0,
¨ ¯à¨¬¥­ïï ãá«®¢¨¥ 1) ¤«ï ¤®¯ãáâ¨¬ëå äã­ªæ¨©, ¨¬¥¥¬ infff (k)t j t 2 
(G)g = 0 ¤«ï ¯®çâ¨ ¢á¥å
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­ âãà «ì­ëå ç¨á¥« k. �«ï ¢á¥å â ª¨å ­ âãà «ì­ëå ç¨á¥« k, ¤«ï ª®â®àëå infff (k)t j t 2 
(G)g = 0,
¢ á¨«ã ãá«®¢¨ï (�) ¤«ï ¯ àë (M;f) ¨¬¥¥¬ supfmkj j j 2 Ng = 0, ¨ ¯®íâ®¬ã, ª ª ¡ë«® ãáâ ­®¢«¥-
­® ¢ ¤®ª § â¥«ìáâ¢¥ á«¥¤áâ¢¨ï 2, S \ Tpk(G) = Tpk(G). �â ª, S \ Tp(G) = Tp(G) ¯®çâ¨ ¤«ï ¢á¥å
¯à®áâëå ç¨á¥« p.

�§ á«¥¤áâ¢¨ï 3 ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 4. �ãáâì G| ¢¯®«­¥ à §«®¦¨¬ ï á¬¥è ­­ ï £àã¯¯ , ä ªâ®à-£àã¯¯  ª®â®à®© ¯®
¥¥ ¯¥à¨®¤¨ç¥áª®© ç áâ¨ á¢®¡®¤­ . �á«¨ S | á¬¥è ­­ ï ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª ï ¯®¤£àã¯¯ 
£àã¯¯ë G, â® S \ Tp(G) = Tp(G) ¯®çâ¨ ¤«ï ¢á¥å ¯à®áâëå ç¨á¥« p.
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