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(Lx)(t) � x(n)(t) +
Z b

a

x(s)dsR(t; s) = f(t); t 2 [a; b]; (1)

x(i)(a) = 0; i = 0; n� k � 1; x(j)(b) = 0; j = 0; k � 1; k 2 f1; 2; : : : ; n� 1g; (2)

£¤¥ R : [a; b] � [a; b] ! R1 | ¨§¬¥à¨¬ ï äã­ªæ¨ï, ¯®«­ ï ¢ à¨ æ¨ï
Wb

s=aR(t; s) ¨ äã­ªæ¨ï f(t)
áã¬¬¨àã¥¬ë ­  [a; b].

� ª ¨§¢¥áâ­® [1], ç áâ­ë¬¨ á«ãç ï¬¨ ãà ¢­¥­¨ï (1) ï¢«ïîâáï ãà ¢­¥­¨ï á ®âª«®­ïîé¨¬áï
 à£ã¬¥­â®¬, ¨­â¥£à®-¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¨ ¨å \£¨¡à¨¤ë".

�¡®§­ ç¨¬ ç¥à¥§ W n ¡ ­ å®¢® ¯à®áâà ­áâ¢® â ª¨å äã­ªæ¨© x : [a; b] ! R1, ª®â®àë¥ ¨¬¥îâ
 ¡á®«îâ­® ­¥¯à¥àë¢­ãî ¯à®¨§¢®¤­ãî x(n�1)(t),

kxkWn =
Z b

a

jx(n)(s)jds+
n�1X
i=1

jx(i)(a)j:

�¥è¥­¨¥¬ ãà ¢­¥­¨ï (1) ¡ã¤¥¬ ­ §ë¢ âì äã­ªæ¨î x 2W n, ã¤®¢«¥â¢®àïîéãî ãà ¢­¥­¨î ¯®çâ¨
¢áî¤ã ­  [a; b].

� §«¨ç­ë¥ ¢®¯à®áë ®¡ ãà ¢­¥­¨¨ (1) ¨ § ¤ ç¥ (1), (2) ¨§ãç «¨áì ¢ à ¡®â å [2], [3], [4]. � á-
á¬®âà¨¬ ¢®¯à®á ®¡ ãá«®¢¨ïå á®åà ­¥­¨ï §­ ª  äã­ªæ¨¨ �à¨­  § ¤ ç¨ (1), (2).

� ª ¨§¢¥áâ­® [1], ¥á«¨ § ¤ ç  (1), (2) ®¤­®§­ ç­® à §à¥è¨¬  ¯à¨ «î¡®© áã¬¬¨àã¥¬®© äã­ª-
æ¨¨ f(t), â® ¥¥ à¥è¥­¨¥ ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥

x(t) =
Z b

a

G(t; s)f(s)ds; (3)

£¤¥ ï¤à® G(t; s) ­ §ë¢ ¥âáï äã­ªæ¨¥© �à¨­  íâ®© § ¤ ç¨. �§ ¯à¥¤áâ ¢«¥­¨ï (3) á«¥¤ã¥â, çâ®
äã­ªæ¨ï G(t; s) ®¯à¥¤¥«ï¥âáï ­¥®¤­®§­ ç­®, â. ª. ¯à¨ ä¨ªá¨à®¢ ­­®¬ t 2 [a; b] ¨§¬¥­¥­¨¥ §­ ç¥-
­¨© G(t; �) ­  ¬­®¦¥áâ¢¥ ­ã«¥¢®© ¬¥àë ­¥ ¬¥­ï¥â §­ ç¥­¨ï

R b
a
G(t; s)f(s)ds. �®íâ®¬ã ãâ¢¥à¦¤¥-

­¨¥ ® §­ ª¥ äã­ªæ¨¨ G(t; s) á«¥¤ã¥â ¯®­¨¬ âì â ª: ª« áá íª¢¨¢ «¥­â­ëå ï¤¥à G(t; s) á®¤¥à¦¨â
äã­ªæ¨î, ã¤®¢«¥â¢®àïîéãî íâ®¬ã ãá«®¢¨î.

1. �ãáâì k | ­¥ç¥â­®¥ ç¨á«®. �ã­ªæ¨î R(t; s), ¨¬¥îéãî ¯à¨ ¯®çâ¨ ¢á¥å t 2 [a; b] ®£à ­¨-
ç¥­­®¥ ¨§¬¥­¥­¨¥, ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ à §­®áâ¨

R(t; s) = R+(t; s)�R�(t; s); (4)

£¤¥ R+(t; s), R�(t; s) ­¥ ã¡ë¢ îâ ¯® s ¯à¨ ¯®çâ¨ ¢á¥å t 2 [a; b].
� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® R+(t; s) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

mesft 2 [a; b] : R+(t; a) 6= R+(t; a+ 0)g = 0;

mesft 2 [a; b] : R+(t; b) 6= R+(t; b� 0)g = 0:
(5)
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�áå®¤­®¥ ãà ¢­¥­¨¥ (1) ¬®¦­® § ¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬:

x(n)(t)�
Z b

a

x(s)dsR
�(t; s) = �

Z b

a

x(s)dsR
+(t; s) + f(t): (6)

� áá¬®âà¨¬ ¢á¯®¬®£ â¥«ì­ãî § ¤ çã

(L�x)(t) � x(n)(t)�
Z b

a

x(s)dsR�(t; s) = y(t); t 2 [a; b];

x(i)(a) = 0; i = 0; n� k � 1; x(j)(b) = 0; j = 0; k � 1:
(7)

� á«ãç ¥ ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨ § ¤ ç¨ (7) ¥¥ äã­ªæ¨î �à¨­  ¡ã¤¥¬ ®¡®§­ ç âì G�(t; s).

�¥¬¬  1. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï

1) ªà ¥¢ ï § ¤ ç  (7) ®¤­®§­ ç­® à §à¥è¨¬  ¨ G�(t; s) < 0 ­  (a; b) � (a; b);
2) á¯¥ªâà «ì­ë© à ¤¨ãá �(F+

1 ) ®¯¥à â®à  F+
1 : C ! C, ¤¥©áâ¢ãîé¥£® ¢ ¯à®áâà ­áâ¢¥

­¥¯à¥àë¢­ëå ­  [a; b] äã­ªæ¨© ¨ ®¯à¥¤¥«ï¥¬®£® à ¢¥­áâ¢®¬

(F+
1 x)(t) = �

Z b

a

�
G�(t; s)

Z b

a

x(�)d�R
+(s; �)

�
ds; (8)

¬¥­ìè¥ ¥¤¨­¨æë.

�®£¤  ®¤­®§­ ç­® à §à¥è¨¬  § ¤ ç  (1), (2), ¨ ¥¥ äã­ªæ¨ï �à¨­  G(t; s) < 0 ­  (a; b)� (a; b).

�®ª § â¥«ìáâ¢®. �§ ¯à¥¤áâ ¢«¥­¨ï (6) ¢¨¤­®, çâ® § ¤ ç  (1), (2) íª¢¨¢ «¥­â­  ãà ¢­¥­¨î

x(t) = (F+
1 x)(t) + z(t) (9)

¢ ¯à®áâà ­áâ¢¥ C ­¥¯à¥àë¢­ëå ­  [a; b] äã­ªæ¨©, £¤¥ ®¯¥à â®à F+
1 ®¯à¥¤¥«¥­ à ¢¥­áâ¢®¬ (8),

z(t) =
Z b

a

G�(t; s)f(s)ds:

�¥®¡å®¤¨¬® ®â¬¥â¨âì, çâ® ãà ¢­¥­¨¥ (9) ¬ë à áá¬ âà¨¢ ¥¬ ¢ ¯à®áâà ­áâ¢¥ C,   à¥è¥­¨¥
§ ¤ ç¨ (1), (2) | í«¥¬¥­â ¯à®áâà ­áâ¢  W n. �¥¬ ­¥ ¬¥­¥¥ ãâ¢¥à¦¤¥­¨¥ ®¡ íª¢¨¢ «¥­â­®áâ¨
¢¥à­®, â. ª. ¢ á¨«ã á¢®©áâ¢ äã­ªæ¨¨ �à¨­  §­ ç¥­¨¥ ®¯¥à â®à  F+

1 ­  ­¥¯à¥àë¢­®© äã­ªæ¨¨
ï¢«ï¥âáï í«¥¬¥­â®¬ ¨§ W n.

� ª ª ª �(F+
1 ) < 1, â® ãà ¢­¥­¨¥ (9),   á«¥¤®¢ â¥«ì­®, ¨ § ¤ ç  (1), (2) ®¤­®§­ ç­® à §à¥è¨-

¬ë, â.¥. à¥è¥­¨¥ § ¤ ç¨ (1), (2) ¨¬¥¥â ¢¨¤ (3), ¯à¨ç¥¬

x = z + F+
1 z + (F+

1 )
2z + � � � ;

£¤¥ F+
1 | ¨§®â®­­ë© ®¯¥à â®à ¢ á¨«ã â®£®, çâ® G�(t; s) < 0 ­  (a; b) � (a; b), ¨ äã­ªæ¨ï R+(t; s)

¯à¨ ¯®çâ¨ ¢á¥å t 2 [a; b] ­¥ ã¡ë¢ ¥â ¯® ¢â®à®¬ã  à£ã¬¥­âã ­  [a; b].
� ª¨¬ ®¡à §®¬, ¤«ï «î¡®© áã¬¬¨àã¥¬®© äã­ªæ¨¨ f(t) â ª®©, çâ® f(t) � 0, f(t) 6� 0, t 2 [a; b]

¨¬¥¥¬ x(t) � z(t). �âáî¤ Z b

a

(G(t; s)�G�(t; s))f(s)ds = x(t)� z(t) � 0:

�«¥¤®¢ â¥«ì­®, G(t; s) � G�(t; s) < 0 ¢ ª¢ ¤à â¥ (a; b)� (a; b).

�«ï ¯à¨¬¥­¥­¨© «¥¬¬ë 1 âà¥¡ãîâáï íää¥ªâ¨¢­ë¥ ãá«®¢¨ï, £ à ­â¨àãîé¨¥ ¨§®â®­­®áâì
®¯¥à â®à  F+

1 ¨ ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢  �(F+
1 ) < 1. � ª¨¥ ãá«®¢¨ï ¬®¦­® ¯®«ãç¨âì ­  ®á­®¢¥

á«¥¤ãîé¨å «¥¬¬ 2 ¨ 3.
�¢¥¤¥¬ ®¡®§­ ç¥­¨¥

lix =

(
x(i�1)(a); ¥á«¨ 1 � i � n� k;

(�1)i�n+k�1x(i�n+k�1)(b); ¥á«¨ n� k + 1 � i � n:
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�¥¬¬  2. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï

1) ªà ¥¢ ï § ¤ ç  (7) ®¤­®§­ ç­® à §à¥è¨¬  ¨ G�(t; s) < 0 ­  (a; b) � (a; b);
2) áãé¥áâ¢ã¥â â ª ï äã­ªæ¨ï v 2 W n, çâ® v(t) � 0, t 2 [a; b], (Lv)(t) =  (t) � 0 ¯®çâ¨

¢áî¤ã ­  [a; b], liv = �i � 0, i = 1; n, ¯à¨ç¥¬ à¥è¥­¨¥ § ¤ ç¨

(L�x)(t) = 0; t 2 [a; b];

lix = �i; i = 1; n;
(10)

­¥ ¯à¨­¨¬ ¥â ®âà¨æ â¥«ì­ëå §­ ç¥­¨© ­  (a; b) ¨
Pn

i=1 �i �
R b
a
 (s)ds > 0.

�®£¤  �(F+
1 ) < 1.

�®ª § â¥«ìáâ¢®. �ã­ªæ¨ï v(t) ï¢«ï¥âáï à¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨

(Lx)(t) =  (t); t 2 [a; b];

lix = �i; i = 1; n:

�«¥¤®¢ â¥«ì­®, äã­ªæ¨ï v(t) ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã

v(t) = (F+
1 v)(t) + g(t);

£¤¥ ®¯¥à â®à F+
1 ®¯à¥¤¥«¥­ à ¢¥­áâ¢®¬ (8), g(t) =

R b
a
G�(t; s) (s)ds+z(t), z(t) | à¥è¥­¨¥ ªà ¥¢®©

§ ¤ ç¨

(L�x)(t) = 0; t 2 [a; b];

lix = �i; i = 1; n:

�â¬¥â¨¬, çâ® ®¯¥à â®à F+
1 : C ! C ¢¯®«­¥ ­¥¯à¥àë¢¥­ ª ª ¯à®¨§¢¥¤¥­¨¥ ¢¯®«­¥ ­¥¯à¥àë¢-

­®£® ®¯¥à â®à  �à¨­ , ¤¥©áâ¢ãîé¥£® ¨§ ¯à®áâà ­áâ¢  áã¬¬¨àã¥¬ëå äã­ªæ¨© ¢ ¯à®áâà ­áâ¢®
C, ­  ®£à ­¨ç¥­­ë© ®¯¥à â®à

R b
a
x(s)dsR+(t; s), ª®â®àë© ¤¥©áâ¢ã¥â ¨§ ¯à®áâà ­áâ¢  C ¢ ¯à®-

áâà ­áâ¢® áã¬¬¨àã¥¬ëå äã­ªæ¨©; ¨ ®¯¥à â®à F+
1 ¨§®â®­¥­. � ®¯¥à â®àã F+

1 ¯à¨¬¥­¨¬  â¥®à¥¬ 
�.�.�á« ¬®¢  [5]. �âã â¥®à¥¬ã ¯à¨¬¥­¨â¥«ì­® ª ®¯¥à â®àã F+

1 ¬®¦­® áä®à¬ã«¨à®¢ âì ª ª

�à¥¤«®¦¥­¨¥ 1. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï (5) ¨ áãé¥áâ¢ã¥â â ª ï äã­ªæ¨ï v 2 C, çâ®
v(t) � 0 ¨ g(t) = v(t)� (F+

1 v)(t) > 0, t 2 (a; b). �®£¤  �(F+
1 ) < 1.

�¥©áâ¢¨â¥«ì­®, ¥á«¨
Pn

i=1 �i = 0, â® ¨¬¥¥¬ g(t) =
R b
a
G�(t; s) (s)ds > 0 ­  (a; b) ¢ á¨«ã

­¥à ¢¥­áâ¢ 
Pn

i=1 �i�
R b
a
 (s)ds > 0; ¥á«¨

Pn

i=1 �i > 0, â® g(t) � z(t) > 0 ­  (a; b). �«¥¤®¢ â¥«ì­®,
¯® â¥®à¥¬¥ �.�.�á« ¬®¢  �(F+

1 ) < 1. �¥¬¬  ¤®ª § ­ . �

�¥¬¬  3. �ãáâì ªà ¥¢ ï § ¤ ç  (1), (2) ®¤­®§­ ç­® à §à¥è¨¬ , ¨ G(t; s) < 0 ­  (a; b)�(a; b).
�®£¤  áãé¥áâ¢ã¥â â ª ï äã­ªæ¨ï v 2 W n, çâ® v(t) � 0, t 2 [a; b], (Lv)(t) =  (t) � 0 ¯®çâ¨

¢áî¤ã ­  [a; b], liv = �i � 0, i = 1; n, ¯à¨ç¥¬ à¥è¥­¨¥ § ¤ ç¨ (10) ­¥ ¯à¨­¨¬ ¥â ®âà¨æ â¥«ì­ëå

§­ ç¥­¨© ­  (a; b) ¨
Pn

i=1 �i �
R b
a
 (s)ds > 0.

�®ª § â¥«ìáâ¢®. � ª ç¥áâ¢¥ v(t) ¢®§ì¬¥¬ à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨

(Lx)(t) =  (t); t 2 [a; b];

lix = 0; i = 1; n;

¯à¨ ãá«®¢¨¨  (t) � 0 ¨
R b
a
 (s)ds < 0.

�®ª § ­­ë¥ «¥¬¬ë 1{3 ¯®§¢®«ïîâ áä®à¬ã«¨à®¢ âì â¥®à¥¬ã â¨¯  â¥®à¥¬ë � ««¥-�ãáá¥­ 
[6] ¤«ï ªà ¥¢®© § ¤ ç¨ (1), (2).

�¥®à¥¬  1. �ãáâì ªà ¥¢ ï § ¤ ç  (7) ®¤­®§­ ç­® à §à¥è¨¬ , ¯à¨ç¥¬ G�(t; s) < 0 ­  (a; b)�
(a; b). �®£¤  á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï íª¢¨¢ «¥­â­ë:
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1) áãé¥áâ¢ã¥â â ª ï äã­ªæ¨ï v 2 W n, çâ® v(t) � 0, t 2 [a; b], (Lv)(t) =  (t) � 0 ¯®-

çâ¨ ¢áî¤ã ­  [a; b], liv = �i � 0, i = 1; n, ¯à¨ç¥¬ à¥è¥­¨¥ § ¤ ç¨ (10) ­¥ ¯à¨­¨¬ ¥â

®âà¨æ â¥«ì­ëå §­ ç¥­¨© ­  (a; b) ¨
Pn

i=1 �i �
R b
a
 (s)ds > 0;

2) § ¤ ç  (1), (2) ®¤­®§­ ç­® à §à¥è¨¬  ¨ G(t; s) < 0 ­  (a; b)� (a; b);
3) �(F+

1 ) < 1.

�®ª § â¥«ìáâ¢®. �¬¯«¨ª æ¨ï 1) �! 3) á«¥¤ã¥â ¨§ «¥¬¬ë 2, ¨¬¯«¨ª æ¨ï 3) �! 2) | ¨§
«¥¬¬ë 1, 2) �! 1) | ¨§ «¥¬¬ë 3.

�à¨¢¥¤¥¬ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨ § ¤ ç¨ (7) ¨ ¢ë¯®«­¥­¨ï ­¥à -
¢¥­áâ¢  G�(t; s) < 0 ­  (a; b) � (a; b). �«ï íâ®£® à áá¬®âà¨¬ ¢á¯®¬®£ â¥«ì­ãî § ¤ çã

(L0x)(t) � x(n)(t) = z(t); t 2 [a; b];

x(i)(a) = 0; i = 0; n� k � 1; x(j)(b) = 0; j = 0; k � 1:
(11)

�â  § ¤ ç  ®¤­®§­ ç­® à §à¥è¨¬ , ¨ ¥¥ äã­ªæ¨ï �à¨­  G0(t; s) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã
(�1)kG0(t; s) > 0 ­  (a; b) � (a; b). �à¨ à áá¬ âà¨¢ ¥¬®¬ ­¥ç¥â­®¬ k ¨¬¥¥¬ G0(t; s) < 0.

�¥®à¥¬  2. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï

1) á¯¥ªâà «ì­ë© à ¤¨ãá �(F�1 ) ®¯¥à â®à  F
�

1 : C ! C, ®¯à¥¤¥«ï¥¬®£® à ¢¥­áâ¢®¬

(F�1 x)(t) =
Z b

a

�
G0(t; s)

Z b

a

x(�)d�R
�(s; �)

�
ds; (12)

¬¥­ìè¥ ¥¤¨­¨æë;

2) ¤«ï «î¡®£® s 2 (a; b) ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

[F�1 G0(�; s)](t) +G0(t; s) < 0; t 2 (a; b):

�®£¤  ªà ¥¢ ï § ¤ ç  (7) ®¤­®§­ ç­® à §à¥è¨¬  ¨ G�(t; s) < 0 ­  (a; b) � (a; b).

�®ª § â¥«ìáâ¢®. �à ¥¢ ï § ¤ ç  (7) íª¢¨¢ «¥­â­  ãà ¢­¥­¨î

x(t) = (F�1 x)(t) + g(t) (13)

¢ ¯à®áâà ­áâ¢¥ C, £¤¥ ®¯¥à â®à F�1 : C ! C ®¯à¥¤¥«¥­ à ¢¥­áâ¢®¬ (12), g(t) =
R b
a
G0(t; s)y(s)ds.

� á¨«ã ãá«®¢¨ï �(F�1 ) < 1 ãà ¢­¥­¨¥ (13),   á«¥¤®¢ â¥«ì­®, ¨ § ¤ ç  (7) ®¤­®§­ ç­® à §à¥è¨¬ë.
�­ ç¨â, à¥è¥­¨¥ § ¤ ç¨ (7) ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥

x(t) =
Z b

a

G�(t; s)y(s)ds:

�à¨ «î¡®¬ ä¨ªá¨à®¢ ­­®¬ s 2 (a; b) äã­ªæ¨ï g�(t) = G�(t; s) ï¢«ï¥âáï à¥è¥­¨¥¬ \¨¬¯ã«ìá­®©"
§ ¤ ç¨ [1]

x(n)(t) =
Z b

a

x(s)dsR
�(t; s); t 2 [a; b];

x(i)(a) = 0; i = 0; n� k � 1; x(j)(b) = 0; j = 0; k � 1; x(n�1)(s)� x(n�1)(s� 0) = 1;

¢ ¯à®áâà ­áâ¢¥ äã­ªæ¨© x : [a; b] ! R1, ¨¬¥îé¨å ­  [a; s) ¨ [s; b]  ¡á®«îâ­® ­¥¯à¥àë¢­ãî ¯à®-
¨§¢®¤­ãî (n� 1)-£® ¯®àï¤ª . �â  § ¤ ç  íª¢¨¢ «¥­â­  ãà ¢­¥­¨î

x(t) = (F�1 x)(t) + g0(t) (14)
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¢ ¯à®áâà ­áâ¢¥ C, £¤¥ g0(t) | à¥è¥­¨¥ \¨¬¯ã«ìá­®©" § ¤ ç¨

x(n)(t) = 0; t 2 [a; b]

x(i)(a) = 0; i = 0; n� k � 1; x(j)(b) = 0; j = 0; k � 1;

x(n�1)(s)� x(n�1)(s� 0) = 1:

�«ï ¤®ª § â¥«ìáâ¢  ­¥à ¢¥­áâ¢  G�(t; s) < 0 ­  (a; b) � (a; b) ®áâ ¥âáï ¢®á¯®«ì§®¢ âìáï â¥-
®à¥¬®© ®¡ ãà ¢­¥­¨¨ á  ­â¨â®­­ë¬ ®¯¥à â®à®¬ ¨§ [1], [7]. �ä®à¬ã«¨àã¥¬ ¥¥ ¯à¨¬¥­¨â¥«ì­® ª
®¯¥à â®àã F�1 , ª ª

�à¥¤«®¦¥­¨¥ 2. �ãáâì  ­â¨â®­­ë© ®¯¥à â®à F�1 : C ! C ¢¯®«­¥ ­¥¯à¥àë¢¥­. �ãáâì,

¤ «¥¥, g0(t) � 0 (g0(t) � 0), (F�1 g0)(t) + g0(t) � 0 ((F�1 g0)(t) + g0(t) � 0), t 2 (a; b). �®£¤  ãà ¢-

­¥­¨¥ (14) ¨¬¥¥â à¥è¥­¨¥ x(t), ã¤®¢«¥â¢®àïîé¥¥ ­¥à ¢¥­áâ¢ ¬ g0(t) � x(t) � (F�1 g0)(t) + g0(t)
((F�1 g0)(t) + g0(t) � x(t) � g0(t)).

�á«®¢¨ï ¯à¥¤«®¦¥­¨ï 2 ¤«ï ãà ¢­¥­¨ï (14) ¢ë¯®«­¥­ë: F�1 ¢¯®«­¥ ­¥¯à¥àë¢¥­;  ­â¨â®­¥­:
¨§ x1 � x2 á«¥¤ã¥â F

�

1 x1 � F�1 x2; ­¥à ¢¥­áâ¢® (F�1 g0)(t) + g0(t) < 0 ¢ë¯®«­¥­®; g0(t) < 0 ¯à¨
t 2 (a; b), â. ª. g0(t) = G0(t; s) ¯à¨ ä¨ªá¨à®¢ ­­®¬ s 2 (a; b) ¨ ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢ ¬¨

g0(t) =

8>>>><
>>>>:

(t� s)n�1

(n� 1)!
�

k�1X
i=0

(�1)iC i
n�1

(t� a)n�1�i(b� s)n�1�i(b� t)i(s� a)i

(n� 1)! (b � a)n�1
; ¥á«¨ a � s � t � b;

�
k�1X
i=0

(�1)iC i
n�1

(t� a)n�1�i(b� s)n�1�i(b� t)i(s� a)i

(n� 1)! (b � a)n�1
; ¥á«¨ a � t < s � b;

£¤¥ Ck
n | ç¨á«® á®ç¥â ­¨© ¨§ n í«¥¬¥­â®¢ ¯® k í«¥¬¥­â®¢.

�«¥¤®¢ â¥«ì­®, ¤«ï «î¡®£® ä¨ªá¨à®¢ ­­®£® s 2 (a; b) à¥è¥­¨¥ g�(t) ãà ¢­¥­¨ï (14) ã¤®¢«¥-
â¢®àï¥â ­¥à ¢¥­áâ¢ ¬ g0(t) � g�(t) < 0 ¯à¨ t 2 (a; b). � ª¨¬ ®¡à §®¬, G�(t; s) < 0 ­  (a; b)�(a; b),
¯à¨ç¥¬ G�(t; s) � G0(t; s).

�à¨¢¥¤¥¬ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ­¥®âà¨æ â¥«ì­®áâ¨ à¥è¥­¨ï § ¤ ç¨ (10).

�¥®à¥¬  3. �á«¨ ¯à¨ t 2 (a; b) ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® (F�1 y)(t) + y(t) � 0, £¤¥ y(t) | à¥è¥-

­¨¥ ªà ¥¢®© § ¤ ç¨

(L0x)(t) � x(n)(t) = 0; t 2 [a; b];

lix = �i � 0; i = 1; n;
(15)

â® à¥è¥­¨¥ § ¤ ç¨ (10) ­¥ ¯à¨­¨¬ ¥â ®âà¨æ â¥«ì­ëå §­ ç¥­¨© ­  (a; b).

�®ª § â¥«ìáâ¢®. �à ¥¢ ï § ¤ ç  (10) íª¢¨¢ «¥­â­  ãà ¢­¥­¨î

x(t) = (F�1 x)(t) + y(t); (16)

¢ ª®â®à®¬ y(t) ¥áâì à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ (15), ®¯¥à â®à F�1 : C ! C ®¯à¥¤¥«¥­ à ¢¥­áâ¢®¬
(12). �«ï ãà ¢­¥­¨ï (16) ¢ë¯®«­¥­ë ãá«®¢¨ï ¯à¥¤«®¦¥­¨ï 2: F�1 ¢¯®«­¥ ­¥¯à¥àë¢¥­ ¨  ­â¨-
â®­¥­; à¥è¥­¨¥ y(t) § ¤ ç¨ (15) ï¢«ï¥âáï ¬­®£®ç«¥­®¬ ¨ ¢ á¨«ã ­¥à ¢¥­áâ¢ �i � 0, i = 1; n,
¥á«¨

Pn

i=1 �i 6= 0, â® y(t) > 0 ­  (a; b); ¥á«¨
Pn

i=1 �i = 0, â® y(t) = 0 ­  (a; b); ­¥à ¢¥­áâ¢®
(F�1 y)(t) + y(t) � 0 ¢ë¯®«­¥­®. �«¥¤®¢ â¥«ì­®, § ¤ ç  (10) ¨¬¥¥â à¥è¥­¨¥, ã¤®¢«¥â¢®àïîé¥¥
­¥à ¢¥­áâ¢ ¬

(F�1 y)(t) + y(t) � x(t) � y(t): �

� ª ç¥áâ¢¥ ¯à¨¬¥à , ¨««îáâà¨àãîé¥£® ¢®§¬®¦­®áâ¨ ¯à¨¬¥­¥­¨ï ¨§«®¦¥­­ëå à¥§ã«ìâ â®¢,
à áá¬®âà¨¬ § ¤ çã (1), (2) ¯à¨ k = 1

x(n)(t) +
Z b

a

x(s)dsR(t; s) = f(t); t 2 [a; b]; (17)

x(i)(a) = 0; i = 0; n� 2; x(b) = 0: (18)
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�ä®à¬ã«¨àã¥¬ ãâ¢¥à¦¤¥­¨ï, ¢ëâ¥ª îé¨¥ ¨§ â¥®à¥¬ 2 ¨ 3.

�â¢¥à¦¤¥­¨¥ 1. �á«¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®Z b

a

[R�(�; b) �R�(�; a)]d� �
(n� 1)!
(b� a)n�1

; (19)

â® ªà ¥¢ ï § ¤ ç  (L�x)(t) = f(t), x(i)(a) = 0, i = 0; n� 2, x(b) = 0, ®¤­®§­ ç­® à §à¥è¨¬ , ¨ ¥¥

äã­ªæ¨ï �à¨­  G�(t; s) < 0 ­  (a; b)� (a; b).

�â¢¥à¦¤¥­¨¥ 2. �á«¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® (19), â® à¥è¥­¨¥ § ¤ ç¨

(L�x)(t) = 0; x(i)(a) = 0; i = 0; n� 3; x(n�2(a) = � � 0; x(b) = � � 0;

­¥ ¯à¨­¨¬ ¥â ®âà¨æ â¥«ì­ëå §­ ç¥­¨© ­  (a; b).

�á¯®«ì§ãï ¨å, ¯®«ãç¨¬ ¢ëâ¥ª îé¨¥ ¨§ â¥®à¥¬ë 1 ¤«ï § ¤ ç¨ (17), (18)

�«¥¤áâ¢¨¥ 1. �á«¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® (19), â® íª¢¨¢ «¥­â­ë ãâ¢¥à¦¤¥­¨ï

1) áãé¥áâ¢ã¥â â ª ï äã­ªæ¨ï v 2W n, çâ® v(t) � 0, t 2 [a; b], (Lv)(t) =  (t) � 0 ¯®çâ¨ ¢áî¤ã
­  [a; b], v(i)a = 0, i = 0; n� 3, v(n�2)(a) � 0, v(b) � 0 ¨ v(n�2)(a) + v(b)�

R b
a
 (s)ds > 0;

2) § ¤ ç  (17), (18) ®¤­®§­ ç­® à §à¥è¨¬  ¨ G(t; s) < 0 ­  (a; b) � (a; b);
3) �(F+

1 ) < 1.

� ¯®¬®éìî á«¥¤áâ¢¨ï 1 ¬®¦­® ¯®«ãç âì íää¥ªâ¨¢­ë¥ ãá«®¢¨ï ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨
ªà ¥¢®© § ¤ ç¨ (17), (18) ¨ á®åà ­¥­¨ï §­ ª  ¥¥ äã­ªæ¨¨ �à¨­ ,   â ª¦¥ ¨ ¤àã£¨å íª¢¨¢ «¥­â­ëå
ãâ¢¥à¦¤¥­¨©. � ¯à¨¬¥à,

�«¥¤áâ¢¨¥ 2. �á«¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® (19) ¨
R b
a
(s�a)n�1(b�s)dsR(t; s) < n! ¯®çâ¨ ¢áî¤ã

­  [a; b], â® ªà ¥¢ ï § ¤ ç  (17), (18) ®¤­®§­ ç­® à §à¥è¨¬ , ¨ ¥¥ äã­ªæ¨ï �à¨­  G(t; s) < 0 ­ 
(a; b)� (a; b).

�¥¬¬  1 ¨ â¥®à¥¬  2 â ª¦¥ ¯®§¢®«ïîâ ¯®«ãç¨âì íää¥ªâ¨¢­ë¥ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ®¤­®-
§­ ç­®© à §à¥è¨¬®áâ¨ ªà ¥¢®© § ¤ ç¨ (17), (18) ¨ ®âà¨æ â¥«ì­®áâ¨ äã­ªæ¨¨ �à¨­ .

�«¥¤áâ¢¨¥ 3. �á«¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® (19) ¨Z b

a

[R+(�; b)�R+(�; a)]d� �
22(n�1)(n� 1)!
(b� a)n�1

;

â® ªà ¥¢ ï § ¤ ç  (17), (18) ®¤­®§­ ç­® à §à¥è¨¬ , ¨ ¥¥ äã­ªæ¨ï �à¨­  G(t; s) < 0 ­  (a; b) �
(a; b).

�ä®à¬ã«¨à®¢ ­­ë¥ íää¥ªâ¨¢­ë¥ ¯à¨§­ ª¨ ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨ § ¤ ç¨ (17), (18) ¨
®âà¨æ â¥«ì­®áâ¨ ¥¥ äã­ªæ¨¨ �à¨­  ®¡®¡é îâ à¥§ã«ìâ âë �.�.� ¡®¢áª®£® [8] ¨ ãâ®ç­ïîâ à¥-
§ã«ìâ âë �.�.�« ªá¨­®© [2].

� ª ®â¬¥ç «®áì ¢ëè¥, ç áâ­ë¬ á«ãç ¥¬ § ¤ ç¨ (17), (18) ï¢«ï¥âáï ªà ¥¢ ï § ¤ ç  ¤«ï ãà ¢-
­¥­¨ï á á®áà¥¤®â®ç¥­­ë¬ ®âª«®­¥­¨¥¬  à£ã¬¥­â 

x(n)(t) + p(t)xh(t) = f(t); t 2 [a; b];

x(i)(a) = 0; i = 0; n� 2; x(b) = 0;
(20)

£¤¥ p; f : [a; b]! R1 | áã¬¬¨àã¥¬ë¥ äã­ªæ¨¨,

xh(t) =

(
x(h(t)); ¥á«¨ h(t) 2 [a; b];

0; ¥á«¨ h(t) =2 [a; b];

h : [a; b]! R1 | ¨§¬¥à¨¬ ï äã­ªæ¨ï, ®¡« ¤ îé ï á¢®©áâ¢®¬ \­¥§ ¢¨á ­¨ï":

mesft 2 [a; b] : h(t) = h(a)g = 0;
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mesft 2 [a; b] : h(t) = h(b)g = 0:

�à¥¤áâ ¢¨¬ äã­ªæ¨î p(t) ¢ ¢¨¤¥ à §­®áâ¨ p(t) = p1(t)� p2(t), £¤¥ p1(t) � 0, p2(t) � 0 ¯à¨ ¯®çâ¨
¢á¥å t 2 [a; b] ¨ ¢¢¥¤¥¬ ®¡®§­ ç¥­¨¥

�h(t) =

(
1; ¥á«¨ h(t) 2 [a; b];

0; ¥á«¨ h(t) =2 [a; b]:

�®£¤  á«¥¤áâ¢¨ï 2 ¨ 3 ¤«ï § ¤ ç¨ (20) ¯à¨¬ãâ á«¥¤ãîé¨© ¢¨¤.

�«¥¤áâ¢¨¥ 4. �ãáâì ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ Z b

a

p2(t)�h(t)dt �
(n� 1)!
(b� a)n�1

;

p(t)�h(t)(b� h(t))(h(t) � a)n�1 < n! ;

â®£¤  § ¤ ç  (20) ®¤­®§­ ç­® à §à¥è¨¬  ¨ ¥¥ äã­ªæ¨ï �à¨­  G(t; s) < 0 ­  (a; b) � (a; b).

�«¥¤áâ¢¨¥ 5. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ïZ b

a

p1(t)�h(t)dt �
22(n�1)(n� 1)!
(b� a)n�1

;

Z b

a

p2(t)�h(t)dt �
(n� 1)!
(b� a)n�1

;

â®£¤  § ¤ ç  (20) ®¤­®§­ ç­® à §à¥è¨¬ , ¨ ¥¥ äã­ªæ¨ï �à¨­  G(t; s) < 0 ­  (a; b)� (a; b).

2. � áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã (1), (2) ¯à¨ ç¥â­®¬ k. �®«ì§ãïáì ¯à¥¤áâ ¢«¥­¨¥¬ äã­ªæ¨¨
R(t; s) ¢ ¢¨¤¥ à §­®áâ¨ (4), § ¯¨è¥¬ ãà ¢­¥­¨¥ (1) ¢ ¢¨¤¥

x(n)(t) +
Z b

a

x(s)dsR+(t; s) =
Z b

a

x(s)dsR�(t; s) + f(t):

� àï¤ã á® ¢á¯®¬®£ â¥«ì­®© § ¤ ç¥© (11) à áá¬®âà¨¬ § ¤ çã

(L+x)(t) � x(n)(t) +
Z b

a

x(s)dsR+(t; s) = z(t); t 2 [a; b];

x(i)(a) = 0; i = 0; n� k � 1; x(j)(b) = 0; j = 0; k � 1;
(21)

äã­ªæ¨î �à¨­  ª®â®à®© ®¡®§­ ç¨¬ G+(t; s). � ¬¥­ïï R+(t; s) ­  R�(t; s), G+(t; s) ­  G�(t; s) ¨
¯®¢â®àïï ¯à¨¢¥¤¥­­ë¥ ¢ëè¥ à ááã¦¤¥­¨ï, ¯®«ãç¨¬ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.

�¥®à¥¬  4. �ãáâì k| ç¥â­®¥ ç¨á«®, ªà ¥¢ ï § ¤ ç  (21) ®¤­®§­ ç­® à §à¥è¨¬  ¨ G+(t; s) >
> 0 ­  (a; b) � (a; b). �ãáâì, ¤ «¥¥,

mesft 2 [a; b] : R�(t; a) 6= R�(t; a+ 0)g = 0;

mesft 2 [a; b] : R�(t; b) 6= R�(t; b� 0)g = 0;

�®£¤  á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï íª¢¨¢ «¥­â­ë:

1) áãé¥áâ¢ã¥â â ª ï äã­ªæ¨ï v 2 W n, çâ® v(t) � 0, t 2 [a; b], (Lv)(t) =  (t) � 0 ¯®çâ¨

¢áî¤ã ­  [a; b], liv = �i � 0, i = 1; n, ¯à¨ç¥¬ à¥è¥­¨¥ § ¤ ç¨ (L+x)(t) = 0, t 2 [a; b], lix =
�i, i = 1; n, ­¥ ¯à¨­¨¬ ¥â ®âà¨æ â¥«ì­ëå §­ ç¥­¨© ­  (a; b) ¨

Pn

i=1 �i +
R b
a
 (s)ds > 0;

2) § ¤ ç  (1), (2) ®¤­®§­ ç­® à §à¥è¨¬  ¨ G(t; s) > 0 ­  (a; b)� (a; b);
3) á¯¥ªâà «ì­ë© à ¤¨ãá ®¯¥à â®à  F�2 : C ! C, ®¯à¥¤¥«ï¥¬®£® à ¢¥­áâ¢®¬

(F�2 x)(t) =
Z b

a

�
G+(t; s)

Z b

a

x(�)d�R�(s; �)
�
ds;

¬¥­ìè¥ ¥¤¨­¨æë.
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