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� ª®æ¥ ¤¢ ¤æ âëå {  ç «¥ âà¨¤æ âëå £®¤®¢ ¤¢ ¤æ â®£® áâ®«¥â¨ï ¤«ï à¥è¥¨ï £à ¨çëå
¨â¥£à «ìëå ãà ¢¥¨© �.�.�àë«®¢ë¬ ¨ �.�.�®£®«î¡®¢ë¬ (á¬.,  ¯à., ¢ [1]) ¡ë« ¯à¥¤«®¦¥
®à¨£¨ «ìë© ¯àï¬®© ¬¥â®¤. � ¯®á«¥¤ãîé¨¥ £®¤ë íâ®â ¬¥â®¤ è¨à®ª® ¯à¨¬¥ï«áï ¨ ¯à®¤®«¦ -
¥â ¯à¨¬¥ïâìáï ¤«ï à¥è¥¨ï à §«¨çëå ª« áá®¢ ¨â¥£à «ìëå ¨ ¨â¥£à®-¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨©. �à âª¨© ®¡§®à á®®â¢¥âáâ¢ãîé¨å ¨áá«¥¤®¢ ¨© ¨ ¨§«®¦¥¨¥ àï¤  ¯®«ãç¥ëå à¥-
§ã«ìâ â®¢ ¨¬¥¥âáï,  ¯à¨¬¥à, ¢ [2]{[7].

�¥á¬®âàï   ¯à®áâ®âã ¬¥â®¤  ¨ ¥£® è¨à®ª®¥ ¯à¨¬¥¥¨¥   ¯à ªâ¨ª¥, ¤® á¨å ¯®à ¥â ¥£®
áâà®£®£® â¥®à¥â¨ç¥áª®£® ®¡®á®¢ ¨ï. �®ª § â¥«ìáâ¢® ¦¥ áå®¤¨¬®áâ¨ ¬¥â®¤ , ¯à¥¤«®¦¥®¥ ¥£®
 ¢â®à ¬¨ |  ª ¤¥¬¨ª ¬¨ �.�.�àë«®¢ë¬ ¨ �.�.�®£®«î¡®¢ë¬ ¤«ï £à ¨çëå ¨â¥£à «ìëå
ãà ¢¥¨©, ¯à¨£®¤® «¨èì ¯à¨ ®ç¥ì ¦¥áâª¨å ®£à ¨ç¥¨ïå   ¨áå®¤ë¥ ¤ ë¥.

�¨¦¥ ¯à¥¤« £ ¥âáï áâà®£®¥ â¥®à¥â¨ª®-äãªæ¨® «ì®¥ ®¡®á®¢ ¨¥ ¬¥â®¤  �.�.�®£®«î¡®-
¢ {�.�.�àë«®¢  ¤«ï ®¯¥à â®àëå ãà ¢¥¨© ¢â®à®£® à®¤  ¢ ®à¬¨à®¢ ëå ¯à®áâà áâ¢ å.
�à¨ íâ®¬ áãé¥áâ¢¥ë¬ ®¡à §®¬ ¨á¯®«ì§ãîâáï ®¡é ï â¥®à¨ï ¯à¨¡«¨¦¥ëå ¬¥â®¤®¢  ª ¤¥-
¬¨ª  �.�.� â®à®¢¨ç  ¨ ¯à¨¡«¨¦¥¨ï á¯« © ¬¨ ¬¨¨¬ «ìëå áâ¥¯¥¥©. �®«ãç¥ë¥ ®¡é¨¥
à¥§ã«ìâ âë ¯à¨¬¥ïîâáï ª à §«¨çë¬ ª« áá ¬ à¥£ã«ïàëå ¨ á¨£ã«ïàëå ¨â¥£à «ìëå ãà ¢-
¥¨©.

1. �¡é ï ®¯¥à â®à ï áå¥¬  ¬¥â®¤  �®£®«î¡®¢ {�àë«®¢  ¨ ¥¥ ®¡®á®¢ ¨¥

�ãáâì M =M [a; b] ¨ C[a; b] | ¯à®áâà áâ¢  ¢á¥å ®£à ¨ç¥ëå ¨ á®®â¢¥âáâ¢¥® ¥¯à¥àë¢-
ëå   á¥£¬¥â¥ [a; b] äãªæ¨© á ®à¬ ¬¨

k'kM = sup
a�t�b

j'(t)j; ' 2M ; kfkC = max
a�t�b

jf(t)j; f 2 C:

�  [a; b] ¢¢¥¤¥¬ á¨áâ¥¬ë ã§«®¢

tk = a+ k
b� a

n
; k = 0; n; n 2 N; (1.1)

tk = a+
�
k �

1
2

�
b� a

n
; k = 1; n: (1.2)

�¡®§ ç¨¬ ç¥à¥§  k(t) =  k;n(t), k = 1; n, äã¤ ¬¥â «ìë¥ á¯« ©ë ã«¥¢®© áâ¥¯¥¨ ¯®
á¥âª¥ ã§«®¢ (1.1):

 k(t) =
�
1 ¯à¨ t 2 [tk�1; tk); 0 ¯à¨ t =2 [tk�1; tk)

	
; k = 1; n� 1;

 n(t) =
�
1 ¯à¨ t 2 [tn�1; tn]; 0 ¯à¨ t =2 [tn�1; tn]

	
:

(1.3)

� áá¬®âà¨¬ «¨¥©®¥ ®¯¥à â®à®¥ ãà ¢¥¨¥ ¢¨¤ 

Ax � x(t)�B(x; t) = y(t) (x; y 2M); (1.4)
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£¤¥ B : M ! C | ¥¯à¥àë¢ë© ®¯¥à â®à. �£® ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥
á¯« ©  ã«¥¢®© áâ¥¯¥¨

xn(t) =
nX

k=1

�k  k(t); �k 2 R; n 2 N; a � t � b; (1.5)

ª®íää¨æ¨¥âë ª®â®à®£® ¡ã¤¥¬ ®¯à¥¤¥«ïâì ¨§ á¨áâ¥¬ë «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©
(����)

�j �
nX

k=1

�k B( k; tj) = y(tj); j = 1; n: (1.6)

�à®¬¥ äãªæ¨¨ (1.5), §  ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ ãà ¢¥¨ï (1.4) ¡ã¤¥¬ ¨á¯®«ì§®¢ âì â ª¦¥
äãªæ¨î

xn(t) = y(t) +
nX

k=1

�k B( k; t); a � t � b; (1.7)

£¤¥ �1; �2; : : : ; �n | à¥è¥¨¥ ���� (1.6).
�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¢ á«ãç ¥, ª®£¤  B ¥áâì ¨â¥£à «ìë© ®¯¥à â®à �à¥¤£®«ì¬ ,  ¯à¨¬¥à,

B(x; t) =
Z b

a

h(t; �)x(�) d�; x 2M; (1.8)

¯à¨ç¥¬ äãªæ¨¨ y(t) 2 C(2)[a; b], h(t; �) 2 C(2)[a; b]2 ¨ ï¢«ïîâáï ¯¥à¨®¤¨ç¥áª¨¬¨ ¯® ª ¦¤®© ¨§
¯¥à¥¬¥ëå á ¯¥à¨®¤®¬ b� a, ¢ëç¨á«¨â¥«ì ï áå¥¬  (1.1){(1.3), (1.6){(1.8) ï¢«ï¥âáï áå¥¬®© ¬¥-
â®¤  �®£®«î¡®¢ {�àë«®¢  ¤«ï ¨â¥£à «ì®£® ãà ¢¥¨ï �à¥¤£®«ì¬  ¢â®à®£® à®¤  (á¬.,  ¯à.,
[2], á. 143{148); ¡®«¥¥ ¯®¤à®¡® ®¡ íâ®¬ à¥çì ¡ã¤¥â ¨¤â¨ ¨¦¥.

�à¨¢¥¤¥¬ â¥®à¥â¨ç¥áª®¥ ®¡®á®¢ ¨¥ ¬¥â®¤  (1.1){(1.7) ¢ á¬ëá«¥ ([8], £«. 14 ¨ [9], £«. 1).

�¥®à¥¬  1.1. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï :

 ) y 2 C[a; b],   B :M [a; b]! C[a; b] | ¢¯®«¥ ¥¯à¥àë¢ë© ®¯¥à â®à;
¡) ãà ¢¥¨¥ (1:4) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x� 2M ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ y 2M .

�®£¤  ¯à¨ ¢á¥å n 2 N,  ç¨ ï á ¥ª®â®à®£® n0 2 N (n0 ®¯à¥¤¥«ï¥âáï á¢®©áâ¢ ¬¨ ®¯¥à â®à 

B), ���� (1:6) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ��1; �
�
2; : : : ; �

�
n. �à¨¡«¨¦¥ë¥ à¥è¥¨ï

x�n(t) =
nX

k=1

��k  k(t); a � t � b; (1:5�)

x�n(t) = y(t) +
nX

k=1

��k B( k; t); a � t � b; (1:7�)

áå®¤ïâáï ª â®ç®¬ã à¥è¥¨î x�(t) ¢ ¯à®áâà áâ¢ å á®®â¢¥âáâ¢¥® M [a; b] ¨ C[a; b] á® áª®-
à®áâï¬¨

kx� � x�nkM = O
�
kx� � Pnx

�kM
	
; (1.9)

kx� � x�nkC = O
�
kB(x� � Pnx

�)kC
	
; (1.10)

£¤¥

Pn('; t) =
nX

k=1

'(tk) k(t); ' 2 C[a; b]: (1.11)
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�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® ¢ ãá«®¢¨ïå â¥®à¥¬ë à¥è¥¨¥ x� 2 M ãà ¢-
¥¨ï (1.4) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î x� 2 C, ¯®íâ®¬ã ¢ ä®à¬ã« å (1.9) ¨ (1.10) á¯« © Pn(x�; t)
á®£« á® (1.11) ¨¬¥¥â á¬ëá«; ªà®¬¥ â®£®, äãªæ¨ï xn(t) ¨§ (1.7),   á«¥¤®¢ â¥«ì®, ¨ äãªæ¨ï
x�n(t) (¢ á«ãç ¥ à §à¥è¨¬®áâ¨ ���� (1.6)) ï¢«ïîâáï ¥¯à¥àë¢ë¬¨   á¥£¬¥â¥ [a; b].

�®«®¦¨¬ X = M [a; b] ¨ ®¡®§ ç¨¬ ç¥à¥§ Xn ¬®¦¥áâ¢® ¢á¥å á¯« ©®¢ ¢¨¤  (1.5). �á®, çâ®
Xn � X ¨ dimXn = n <1. �®£¤  ���� (1.6) íª¢¨¢ «¥â  «¨¥©®¬ã ®¯¥à â®à®¬ã ãà ¢¥¨î

Anxn � xn � PnBxn = Pny (xn; Pny 2 Xn); (1.12)

£¤¥ ®¯¥à â®à Pn ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (1.11).
�®ª ¦¥¬, çâ® ãà ¢¥¨ï (1.12)  ¯¯à®ªá¨¬¨àãîâ â®ç®¥ ãà ¢¥¨¥ (1.4) ¢ á¬ëá«¥ ([9], £«. 1).

�«ï ¨å ¯à ¢ëå ç áâ¥© ¢ á¨«ã ãá«®¢¨ï y 2 C ¨¬¥¥¬ (á¬.,  ¯à., [10])

�n � ky � PnykX � !

�
y;
b� a

2n

�
! 0; n!1; (1.13)

£¤¥ !('; �) | ¬®¤ã«ì ¥¯à¥àë¢®áâ¨ äãªæ¨¨ ' 2 C[a; b] á è £®¬ � 2 (0; b� a].
�§ (1.4) ¨ (1.12) ¤«ï «î¡®£® xn 2 Xn; xn 6= 0,  å®¤¨¬

kAxn �AnxnkX = kBxn � PnBxnkX = kxnkXkBzn � PnBznkX �

� kxnkX sup
zn2Xn;kznk�1

kBzn � PnBznkX � kxnkX sup
z2X;kzk�1

kBz � PnBzkX � "0n kxnkX ; (1.14)

£¤¥

"0n = sup
'2BS(0;1)

k' � Pn'kX ; zn =
xn
kxnk

; S(0; 1) =
�
x 2 X : kxk � 1

	
: (1.15)

� á¨«ã (1.13) ®¯¥à â®àë Pn : C ! M á¨«ì® áå®¤ïâáï ª ®¯¥à â®àã ¢«®¦¥¨ï eE : C ! M ,  
¢ á¨«ã ãá«®¢¨ï  ) â¥®à¥¬ë ¬®¦¥áâ¢® BS(0; 1) ï¢«ï¥âáï ª®¬¯ ªâë¬ ¢ ¯à®áâà áâ¢¥ C[a; b]. �
â®£¤  ¯® â¥®à¥¬¥ �.�. �¥«ìä ¤  (á¬.,  ¯à., [8], á. 274{276) ¨§ (1.13){(1.15)  å®¤¨¬

"n � kA�AnkXn!X � "0n ! 0; n!1: (1.16)

� ãá«®¢¨ïå â¥®à¥¬ë ®¯¥à â®à A ¥¯à¥àë¢® ®¡à â¨¬ ¢ ¯à®áâà áâ¢¥ X. �®íâ®¬ã ¢ á¨«ã
(1.13), (1.15) ¨ (1.16) ¤«ï ãà ¢¥¨© (1.4) ¨ (1.12) ¢ë¯®«¥ë ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 7 ([9], £«. 1),
á®£« á® ª®â®à®© ¯à¨ ¢á¥å n 2 N â ª¨å, çâ®

qn � kA�1k "n � kA�1k "0n < 1; (1.17)

ãà ¢¥¨¥ (1.12),   á«¥¤®¢ â¥«ì®, ¨ íª¢¨¢ «¥â ï ¥¬ã ���� (1.6) ®¤®§ ç® à §à¥è¨¬ë, ¯à¨
íâ®¬

kA�1
n k � kA�1k (1 � qn)�1 = O(1); n!1; (1.18)

kx� � x�nkX = kA�1y �A�1
n PnykX = O("n + �n)! 0; n!1: (1.19)

�®£¤  ¢ á¨«ã ([9], £«. 1, á«¥¤áâ¢¨¥ 2 â¥®à¥¬ë 6) ¤«ï ¯®£à¥è®áâ¨ ¯à¨¡«¨¦¥®© ä®à¬ã«ë x�(t) �
x�n(t) á¯à ¢¥¤«¨¢ë â®¦¤¥áâ¢ 

x� � x�n = (E �A�1PnA)(x� � exn) = (E +A�1
n PnB)(x� � Pnx

�); (1.20)

£¤¥ exn | ¯à®¨§¢®«ìë© í«¥¬¥â ¨§ Xn,   E | ¥¤¨¨çë© ®¯¥à â®à ¯à®áâà áâ¢  X. �®íâ®¬ã
¨§ (1.18) ¨ (1.20)  å®¤¨¬

kx� � x�nkX �
�
1 + kA�1

n PnBkX!X

�
kx� � Pnx

�kX = O
�
kPnkC!Mkx

� � Pnx
�kX

	
: (1.21)

�¥£ª® ¯®ª § âì, çâ® ®¯¥à â®àë Pn : C !M , ®¯à¥¤¥«¥ë¥ á®£« á® (1.11), ®£à ¨ç¥ë ¯® ®à¬¥
¢ á®¢®ªã¯®áâ¨, â®ç¥¥,

kPnkC!M = 1; n 2 N: (1.22)
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�§ á®®â®è¥¨© (1.19){(1.22) á«¥¤ã¥â ®æ¥ª  (1.9).
� á¨«ã (1.4), (1.12) ¨ (1.7�) á¯à ¢¥¤«¨¢ë â®¦¤¥áâ¢ 

x� � y +Bx�; x�n � Pny + PnBx
�
n; x�n � y +Bx�n: (1.23)

�§ (1.23)  å®¤¨¬

x� � x�n = B(x� � x�n) = B(x� � Pnx
�) +B(Pnx� � x�n): (1.24)

�§ â®¦¤¥áâ¢  (1.20) ¢¨¤®, çâ®

Pnx
� � x�n = A�1

n PnB(x
� � Pnx

�): (1.25)

�§ (1.24) ¨ (1.25) á«¥¤ã¥â

x� � x�n = B(x� � Pnx
�) +BA�1

n PnB(x
� � Pnx

�) = (E +BA�1
n Pn)B(x

� � Pnx
�): (1.26)

�§ á®®â®è¥¨© (1.18), (1.22) ¨ (1.26)  å®¤¨¬ ®æ¥ªã (1.10)

kx� � x�nkC � kE +BA�1
n PnkC!CkB(x

� � Pnx
�)kC �

�
�
1 + kBkX!X kA

�1
n kXn!Xn

kPnkC!M

	
kB(x� � Pnx

�)kC =

= O(1)kB(x� � Pnx
�)kC = O

�
kB(x� � Pnx

�)k
	
: �

� ª ¢¨¤® ¨§ å®¤  ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1.1, ���� (1.6) à §à¥è¨¬ ,   á«¥¤®¢ â¥«ì®,
ä®à¬ã«ë (1:5�), (1:7�) ¨¬¥îâ á¬ëá« «¨èì ¯à¨ n > n0, £¤¥ n0 2 N ®¯à¥¤¥«ï¥âáï ª ª  ¨¬¥ìè¥¥
¨§ à¥è¥¨© ¯¥à¢®© ç áâ¨ ¥à ¢¥áâ¢ (1.17). �â®£® ¥¤®áâ âª  «¨è¥  á«¥¤ãîé ï

�¥®à¥¬  1.2. �á«¨

kBkM!C � q < 1; (1.27)

â® ª ª â®ç®¥ ãà ¢¥¨¥ (1:4), â ª ¨  ¯¯à®ªá¨¬¨àãîé ï ¥£® ���� (1:6) ¯à¨ «î¡ëå n 2 N

®¤®§ ç® à §à¥è¨¬ë. �«ï ¯®£à¥è®áâ¨ ¬¥â®¤  (1:1){(1:7) ¯à¨ «î¡ëå n 2 N á¯à ¢¥¤«¨¢ë

®æ¥ª¨

kx� � x�nkM �
kx� � Pnx

�kM
1� q

; (1.28)

kx� � x�nkC �
kB(x� � Pnx

�)kC
1� q

: (1.29)

�®ª § â¥«ìáâ¢®. � á¨«ã (1.27) ®¯¥à â®à A :M !M ¥¯à¥àë¢® ®¡à â¨¬ ¨

kA�1k � (1� q)�1; A : X ! X: (1.30)

� ¤àã£®© áâ®à®ë, ¡« £®¤ àï (1.12), (1.22) ¨ (1.27) ¤«ï «î¡ëå n 2 N ¨¬¥¥¬

kPnBkXn!Xn
� kBkX!X � q < 1: (1.31)

�®íâ®¬ã ®¯¥à â®àë An : Xn ! Xn ¥¯à¥àë¢® ®¡à â¨¬ë ¯à¨ «î¡ëå n 2 N ¨

kA�1
n k � (1� q)�1; An : Xn ! Xn; n 2 N: (1.32)

� á¨«ã (1.30) ¨ (1.32) ¯¥à¢ ï ç áâì â¥®à¥¬ë ¤®ª §  . �«ï ¤®ª § â¥«ìáâ¢  ¢â®à®© ¥¥ ç áâ¨ ¢®á-
¯®«ì§ã¥¬áï ä®à¬ã« ¬¨ (1.20), (1.22), (1.26), (1.27), (1.30){(1.32). �®£¤  ¯®á«¥¤®¢ â¥«ì®  å®¤¨¬
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®æ¥ª¨ á®®â¢¥âáâ¢¥® (1.28) ¨ (1.29)

kx� � x�nkM �
�
1 + kA�1

n k kPnk kBk
�
kx� � Pnx

�kM �

�

�
1 +

q

1� q

�
kx� � Pnx

�kM =
kx� � Pnx

�kM
1� q

;

kx� � x�nkC � kE +BA�1
n PnkC!CkB(x� � Pnx

�)kC �

�

�
1 +

q

1� q

�
kB(x� � Pnx

�)kC =
kB(x� � Pnx

�)kC
1� q

: �

�¥®à¥¬ë 1.1 ¨ 1.2 ¥áª®«ìª® ¤®¯®«ï¥â

�¥®à¥¬  1.3. �ãáâì Y � BM | â ª®¥ «¨¥©®¥ ®à¬¨à®¢ ®¥ ¯à®áâà áâ¢®, çâ® ®¯¥-

à æ¨ï ¢«®¦¥¨ï eE : Y ! C ï¢«ï¥âáï ¥¯à¥àë¢®©. �®£¤  ¢ ãá«®¢¨ïå «î¡®© ¨§ â¥®à¥¬ 1:1 ¨

1:2 ¬¥â®¤ �®£®«î¡®¢ {�àë«®¢  (1:1){(1:4), (1:6), (1:7), (1:7�) áå®¤¨âáï ¢ ¯à®áâà áâ¢¥ Y á®

áª®à®áâìî

kx� � x�nkY = Ofkx� � Pnx
�kMg = O

�
!

�
x�;

b� a

2n

��
: (1.33)

�®ª § â¥«ìáâ¢®. � ãá«®¢¨ïå â¥®à¥¬ë 1.1 (¯à¨ «î¡ëå n � n0 2 N) ¨ â¥®à¥¬ë 1.2 (¯à¨
«î¡ëå n 2 N) á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢® (1.26), á®£« á® ª®â®à®¬ã

x� � x�n = B(E +A�1
n PnB)(x� � Pnx

�) 2 Y: (1.34)

�§ (1.34) ¨ ¥à ¢¥áâ¢, ¯®«ãç¥ëå ¢ å®¤¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ 1.1 ¨ 1.2,  å®¤¨¬ ®æ¥ª¨
(1.33)

kx� � x�nkY � kBkX!Y kE +A�1
n PnBkX!Xkx

� � Pnx
�kX =

= O(kx� � Pnx
�kM ) = O

�
!

�
x�;

b� a

2n

��
: �

� § ª«îç¥¨¥ ¯ à £à ä  ¯à¨¢¥¤¥¬ ®¤® ¨§ ¢®§¬®¦ëå ®¡®¡é¥¨© ¬¥â®¤  �®£®«î¡®¢ {
�àë«®¢ .

�ãáâì X = fxg | ¯®«®¥ «¨¥©®¥ ®à¬¨à®¢ ®¥ ¯à®áâà áâ¢® á ®à¬®© k � k. � áá¬®âà¨¬
¢ ¥¬ «¨¥©®¥ ®¯¥à â®à®¥ ãà ¢¥¨¥

Ax � x�Bx = y (x; y 2 X): (1.35)

�£® ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ í«¥¬¥â 

xn = y +
nX

k=1

�kB'k; n 2 N; (1.36)

¥¨§¢¥áâë¥ ª®íää¨æ¨¥âë �k 2 R ¡ã¤¥¬ ®¯à¥¤¥«ïâì ¨§ ����

�j �
nX

k=1

�kfj(B'k) = fj(y); j = 1; n; (1.37)

£¤¥ f'kg11 | ¯®« ï «¨¥©® ¥§ ¢¨á¨¬ ï á¨áâ¥¬  í«¥¬¥â®¢ ¨§ X,   ffjg11 | ¡¨®àâ®£® «ì ï
ª ¥© á¨áâ¥¬  «¨¥©® ¥§ ¢¨á¨¬ëå äãªæ¨® «®¢.

�«ï ¢ëç¨á«¨â¥«ì®© áå¥¬ë (1.35){(1.37) á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1.4. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï :

 ) B | ¢¯®«¥ ¥¯à¥àë¢ë© ®¯¥à â®à ¢ X;
¡) ãà ¢¥¨¥ (1:35) ®¤®§ ç® à §à¥è¨¬® ¢ B-¯à®áâà áâ¢¥ X;
¢) ¢ X áãé¥áâ¢ã¥â ¯®« ï «¨¥©® ¥§ ¢¨á¨¬ ï á¨áâ¥¬  í«¥¬¥â®¢ f'kg

1
1 .
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�®£¤  ¯à¨ ¢á¥å n 2 N,  ç¨ ï á ¥ª®â®à®£®, ���� (1:37) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥

��1; �
�
2; : : : ; �

�
n; ¯à¨¡«¨¦¥ë¥ à¥è¥¨ï

x�n = y +
nX

k=1

��kB'k 2 X; n 2 N; (1:36�)

áå®¤ïâáï ª à¥è¥¨î x� 2 X ãà ¢¥¨ï (1:35) á® áª®à®áâìî

kx� � x�nkX = OfkB(x� � Pnx
�)kXg; (1.38)

£¤¥

Pnf =
nX
j=1

fj(f)'j ; f 2 X; fj 2 X
�: (1.39)

�®ª § â¥«ìáâ¢®. �ãáâì Xn | «¨¥© ï ®¡®«®çª ,  âïãâ ï   í«¥¬¥âë '1; '2; : : : ; 'n.
�®£¤  Xn � X ¨ dimXn = n 2 N. �¯¥à â®à ¯à®¥ªâ¨à®¢ ¨ï X   Xn ¢¢¥¤¥¬ ¯® ä®à¬ã«¥ (1.39).
�®£¤  ���� (1.37) íª¢¨¢ «¥â  «¨¥©®¬ã ®¯¥à â®à®¬ã ãà ¢¥¨î

Anxn � xn � PnBxn = Pny (xn; Pny 2 Xn) (1.40)

¢ ¯®¤¯à®áâà áâ¢¥ Xn � X. �ç¥¢¨¤®, P 2
n = Pn ¨ Pn ! E, n ! 1, á¨«ì® ¢ ¯à®áâà áâ¢¥

«¨¥©ëå ®£à ¨ç¥ëå ®¯¥à â®à®¢ L(X) = L(X;X). �®íâ®¬ã ¨§ ([8], £«. 14, x 1, â¥®à¥¬  6) á
ãç¥â®¬ ãá«®¢¨©  ){¢) ¯®«ãç¨¬, çâ® ®¯¥à â®àë An : Xn ! Xn «¨¥©® ®¡à â¨¬ë,   ®¡à âë¥
®¯¥à â®àë ®£à ¨ç¥ë ¯® ®à¬¥ ¢ á®¢®ªã¯®áâ¨:

kA�1
n k = O(1); A�1

n : Xn ! Xn; (1.41)

ªà®¬¥ â®£®, í«¥¬¥âë x�n =
nP

k=1
��k'k ! x�, n!1, ¢ ¯à®áâà áâ¢¥ X á® áª®à®áâìî

kx� � x�nkX = Ofkx� � Pnx
�kXg: (1.42)

�®áª®«ìªã ¢ á¨«ã (1.35) ¨ (1.36�) ¨¬¥¥¬ x� � x�n = B(x� � x�n), â® ¨§ (1.40){(1.42) ¨ ãá«®¢¨©
â¥®à¥¬ë  å®¤¨¬ âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥¨¥, ¢ â®¬ ç¨á«¥ ®æ¥ªã (1.38).

2. �¥è¥¨¥ ¨â¥£à «ìëå ãà ¢¥¨© á ¥¯à¥àë¢ë¬¨ ¨ £« ¤ª¨¬¨ ï¤à ¬¨
¬¥â®¤®¬ �®£®«î¡®¢ {�àë«®¢ 

� áá¬®âà¨¬ ¨â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬  ¢â®à®£® à®¤ 

Ax � x(t)�
Z b

a

h(t; �)x(�) d� = y(t); a � t � b; (2.1)

£¤¥ x(t) | ¨áª®¬ ï äãªæ¨ï, y(t) | ¨§¢¥áâ ï ¥¯à¥àë¢ ï äãªæ¨ï,   ï¤à® h(t; �) â ª®¢®, çâ®
¯®à®¦¤ ¥¬ë© ¨¬ ¨â¥£à «ìë© ®¯¥à â®à B : M ! C ¨§ (1.8) ï¢«ï¥âáï «¨¡® ¬ «ë¬ ¯® ®à¬¥
(â®£¤  ¯à¨¬¥¨¬  â¥®à¥¬  1.2), «¨¡® ¢¯®«¥ ¥¯à¥àë¢ë¬ (â®£¤  ¯à¨¬¥¨¬  ¤®ª §  ï ¢ëè¥
â¥®à¥¬  1.1). � ¯à¨¬¥à, ¨§ â¥®à¥¬ë 1.1 «¥£ª® ¢ë¢®¤¨âáï

�¥®à¥¬  2.1. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï :

 ) äãªæ¨¨ h(t; �) 2 C[a; b]2 ¨ y(t) 2 C[a; b];
¡) ãà ¢¥¨¥ (2:1) ®¤®§ ç® à §à¥è¨¬® ¢ ¯à®áâà áâ¢¥ M [a; b].

�®£¤  ¯à¨ ¢á¥å n 2 N â ª¨å, çâ®

qn � kA�1k!t

�
h;
b� a

2n

�
(b� a) < 1; (2.2)
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���� ¬¥â®¤  �®£®«î¡®¢ {�àë«®¢ 

�j �
nX

k=1

�k

Z tk

tk�1

h(tj ; �) d� = y(tj); j = 1; n; (2.3)

¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ��1; �
�
2; : : : ; �

�
n. �à¨¡«¨¦¥ë¥ à¥è¥¨ï

x�n(t) =
nX

k=1

��k  k(t); a � t � b; (2.4)

x�n(t) = y(t) +
nX

k=1

��k

Z tk

tk�1

h(t; �) d� (2.5)

áå®¤ïâáï ª â®ç®¬ã à¥è¥¨î x� = A�1y 2 C á® áª®à®áâï¬¨ á®®â¢¥âáâ¢¥®

kx� � x�nkM = O
�
kx� � Pnx

�kM
	
= O

�
!t

�
h;
b� a

2n

�
+ !

�
y;
b� a

2n

��
; (2.6)

kx� � x�nkC = O
�
kB(x� � Pnx

�)kC
	
= O

�
!t

�
h;
b� a

2n

�
+ !

�
y;
b� a

2n

��
; (2.7)

£¤¥ !t(h; �) | ç áâë© ¬®¤ã«ì ¥¯à¥àë¢®áâ¨ äãªæ¨¨ h(t; �) ¯® ¯¥à¥¬¥®© t 2 [a; b] á è £®¬
� 2 (0; b� a] à ¢®¬¥à® ®â®á¨â¥«ì® � 2 [a; b].

�«¥¤áâ¢¨¥. �á«¨ äãªæ¨¨ h (¯® t) ¨ y 2 Lip� (0 < � � 1), â®

kx� � x�nkM = O

�
1
n�

�
; kx� � x�nkC = O

�
1
n�

�
;

¥á«¨ ¦¥ áãé¥áâ¢ãîâ ®£à ¨ç¥ë¥ ¯à®¨§¢®¤ë¥ @h(t;�)
@t

¨ dy(t)
dt

, â®

kx� � x�nkM = O

�
1
n

�
; kx� � x�nkC = O

�
1
n

�
:

�®ª § â¥«ìáâ¢®. � à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ®¯¥à â®à B : M ! C ï¢«ï¥âáï ¢¯®«¥ ¥¯à¥-
àë¢ë¬,   à¥è¥¨¥ ãà ¢¥¨ï (2.1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

x�(t) = y(t) +
Z b

a

h(t; �)x�(�) d� 2 C[a; b]: (2.8)

�®íâ®¬ã ¢ á¨«ã (1.13)  å®¤¨¬ (¯à¨ � = b�a
2n
)

kx� � Pnx
�kM � !(x�; �) � !(y; �) + !

�Z b

a

h(t; �)x�(�) d� ; �
�
�

� !(y; �) + (b� a)!t(h; �) kx
�kC = O

�
!

�
y;
b� a

2n

�
+ !t

�
h;
b� a

2n

��
: (2.9)

�§ (1.9) ¨ (2.9) á«¥¤ãîâ ®æ¥ª¨ (2.6),   ¨§ (1.10) ¨ (2.6), (2.8) | ®æ¥ª¨ (2.7). �â¢¥à¦¤¥¨¥
á«¥¤áâ¢¨ï «¥£ª® ¢ë¢®¤¨âáï ¨§ ¥à ¢¥áâ¢ (2.6), (2.7) ¨ á¢®©áâ¢ ¬®¤ã«¥© ¥¯à¥àë¢®áâ¨. �

�§ â¥®à¥¬ë 2.1 ¨ ¥¥ á«¥¤áâ¢¨ï ¢¨¤®, çâ® ¯à¨ ®¤¨ ª®¢ëå ¨áå®¤ëå ¤ ëå ¬¥â®¤ë á¯« ©{
ª®««®ª æ¨¨ ã«¥¢®£® ¯®àï¤ª  ¨ �®£®«î¡®¢ {�àë«®¢  ®¡« ¤ îâ ®¤¨ ª®¢ë¬¨  ¯¯à®ªá¨¬ â¨¢-
ë¬¨ á¢®©áâ¢ ¬¨, ® ¯®á«¥¤¨© ¬¥â®¤ áå®¤¨âáï ¢ ¡®«¥¥ á¨«ì®© ®à¬¥. �à¨ ¡®«¥¥ \å®à®è¨å"
¨áå®¤ëå ¤ ëå ¬¥â®¤ �®£®«î¡®¢ {�àë«®¢  ¯®§¢®«ï¥â ¯®«ãç¨âì â ª¦¥ ®¢ë¥, ¡®«¥¥ á¨«ìë¥
à¥§ã«ìâ âë. �â® á«¥¤ã¥â ¨§ à¥§ã«ìâ â®¢ â¥®à¨¨ ¯à¨¡«¨¦¥¨ï á¯« © ¬¨ [10]{[12] ¨ ¨§ á«¥¤ãî-
é¨å â¥®à¥¬.

�§ â¥®à¥¬ 2.1 ¨ 1.3 «¥£ª® ¢ë¢®¤¨âáï
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�¥®à¥¬  2.2. �ãáâì áãé¥áâ¢ãîâ ¥¯à¥àë¢ë¥ ¯à®¨§¢®¤ë¥
@rh(t;�)

@tr
(r 2 N; a � t; � � b).

�®£¤  ¢ ãá«®¢¨ïå â¥®à¥¬ë 2:1 ¬¥â®¤ �®£®«î¡®¢ {�àë«®¢  (1:1){(1:3), (2:3), (2:5) áå®¤¨âáï ¢

¯à®áâà áâ¢¥ C(r)[a; b] á® áª®à®áâìî

kx� � x�nkC(r) =
rX
i=0

di(x�(t)� x�(t))
dti


C

= O
�
kx� � Pnx

�kM
�
:

�¥®à¥¬  2.3. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï :

 ) áãé¥áâ¢ãîâ ¥¯à¥àë¢ë¥ ¯à®¨§¢®¤ë¥ @h(t;�)
@t

, @h(t;�)
@�

¨ dy(t)
dt

;
¡) ãà ¢¥¨¥ (2:1) ®¤®§ ç® à §à¥è¨¬® ¢ ¯à®áâà áâ¢¥ M .

�®£¤  ¬¥â®¤ (2:1), (2:3){(2:5) áå®¤¨âáï á® áª®à®áâìî, ®¯à¥¤¥«ï¥¬®© ä®à¬ã« ¬¨

kx� � x�nkM = O

�
1
n

�
; (2.10)

kx� � x�nkC =
1
n
O

�
1
n
+ !t

�
h0t;

1
n

�
+
1
n
!�

�
h0� ;

1
n

�
+ !

�
y0;

1
n

��
: (2.11)

�«¥¤áâ¢¨¥. �á«¨ h0t (¯® t), h
0
� (¯® �) ¨ y

0 2 Lip�, â®

kx� � x�nkC = O

�
1

n1+�

�
; (2.12)

¥á«¨ ¦¥ áãé¥áâ¢ãîâ ®£à ¨ç¥ë¥ ¢â®àë¥ ¯à®¨§¢®¤ë¥ h00t2 , h
00
�2 , y

00, â®

kx� � x�nkC = O

�
1
n2

�
: (2.13)

�®ª § â¥«ìáâ¢®. �¥®à¥¬  2.3 ¤®ª §ë¢ ¥âáï á ¯®¬®éìî â¥®à¥¬ 1.1, 2.1 ¨ ¯à¨¢®¤¨¬ëå ¨¦¥
«¥¬¬.

�á®, çâ® ¨â¥£à¨à®¢ ¨¥ á¯« ©  (1.11) ¯à¨¢®¤¨â ª ª¢ ¤à âãà®© ä®à¬ã«¥ áà¥¤¨å ¯àï¬®-
ã£®«ì¨ª®¢ Z b

a

f(t) dt �
Z b

a

Pn(f ; t) dt =
b� a

n

nX
k=1

f(tk); f 2 C; (2.14)

£¤¥ ã§«ë tk ®¯à¥¤¥«¥ë ¢ (1.2).
� á«¥¤ãîé¨å ¤¢ãå «¥¬¬ å ¯à¨¢®¤ïâáï  ¯¯à®ªá¨¬ â¨¢ë¥ á¢®©áâ¢  ä®à¬ã«ë (2.14). �§ á®-

®â®è¥¨© (1.13) ¨ (2.14) á«¥¤ã¥â

�¥¬¬  2.1. �«ï «î¡®© äãªæ¨¨ f 2 C[a; b] ¨ «î¡ëå n 2 N á¯à ¢¥¤«¨¢ë ®æ¥ª¨

jRn(f)j =
����
Z b

a

f(t) dt�
b� a

n

nX
k=1

f(tk)
���� � 2n

Z b�a

2n

0

!(f ; t) dt � (b� a)!
�
f ;
b� a

2n

�
: (2.15)

�«¥¤áâ¢¨¥. �á«¨ f 2 LipK0
� (0 < � � 1, 0 < K0 = const <1), â®

jRn(f)j �
K0 (b� a)1+�

(1 + �) 2�
1
n�

; n 2 N; (2.16)

¥á«¨ ¦¥ f(t) ¨¬¥¥â   [a; b] ®£à ¨ç¥ãî ¯®áâ®ï®© K1 2 R
+ ¯¥à¢ãî ¯à®¨§¢®¤ãî f 0(t), â®

jRn(f)j �
K1 (b� a)2

4
1
n
; n 2 N: (2.17)

� ¯®¬®éìî (2.15){(2.17), ä®à¬ã«ë �¥©«®à  á ®áâ â®çë¬ ç«¥®¬ ¢ ä®à¬¥ � £à ¦  ¨ â¥®-
à¥¬ ® áà¥¤¥¬ ¨â¥£à «ì®£® ¨áç¨á«¥¨ï «¥£ª® ¤®ª §ë¢ ¥âáï
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�¥¬¬  2.2. �á«¨ áãé¥áâ¢ã¥â f 0(t) 2 C[a; b], â®

jRn(f)j �
(b� a)2

8n
!

�
f 0;

b� a

n

�
; n 2 N: (2.18)

�«¥¤áâ¢¨¥. �á«¨ f 0 2 LipK1
� (0 < � � 1, K1 > 0), â®

jRn(f)j �
K1 (b� a)2+�

8
1

n1+�
; n 2 N; (2.19)

¥á«¨ ¦¥ áãé¥áâ¢ã¥â ¢â®à ï ®£à ¨ç¥ ï ¯®áâ®ï®© K2 2 R
+ ¯à®¨§¢®¤ ï f 00(t), â®

jRn(f)j �
K2 (b� a)3

8
1
n2
; n 2 N: (2.20)

�®§¢à é ïáì ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 2.3, § ¬¥â¨¬, çâ® ¬ë  å®¤¨¬áï ¢ ãá«®¢¨ïå ¯à¨¬¥-
¨¬®áâ¨ ¢â®à®© ç áâ¨ á«¥¤áâ¢¨ï ¨§ â¥®à¥¬ë 2.1, ®âªã¤  ¨ á«¥¤ã¥â ®æ¥ª  (2.10).

�®ª ¦¥¬ ®æ¥ªã (2.11), ¯®«ì§ãïáì ¯à¨ íâ®¬ «¥¬¬®© 2.2 ¨ ¯®«ãç¥®© ¢ â¥®à¥¬¥ 2.1 ®æ¥ª®©

kx� � x�nkC = O
�
kB(x� � Pnx

�)kC
�
; (2.21)

£¤¥ ¨â¥£à «ìë© ®¯¥à â®à B ®¯à¥¤¥«¥ ¢ (1.8).
�§ (1.1), (1.2), (1.8) ¨ (1.11)  å®¤¨¬

B(x� � Pnx
�; t) =

Z b

a
h(t; �)[x�(�)� Pn(x

�; �)] d� =

=
nX

k=1

Z tk

tk�1

h(t; �)[x�(�)� x�(tk)] d� =
nX

k=1

Z tk

tk�1

Fk(t; �) d�; (2.22)

£¤¥ Fk(t; �) = h(t; �)[x�(�) � x�(tk)], a � t � b, tk�1 � � � tk, k = 1; n. �â¥£à «ë ¢ (2.22) ¯à¥-
®¡à §ã¥¬   ®á®¢¥ ¬ «®© ä®à¬ã«ë áà¥¤¨å ¯àï¬®ã£®«ì¨ª®¢ ([2], á. 143{148) á ¨á¯®«ì§®¢ ¨¥¬
«¥¬¬ë 2.2.

� ãá«®¢¨ïå ¤®ª §ë¢ ¥¬®© â¥®à¥¬ë äãªæ¨¨ x�(t) 2 C[a; b] ¨ Fk(t; �) 2 C[a; b; tk�1; tk] (¯®
¯¥à¥¬¥®© � 2 [tk�1; tk] à ¢®¬¥à® ®â®á¨â¥«ì® ¯¥à¥¬¥®© t 2 [a; b]) ¨¬¥îâ ¥¯à¥àë¢ë¥
¯à®¨§¢®¤ë¥. �®íâ®¬ã ª ª ¦¤®¬ã ¨§ ¨â¥£à «®¢ ¢ (2.22) ¯à¨¬¥¨¬  «¥¬¬  2.2 ¯à¨ n = 1,
á®£« á® ª®â®à®© à ¢®¬¥à® ®â®á¨â¥«ì® t 2 [a; b] ¨¬¥¥¬

jB(x� � Pnx
�; t)j =

����
nX

k=1

R�
1fFk(t; �)g

���� �
�

nX
k=1

(tk � tk�1)2

8
!�
�
F 0
k� ; tk � tk�1

�
=
(b� a)2

8n2

nX
k=1

!�

�
F 0
k� ;

b� a

n

�
: (2.23)

� ©¤¥¬ ®æ¥ª¨ á¢¥àåã ¤«ï !�(F 0
k� ; �) ¯à¨ 0 < � � tk � tk�1 = b�a

n
(k = 1; n). �®áª®«ìªã ¢

®¡« áâ¨ a � t � b; tk�1 � � � tk (k = 1; n)

@Fk(t; �)
@�

=
@h(t; �)
@�

[x�(�)� x�(tk)] + h(t; �)
dx�(�)
d�

; (2.24)
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â® ¤«ï ¢á¥å � 2 (0; b�a
n
] ¨¬¥¥¬

!�(F
0
k� ; �) � !�(h

0
� ; �) max

tk�1���tk
jx�(�)� x�(tk)j+

+ max
a�t�b; tk�1���tk

jh0� (t; �)j!(x
�; �) + !� (h; �) max

tk�1���tk
jx�0(�)j+

+ max
a�t�b; tk�1���tk

jh(t; �)j!(x�0; �) �
b� a

2n
kx�0kC[a;b]!�(h0� ; �) +

+ kh0� (t; �)kC[a;b]2�kx
�0kC[a;b] + !�(h; �)kx

�0kC[a;b] +

+ kh(t; �)kC[a;b]2!(x
�0; �); 0 < � �

b� a

n
; k = 1; n: (2.25)

� ª ª ª

dx�(t)
dt

=
dy(t)
dt

+
Z b

a

@h(t; �)
@t

x�(�) d� 2 C[a; b]; (2.26)

â® ¯®á«¥¤®¢ â¥«ì® ¨¬¥¥¬

kx�0kC[a;b] � ky0kC[a;b] + (b� a)kh0t(t; �)kC[a;b]2kx
�kC[a;b] �

� ky0kC[a;b] + (b� a)kh0tkC[a;b]2kA
�1kM!MkykC[a;b] � c1 <1; (2.27)

!(x�; �) � �kx�0kC[a;b] � c1�; 0 < � � b� a; (2.28)

!(x�0; �) � !(y0; �) + (b� a)!t(h
0
t; �)kA

�1kM!MkykC[a;b] �

� c2f!(y
0; �) + !t(h

0
t; �)g; 0 < � � b� a: (2.29)

�§ á®®â®è¥¨© (2.24){(2.29)  å®¤¨¬

!�(F 0
k� ; �) � c3

�
� + !t(h0t; �) +

1
n
!�(h0� ; �) + !(y0; �)

�
; 0 < � �

b� a

n
; k = 1; n; (2.30)

£¤¥ ci (§¤¥áì ¨ ¤ «¥¥) | ¢¯®«¥ ®¯à¥¤¥«¥ë¥ ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥, ¥ § ¢¨áïé¨¥ ®â
� 2

�
0; b�a

n

�
, n 2 N ¨ k = 1; n.

�§ ¥à ¢¥áâ¢ (2.23) ¨ (2.30) ¯à¨ � = b�a
n

¯®«ãç¨¬ ®æ¥ªã

kB(x� � Pnx
�)kC[a;b] �

c4
n

�
1
n
+ !t

�
h0t;

1
n

�
+
1
n
!�

�
h0� ;

1
n

�
+ !

�
y0;

1
n

��
: (2.31)

�§ á®®â®è¥¨© (2.21) ¨ (2.31) á«¥¤ã¥â ®æ¥ª  (2.11). �æ¥ª¨ (2.12) ¨ (2.13) «¥£ª® ¢ë¢®¤ïâáï
¨§ (2.11) ¨«¨ ¦¥ ¨§ (2.21) ¨ (2.19), (2.20). �

�§ â¥®à¥¬ë 1.3 ¨ ¢â®à®© ç áâ¨ á«¥¤áâ¢¨ï â¥®à¥¬ë 2.3 ¢ë¢®¤¨âáï

�¥®à¥¬  2.4. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï :

 ) áãé¥áâ¢ãîâ ®£à ¨ç¥ë¥ ¯à®¨§¢®¤ë¥

@r+2h(t; �)
@tr+2

;
@r+2h(t; �)
@tr@� 2

;
d2y(t)
dt2

(r 2 N; a � t; � � b);

¡) ãà ¢¥¨¥ (2:1) ®¤®§ ç® à §à¥è¨¬® ¢ ¯à®áâà áâ¢¥ M [a; b].

�®£¤  ¬¥â®¤ �®£®«î¡®¢ {�àë«®¢  (1:1){(1:3), (2:3), (2:5) áå®¤¨âáï ¢ â®¬ á¬ëá«¥, çâ®

 drdtr
�
x�(t)� x�n(t)

�
M

= O

�
1
n2

�
; r 2 N: (2.32)
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� § ª«îç¥¨¥ íâ®£® ¯ à £à ä  ®â¬¥â¨¬, çâ® ãáâ ®¢«¥ë¥ ¢ â¥®à¥¬ å 2.1{2.4 ®æ¥ª¨ ¯®-
£à¥è®áâ¨ ¬¥â®¤  á¯« ©-ª®««®ª æ¨¨ ¨ ¬¥â®¤  �®£®«î¡®¢ {�àë«®¢  ï¢«ïîâáï ¥ã«ãçè ¥¬ë-
¬¨ ¯® ¯®àï¤ªã. � ª®¥ ãâ¢¥à¦¤¥¨¥ á«¥¤ã¥â ¨§ â¥®à¨¨ ¯à¨¡«¨¦¥¨ï äãªæ¨©, ¢ â®¬ ç¨á«¥ ¨§
â¥®à¨¨ ¯®¯¥à¥ç¨ª®¢ ¬®¦¥áâ¢ ¢ äãªæ¨® «ìëå ¯à®áâà áâ¢ å [10]{[13]. � ¤àã£®© áâ®à®ë,
¨ ¯à¨ ª ª®¬ ¤ «ì¥©è¥¬ ã«ãçè¥¨¨ ¤¨ää¥à¥æ¨ «ìëå á¢®©áâ¢ äãªæ¨© h(t; �) ¨ y(t) ®æ¥-
ª¨ (2.13) ¨ (2.32) ¥ ¬®£ãâ ¡ëâì ãá¨«¥ë ¯® ¯®àï¤ªã, â. ¥. ¬¥â®¤ �®£®«î¡®¢ {�àë«®¢  ®¡« ¤ ¥â
á¢®©áâ¢®¬  áëé¥¨ï [14].

3. �¥è¥¨¥ á¨£ã«ïàëå ¨â¥£à «ìëå ãà ¢¥¨© ¬¥â®¤®¬
�®£®«î¡®¢ {�àë«®¢ 

� áá¬®âà¨¬ á« ¡®á¨£ã«ïà®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥

Ax � x(t)�
Z b

a

h(t; �)x(�) d� = y(t); a � t � b; (3.1)

á ¯à ¢®© ç áâìî y(t) 2 C[a; b] ¨ á ï¤à®¬

h(t; �) = h0(t; �)
lnm j� � tj

j� � tj�
(a � t; � � b); (3.2)

£¤¥ m+ 1 2 N, 0 � � < 1, m+ � > 0,   h0(t; �) 2 C[a; b]2.
�â¥£à «ìë© ®¯¥à â®à B :M ! C ¨§ (3.1){(3.2) ï¢«ï¥âáï ¢¯®«¥ ¥¯à¥àë¢ë¬; íâ® ãâ¢¥à-

¦¤¥¨¥ á«¥¤ã¥â ¨§ ¥à ¢¥áâ¢ (á¬.,  ¯à., [15])

kB('; t)kC � d1k'kM (' 2M); (3.3)

!(B'; �) � d2k'kMf!t(h0; �) + �1��(1 + j ln �jm)g; (3.4)

£¤¥ d1 ¨ d2 { ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥, ¥ § ¢¨áïé¨¥ ®â � 2 (0; b � a] ¨ ' 2M .
�®®â®è¥¨ï (3.2){(3.4) ¯®§¢®«ïîâ ¯à¨¬¥¨âì â¥®à¥¬ë 1.1 ¨ 1.2 ª ¨â¥£à «ì®¬ã ãà ¢¥¨î

(3.1) ¥ â®«ìª® á ¥¯à¥àë¢ë¬¨, ® ¨ á ¯®«ïà®-«®£ à¨ä¬¨ç¥áª¨¬¨ ï¤à ¬¨. �à¨ íâ®¬ ª®íää¨-
æ¨¥âë B( k; tj) ���� (1.6) ¯à¨¬ãâ ¢¨¤

ajk � B( k; tj) =
Z tk

tk�1

h0(tj ; �)
lnm j� � tj j

j� � tj j�
d�; (3.5)

¨ ¤«ï ¨å ¢ëç¨á«¥¨ï ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ë ¯à¥¤«®¦¥ë¥ ¢ [15]{[17] â®çë¥ ¨ ¯à¨¡«¨¦¥-
ë¥ ¬¥â®¤ë, ¢ ç áâ®áâ¨, á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ á®®â®è¥¨ï:

ajk = B( k; tj) = h0(tj ; �k)
Z tk

tk�1

lnm j� � tj j

j� � tj j�
d� � h0(tj ; �k)bj�k; (3.6)

£¤¥ tk�1 < �k < tk,   ¨â¥£à «ë

bj�k =

tkZ
tk�1

lnm j� � tj j

j� j�
d� =

(k�j+1=2)�Z
(k�j�1=2)�

lnm j� j
j� j�

d� = bk�j ; � =
b� a

n
; (3.7)

¢ëç¨á«ïîâáï â®ç®. �®íâ®¬ã, ¯®« £ ï ¤«ï ®¯à¥¤¥«¥®áâ¨ �k = tk�1+tk
2

= tk, ���� ¬¥â®¤ 
�®£®«î¡®¢ {�àë«®¢  ¤«ï ãà ¢¥¨ï (3.1) ¯à¨¢®¤¨¬ ª ã¤®¡®¬ã ¤«ï ¯à¨«®¦¥¨© ¢¨¤ã

�j �
nX

k=1

h(tj ; tk)bj�k�k = y(tj); j = 1; n: (3.8)

�«ï ¢ëç¨á«¨â¥«ì®© áå¥¬ë (3.1){(3.8) á¯à ¢¥¤«¨¢ 
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�¥®à¥¬  3.1. �ãáâì ãà ¢¥¨¥ (3:1){(3:2) ®¤®§ ç® à §à¥è¨¬® ¢ ¯à®áâà áâ¢¥ M [a; b].
�®£¤  ¯à¨ ¢á¥å n � n0 2 N ���� (3:8) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ��1; �

�
2; : : : ; �

�
n. �à¨¡«¨¦¥-

ë¥ à¥è¥¨ï

x�n(t) = y(t) +
nX

k=1

��k h(t; tk)
Z tk

tk�1

lnm j� � tj

j� � tj�
d�; a � t � b; (3.9)

à ¢®¬¥à® áå®¤ïâáï ª â®ç®¬ã à¥è¥¨î x�(t) á® áª®à®áâìî

kx� � x�nkC[a;b] = O

�
lnm n
n1��

+ !t

�
h;
1
n

�
+ !�

�
h;
1
n

�
+ !

�
y;
1
n

��
: (3.10)

�®ª § â¥«ìáâ¢®. �¢¨¤ã ¨§«¨è¥© £à®¬®§¤ª®áâ¨ ¢ëç¨á«¥¨© ¯à¨¢¥¤¥¬ «¨èì ®á®¢ë¥ íâ -
¯ë ¤®ª § â¥«ìáâ¢ .

1�. �® áå¥¬¥ ¯®«ãç¥¨ï à¥§ã«ìâ â®¢ ¯® á¯« ©-¬¥â®¤ ¬ à¥è¥¨ï ¨â¥£à «ìëå ãà ¢¥¨©,
¨§«®¦¥ëå ¢ [15]{[19], ¯®ª § ®, çâ® ¯à¨ ¢á¥å n 2 N â ª¨å, çâ®

qn = d3

�
lnm n
n1��

+ !t

�
h;
1
n

�
+ !�

�
h;
1
n

��
< 1; (3.11)

���� (3.8) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ��1; �
�
2; : : : ; �

�
n, ¯à¨ç¥¬ á¯« ©ë

x�n(t) =
nX

k=1

��k k(t) (3.12)

áå®¤ïâáï ª à¥è¥¨î x�(t) ãà ¢¥¨ï (3.1){(3.2) á® áª®à®áâìî

kx� � x�nkM = O

�
qn + !

�
y;
1
n

��
: (3.13)

2�. � ¯®¬®éìî ä®à¬ã« (1.1), (1.2), (1.24), (3.1){(3.7), (3.9){(3.13)  å®¤¨¬ ®æ¥ªã (3.10)

kx� � x�nkC[a;b] = kB(x� � x�n)kC[a;b] � kBkM!Ckx
� � x�nkM =

= O

�
lnm n
n1��

+ !t

�
h;
1
n

�
+ !�

�
h;
1
n

�
+ !

�
y;
1
n

��
:

�â  â¥®à¥¬  £ à â¨àã¥â ¯à¨¬¥¨¬®áâì ¬¥â®¤  �®£®«î¡®¢ {�àë«®¢  ª ãà ¢¥¨î (3.1){
(3.2) «¨èì ¯à¨ n � n0, ¯à¨ç¥¬ n0 2 N ®¯à¥¤¥«ï¥âáï ª ª ¬¨¨¬ «ì®¥ à¥è¥¨¥ ¥à ¢¥áâ¢ 
(3.11), £¤¥ d3 | ¢¯®«¥ ®¯à¥¤¥«ï¥¬ ï ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï, ¥ § ¢¨áïé ï ®â n. � § ¢¨-
á¨¬®áâ¨ ®â äãªæ¨¨ h(t; �) ®¬¥à n0 2 N ¬®¦¥â ®ª § âìáï ¤®áâ â®ç® ¡®«ìè¨¬. � â® ¦¥ ¢à¥¬ï
¥á«¨ ®¯à¥¤¥«ï¥¬ ï ¢ ¥à ¢¥áâ¢¥ (3.3) ¯®áâ®ï ï d1 < 1, â® n0 = 1. �®áª®«ìªã íâ® âà¥¡®¢ ¨¥
¬®¦¥â ®ª § âìáï á«¨èª®¬ ¦¥áâª¨¬, â® ¤«ï ¯à¨«®¦¥¨© ¬®¦¥â ¯à¥¤áâ ¢¨âì ¨â¥à¥á á«¥¤ãîé ï

�¥®à¥¬  3.2. �ãáâì ¢¥é¥áâ¢¥ë¥ äãªæ¨¨ y(t) 2 C[a; b] ¨ h0(t; �) = �h0(�; t) 2 C[a; b]2,
£¤¥ a = �b. �®£¤  á¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥¨ï :

 ) ãà ¢¥¨¥ (3:1){(3:2) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x�(t) 2 C[a; b] ¯à¨ «î¡®© ¯à ¢®© ç -

áâ¨ y(t) 2 C[a; b];
¡) ���� (3:8) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ��1; �

�
2; : : : ; �

�
n 2 R ¯à¨ «î¡ëå n 2 N ¨ «î¡ëå

¯à ¢ëå ç áâïå ;
¢) ¯à¨¡«¨¦¥ë¥ à¥è¥¨ï (3:9) à ¢®¬¥à® áå®¤ïâáï   [a; b] ª x�(t) á® áª®à®áâìî (3:10).

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ ç¥à¥§ L2 = L2(a; b) ¯à®áâà áâ¢® ª¢ ¤à â¨ç® áã¬¬¨àã¥¬ëå
¯® �¥¡¥£ã äãªæ¨©   [a; b] á ®¡ëçë¬¨ áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬ ¨ ®à¬®© á®®â¢¥âáâ¢¥®

(f; g) =
Z b

a

f(t)g(t) dt; kfk =
�Z b

a

jf(t)j2dt
�1=2

(f; g 2 L2):
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�à ¢¥¨¥ (3.1){(3.2) ¡ã¤¥¬ à áá¬ âà¨¢ âì ª ª ®¯¥à â®à®¥ ãà ¢¥¨¥ ¢¨¤ 

Ax � x�Bx = y (x; y 2 L2); (3.14)

£¤¥ ¨â¥£à «ìë© ®¯¥à â®à B á ï¤à®¬ (3.2) ï¢«ï¥âáï ¢¯®«¥ ¥¯à¥àë¢ë¬ ¢ ¯à®áâà áâ¢¥ L2.
�®áª®«ìªã h(t; �) | ª®á®á¨¬¬¥âà¨ç®¥ ï¤à®, â® ¢ á¨«ã (3.14) ¤«ï «î¡®© x 2 L2 ¨¬¥¥¬ (Ax; x) =
(x; x)� (Bx; x) = kxk2. �®íâ®¬ã kAxk � kxk, x 2 L2, á«¥¤®¢ â¥«ì®, ®¯¥à â®à A : L2 ! L2 ¨¬¥¥â
«¥¢ë© «¨¥©ë© ®¡à âë© A�1

l ¨ kA�1
l k � 1. �âáî¤  ¨ ¨§ â¥®à¥¬ �à¥¤£®«ì¬  ¤«ï ãà ¢¥¨©

¢â®à®£® à®¤  [8] á«¥¤ã¥â, çâ® ®¯¥à â®à A ¨¬¥¥â ¤¢ãáâ®à®¨© ®¡à âë© A�1 ¨

kA�1k � 1; A�1 : L2 ! L2: (3.15)

� á¨«ã (3.14) ¨ (3.15) ãà ¢¥¨¥ (3.1){(3.2) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x� = A�1y 2 L2 ¯à¨
«î¡®© ¯à ¢®© ç áâ¨ y 2 L2. �âáî¤  ¨ ¨§ â®¦¤¥áâ¢  x�(t) � y(t) + B(x�; t) á ãç¥â®¬ y 2 C[a; b]
 ©¤¥¬ x� 2 C[a; b]. �¥à¢®¥ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë ¤®ª § ®.

�«ï ¤®ª § â¥«ìáâ¢  ¢â®à®£® ãâ¢¥à¦¤¥¨ï ���� (3.8) ¯à¥¤áâ ¢¨¬ ¢ íª¢¨¢ «¥â®¬ ®¯¥à -
â®à®¬ ¢¨¤¥

Ax � x�Bx = y (x; y 2 R
n) (3.16)

¢ n-¬¥à®¬ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ Rn á ®¡ëçë¬¨ ®¯à¥¤¥«¥¨ï¬¨ áª «ïà®£® ¯à®¨§¢¥¤¥¨ï
¨ ®à¬ë; §¤¥áì x = (�1; �2; : : : ; �n), y = (y(t1), y(t2); : : : ; y(tn)), Bx = z = (�1; �2; : : : ; �n) 2 R

n , £¤¥

�j =
nP

k=1
h0(tj ; tk)bj�k�k, j = 1; n. �®áª®«ìªã bj�k = bk�j ,   h0(tj ; tk) = �h0(tk; tj), â® ¤«ï «î¡®£®

x 2 R
n ¢ á¨«ã (3.16) ¨¬¥¥¬ (Ax; x) = (x; x) � (Bx; x) = kxk2. �®íâ®¬ã áãé¥áâ¢ã¥â ¤¢ãáâ®à®¨©

®¡à âë© ®¯¥à â®à A�1 ¨

kA�1k � 1; A�1 : Rn ! R
n : (3.17)

�âáî¤  ¨ á«¥¤ã¥â ¢â®à®¥ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë.
�«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç® ¢®á¯®«ì§®¢ âìáï â¥®à¥¬®© 3.1 ¨ â®«ìª® çâ® ¤®-

ª § ë¬¨ ãâ¢¥à¦¤¥¨ï¬¨  ) ¨ ¡), ¢ â®¬ ç¨á«¥ ®æ¥ª ¬¨ (3.15) ¨ (3.17). �

� § ª«îç¥¨¥ à áá¬®âà¨¬ å®âï ¡ë ¢ªà âæ¥ ¯à¨¬¥¥¨¥ ¬¥â®¤  �®£®«î¡®¢ {�àë«®¢  ª á¨-
£ã«ïà®¬ã ¨â¥£à «ì®¬ã ãà ¢¥¨î

Ax � x(t)� �

Z b

a

h(t; �)
� � t

x(�)d� = y(t); a < t < b; (3.18)

£¤¥ y(t) 2 C[a; b] ¨ h(t; �) 2 C[a; b]2 | ¨§¢¥áâë¥ ¢¥é¥áâ¢¥ë¥ äãªæ¨¨, x(s) 2 L2(a; b) |
¨áª®¬ ï äãªæ¨ï, � | ¯à®¨§¢®«ìë© ¢¥é¥áâ¢¥ë© ¯ à ¬¥âà,   á¨£ã«ïàë© ¨â¥£à « B(x; t)
¯®¨¬ ¥âáï ¢ á¬ëá«¥ £« ¢®£® § ç¥¨ï ¯® �®è¨{�¥¡¥£ã. �£® ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ ¨é¥¬ ¢
¢¨¤¥ á¯« ©  (1.5�), ª®íää¨æ¨¥âë ��1; : : : ; �

�
n ª®â®à®£® ¡ã¤¥¬ ®¯à¥¤¥«ïâì ¨§ ����

�j � �
nX

k=1

�kh(tj ; tk) ln
����2j � 2k � 1
2j � 2k + 1

���� = y(tj); j = 1; n: (3.19)

�¥®à¥¬  3.3. �ãáâì á¨¬¬¥âà¨ç®¥ ï¤à® h(t; �) = h(�; t), £¤¥ b = �a, â ª®¢®, çâ® ®¯¥à â®à
B : L2 ! L2 ®£à ¨ç¥. �®£¤ 

�) ¯à¨ ¢á¥å � 2 R ¨ y 2 L2 ãà ¢¥¨¥ (3:18) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x� 2 L2 ¨

kx�k � kyk;
�) ¯à¨ ¢á¥å n 2 N ¨ � 2 R ���� (3:19) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ��1; : : : ; �

�
n 2 R ¨

kx�nkL2
=
�
b� a

n

nX
k=1

j��kj
2

�1=2

�

�
b� a

n

nX
k=1

jy(tk)j
2

�1=2

:
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�¥®à¥¬  3.4. �ãáâì ¢ ãá«®¢¨ïå â¥®à¥¬ë 3:3 äãªæ¨¨ h(t; �) ¨ y(t) â ª®¢ë, çâ® à¥è¥¨¥
ãà ¢¥¨ï (3:18) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î x� 2 Lip� (0 < � � 1). �®£¤  ¬¥â®¤ (3:18){(3:19),
(1:5�), (1:1){(1:3) áå®¤¨âáï ¢ ¯à®áâà áâ¢¥ L2 á® áª®à®áâìî

kx� � x�nk = O(n��):

�®ª § â¥«ìáâ¢® íâ¨å â¥®à¥¬ ¢¥¤¥âáï ¯® áå¥¬¥, ¯à¥¤«®¦¥®©  ¢â®à®¬ ¢ ([5], £«. 4, x 1, ¯. 1.6),
¢¢¨¤ã £à®¬®§¤ª®áâ¨ ª®ªà¥âë¥ ¢ëª« ¤ª¨ §¤¥áì ¥ ¯à¨¢®¤ïâáï.
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