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�«ï ¯®«ã¯à®áâëå  «£¥¡à �¨  ¤ ¯®«¥¬ ã«¥¢®© å à ªâ¥à¨áâ¨ª¨ ¨§¢¥áâ®, çâ® «î¡®© í«¥-
¬¥â æ¥âà  ã¨¢¥àá «ì®© ®¡¥àâë¢ îé¥©  «£¥¡àë ï¢«ï¥âáï ®¡®¡é¥ë¬ í«¥¬¥â®¬ � §¨¬¨à .
�«ï ª®¥ç®¬¥àëå  «£¥¡à �¨  ¤ ¯®«¥¬ ¯®«®¦¨â¥«ì®© å à ªâ¥à¨áâ¨ª¨ ¢ [1] ¢ë¤¢¨ãâ  £¨-
¯®â¥§  ® â®¬, çâ® «î¡®© ¥âà¨¢¨ «ìë© æ¥âà «ìë© í«¥¬¥â ï¢«ï¥âáï ®¡®¡é¥ë¬ í«¥¬¥â®¬
� §¨¬¨à . �.�.�¥¤à âîª [2] ¤®ª § « íâ® ãâ¢¥à¦¤¥¨¥ ¯à¨ ¥ª®â®àëå ®£à ¨ç¥¨ïå ¤«ï ª®«ì-
æ  ¨¢ à¨ â®¢ á¨¬¬¥âà¨ç¥áª®©  «£¥¡àë  «£¥¡àë �¨. � ¨á¯®«ì§®¢ ¨¥¬ ¥£® ¬¥â®¤  ¢ ¤ ®©
áâ âì¥ ¯®«ãç¥    «®£¨ç ï â¥®à¥¬  ¤«ï ¯à®¨§¢®«ì®©  «£¥¡àë.

�ãáâì G |  «£¥¡à   ¤ ¯®«¥¬ k, M | ¢¥ªâ®à®¥ ¯à®áâà áâ¢®  ¤ â¥¬ ¦¥ ¯®«¥¬. �à¥¤-
¯®«®¦¨¬, çâ® áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ ¢¥ªâ®àëå ¯à®áâà áâ¢ ' : G ! End(M). �¡®§ ç¨¬
ç¥à¥§ AM (G)  áá®æ¨ â¨¢ãî  «£¥¡àã, ¯®à®¦¤¥ãî ®¯¥à â®à ¬¨ 'x. � ª ª ªM ï¢«ï¥âáï «¥¢ë¬
AM (G)-¬®¤ã«¥¬, â® ¡ã¤¥¬ £®¢®à¨âì, çâ® M | «¥¢ë© G-¬®¤ã«ì. � ç áâ®áâ¨, ¥á«¨ M = G,   'x

| ®¯¥à â®à «¥¢®£® ã¬®¦¥¨ï, â® ¡ã¤¥¬  §ë¢ âì M ¯à¨á®¥¤¨¥ë¬ G-¬®¤ã«¥¬ (¯®   «®£¨¨
á  «£¥¡à ¬¨ �¨).

�à®¤®«¦¨¬ ®¯¥à â®à «¥¢®£® ã¬®¦¥¨ï Lx : y ! xy, x; y 2 G, ¤® ¤¨ää¥à¥æ¨à®¢ ¨ï Dx,
x 2 G, á¨¬¬¥âà¨ç¥áª®©  «£¥¡àë S(G)  «£¥¡àë G. �¯à¥¤¥«¨¬  «£¥¡àã ¨¢ à¨ â®¢ S(G)G ª ª
á®¢®ªã¯®áâì ¢á¥å í«¥¬¥â®¢ ¨§ S(G),  ã«¨àã¥¬ëå ®¯¥à â®à ¬¨ Dx. �á«¨ char k = p > 0,
â® ®¡®§ ç¨¬ Sp(G) = fyp j y 2 S(G)g. �ç¥¢¨¤®, Sp(G) � S(G)G. �«¥¬¥âë ¨§ Sp(G) ¡ã¤¥¬
 §ë¢ âì âà¨¢¨ «ìë¬¨ ¨¢ à¨ â ¬¨.

�ãáâì D |  áá®æ¨ â¨¢ ï  «£¥¡à , ¯®à®¦¤¥ ï ¤¨ää¥à¥æ¨à®¢ ¨ï¬¨ Dx,   DL | á®-
®â¢¥âáâ¢ãîé ï ¥©  «£¥¡à  �¨. �«£¥¡àã S(G) ¬®¦® à áá¬ âà¨¢ âì ª ª «¥¢ë© D-¬®¤ã«ì (¨«¨
DL-¬®¤ã«ì). �à¥¤¯®«®¦¨¬, çâ® ¢ S(G) áãé¥áâ¢ãîâ ¤¢  ª®âà £à ¤¨¥âëå DL-¬®¤ã«ï P , P �

¨ ¨å ¡ §¨áë fuig, fu�i g ¤ã «ìë¥. �®£¤  í«¥¬¥â � =
P
i

uiu
�

i ¯à¨ ¤«¥¦¨â S(G)
G ¨  §ë¢ eâáï

®¡®¡é¥ë¬ í«¥¬¥â®¬ � §¨¬¨à . � íâ®¬ á«ãç ¥ ¡ã¤¥¬ £®¢®à¨âì, çâ® ¨¢ à¨ â � = �(P; P �)
®¯à¥¤¥«ï¥âáï ¬®¤ã«ï¬¨ P , P �.

�¥®à¥¬ . �ãáâì z | ®¤®à®¤ë© ¨¢ à¨ â ¨§ S(G)G, deg z > 1, dimkG <1. �®£¤ 

1) ¥á«¨ char k = 0, â® z | ®¡®¡é¥ë© í«¥¬¥â � §¨¬¨à  z = �(P; P �) ¨ P | G-¯®¤¬®¤ã«ì

¯à¨á®¥¤¨¥®£® ¬®¤ã«ï;
2) ¥á«¨ char k = p > 0 ¨ deg z 6� 0 (mod p), â® z = �(P; P �), P � G.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë à §®¡ì¥¬   àï¤ è £®¢. �ãáâì e1; : : : ; en | ¡ §¨á  «£¥¡àë G,   G0 |
¨§®¬®àä ï ª®¯¨ï G á ¡ §¨á®¬ h1; : : : ; hn. �§®¬®àä¨§¬ ' ¬¥¦¤ã ¨¬¨ § ¤ ¥âáï á®®â¢¥âáâ¢¨¥¬
'(hi) = ei, i = 1; : : : ; n. �¡®§ ç¨¬ ç¥à¥§ eS ¯àï¬®¥ ¤®¯®«¥¨¥ ª G0
1 ¢ â¥§®à®¬ ¯à®¨§¢¥¤¥¨¨

G-¬®¤ã«¥© G0 

k
S(G), £¤¥ ¤¥©áâ¢¨¥ G   G0 ®¯à¥¤¥«ï¥âáï ãá«®¢¨ï¬¨ ei � hj =

nP
k=1

cijkhk, cijk |

áâàãªâãàë¥ ª®áâ âë  «£¥¡àë G. �¥©áâ¢¨¥  «£¥¡àë G   G0

k
S(G), ®¯à¥¤¥«¥®¥ ¯à ¢¨«®¬:

g � (g0 
 s) = (g � g0)
 s+ g0 
 (g � s);
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g 2 G, g0 2 G0, s 2 S(G), ¯®§¢®«ï¥â ¢¢¥áâ¨   eS áâàãªâãàã G-¬®¤ã«ï. �«£¥¡àã ¨¢ à¨ â®¢ G-
¬®¤ã«ï eS, â. ¥. á®¢®ªã¯®áâì ¢á¥å í«¥¬¥â®¢ ¨§ eS,  ã«¨àã¥¬ëå í«¥¬¥â ¬¨ ¨§G, ®¡®§ ç¨¬ eSG.

�«¥¬¥â � 2 eS(G)G  §®¢¥¬ ®¡®¡é¥ë¬ í«¥¬¥â®¬ � §¨¬¨à , ¥á«¨ � =
rP

i=1
fi 
 Bi, F =

hf1; : : : ; fri | G-¯®¤¬®¤ã«ì ¢ ¯à¨á®¥¤¨¥®¬ G-¬®¤ã«¥ G à §¬¥à®áâ¨ r, B = hB1; : : : ; Bri |
G-¯®¤¬®¤ã«ì ¢ S(G), ª®âà £à ¤¨¥âë© ª F , â. ¥. dimB = r ¨, ¥á«¨ Ax | ¬ âà¨æ , ®â¢¥ç îé ï
í«¥¬¥âã x ¢ ¬®¤ã«¥ F , â® A�

x = �At
x (t | âà á¯®¨à®¢ ¨¥), £¤¥ A�

x | ¬ âà¨æ , ®â¢¥ç îé ï
í«¥¬¥âã x ¢ ¬®¤ã«¥ B.

�¥¬¬  1. �î¡®© ®¤®à®¤ë© ¨¢ à¨ â ¨§ eSG ï¢«ï¥âáï ®¡®¡é¥ë¬ í«¥¬¥â®¬ � §¨¬¨-

à .

�®ª § â¥«ìáâ¢®. �ãáâì z =
nP
i=1

hi 
 Bi 2 eSG. �á«¨ x 2 G ¨ x � ei =
nP

j=1
�ijej , n = dimG, â®

x � hi =
nP

j=1
�ijhj ¨ ¨§ ãá«®¢¨ï x � z = 0 ¨¬¥¥¬

nX
i=1

nX
j=1

�ijhj 
Bi +
nX
i=1

hi 
DxBi = 0:

�«¥¤®¢ â¥«ì®, DxBi = �
nP

j=1
�jiBj , â. ¥. B = hB1; : : : ; Bnik | G-¬®¤ã«ì. �ãáâì B1; : : : ; Br |

¡ §¨á G-¬®¤ã«ï B. �®£¤  z =
rP

i=1
fi 
 Bi, £¤¥ fi � hi (modhhr+1; : : : ; hni), i = 1; : : : ; r. �á«¨

DxBi =
rP

j=1
�ijBj , â® ®¯ïâì, ¨á¯®«ì§ãï ãá«®¢¨¥ x � z = 0, ¨¬¥¥¬ x � fi = �

rP
j=1

�jifj, â. ¥. G-¬®¤ã«¨

F = hf1; : : : ; fri ¨ B = hB1; : : : ; Bri ª®âà £à ¤¨¥âë.

�§®¬®àä¨§¬ ' : G0 ! G ¯à®¤®«¦¨¬ ¤® £®¬®¬®àä¨§¬  ' : eS ! S(G), ¯®« £ ï '(hi) = ei,
'(ei) = ei.

�¥¬¬  2. 1) �®¬®¬®àä¨§¬ ' ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬ G-¬®¤ã«¥© eS ¨ S(G).
2) �á«¨ z 2 eSG, â® '(z) = �(P; P �) | ®¡®¡é¥ë© í«¥¬¥â � §¨¬¨à , ¯à¨ç¥¬ P |

G-¬®¤ã«ì ¯à¨á®¥¤¨¥®£® ¬®¤ã«ï.

�®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¨ï 1) ¤®áâ â®ç® ¯à¨¢¥áâ¨ ¤«ï ¬®®¬®¢. �ãáâì x 2 G, hi
e� 2 eS,
£¤¥ e� = e�11 : : : e�nn . �®£¤ 

'(x � (hi 
 e�)) = '(Lxhi 
 e� + hi 
Dxe
�) = '

�X
j

�ij(x)hj 
 e� + hi 
Dxe
�

�
=

=
X
j

�ij(x)eje� + ei(Dxe
�) = x � eie

� = x � '(hi 
 e�):

�®ª ¦¥¬ 2). �á«¨ z 2 eSG, â® z | ®¡®¡é¥ë© í«¥¬¥â � §¨¬¨à  ¯® «¥¬¬¥ 1, â. ¥. z =
rP

i=1
fi


Bi ¨ G-¬®¤ã«¨ F = hf1; : : : ; fri ¨ B = hB1; : : : ; Bri ª®âà £à ¤¨¥âë. �® '(z) =
rP

i=1
'(fi)'(Bi)

¨ 'F �= F , 'B �= B, â. ª. 'jG0 ¨ 'jS(G) | ¨§®¬®àä¨§¬ë. �«¥¤®¢ â¥«ì®, '(z) | ®¡®¡é¥ë©
í«¥¬¥â � §¨¬¨à ,   '(F ) | G-¬®¤ã«ì ¯à¨á®¥¤¨¥®£® ¬®¤ã«ï. �

�â®¦¤¥áâ¢«ïï á¨¬¬¥âà¨ç¥áªãî  «£¥¡àã S(G) ¨ ª®«ìæ® ¬®£®ç«¥®¢ k[e1; : : : ; en], ®¡®§ ç¨¬
ç¥à¥§ @i ç áâãî ¯à®¨§¢®¤ãî ¯® ei ª®«ìæ  ¬®£®ç«¥®¢. �®£¤  ¤«ï «î¡®£® w 2 S(G) ¯®«®¦¨¬

(w) =
nX
i=1

hi 
 @i(w):
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�¥¬¬  3. 1) �â®¡à ¦¥¨¥  ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬ G-¬®¤ã«¥© S(G) ¨ eS.
2) �á«¨ char k = 0, â® ker  = k. �á«¨ char k = p, â® ker  = k[ep1; : : : ; e

p
n].

3) �«ï «î¡®£® ®¤®à®¤®£® w 2 S(G) ¨¬¥¥â ¬¥áâ® '((w)) = degw � w.

�®ª § â¥«ìáâ¢®. 1) �®áâ â®ç® ®¡®á®¢ âì á«ãç ©, ª®£¤  w | ¬®®¬. �ãáâì w = e�, x 2 G,

x � ei =
nP

j=1
�ij(x)ej . �®£¤ 

Dxe
� =

X
i;j

�i�ij(x)e
��"i+"j ;

£¤¥ "i = (0; : : : ; 1
i
; : : : ; 0), @ie� = �ie

��"i . �¥©áâ¢¨¥  ã¤®¡® § ¯¨á âì ¢ ¢¨¤¥

(e�) =
X
i

h"i 
 @i(e�):

�®£¤ 

(x � e�) = 

�X
i;j

�i�ij(x)e
��"i+"j

�
=

=
X
i;j;k

�i�ij(x)(�k � �ik + �jk)h"k 
 e��"i+"j�"k =

=
X
i;j;k

�i�ij(x)(�k � �ik)h"k 
 e��"i+"j�"k +
X
i;k

�i�ik(x)h"k 
 e��"i =

=
X
i;j;k

�k�ij(x)(�i � �ik)h
"k 
 e��"i+"j�"k +

X
i;k

�i�ik(x)h
"k 
 e��"i =

=
X
k

�kh
"k 
Dxe

��"k +
X
i

�i(Lxh
"i)
 e��"i =

= x �

�X
i

�ih
"i 
 e��"i

�
= x � (e�):

�à¨ ¤®ª § â¥«ìáâ¢¥ ¨á¯®«ì§®¢ «®áì â®, çâ® �i(�k��ik) = �k(�i��ik). �â¢¥à¦¤¥¨¥ 2) ®ç¥¢¨¤®.
3) �ãáâì w 2 S(G) ¨ w ®¤®à®¤¥. �®£¤ 

(w) =
X
i

h"i 
 @iw; '((w)) =
X
i

ei@i(w):

�® â¥®à¥¬¥ �©«¥à  ®¡ ®¤®à®¤ëå äãªæ¨ïå ¯®á«¥¤¥¥ ¢ëà ¦¥¨¥ à ¢® degw � w.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë. 1) �ãáâì z | ¥âà¨¢¨ «ìë© ¨¢ à¨ â deg z > 1. �®£¤  ¯®
«¥¬¬¥ 3 (z) 6= 0 ¨ (z) 2 eSG. �® «¥¬¬¥ 2 '((z)) ï¢«ï¥âáï ®¡®¡é¥ë¬ í«¥¬¥â®¬ � §¨¬¨à .
�® z = 1

deg z
'((z)). �«¥¤®¢ â¥«ì®, z = �(P; P �) | â ª¦¥ ®¡®¡é¥ë© í«¥¬¥â � §¨¬¨à  ¨ P

| G-¯®¤¬®¤ã«ì ¯à¨á®¥¤¨¥®£® ¬®¤ã«ï.
2) � á¨«ã ãá«®¢¨ï deg z 6� 0 (mod p) á«ãç © å à ªâ¥à¨áâ¨ª¨ p > 0 à áá¬ âà¨¢ ¥âáï   «®-

£¨ç® á«ãç î å à ªâ¥à¨áâ¨ª¨ 0.

�«¥¤áâ¢¨¥ 1. �á«¨ ¢ ãá«®¢¨ïå â¥®à¥¬ë ¯à¨á®¥¤¨¥ë© G-¬®¤ã«ì ¥¯à¨¢®¤¨¬, â® z =
�(G;G�).

�ãáâì L |  «£¥¡à  �¨, ®¯à¥¤¥«¥ ï  ¤ ¯à®áâë¬ ¯®«¥¬ Fp. �¡®§ ç¨¬ ç¥à¥§ G á¢®¡®¤ë©
Z-¬®¤ã«ì â ª®©, çâ® L �= Fp


Z

G. �¯à¥¤¥«¨¬ ¢ G ã¬®¦¥¨¥ �, ¯®« £ ï 1Fp
g1�g2 = [1
g1; 1
g2]

8g1; g2 2 G. �«£¥¡àã G  §®¢¥¬ Z-ä®à¬®©  «£¥¡àë �¨ L.

�«¥¤áâ¢¨¥ 2. �ãáâì L | ¯à®áâ ï  «£¥¡à  �¨, ®¯à¥¤¥«¥ ï  ¤ Fp,   G | ¥¥ Z-ä®à¬ .
�®£¤  «î¡®© ¥âà¨¢¨ «ìë© ®¤®à®¤ë© ¨¢ à¨ â z 2 S(G)G, deg z > 1, ï¢«ï¥âáï ®¡®¡é¥ë¬
í«¥¬¥â®¬ � §¨¬¨à , ¯à¨ç¥¬ z = �(G;G�).
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�®ª § â¥«ìáâ¢®. �à®áâ®â   «£¥¡àë L £ à â¨àã¥â ¥¯à¨¢®¤¨¬®áâì ¯à¨á®¥¤¨¥®£® G-
¬®¤ã«ï. �®£¤  ¯®á«¥¤¥¥ ãâ¢¥à¦¤¥¨¥ ¢ëâ¥ª ¥â ¨§ á«¥¤áâ¢¨ï 1, ¥á«¨ ¨á¯®«ì§®¢ âì ¯¥à¥å®¤ ª
 «£¥¡à¥ Q


Z

G.

�¨â¥à âãà 
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