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� áâ âì¥ ¨§¢¥áâë© ¯à¨æ¨¯ �®«¨ {�¥£�¥ ([1], á. 203) à á¯à®áâà ï¥âáï    ¨§®âà®¯ë¥ ¨-
â¥£à «ìë¥ äãªæ¨® «ë. � ¬¥ç¥ë ¯à¨«®¦¥¨ï ª â¥®à¥¬ ¬ ¢«®¦¥¨ï ¨ ®æ¥ª ¬ ¥¬ª®áâ¥©
ª®¤¥á â®à®¢.

1. �¨¦¥ R
n | n-¬¥à®¥ ¥¢ª«¨¤®¢® ¯à®áâà áâ¢®  ¤ ¯®«¥¬ R ¤¥©áâ¢¨â¥«ìëå ç¨á¥«,

x � y = x1y1 + � � � + xnyn ¨ jxj = p
x � x | áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à®¢ x = (x1; : : : ; xn),

y = (y1; : : : ; yn) ¨ ¥¢ª«¨¤®¢  ®à¬  ¢¥ªâ®à  x á®®â¢¥âáâ¢¥®; Kv(Rn ) | á®¢®ªã¯®áâì ¥¯ãáâëå
¢ë¯ãª«ëå ¨ ª®¬¯ ªâëå ¯®¤¬®¦¥áâ¢ Rn , Rn | ç áâì Kv(Rn ), á®áâ®ïé ï ¨§ á¨¬¬¥âà¨çëå
®â®á¨â¥«ì® � = (0; : : : ; 0) ¬®¦¥áâ¢. �á¯®«ì§ãîâáï ®¡®§ ç¥¨ï f� : Rn ! R | äãªæ¨ï,
c®¯àï¦¥ ï ¯® �£ã ª äãªæ¨¨ f : Rn ! R ([2], á. 120); dom f = fp 2 R

n ; f(p) < 1g;
epi f = f(p; h); p 2 dom f; h 2 R; h � f(p)g; ¨¤¨ª â®à ï ¨ ®¯®à ï äãªæ¨¨ ¬®¦¥áâ¢  K ¨§
Kv(Rn) ®¡®§ ç îâáï á¨¬¢®« ¬¨ �K ¨ ��K á®®â¢¥âáâ¢¥®,

�K(p) =

(
0; p 2 K;
1; p =2 K;

��K = maxfp � q; p 2 Kg:

�ë¯ãª«ãî ¨ ç¥âãî äãªæ¨î f : Rn ! R  §®¢¥¬ äãªæ¨¥© �£ , ¥á«¨ f(�) = 0 ¨ ¯à¨
«î¡®¬ h > 0 ¨¦¥¥ «¥¡¥£®¢® ¬®¦¥áâ¢® �h(f) = fp 2 Rn ; f(p) � hg äãªæ¨¨ f ¥áâì § ¬ªãâ®¥
®£à ¨ç¥®¥ â¥«® ¢ Rn . �á«¨ f |äãªæ¨ï�£ , â® ¨ á®¯àï¦¥ ï ª ¥© â ª¦¥ ¡ã¤¥â äãªæ¨-
¥© �£  ([2], á. 144; [3]); ¢ ç áâ®áâ¨, ¯à¨ «î¡®¬ N > 0 ¬®¦¥áâ¢® QN = �N(f�) ¥áâì § ¬ªãâ®¥
®£à ¨ç¥®¥ â¥«® ¢ Rn . �®«®¦¨¬ kN(p) = maxfp �q; q 2 QNg, fN(p) = supfp �q�f�(q); q 2 QNg.
�§ ®¯à¥¤¥«¥¨ï äãªæ¨© kN , fN ¢ëâ¥ª îâ ¥à ¢¥áâ¢  fN(p) � kN(p), kN (p)�N � fN(p) � f(p).
�áâ ®¢¨¬ à ¢¥áâ¢®

sup
N>0

fkN (p)�Ng = sup
N>0

fN(p) = f(p): (1)

�¥©áâ¢¨â¥«ì®, ¥á«¨ q 2 dom f�, N = f�(q�), â® kN(p)�N � p�q�f�(q), ¯®íâ®¬ã sup
N>0

fkN (p)�Ng �
supfp � q � f�(q); q 2 dom f�g = f(p), çâ® ¨ ¤®ª §ë¢ ¥â à ¢¥áâ¢® (1). �ãªæ¨¨ �£  kN , fN ¥
ã¬¥ìè îâáï á à®áâ®¬ N ; á¯à ¢¥¤«¨¢ë ®æ¥ª¨

0 � fN(p) � kN(p) � �N jpj; (2)

£¤¥ �N = maxfjqj; q 2 QNg.
�ãáâì H = f(x1; : : : ; xn�1; xn); xn = 0g | ª®®à¤¨ â ï £¨¯¥à¯«®áª®áâì ¢ Rn (n � 2), PH :

R
n ! H | ®¯¥à â®à ®àâ®£® «ì®£® ¯à®¥ªâ¨à®¢ ¨ï, l(x) | ¯àï¬ ï, ¯à®å®¤ïé ï ç¥à¥§ â®çªã

x ¨ ®àâ®£® «ì ï H, A | â ª®¥ ¬®¦¥áâ¢® ¢ R
n , çâ® ¤«ï «î¡®£® x ¨§ PH(A) ¯¥à¥á¥ç¥¨¥

A \ l(x) ®£à ¨ç¥®. �¨¬¬¥âà¨§ æ¨¥© �â¥©¥à  ¬®¦¥áâ¢  A ®â®á¨â¥«ì® £¨¯¥à¯«®áª®áâ¨ H
 §ë¢ ¥âáï ([4], á. 232) ¬®¦¥áâ¢®

SH(A) = [
x2PH(A)

(A \ l(x))s;
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£¤¥ (A\l(x))s |¯à¨ ¤«¥¦ é¨© l(x) ®âà¥§®ª á æ¥âà®¬ ¢ â®çª¥ x, ¤«¨  ª®â®à®£® à ¢  ¢¥è¥©
®¤®¬¥à®© «¥¡¥£®¢®© ¬¥à¥ ¬®¦¥áâ¢  A. � ¤ «ì¥©è¥¬ ã¤®¡® â®çªã x = (x1; : : : ; xn�1; xn) ¨§
R
n § ¯¨áë¢ âì ¢ ¢¨¤¥ x = (x0; xn), £¤¥ x0 = (x1; : : : ; xn�1) 2 Rn�1 , â ª çâ® PHx = (x0; 0).

�¥¬¬  1. �ãáâì K 2 Kv(Rn ), ��K , �
�
Ks | ®¯®àë¥ äãªæ¨¨ ¬®¦¥áâ¢ K ¨ Ks = �H(K).

�®£¤ 

��K(a; 1) + ��K(b;�1) � ��Ks(a+ b; 2) (3)

¤«ï «î¡ëå a, b ¨§ Rn�1 .

�®ª § â¥«ìáâ¢®. �ãáâì K 0 = PH(K) | ¯à®¥ªæ¨ï K   £¨¯¥à¯«®áª®áâì H, ®â®¦¤¥áâ¢«ï¥-
¬ãî á ¯à®áâà áâ¢®¬ R

n�1 ; h; g : K 0 ! R | â ª¨¥ äãªæ¨¨, çâ® K = f(x0; xn); x0 2 K 0; h(x0) �
xn � �g(x0)g. �®£¤  Ks = SH(K) = f(x0; xn); x0 2 K 0; h(x0) + g(x0) � 2xn � �h(x0) � g(x0)g. �§
®¯à¥¤¥«¥¨ï ®¯®à®© äãªæ¨¨ ¢ëâ¥ª îâ à ¢¥áâ¢ 

��K(a; 1) = maxfa � x0 + xn; (x0; xn) 2 Kg = maxfa � x0 + xn; x
0 2 K 0; h(x0) � xn � �g(x0)g =

= maxfa � x0 � g(x0); x0 2 K 0g:
� «®£¨çë¬ ®¡à §®¬ ¤®ª §ë¢ îâáï à ¢¥áâ¢ 

��K(b;�1) = maxfb � x0 � h(x0); x0 2 K 0g;
��Ks(a+ b; 2) = maxf(a+ b) � x0 � g(x0)� h(x0); x0 2 K 0g:

�®á«¥¤¨¥ âà¨ à ¢¥áâ¢  ®ç¥¢¨¤ë¬ ®¡à §®¬ ¢«¥ªãâ ¥à ¢¥áâ¢® (3).

�ãáâì H � R | £¨¯¥à¯«®áª®áâì ¢ ¯à®áâà áâ¢¥ Rn � R. �á«¨ f : Rn ! R | äãªæ¨ï �-
£ , â® epi f ¥áâì ¢ë¯ãª«®¥ § ¬ªãâ®¥ ¯®¤¬®¦¥áâ¢® Rn � R. �¨¬¬¥âà¨§ æ¨ï epi f ®â®á¨â¥«ì®
H � R á®¢¯ ¤ ¥â á  ¤£à ä¨ª®¬ ¥ª®â®à®© äãªæ¨¨ �£  f s : Rn ! R,  §ë¢ ¥¬®© á¨¬¬¥âà¨-
§ æ¨¥© f ®â®á¨â¥«ì® H ¢ ¢®§à áâ îé¥¬ ¯®àï¤ª¥. �§ ®¯à¥¤¥«¥¨ï f s ¢ëâ¥ª ¥â á®®â®è¥¨¥
�N(f s) = SH(�N(f)), ®§ ç îé¥¥, çâ® ¨¦¨¥ «¥¡¥£®¢ë ¬®¦¥áâ¢  äãªæ¨¨ f s á®¢¯ ¤ îâ á
á¨¬¬¥âà¨§ æ¨ï¬¨ á®®â¢¥âáâ¢ãîé¨å «¥¡¥£®¢ëå ¬®¦¥áâ¢ äãªæ¨¨ f .

�á«¨ K 2 Rn, k | ®¯®à ï äãªæ¨ï ª®¬¯ ªâ  K, â® k� | ¨¤¨ª â®à ï äãªæ¨ï ª®¬¯ ªâ 
K, k�s = (k�)s | ¨¤¨ª â®à ï äãªæ¨ï ª®¬¯ ªâ  Ks, k�s� = (k�s)� | ®¯®à ï äããªæ¨ï
ª®¬¯ ªâ  Ks. �®íâ®¬ã (3) íª¢¨¢ «¥â® ¥à ¢¥áâ¢ã

k(a; 1) + k(b;�1) � k�s�(a+ b; 2): (4)

�ë¢¥¤¥¬ ¢ à¨ â ¥à ¢¥áâ¢  (4) ¤«ï ¯à®¨§¢®«ì®© äãªæ¨¨�£  f . � ¬¥ïï ¢ ®¯à¥¤¥«ïî-
é¨å äãªæ¨¨ kN , fN á®®â®è¥¨ïå ¬®¦¥áâ¢  QN = �N(f�) ¨å á¨¬¬¥âà¨§ æ¨ï¬¨Qs

N = �N(f�s),
¯à¨å®¤¨¬ ª à ¢¥áâ¢ ¬

k�s�N (p) = maxfp � q; q 2 Qs
Ng; f�s�N (p) = supfp � q � f�s(q); q 2 Qs

Ng;
sup
N>0

fk�s�N (p)�Ng = sup
N>0

f�s�N (p) = f�s�(p): (5)

� à®áâ®¬ N äãªæ¨¨ k�s�N , f�s�N ¥ ã¬¥ìè îâáï, á®åà ï¥âáï   «®£¨ç ï (2) ®æ¥ª 

0 � f�s�N (p) � k�s�N (p) � �N jpj:
�¥¬¬  2. �ãáâì ai 2 Rn�1 , bi 2 Rn�1 , �i > 0, �i > 0 (i = 1; : : : ;m),

a =
mX
i=1

ai; b =
mX
i=1

bi; � =
mX
i=1

�i; � =
mX
i=1

�i: (6)

�á«¨ f : Rn ! R | äãªæ¨ï �£ , â®

mX
i=1

�
f

�
ai
�i
;
1
�i

�
�i + f

�
bi
�i
; � 1

�i

�
�i

�
� f�s�

�
a+ b

�+ �
;

2m
�+ �

�
(�+ �): (7)
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�®ª § â¥«ìáâ¢®. �«ï ªà âª®áâ¨ ®¡®§ ç¨¬ ç¥à¥§ Fm áã¬¬ã,  å®¤ïéãîáï ¢ «¥¢®© ç áâ¨
(7). �¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ áç¨â ¥¬, çâ® Fm � 1. �¨ªá¨àã¥¬ N ¨§ (0;1). �¬¥îâ ¬¥áâ®
á®®â®è¥¨ï (¯®ïá¥¨ï ¨¦¥)

Fm �
mX
i=1

��
kN

�
ai
�i
;
1
�i

�
�N

�
�i +

�
kN

�
bi
�i
; � 1

�i

�
�N

�
�i

�
=

=
mX
i=1

(kN (ai; 1) + kN(bi;�1)) �N(�+ �) �
mX
i=1

k�s�N (ai + bi; 2)�N(�+ �) �

� k�s�N (a+ b; 2m)�N(�+ �) =
�
k�s�N

�
a+ b

�+ �
;

2m
�+ �

�
�N

�
(�+ �):

�¤¥áì ¯®á«¥¤®¢ â¥«ì® ¨á¯®«ì§ãîâáï ®¯à¥¤¥«¥¨¥ ¯®áâ®ï®© Fm, ®æ¥ª  f(p) � kN(p) � N ,
®¤®à®¤®áâì kN , ¥à ¢¥áâ¢® (4), áã¡«¨¥©®áâì äãªæ¨¨ k�s�N . �¢¨¤ã ¯à®¨§¢®«ì®áâ¨ N > 0
¯®«ãç ¥¬ ¥à ¢¥áâ¢®

Fm � (�+ �) sup
N>0

�
k�s�N

�
a+ b

�+ �
;

2m
�+ �

�
�N

�
;

íª¢¨¢ «¥â®¥ ¢ á¨«ã (5) ®æ¥ª¥ (7).

�«¥¤áâ¢¨¥. �¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

Fm � f�s�
�
a+ b

�+ �
;

2
�+ �

�
(�+ �):

�«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç® § ¬¥â¨âì, çâ® ¯à¨ «î¡®¬ c ¨§ Rn�1 äãªæ¨ï f�s�(c; �) : R ! R

¢ë¯ãª«  ¨ ç¥â , ¯®íâ®¬ã ¥¥ áã¦¥¨¥   R+ ¥áâì ¥ã¡ë¢ îé ï äãªæ¨ï. �¥¯¥àì âà¥¡ã¥¬ë©
à¥§ã«ìâ â ¢ëâ¥ª ¥â ¨§ ¥à ¢¥áâ¢  (7).

�¥à¥©¤¥¬ ª ®¯à¥¤¥«¥¨î á¨¬¬¥âà¨§ æ¨¨ áã¬¬¨àã¥¬ëå äãªæ¨©. �ãáâì u | ¥®âà¨æ â¥«ì-
 ï ä¨¨â ï (â. ¥. ®¡à é îé ïáï ¢ ã«ì ¢¥ ª®¬¯ ªâ ) äãªæ¨ï ¨§ L1(Rn). �¥ ¯®¤£à ä¨ª
(®à¤¨ â®¥ ¬®¦¥áâ¢®) ordu = f(x; t); x 2 R

n ; 0 � t � u(x)g ¥áâì ¯®¤¬®¦¥áâ¢® Rn � R, ¯¥à¥-
á¥ç¥¨¥ ª®â®à®£® á ª ¦¤®© ¯àï¬®©, ¯à®å®¤ïé¥© ç¥à¥§ â®çªã (x0; t), x0 2 H, t > 0, ¨ ¯¥à¯¥¤¨-
ªã«ïà®© H�R, ¥áâì ®£à ¨ç¥®¥ ¬®¦¥áâ¢®. �®íâ®¬ã ®¯à¥¤¥«¥  á¨¬¬¥âà¨§ æ¨ï ¬®¦¥áâ¢ 
ordu � R

n � R ®â®á¨â¥«ì® £¨¯¥à¯«®áª®áâ¨ H � R � R
n � R. �¥§ã«ìâ â íâ®© á¨¬¬¥âà¨§ æ¨¨

¥áâì ¬®¦¥áâ¢® SH(ordu) � R
n � R. �® á®¢¯ ¤ ¥â á ¯®¤£à ä¨ª®¬ ¥ª®â®à®© ¥®âà¨æ â¥«ì®©

ä¨¨â®© áã¬¬¨àã¥¬®©   Rn äãªæ¨¨ uc,  §ë¢ ¥¬®© á¨¬¬¥âà¨§ æ¨¥© äãªæ¨¨ u ®â®á¨â¥«ì-
® H ¢ ã¡ë¢ îé¥¬ ¯®àï¤ª¥. �®çâ¨ ¯à¨ ¢á¥å x0 2 R

n�1 äãªæ¨ï uc á®¢¯ ¤ ¥â á ¯¥à¥áâ ®¢ª®©
äãªæ¨¨ u(x0; �) ¢ á¨¬¬¥âà¨ç® ã¡ë¢ îé¥¬ ¯®àï¤ª¥ ([5], á. 309; [6]). �â® á¢®©áâ¢® ¬®¦¥â ¡ëâì
¯®«®¦¥® ¢ ®á®¢ã ®¯à¥¤¥«¥¨ï á¨¬¬¥âà¨§ æ¨¨¨ äãªæ¨¨. �â¬¥â¨¬ ¥à ¢¥áâ¢® ([5], á. 309; [6],
[7], á. 113)

kuc � vc; L1(Rn )k � ku� v; L1(Rn )k; (8)

á¯à ¢¥¤«¨¢®¥ ¤«ï ¥®âà¨æ â¥«ìëå äãªæ¨© u, v ¨§ L1(Rn ).

2. �¥¯à¥àë¢ãî ¥®âà¨æ â¥«ìãî äãªæ¨î v : Rn ! R  §®¢¥¬ ¯®«¨í¤à «ì®©, ¥á«¨  ©-
¤¥âáï â ª®© ª®¥çë©  ¡®à n-¬¥àëå á¨¬¯«¥ªá®¢ �j (j 2 J) á ¥¯¥à¥á¥ª îé¨¬¨áï ¢ãâà¥-
®áâï¬¨, çâ® 1) v(x) = 0 8x =2 [�j; 2) áã¦¥¨¥ äãªæ¨¨ v   �j ¥áâì  ää¨ ï äãªæ¨ï, â. ¥.
v(x) = cj1x1+ � � �+cjnxn+dj (x 2 �j , j 2 J). �á«¨ ¢ ãá«®¢¨¨ 2) cjn 6= 0 ¤«ï ¢á¥å j ¨§ J , â® äãªæ¨î
v  §®¢¥¬ ¯à®áâ®©. �« áá ¯à®áâëå äãªæ¨© ®¡®§ ç¨¬ á¨¬¢®«®¬ �n. �á«¨ w | ¯®«¨í¤à «ì-
 ï äãªæ¨ï   Rn , v 2 �n, â® ¬®¦® ãª § âì â ªãî ¯®á«¥¤®¢ â¥«ì®áâì "i > 0, "i ! 0, çâ®
w + "iv 2 �n ¤«ï ¢á¥å i.

�¡®§ ç¨¬ ç¥à¥§ W á®¢®ªã¯®áâì ä¨¨âëå äãªæ¨© ª« áá  W 1
1 (R

n) ([5], á. 133). �ç¨â ¥¬,
çâ® ®à¬  ¢ W 1

1 (R
n) ®¯à¥¤¥«¥  à ¢¥áâ¢®¬ kuk = ku;L1k + kru;L1k. �¤¥áì ¨ ¤ «¥¥ ru |

£à ¤¨¥â äãªæ¨¨ u. �¨¦¥ W+ | ¯®¤¬®¦¥áâ¢® W , á®áâ®ïé¥¥ ¨§ ¥®âà¨æ â¥«ìëå äãªæ¨©.
�§ ®¡é¨å à¥§ã«ìâ â®¢ ® ¯à¨¡«¨¦¥¨¨ äãªæ¨© ª« áá  W 1

1 (R
n) ([5], £«. 5; [8], £«. 10) á«¥¤ã¥â
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�à¥¤«®¦¥¨¥ 1. �«ï «î¡®© äãªæ¨¨ u ¨§ W+ áãé¥áâ¢ã¥â áå®¤ïé ïáï ª ¥© ¢ ¬¥âà¨ª¥
W 1

1 (R
n) ¯®á«¥¤®¢ â¥«ì®áâì ¯à®áâëå äãªæ¨© vi á à ¢®¬¥à® ®£à ¨ç¥ë¬¨ ®á¨â¥«ï¬¨.

�ãªæ¨ï v ª« áá  �n ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ , ¬®¦¥áâ¢® â®ç¥ª ¥¤¨ää¥à¥-
æ¨àã¥¬®áâ¨ v á®áâ ¢«ï¥â ç áâì ¬®¦¥áâ¢  Dv = [@�j (j 2 J), £à ¤¨¥â rv ¯®áâ®ï¥  
¢ãâà¥®áâ¨ á¨¬¯«¥ªá  �j, Mv = supfv(x); x 2 R

ng < 1. �¥àå¥¥ «¥¡¥£®¢® ¬®¦¥áâ¢®
�t+(v) = fx 2 R

n ; v(x) > tg (0 < t < Mv) äãªæ¨¨ v ¥áâì ¢ãâà¥®áâì ¥ª®â®à®£® ¯®«¨-
í¤à , ¥£® £à ¨æ  t(v) = fx 2 R

n ; v(x) = tg ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ ®¡ê¥¤¨¥¨ï ¬®£®£à ¨ª®¢
fx 2 �j ; v(x) = tg à §¬¥à®áâ¨ � n � 1. �«ï ª ¦¤®£® á¨¬¯«¥ªá  �j áãé¥áâ¢ã¥â ¥ ¡®«¥¥ ç¥¬
®¤® § ç¥¨¥ t, ¤«ï ª®â®à®£® à §¬¥à®áâì ¬®£®£à ¨ª  fx 2 @�j ; v(x) = tg à ¢  n� 1. �¡®-
§ ç¨¬ ç¥à¥§ Tv á®¢®ªã¯®áâì â¥å t ¨§ (0;Mv), ¤«ï ª®â®àëå ¬®¦¥áâ¢® t(v)\Dv á®¤¥à¦¨âáï ¢
®¡ê¥¤¨¥¨¨ ª®¥ç®£® ç¨á«  ¬®£®£à ¨ª®¢ à §¬¥à®áâ¨ � n� 2. �§ áª § ®£® ¢ëè¥ á«¥¤ã-
¥â, çâ® ç¨á«® í«¥¬¥â®¢ (0;Mv)=Tv ¥ ¯à¥¢®áå®¤¨â ª®«¨ç¥áâ¢  á¨¬¯«¥ªá®¢ �j (j 2 J), ¯®íâ®¬ã
Tv ¯®«ãç ¥âáï ¨§ ®âà¥§ª  [0;Mv ] ã¤ «¥¨¥¬ ª®¥ç®£® ç¨á«  í«¥¬¥â®¢.

�á«¨ t 2 Tv, â® ¯à®¥ªæ¨ï PH(t(v) \ Dv) ¬®¦¥áâ¢  t(v) \ Dv   £¨¯¥à¯«®áª®áâì H ¥áâì
®¡ê¥¤¨¥¨¥ ª®¥ç®£® ç¨á«  ¬®£®£à ¨ª®¢ à §¬¥à®áâ¨ n � 2, à §¡¨¢ îé¨å PH(t(v))  
ª®¥ç®¥ ç¨á«® ¢ë¯ãª«ëå ¬®£®£à ¨ª®¢ à §¬¥à®áâ¨ n� 1. �ãâà¥®áâ¨ (®â®á¨â¥«ì® H)
íâ¨å ¬®£®£à ¨ª®¢ ®¡®§ ç¨¬ ç¥à¥§ 
01; : : : ;


0
r.

�ãáâì 
0 | ®¤  ¨§ ®¡« áâ¥© 
k (k = 1; : : : ; r), x0 2 
0, l(x0) = P�1H (x0). �ç¥¢¨¤®, l(x0) \
t(v) 6= ;. �á«¨ (x0; z) 2 l(x0) \ t(v), â® v(x0; z) = t ¨ (x0; z) =2 Dv, á«¥¤®¢ â¥«ì®, (x0; z) 2
int�j ¯à¨ ¥ª®â®à®¬ j. �¥à¥á¥ç¥¨¥ l(x0) \ �t(v) á®áâ®¨â ¨§ m ¥¯¥à¥á¥ª îé¨åáï ¨â¥à¢ «®¢,
£à ¨çë¥ â®çª¨ íâ¨å ¨â¥à¢ «®¢ ¯à¨ ¤«¥¦ â l(x0) \ t(v), ç¨á«® m ®¤¨ ª®¢® ¤«ï ¢á¥å x0

¨§ 
0. �®áª®«ìªã P�1H (
0) = [l(x0) (x0 2 
0), â® P�1H (
0) \ �t(v) ¥áâì ®¡ê¥¤¨¥¨¥ ãá¥ç¥ëå
æ¨«¨¤à®¢ �i (i = 1; : : : ;m). �¨¦ïï ¨ ¢¥àåïï £à ¨ æ¨«¨¤à  �i ¯à¨ ¤«¥¦ â P

�1
H (
0)\t(v),

¯®íâ®¬ã v(x) = c1x1 + � � � + cnxn + d = t ¤«ï â®ç¥ª, ¯à¨ ¤«¥¦ é¨å íâ¨¬ £à ï¬. � à ¬¥âàë
c0 = (c1; : : : ; cn�1), cn, d, à §ã¬¥¥âáï, à §«¨çë ¤«ï à §ëå £à ¥©. � á¨«ã ®¯à¥¤¥«¥¨ï ¯à®áâ®©
äãªæ¨¨ cn 6= 0. �¨¦¥© £à ¨ á®®â¢¥âáâ¢ã¥â ª®íää¨æ¨¥â cn > 0, ¢¥àå¥© £à ¨ | cn < 0.
�â¬¥â¨¬ à ¢¥áâ¢® rv(x) = (c0; cn).

�â®ç¨¬ á¯®á®¡ ¯à¥¤áâ ¢«¥¨ï æ¨«¨¤à  �i, ¥£® £à ¥© ¨ £à ¤¨¥â  rv(x). �«ï ®¯¨á ¨ï
¢¥àå¥© (¨¦¥©) £à ¨ �i ¢¢¥¤¥¬ ¯ à ¬¥âàë ai = c0=cn, �i = �1=cn, gi = d=cn (cn < 0) ¨
bi = �c0=cn, �i = 1=cn, hi = d=cn (cn > 0). �®£¤  æ¨«¨¤à �i ®¯à¥¤¥«ï¥âáï ¥à ¢¥áâ¢ ¬¨

bi � x0 + �it+ hi < xn < �(ai � x0 + �it+ gi) (x0 2 
0):

�«ï â®ç¥ª (x0; xn), ¯à¨ ¤«¥¦ é¨å ¢¥àå¥© (¨¦¥©) £à ¨, ¢ë¯®«ïîâáï á®®â®è¥¨ï (x0 2 
0)

xn = �(ai � x0 + �it+ gi); rv(x) = �(ai=�i; 1=�i); (9)

xn = bi � x0 + �it+ hi; rv(x) = (�bi=�i; 1=�i): (10)

�§ ®¯à¥¤¥«¥¨ï ai, bi, �i, �i ¢ëâ¥ª îâ ¢ª«îç¥¨ï ai 2 R
n�1 , bi 2 R

n�1 ¨ ¥à ¢¥áâ¢  �i > 0,
�i > 0 (i = 1; : : : ;m).

�ãáâì vc | á¨¬¬¥âà¨§ æ¨ï äãªæ¨¨ v ¢ ã¡ë¢ îé¥¬ ¯®àï¤ª¥, �t(vc), t(vc) | ¢¥àå¨¥ «¥-
¡¥£®¢ë ¬®¦¥áâ¢  ¨ ¯®¢¥àå®áâ¨ ãà®¢ï äãªæ¨¨ vc á®®â¢¥âáâ¢¥®. �®£¤  �t(vc) = SH(�t(v)),
t(vc) = @�t(vc). �á«¨ 
0 | ®¤  ¨§ ¢¢¥¤¥ëå ¢ëè¥ (n� 1)-¬¥àëå ®¡« áâ¥© 
k (k = 1; : : : ; r),
â®, ª ª ¢ëâ¥ª ¥â ¨§ ¯à¥¤è¥áâ¢ãîé¨å à¥§ã«ìâ â®¢,

P�1H (
0)\ �t(vc) = f(x0; xn); x0 2 
0; (a+ b) � x0 + (�+ �)t+ h < 2xn < �(a+ b) � x0 � (�+ �)t� hg;

£¤¥ a, b, �, � ®¯à¥¤¥«¥ë à ¢¥áâ¢ ¬¨ (6), h = h1 + � � � + hn + g1 + � � � + gn, ¨, â ª¨¬ ®¡à §®¬,
P�1H (
0) \ �t(vc) ¥áâì á¨¬¬¥âà¨çë© ®â®á¨â¥«ì® H ãá¥ç¥ë© æ¨«¨¤à �s. �«ï â®ç¥ª x =
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(x0; xn), ¯à¨ ¤«¥¦ é¨å ¢¥àå¥© (¨¦¥©) £à ¨ æ¨«¨¤à  �s, ¢ë¯®«ïîâáï á®®â®è¥¨ï

2xn = �(a+ b) � x0 � (�+ �)t� h; rvc(x) = �
�
a+ b

�+ �
;

2
�+ �

�
; (11)

2xn = (a+ b) � x0 + (�+ �)t+ h; rvc(x) =
�
� a+ b

�+ �
;

2
�+ �

�
; (12)

x0 2 
0. �®®â®è¥¨ï (9) ¨ (11), (10) ¨ (12)   «®£¨çë ¬¥¦¤ã á®¡®©. �¡ê¥¤¨¥¨¥ ¢¥àå¥© ¨
¨¦¥© £à ¥© �s á®¢¯ ¤ ¥â á P�1H (
0) \ t(vc). �ç¥¢¨¤®, vc | ¯®«¨í¤à «ì ï äãªæ¨ï. � ª
ª ª @vc

@xn
= � 2

�+�
6= 0, â® vc 2 �n.

�à¥¤«®¦¥¨¥ 2 ([9], c. 269). �ãáâì 	 2 L1(Rn), v 2 �n. �®£¤ Z
Rn

	jrvjdx =
Z 1

0

dt

Z
t(v)

	 d�; (13)

£¤¥ d� | í«¥¬¥â (n� 1)-¬¥à®© ¬¥àë � ãá¤®àä  ¢ Rn .

3. �á«¨ f : Rn ! R | äãªæ¨ï �£ , y : Rn ! R
n | ¨§¬¥à¨¬®¥ ®â®¡à ¦¥¨¥, â® áã¯¥à¯®-

§¨æ¨ï f � y : Rn ! R ¥áâì ¨§¬¥à¨¬ ï äãªæ¨ï ([8], á. 231). �®«®¦¨¬ If (y) = kf � y;L1(Rn)k, ¥á«¨
f � y 2 L1(Rn ), ¨ If (y) = +1 ¢ ¯à®â¨¢®¬ á«ãç ¥. � «®£¨çë¬ ®¡à §®¬ äãªæ¨ï �£  f�s�

¯®à®¦¤ ¥â äãªæ¨® « If�s�.

�¥®à¥¬  1. �á«¨ u 2W+, â® u
c 2W+ ¨

If (ru) � If�s�(ruc): (14)

�®ª § â¥«ìáâ¢® ã¤®¡® à §¡¨âì   ¥áª®«ìª® íâ ¯®¢. � ç «¥ ãáâ ®¢¨¬ ¥à ¢¥áâ¢® (14)
¤«ï ¯à®áâëå äãªæ¨©. �ãáâì v 2 �n, Mv = sup v, �t(v), t(v), Dv, Tv | ¯®à®¦¤ ¥¬ë¥ äãªæ¨¥©
v ¬®¦¥áâ¢  (á¬. ¯. 2). �®à¬ã«  (13) ¢«¥ç¥â à ¢¥áâ¢ 

If (rv) =
Z 1

0
dt

Z
t(v)

f(rv)
jrvj d�; If�s�(rvc) =

Z 1

0
dt

Z
t(vc)

f�s�(rvc)
jrvcj d�: (15)

�¨ªá¨àã¥¬ t ¨§ Tv. �®¦¥áâ¢® PH(t(v)nDv) ¥áâì ®¡ê¥¤¨¥¨¥ ¥¯¥à¥á¥ª îé¨åáï (n�1)-¬¥àëå
¢ë¯ãª«ëå ®¡« áâ¥© 
01; : : : ;


0
r. �à¨ íâ®¬ mesn�1 PH(t(v) nDv) = mesn�1(PH(t(v)). �ãáâì 
0 |

®¤  ¨§ ®¡« áâ¥© 
0k. � ª ®â¬¥ç¥® ¢ ¯. 2, ¬®¦¥áâ¢® P�1H (
0) \ �t(v) ¥áâì ®¡ê¥¤¨¥¨¥ m ãá¥-
ç¥ëå æ¨«¨¤à®¢ �i (i = 1; : : : ;m), ¢¥àåïï ¨ ¨¦ïï £à ¨ ª®â®àëå ¯à¨ ¤«¥¦ â ¬®¦¥áâ¢ã
G = P�1H (
0)\t(v) ¨ § ¤ îâáï à ¢¥áâ¢ ¬¨ (9), (10). �§ íâ¨å à ¢¥áâ¢ «¥£ª® á«¥¤ã¥â, çâ® (n�1)-
¬¥àë¥ ¬¥àë � ãá¤®àä  ¢¥àå¥© ¨ ¨¦¥© £à ¥© æ¨«¨¤à  �i à ¢ë

p
1 + jaij2mesn�1
0 ¨p

1 + jbij2mesn�1
0 á®®â¢¥âáâ¢¥®. � «®£¨çë¥ à ¢¥áâ¢  ¢¥àë ¤«ï ¢¥àå¥© ¨ ¨¦¥© £à -
¥© æ¨«¨¤à  �s. �®«®¦¨¬G(s) = P�1H (
0)\t(vc). �ç¨âë¢ ï á®¤¥à¦ é¨¥áï ¢ (9){(12) ä®à¬ã«ë
¤«ï £à ¤¨¥â®¢ rv, rvc ¨ á«¥¤áâ¢¨¥ «¥¬¬ë 2, ¯à¨å®¤¨¬ ª á®®â®è¥¨ï¬Z

G

f(rv)
jrvj d� = Fmmesn�1 
0;

Z
G(s)

f�s�(rvc)
jrvcj d� � F smesn�1 
0;

£¤¥ Fm ¨ F s | «¥¢ ï ¨ ¯à ¢ ï ç áâ¨ ¥à ¢¥áâ¢  (7). �â¨ á®®â®è¥¨ï, ®æ¥ª¨ (7) ¨ ¯à®¨§¢®«ì-
®áâì ¢ë¡®à  ®¡« áâ¨ 
0 = 
01; : : : ;


0
r ¢«¥ªãâ ¥à ¢¥áâ¢ Z

G

f(rv)
jrvj d� �

Z
G(s)

f�s�(rvc)
jrvcj d�;

Z
t(v)

f(rv)
jrvj d� �

Z
t(vc)

f�s�(rvc)
jrvcj d�:

�¥à ¢¥áâ¢® If (rv) � If�s�(rvc) ¢ëâ¥ª ¥â ¨§ (15).
�  ¢â®à®¬ íâ ¯¥ ¤®ª ¦¥¬ (14), áç¨â ï, çâ® u 2W+,   äãªæ¨ï�£  f ã¤®¢«¥â¢®àï¥â ®æ¥ª¥

f(p) � �jpj. �§ íâ®© ®æ¥ª¨ ¢ëâ¥ª ¥â, çâ® dom f� � fq 2 R
n ; jqj � �g. �®£¤  ¨ dom f�s � fq 2

R
n ; jqj � �g, á«¥¤®¢ â¥«ì®, f�s�(p) � �jpj.
�ë¡¥à¥¬ ¯®á«¥¤®¢ â¥«ì®áâì vi ¯à®áâëå äãªæ¨© á à ¢®¬¥à® ®£à ¨ç¥ë¬¨ ®á¨â¥«ï¬¨,

áå®¤ïéãîáï ª u ¢ ¬¥âà¨ª¥ W 1
1 (R

n). � ª ª ª vi ! u ¢ L1(Rn), â® ¢ á¨«ã (8) vci ! uc ¢ L1(Rn).
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�®á«¥¤®¢ â¥«ì®áâì rvi áå®¤¨âáï ª ru ¢ ¬¥âà¨ª¥ L1(Rn ;Rn), ¯®íâ®¬ã  ©¤¥âáï â ª ï äãªæ¨ï
�£  � : R ! R, çâ® �(t)t�1 ! 1 ¯à¨ t ! 1 ¨ k�(rvi); L1(Rn )k � 1 ¤«ï ¢á¥å i ([8], á. 239). �
á¨«ã ã¦¥ ¤®ª § ®£® á¯à ¢¥¤«¨¢  ®æ¥ª  k�(jrvci j); L1(Rn)k � 1 ¤«ï ¢á¥å i, ¨§ ª®â®à®© ¢ëâ¥-
ª ¥â ª®¬¯ ªâ®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ ¢¥ªâ®à-äãªæ¨© rvci ¢ â®¯®«®£¨¨ �(L1; L1) ([8], á. 239).
�®áª®«ìªã vci ! uc ¢ ¬¥âà¨ª¥ L1(Rn ), â® ¬®¦® £ à â¨à®¢ âì áå®¤¨¬®áâì rvci ¢ �(L1; L1).
� ª ª ª ®¯¥à â®à ¤¨ää¥à¥æ¨à®¢ ¨ï á« ¡® § ¬ªãâ, â® rvc1 ! ruc ¢ �(L1; L1), ¢ ç áâ®áâ¨,
¤®ª § ® ¢ª«îç¥¨¥ uc 2W+.

�¯à ¢¥¤«¨¢  æ¥¯ì á®®â®è¥¨©

If (ru) = lim
i!1

If (rvi) � lim
i!1

If�s�(rvci ) � If�s�(ruc):

�¤¥áì ¯®á«¥¤®¢ â¥«ì® ¨á¯®«ì§ãîâáï áå®¤¨¬®áâì vi ! u ¢ ¬¥âà¨ª¥ W 1
1 (R

n) ¨ ¢ëâ¥ª îé ï ¨§
®æ¥ª¨ f(p) � �jpj ¥¯à¥àë¢®áâì   L1(Rn ;Rn) äãªæ¨® «  If , ®æ¥ª  If (rvi) � If�s�(rvci ),
á«¥¤ãîé ï ¨§ ¤®ª § ®© ç áâ¨ â¥®à¥¬ë, ¨ ¯®«ã¥¯à¥àë¢®áâì á¨§ã ®â®á¨â¥«ì® â®¯®«®£¨¨
�(L1; L1) ¢ë¯ãª«®£® ¨ ¥¯à¥àë¢®£®   L1(Rn ;Rn) äãªæ¨® «  If�s�.

�à¥â¨© íâ ¯ ¤®ª § â¥«ìáâ¢ : f | ¯à®¨§¢®«ì ï äãªæ¨ï �£ , u 2 W+. �ãáâì fN(p) =
supfp � q � f�(q) : f�(q) � Ng. �®£¤  ¨¬¥¥â ¬¥áâ® ®æ¥ª  (2). �«¥¤®¢ â¥«ì®,

If (ru) � IfN (ru) � If�s�
N

(ruc):
�¥¢ ï ç áâì ¥à ¢¥áâ¢  ¥ § ¢¨á¨â ®â N . �á¯®«ì§ãï (5), ¨¬¥¥¬

If (ru) � sup
N>0

If�s�
N

(ruc) = If�s�(ruc);

çâ® ¨ ¯à¨¢®¤¨â ª ¥à ¢¥áâ¢ã (15). �

�«¥¤áâ¢¨¥. �á«¨ u 2W , â® juj 2W+, If (ru) � If�s�(rjujc).

�¥©áâ¢¨â¥«ì®, ¢ª«îç¥¨¥ juj 2W+ ¨ à ¢¥áâ¢® rjuj = sgnu�ru ¨§¢¥áâë, ¯®íâ®¬ã If (ru) =
If (rjuj) � If�s�(rjujc).

�à¨¢¥¤¥¬ ¯à¨¬¥àë ¯à¨¬¥¥¨ï â¥®à¥¬ë 1. �ãáâì 
| ®£à ¨ç¥ ï ®¡« áâì ¢ Rn , f : Rn ! R

| äãªæ¨ï �£  n ¯¥à¥¬¥ëå. �¡®§ ç¨¬ ç¥à¥§
�

L1
f (
) á®¢®ªã¯®áâì äãªæ¨© u : 
 ! R,

ã«¥¢ë¥ ¯à®¤®«¦¥¨ï ª®â®àëå   Rn n 
 ¯à¨ ¤«¥¦ â W 1
1 (R

n),   £à ¤¨¥âë ru â ª®¢ë, çâ®

If (�ru) < 1 ¯à¨ ¬ «ëå � > 0. � ¢¥áâ¢® ku;
�

L1
f (
)k = inffk > 0; If

�
ru
k

� � 1g ®¯à¥¤¥«ï¥â ¢
�

L1
f (
) ®à¬ã, ®â®á¨â¥«ì® ª®â®à®©

�

L1
f (
) ¥áâì ¡  å®¢® ¯à®áâà áâ¢®.

� ª ¨§¢¥áâ®, ¥á«¨ 
 | ®£à ¨ç¥ ï ®¡« áâì, â® ¨ 
s = SH(
) ¥áâì â ª¦¥ ®£à ¨ç¥ ï
®¡« áâì. �á«¨ K | ª®¬¯ ªâ, â® Ks = SH(K) | â ª¦¥ ª®¬¯ ªâ ([4], á. 230). � ç áâ®áâ¨, ¬®¦®

à áá¬ âà¨¢ âì ¡  å®¢® ¯à®áâà áâ¢®
�

L1
f�s�(


s).

�¥®à¥¬  2. �á«¨ u 2
�

L1
f (
), â® jujc 2

�

L1
f�s�(


c) ¨

k jujc; �

L1
f�s�(


s)k � ku; �

L1
f (
)k: (16)

�®ª § â¥«ìáâ¢®. �á«¨ If (�ru) � 1 ¯à¨ ¥ª®â®à®¬ �, â® If�s�(�rjujc) � If (�ru), çâ® ¨
¢«¥ç¥â (15).

�«¥¤áâ¢¨¥. �ãáâì E = E(
s) | á¨¬¬¥âà¨ç®¥ ¯à®áâà áâ¢® äãªæ¨©   
s ([7], á. 123).

�á«¨ ¢«®¦¥¨¥ is :
�

L1
f�s�(


s) ! E(
s) ¥¯à¥àë¢®, â® ¨ ¢«®¦¥¨¥ i :
�

L1
f (
) ! E(
) â ª¦¥

¥¯à¥àë¢®, ¯à¨ç¥¬ ®à¬ë á®®â¢¥âáâ¢ãîé¨å ®¯¥à â®à®¢ ¢«®¦¥¨ï á¢ï§ ë ¥à ¢¥áâ¢®¬ kik �
kisk.
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� àã (K;
), á®áâ®ïéãî ¨§ ®¡« áâ¨ 
 ¨ ¯à¨ ¤«¥¦ é¥£® ¥© ª®¬¯ ªâ  K,  §®¢¥¬ ª®¤¥-
á â®à®¬. �®¯®áâ ¢¨¬ ª®¤¥á â®àã (K;
) ¬®¦¥áâ¢® U(K;
) ¥®âà¨æ â¥«ìëå ä¨¨âëå ¢ 

äãªæ¨©, ã¤®¢«¥â¢®àïîé¨å   
 ãá«®¢¨î �¨¯è¨æ  ¨ ¥à ¢¥áâ¢ã v(x) � 1 ¯à¨ x 2 K. �á«¨

f : Rn ! R | äãªæ¨ï �£ , â® ç¨á«® Cf (K;
) = inffkv;
�

L1
f (
)k; v 2 U(K;
)g  §®¢¥¬

¥¬ª®áâìî ª®¤¥á â®à  (K;
).

�¥®à¥¬  3. �ãáâì (Ks;
s) | á¨¬¬¥âà¨§ æ¨ï ª®¤¥á â®à  (K;
). �®£¤  á¯à ¢¥¤«¨¢® ¥-
à ¢¥áâ¢®

Cf�s�(K
s;
s) � Cf (K;
): (17)

�®ª § â¥«ìáâ¢®. �á«¨ v 2 U(K;
), â® vs 2 U(Ks;
s). �®£« á® â¥®à¥¬¥ 2 kvs;
�

L1
f�s�(


s)k �
kv;

�

L1
f (
)k. � ª¨¬ ®¡à §®¬, Cf�s�(Ks;
s) � kv;

�

L1
f (
)k. �¨¨¬¨§¨àãï ¯® ¢á¥¬ v ¨§ U(K;
),

¯à¨å®¤¨¬ ª (17).

�â¬¥â¨¬, çâ® ¥á«¨ äãªæ¨ï �£  f : Rn ! R ç¥â  ®â®á¨â¥«ì® xn,   äãªæ¨ï u ¨§ W+

á®¢¯ ¤ ¥â á® á¢®¥© á¨¬¬¥âà¨§ æ¨¥© uc, â® If (ru) = If�s�(ruc), â. ¥. (14) áâ ®¢¨âáï à ¢¥áâ¢®¬.
�¥©áâ¢¨â¥«ì®, ¢ íâ®¬ á«ãç ¥ f�s = f�, f�s� = f�� = f . � ¬¥ç ¨ï   «®£¨ç®£® å à ªâ¥à 
¬®¦® á¤¥« âì ¯à¨¬¥¨â¥«ì® ª â¥®à¥¬ ¬ 2, 3.

�á®¢®¥ ®â«¨ç¨¥ â¥®à¥¬ 1{3 ®â ¨§¢¥áâëå ¯à¨æ¨¯®¢ á¨¬¬¥âà¨§ æ¨¨ (á¬.,  ¯à., [1], [10]{[12]
¨ ¯à¨¢¥¤¥ãî â ¬ «¨â¥à âãàã) á¢ï§ ® á  ¨§®âà®¯®áâìî äãªæ¨¨ f . �¥®à¥¬ë 1{3 ®ç¥¢¨¤ë¬
®¡à §®¬ ¯¥à¥®áïâáï   á¨¬¬¥âà¨§ æ¨¨ ®â®á¨â¥«ì® ¯à®¨§¢®«ì®© ®¤®à®¤®© £¨¯¥à¯«®áª®áâ¨
H � R

n . � ª ¨§¢¥áâ®, á¨¬¬¥âà¨§ æ¨ï ®â®á¨â¥«ì® «î¡®£® ¯à®áâà áâ¢  V � R
n ¬®¦¥â ¡ëâì

¯®«ãç¥  ª ª à¥§ã«ìâ â ¯®á«¥¤®¢ â¥«ì®£® ¯à¨¬¥¥¨ï á¨¬¬¥âà¨§ æ¨¨ �â¥©¥à  ®â®á¨â¥«ì-
® ¡¥áª®¥ç®© á¨áâ¥¬ë £¨¯¥à¯«®áª®áâ¥© ([4], á.237). � ç áâ®áâ¨, â ª¨¬ ®¡à §®¬ ¬®£ãâ ¡ëâì
¯®«ãç¥ë   «®£¨ â¥®à¥¬ 1{3 ¤«ï k-¬¥à®© á¨¬¬¥âà¨§ æ¨¨ ¯® �â¥©¥àã [10] ¨ è à®¢®© á¨¬¬¥-
âà¨§ æ¨¨ [1], [3], [11].
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