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1. �ª ­¨ â¨¯  � £à ­¦  LLWt(n; r) ­  Xnr

� à ¡®â¥ à áá¬ âà¨¢ ¥âáï d-âª ­ì W (d; n; r) ª®à §¬¥à­®áâ¨ r ­  ¤¨ää¥à¥­æ¨àã¥¬®¬ ¬­®£®-
®¡à §¨¨ Xnr, ®¡à §®¢ ­­ ï d á«®¥­¨ï¬¨ Fu, u = 1; : : : ; d, ­ å®¤ïé¨¬¨áï ¢ ®¡é¥¬ ¯®«®¦¥­¨¨ ­ 
Xnr ¨ à á¯®«®¦¥­­ë¬¨ ­  Xnr ¤¨áªà¥â­®. �®áª®«ìªã ¯à¨ d � n â ª ï âª ­ì ¯ à ««¥«¨§ã¥¬ ,
¢ ¤ «ì­¥©è¥¬ ¯à¥¤¯®« £ ¥âáï, çâ® d � n+ 1. � «¥¥ à áá¬®âà¨¬ (n+ 1)-âª ­¨ W (n+ 1; n; r).

�«®¥­¨ï Fu, ®¯à¥¤¥«ïîé¨¥ âª ­ì W (n + 1; n; r) ­  Xnr, ¬®¦­® § ¤ âì ¢¯®«­¥ ¨­â¥£à¨àã¥-
¬ë¬¨ á¨áâ¥¬ ¬¨ ãà ¢­¥­¨© �ä ää  !i

u = 0, i = 1; : : : ; r, u = 1; : : : ; n+ 1, £¤¥ «î¡ë¥ n ¨§ íâ¨å
n+1 á¨áâ¥¬ ãà ¢­¥­¨© ¤®«¦­ë ¡ëâì «¨­¥©­® ­¥§ ¢¨á¨¬ë¬¨. �á«®¢¨ï ¯®«­®© ¨­â¥£à¨àã¥¬®áâ¨
á¨áâ¥¬ (1) ¬®£ãâ ¡ëâì § ¯¨á ­ë ¢ ¢¨¤¥ d!i

u ^ !1
u ^ � � � ^ !r

u = 0.
�á¥£® ¨¬¥¥âáï (n+ 1)r ä®à¬ !i

u. �®à¬ë !i
1; : : : ; !

i
n «¨­¥©­® ­¥§ ¢¨á¨¬ë ¨ ®¡à §ãîâ ¡ §¨á ­ 

Xnr. �®à¬ë !i
1; : : : ; !

i
n; !

i
n+1 «¨­¥©­® § ¢¨á¨¬ë ­  Xnr, ¨ «¨­¥©­ë¥ § ¢¨á¨¬®áâ¨ ¬¥¦¤ã íâ¨¬¨

ä®à¬ ¬¨ ¬®£ãâ ¡ëâì á¢¥¤¥­ë (á¬. [1], á. 9) ª á«¥¤ãîé¨¬:

!i
1 + � � � + !i

n + !i
n+1 = 0: (1)

�®áâà®¨¬ â¥¯¥àì ®¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® á«®¥­¨© F (t), ®¯à¥¤¥«¥­­ëå ¢¯®«­¥ ¨­â¥-
£à¨àã¥¬ë¬¨ á¨áâ¥¬ ¬¨ ãà ¢­¥­¨© �ä ää  !i(t) = 0, ª®â®à®¥ á®¤¥à¦¨â ¢á¥ á«®¥­¨ï Fu âª ­¨
W (n+ 1; n; r). � ª®¥ á¥¬¥©áâ¢® ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥­® á¨áâ¥¬®© ä®à¬ !i(t), á¢ï§ ­­ëå á ä®à-
¬ ¬¨ !i

u ¯®áà¥¤áâ¢®¬ á¨áâ¥¬ë ¨­â¥à¯®«ïæ¨®­­ëå ¯®«¨­®¬®¢ � £à ­¦  (á¬., ­ ¯à., [2], áá. 878,
879, 883)

!i(t) =
n+1X
u=1

8>>>>><
>>>>>:

n+1Q
v=1
v 6=u

(t� tv)

n+1Q
v=1
v 6=u

(tu � tv)

9>>>>>=
>>>>>;
!i
u; (2)

£¤¥ t1; t2; : : : ; tn; tn+1 | ¯®¯ à­® à §«¨ç­ë¥ ¢¥é¥áâ¢¥­­ë¥ ç¨á« . �¥£ª® ¢¨¤¥âì, çâ® ä®à¬ë
!i(tu) = !i

u ®¯à¥¤¥«ïîâ á«®¥­¨¥ Fu à áá¬ âà¨¢ ¥¬®© âª ­¨.

�¯à¥¤¥«¥­¨¥ 1. �¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® á«®¥­¨©, ®¯à¥¤¥«ï¥¬ëå ­  ¬­®£®®¡à §¨¨
Xnr ä®à¬ ¬¨ !i(t), £¤¥ t| ¯à®¨§¢®«ì­ ï ¢¥é¥áâ¢¥­­ ï £« ¤ª ï äã­ªæ¨ï t(x); x 2 Xnr, ­ §ë¢ -
¥âáï âª ­ìî â¨¯  � £à ­¦  (á®®â¢¥âáâ¢ãîé¨©  ­£«¨©áª¨© â¥à¬¨­ | the Lagrange-like web),
¨ âª ­ì W (n+ 1; n; r) ­ §ë¢ ¥âáï ª®®à¤¨­ â­®© âª ­ìî âª ­¨ â¨¯  � £à ­¦ .

� ªãî âª ­ì ¡ã¤¥¬ ®¡®§­ ç âì á¨¬¢®«®¬ LLWt(n; r). �ª ­ì LLWt(n; r) ï¢«ï¥âáï £« ¤ª®©
¨­â¥à¯®«ïæ¨¥© ¤¨áªà¥â­®© âª ­¨ W (n+ 1; n; r) ­  ¬­®£®®¡à §¨¨ Xnr.

� ª¨¬ ®¡à §®¬, âª ­ì â¨¯  � £à ­¦  LLWt(n; r) ¯à¥¤áâ ¢«ï¥â á®¡®© ¬­®¦¥áâ¢® á«®¥­¨©,
®¯à¥¤¥«¥­­ëå á¨áâ¥¬ ¬¨ !i(t) = 0.

�¯à¥¤¥«¥­¨¥ 2. �á«¨ ¢ (2) ¯ à ¬¥âà t ï¢«ï¥âáï ª®­áâ ­â®© ¨ á¨áâ¥¬ë 1-ä®à¬ f!i(t)g ­¥
¯à¥¤¯®« £ îâáï ¢¯®«­¥ ¨­â¥£à¨àã¥¬ë¬¨, â® âª ­ì â¨¯  � £à ­¦  LLWt(n; r) ­ §ë¢ ¥âáï âª -
­ìî � £à ­¦  ¨ ®¡®§­ ç ¥âáï á¨¬¢®«®¬ LWt(n; r).
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�á«¨ ¢ (2) ¯ à ¬¥âà t ï¢«ï¥âáï ª®­áâ ­â®©, â® âª ­ì â¨¯  � £à ­¦  LLWt(n; r) ï¢«ï¥âáï
âª ­ìî � £à ­¦  LWt(n; r) á £®«®­®¬­®© ª®®à¤¨­ â­®© âª ­ìî.

� ¯®¬­¨¬, çâ® âª ­ì â¨¯  �¥à®­¥§¥ V LWt(n; r) ¡ë«  ®¯à¥¤¥«¥­  ¢ [3] ª ª ®¤­®¯ à ¬¥âà¨-
ç¥áª®¥ á¥¬¥©áâ¢® á«®¥­¨©, ®¯à¥¤¥«¥­­ëå ¢¯®«­¥ ¨­â¥£à¨àã¥¬ë¬¨ á¨áâ¥¬ ¬¨ ãà ¢­¥­¨©

!i
1 + t!i

2 + � � � + tn�1!i
n = 0;

£¤¥ t | ¯à®¨§¢®«ì­ ï ¢¥é¥áâ¢¥­­ ï äã­ªæ¨ï t(x), x 2 Xnr.
�¥£ª® ¢¨¤¥âì, çâ® âª ­ì â¨¯  � £à ­¦  LLWt(n; r) á®¤¥à¦¨â ¢á¥ n + 1 á«®¥­¨© ª®®à¤¨-

­ â­®© âª ­¨ W (n + 1; n; r), ¢ â® ¢à¥¬ï ª ª âª ­ì â¨¯  �¥à®­¥§¥ V LWt(n; r) á®¤¥à¦¨â â®«ìª®
âà¨ á«®¥­¨ï âª ­¨ W (n + 1; n; r), ®¯à¥¤¥«¥­­ëå á¨áâ¥¬ ¬¨ ãà ¢­¥­¨© f!i

1 = 0g, f!i
n = 0g ¨

f!i
n+1 = 0g, á®®â¢¥âáâ¢ãîé¨¬¨ t = 0;1; 1. �¢¨¤ã íâ®£® ¬®¦­® áª § âì, çâ® áâàãªâãà  âª ­¨

â¨¯  � £à ­¦  LLWt(n; r) ¡®«¥¥ ¦¥áâª ï, ç¥¬ áâàãªâãà  âª ­¨ â¨¯  �¥à®­¥§¥ V LWt(n; r).
�§ï¢ d à §«¨ç­ëå á«®¥­¨© ¨§ á¥¬¥©áâ¢  !i(t) = 0 (á¬. (2)), ¯®«ãç¨¬ d-âª ­ì-¯à¥¤áâ ¢¨â¥«ì

âª ­¨ â¨¯  � £à ­¦  LLWt(n; r). � ª¨¬ ®¡à §®¬, d-âª ­ì-¯à¥¤áâ ¢¨â¥«ì ï¢«ï¥âáï d-âª ­ìî
W (d; n; r), ®¡à §®¢ ­­®© d á«®¥­¨ï¬¨ ¨§ á¥¬¥©áâ¢  !i(t) = 0 (á¬. (2)) ­  Xnr (á¬. [4], [5] ¤«ï
n = 2, ¨ [1], [6], [7] ¤«ï n � 2).

�à¨ ¨§ãç¥­¨¨ ¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨ âª ­¥© â¨¯  � £à ­¦  LLWt(n; r) á«¥¤ã¥â
à áá¬ âà¨¢ âì â®«ìª® â ª¨¥ á¢®©áâ¢  âª ­¨ LLWt(n; r), ª®â®àë¥ ¨¬¥îâ ¬¥áâ® ¤«ï ¢á¥å ¥¥

âª ­¥©-¯à¥¤áâ ¢¨â¥«¥©.

�¯à¥¤¥«¥­¨¥ 3. (n + 1)-âª ­ì W (n + 1; n; r) ­ §ë¢ ¥âáï ¯ à ««¥«¨§ã¥¬®©, ¥á«¨ ¥¥ ¬®¦-
­® ®â®¡à §¨âì ­  (n + 1)-âª ­ì, ®¡à §®¢ ­­ãî n + 1 á«®¥­¨ï¬¨, á®áâ®ïé¨¬¨ ¨§ ¯ à ««¥«ì­ëå
(n�1)r-¯«®áª®áâ¥© (nr)-¬¥à­®£®  ää¨­­®£® ¯à®áâà ­áâ¢  A nr . �ª ­ì â¨¯  � £à ­¦  LLWt(n; r)
­ §ë¢ ¥âáï ¯ à ««¥«¨§ã¥¬®©, ¥á«¨ ¢á¥ ¥¥ (n+1)-âª ­¨-¯à¥¤áâ ¢¨â¥«¨ ï¢«ïîâáï ¯ à ««¥«¨§ã¥-
¬ë¬¨.

�§ ®¯à¥¤¥«¥­¨ï 3 á«¥¤ã¥â, çâ® âª ­ì â¨¯  � £à ­¦  LLWt(n; r) ­¥ ï¢«ï¥âáï ¯ à ««¥«¨§ã-
¥¬®©, ¥á«¨ å®âï ¡ë ®¤­  ¨§ ¥¥ (n+ 1)-âª ­¥©-¯à¥¤áâ ¢¨â¥«¥© ­¥ ï¢«ï¥âáï ¯ à ««¥«¨§ã¥¬®©.

� ¤ ­­®© à ¡®â¥ ¨§ãç îâáï âª ­¨ â¨¯  � £à ­¦  LLWt(n; r). �®ª §ë¢ ¥âáï, çâ® áà¥¤¨ âª -
­¥© â¨¯  � £à ­¦  LLWt(n; r), n � 2, r � 1, â®«ìª® âª ­¨ LLW (2; r), r � 1, ï¢«ïîâáï ­¥¯ -
à ««¥«¨§ã¥¬ë¬¨. �« áá ­¥¯ à ««¥«¨§ã¥¬ëå âª ­¥© â¨¯  � £à ­¦  LLWt(2; r), r � 1, â ª ¦¥,
ª ª ¨ ª« áá ­¥¯ à ««¥«¨§ã¥¬ëå âª ­¥© â¨¯  �¥à®­¥§¥ V LWt(2; r), r � 1 (á¬. [3]), á®¢¯ ¤ ¥â á®
¬­®¦¥áâ¢®¬ á«®¥­¨© ¨§®ª«¨­­ëå ¯®¤¬­®£®®¡à §¨© ¨§®ª«¨­­®© 3-âª ­¨ W (3; 2; r) � X2r.

�â¬¥â¨¬, çâ® âª ­¨ � £à ­¦  LWt(n; r) § á«ã¦¨¢ îâ ®â¤¥«ì­®£® ¨§ãç¥­¨ï, ¯®áª®«ìªã ®­¨
­¥ ï¢«ïîâáï ¢ â ª®© áâ¥¯¥­¨ ¦¥áâª¨¬¨, ª ª âª ­¨ â¨¯  � £à ­¦  LLWt(n; r).

2. �ª ­ì â¨¯  � £à ­¦  LLWt(2; 1)

�à¨¬¥à. 3-âª ­ì W (3; 2; 1) ­  ¤¢ã¬¥à­®¬ ¬­®£®®¡à §¨¨ X2 ®¯à¥¤¥«ï¥âáï âà¥¬ï ãà ¢­¥­¨ï-
¬¨ �ä ää 

!1 = 0; !2 = 0; !3 = 0; (3)

¨ ãá«®¢¨ï ¨å ¯®«­®© ¨­â¥£à¨àã¥¬®áâ¨ ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:

d!u = !u ^ �u; u = 1; 2; 3: (4)

�®à¬ë ¢ «¥¢ëå ç áâïå ãà ¢­¥­¨© (3) «¨­¥©­® § ¢¨á¨¬ë. � íâ®¬ á«ãç ¥ «¨­¥©­ ï § ¢¨á¨-
¬®áâì (1) íâ¨å ä®à¬ ¯à¨­¨¬ ¥â ¢¨¤ �!3 = !1 + !2. � ¬¥â¨¬, çâ® áâàãªâãà­ë¥ ãà ¢­¥­¨ï (4)
ª®®à¤¨­ â­®© âª ­¨ W (3; 2; 1) ¬®£ãâ ¡ëâì ¯à¨¢¥¤¥­ë ª ¢¨¤ã

d!1 = !1 ^ �; d!2 = !2 ^ �; d� = K!1 ^ !2;

£¤¥ K | ªà¨¢¨§­  âª ­¨ (á¬., ­ ¯à., [5], á. 17). �ª ­ì W (3; 2; 1) ¯ à ««¥«¨§ã¥¬  â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  K = 0 (á¬., ­ ¯à., [5], á. 17{18). � ª¨¬ ®¡à §®¬, ¥á«¨ K 6= 0, â® âª ­ì W (3; 2; 1) ­¥
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¯ à ««¥«¨§ã¥¬ . �® âª ­ì W (3; 2; 1) ï¢«ï¥âáï 3-âª ­ìî-¯à¥¤áâ ¢¨â¥«¥¬ âª ­¨ â¨¯  � £à ­¦ 
LLWt(2; 1). �®íâ®¬ã ¯® ®¯à¥¤¥«¥­¨î 3 âª ­ì â¨¯  � £à ­¦  LLWt(2; 1) â ª¦¥ ­¥ ¯ à ««¥-

«¨§ã¥¬ .
� íâ®¬ á«ãç ¥ ¨­â¥à¯®«ïæ¨®­­ ï ä®à¬ã«  � £à ­¦  (2) ¨¬¥¥â ¢¨¤

!(t) =
(t� t2)(t� t3)
(t1 � t2)(t1 � t3)

!1 +
(t� t1)(t� t3)
(t2 � t1)(t2 � t3)

!2 +
(t� t1)(t� t2)
(t3 � t1)(t3 � t2)

!3: (5)

�á«¨ ¢ ä®à¬ã«¥ (5) ¯®«®¦¨âì t1 = 0, t2 = 1, t3 =1, íâ  ä®à¬ã«  ¯à¨¬¥â ¢¨¤

!(t) = (1� t)
�
!1 +

t

1� t
!2

�
: (6)

�à¨ t

1�t
= � ãà ¢­¥­¨¥ !(t) = 0 ¨¬¥¥â ¢¨¤ !1+�!2 = 0 ¨ á®¢¯ ¤ ¥â á ãà ¢­¥­¨¥¬ (13) à ¡®âë [3].

�®áª®«ìªã r = 1, ãà ¢­¥­¨¥ !(t) = 0 ¢¯®«­¥ ¨­â¥£à¨àã¥¬® ¨ ®¯à¥¤¥«ï¥â ®¤­®¯ à ¬¥âà¨ç¥áª®¥
á¥¬¥©áâ¢® ¨§®ª«¨­­ëå ªà¨¢ëå âª ­¨ W (3; 2; 1) ­  X2.

� ª¨¬ ®¡à §®¬, âª ­ì â¨¯  � £à ­¦  LLWt(2; 1) á ª®®à¤¨­ â­®© 3-âª ­ìî W (3; 2; 1) á®-
¢¯ ¤ ¥â á á¥¬¥©áâ¢®¬ ¨§®ª«¨­­ëå ªà¨¢ëå 3-âª ­¨ W (3; 2; 1).

� à ¡®â¥ [3]  ¢â®à ¬¨ ¤®ª § ­®, çâ® âª ­ì â¨¯  �¥à®­¥§¥ V LWt(2; 1) á ª®®à¤¨­ â­®© 3-âª ­ìî
W (3; 2; 1) á®¢¯ ¤ ¥â â ª¦¥ á á¥¬¥©áâ¢®¬ ¨§®ª«¨­­ëå ªà¨¢ëå 3-âª ­¨ W (3; 2; 1). � ª¨¬ ®¡à §®¬,
âª ­ì â¨¯  � £à ­¦  LLWt(2; 1) á ª®®à¤¨­ â­®© 3-âª ­ìî W (3; 2; 1) ï¢«ï¥âáï âª ­ìî â¨¯ 

�¥à®­¥§¥ V LWt(2; 1) á â®© ¦¥ á ¬®© ª®®à¤¨­ â­®© 3-âª ­ìî W (3; 2; 1).

3. �ª ­¨ â¨¯  � £à ­¦  LLWt(2; r)

� áá¬®âà¨¬ 3-âª ­ì W (3; 2; r) ­  ¬­®£®®¡à §¨¨ X2r. �¨­¥©­ ï § ¢¨á¨¬®áâì (1) ä®à¬ !i
u,

u = 1; 2; 3, ®¯à¥¤¥«ïîé¨å âª ­ìW (3; 2; r) ­ X2r, ¨¬¥¥â ¢¨¤ �!i
3 = !i

1+!i
2. �­®£®ç«¥­ � £à ­¦ 

íâ®© âª ­¨ ¨¬¥¥â ¢¨¤ (5), £¤¥ ä®à¬ë !u á«¥¤ã¥â § ¬¥­¨âì ­  ä®à¬ë !i
u. �­ «®£¨ç­® â®¬ã, ª ª

íâ® ¡ë«® á¤¥« ­® à ­¥¥, ¯®« £ ï ¢ ä®à¬ã«¥ � £à ­¦  (5) t1 = 0, t2 = 1, t3 = 1, ¯®«ãç¨¬
¢ëà ¦¥­¨ï

!i(t) = (1� t)
�
!i
1 +

t

1� t
!i
2

�

(áà. á (6)). �¨áâ¥¬ë ãà ¢­¥­¨© !i(t) = 0 ®¯à¥¤¥«ïîâ ­  X2r à á¯à¥¤¥«¥­¨ï � £à ­¦ , á®¢¯ ¤ -
îé¨¥ á ¨§®ª«¨­­ë¬¨ à á¯à¥¤¥«¥­¨ï¬¨, à áá¬ âà¨¢ ¢è¨¬¨áï ¢ ([5], á. 111; á¬. â ª¦¥ [3]). �á«¨
íâ¨ à á¯à¥¤¥«¥­¨ï ¨­â¥£à¨àã¥¬ë, â® âª ­ì W (3; 2; r) ï¢«ï¥âáï ¨§®ª«¨­­®© (®¯à¥¤¥«¥­¨¥ ¨§®-
ª«¨­­®© 3-âª ­¨ á¬. ¢ [8], [9] ¨«¨ [2], x 3.2), ¨ ãª § ­­ë¥ à á¯à¥¤¥«¥­¨ï ®¡à §ãîâ âª ­ì â¨¯ 
� £à ­¦  LLWt(2; r) á ª®®à¤¨­ â­®© âª ­ìî W (3; 2; r).

� [3]  ¢â®à ¬¨ ¡ë«® ¤®ª § ­®, çâ® âª ­ì â¨¯  �¥à®­¥§¥ V LWt(2; r) á ª®®à¤¨­ â­®© 3-âª ­ìî
W (3; 2; r) ï¢«ï¥âáï ¬­®¦¥áâ¢®¬ á«®¥­¨© ¨§®ª«¨­­ëå ¯®¤¬­®£®®¡à §¨© 3-âª ­¨ W (3; 2; r). � -
ª¨¬ ®¡à §®¬, âª ­ì â¨¯  � £à ­¦  LLWt(2; r) á ª®®à¤¨­ â­®© 3-âª ­ìî W (3; 2; r) ï¢«ï¥âáï
âª ­ìî â¨¯  �¥à®­¥§¥ V LWt(2; r) á â®© ¦¥ á ¬®© ª®®à¤¨­ â­®© 3-âª ­ìî W (3; 2; r).

�§ ¯®á«¥¤­¥£® à¥§ã«ìâ â  ¢ëâ¥ª îâ á«¥¤ãîé¨¥ á¢®©áâ¢  âª ­¥© â¨¯  � £à ­¦  LLWt(2; r)
(á¬. [3]).

� �® ®¯à¥¤¥«¥­¨î 1 3-âª ­ìW (3; 2; r), r � 2, ¯®à®¦¤ ¥â âª ­ì â¨¯  � £à ­¦  LLWt(2; r)
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­  ¨§®ª«¨­­ ï. �¥­§®à ªàãç¥­¨ï â ª®© ¨§®ª«¨­­®© âª ­¨

W (3; 2; r) ¨¬¥¥â ¢¨¤

aijk = a[j�
i
k];

£¤¥ aj | ª®¢¥ªâ®à.
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� �ª ­ì â¨¯  � £à ­¦  LLWt(2; r) ­ §ë¢ ¥âáï ¨§®ª«¨­­®©, ¥á«¨ ¢á¥ ¥¥ 3-âª ­¨-¯à¥¤áâ -
¢¨â¥«¨ ï¢«ïîâáï ¨§®ª«¨­­ë¬¨. �á¥ 3-âª ­¨-¯à¥¤áâ ¢¨â¥«¨ âª ­¨ â¨¯  � £à ­¦ 

LLWt(2; r) ï¢«ïîâáï ¨§®ª«¨­­ë¬¨, ¨ âª ­ì â¨¯  � £à ­¦  LLWt(2; r) á ¬  ï¢«ï¥âáï
¨§®ª«¨­­®©. �¥­§®àë ªàãç¥­¨ï 3-âª ­¥©-¯à¥¤áâ ¢¨â¥«¥© âª ­¨ LLWt(2; r) ¨¬¥îâ ¢¨¤

cijk = c[j�
i
k];

£¤¥ cj | ª®¢¥ªâ®à.
� �§®ª«¨­­ ï 3-âª ­ì ¯ à ««¥«¨§ã¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥¥ â¥­§®àë ªà¨¢¨§­ë
¨ ªàãç¥­¨ï ®¡à é îâáï ¢ ­ã«ì, â. ¥. ¥á«¨ ai = 0 ¨ bijkl = 0, £¤¥ bijkl | â¥­§®à ªà¨¢¨§­ë
3-âª ­¨ (á¬. [5], á. 18{19). � ª¨¬ ®¡à §®¬, ¢ ®¡é¥¬ á«ãç ¥, ¢á¥ 3-âª ­¨-¯à¥¤áâ ¢¨â¥«¨
âª ­¨ â¨¯  � £à ­¦  LLWt(2; r) ­¥ ¯ à ««¥«¨§ã¥¬ë. �®íâ®¬ã ¯® ®¯à¥¤¥«¥­¨î ¢ ®¡é¥¬
á«ãç ¥ 3-âª ­ì â¨¯  � £à ­¦  LLWt(2; r) ­¥ ¯ à ««¥«¨§ã¥¬ .

� 3-âª ­ì W (3; 2; r) ­ §ë¢ ¥âáï ¯ à â ªâ¨ç¥áª®©, ¥á«¨ ¥¥ â¥­§®à ªàãç¥­¨ï ®¡à é ¥âáï ¢
­ã«ì (á¬. [4] ¨«¨ [9]), â. ¥. ¥á«¨ aijk = 0 ¨«¨ ai = 0. � à â ªâ¨ç¥áªãî 3-âª ­ì ¡ã¤¥¬ ®¡®-
§­ ç âì á¨¬¢®«®¬ PW (3; 2; r). �ª ­ì â¨¯  � £à ­¦  LLWt(2; r) ­ §ë¢ ¥âáï ¯ à â ªâ¨-
ç¥áª®©, ¥á«¨ ¢á¥ ¥¥ 3-âª ­¨-¯à¥¤áâ ¢¨â¥«¨ ï¢«ïîâáï ¯ à â ªâ¨ç¥áª¨¬¨. � à â ªâ¨ç¥-
áªãî âª ­ì â¨¯  � £à ­¦  ¡ã¤¥¬ ®¡®§­ ç âì á¨¬¢®«®¬ PLWt(2; r). �«¥¤ãîé¨© à¥§ã«ì-
â â ¢ëâ¥ª ¥â ¨§ à¥§ã«ìâ â®¢ x 5 à ¡®âë [3]: ¥á«¨ ª®®à¤¨­ â­ ï 3-âª ­ì W (3; 2; r), r > 2,
ï¢«ï¥âáï ¯ à â ªâ¨ç¥áª®© 3-âª ­ìî PW (3; 2; r), â® âª ­ì â¨¯  � £à ­¦  LLWt(2; r)
ï¢«ï¥âáï ¯ à â ªâ¨ç¥áª®© âª ­ìî �¥à®­¥§¥ PVWt(2; r).

� �® ¢áïª®© âª ­ìîW (3; 2; r)  áá®æ¨¨àã¥âáï ¯®çâ¨ £à áá¬ ­®¢  áâàãªâãà  A G (1; r+1) (á¬.
[3] ¨«¨ [9], [10]). 3-âª ­ì W (3; 2; r) ¯®à®¦¤ ¥â âª ­ì â¨¯  � £à ­¦  LLWt(2; r) â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  ¯®çâ¨ £à áá¬ ­®¢  áâàãªâãà  A G (1; r + 1),  áá®æ¨¨à®¢ ­­ ï á

W (3; 2; r), ï¢«ï¥âáï r-¯®«ã¨­â¥£à¨àã¥¬®©. �®çâ¨ £à áá¬ ­®¢ë áâàãªâãàë A G (1; r +1),
 áá®æ¨¨à®¢ ­­ë¥ á 3-âª ­ï¬¨-¯à¥¤áâ ¢¨â¥«ï¬¨ âª ­¨ LLWt(2; r), â ª¦¥ ï¢«ïîâáï

r-¯®«ã¨­â¥£à¨àã¥¬ë¬¨.
� �á«¨ ®¤­® à á¯à¥¤¥«¥­¨¥ ¨§ á¥¬¥©áâ¢  à á¯à¥¤¥«¥­¨© � £à ­¦  !i(t) = 0, t 6= 0;1; 1,
¨­â¥£à¨àã¥¬®, â® ¢á¥ ¤àã£¨¥ à á¯à¥¤¥«¥­¨ï íâ®£® á¥¬¥©áâ¢  â ª¦¥ ¨­â¥£à¨àã¥¬ë, â. ¥.
£¨¯®â¥§  � å à¥¢¨ç , áä®à¬ã«¨à®¢ ­­ ï ¢ [11] (á¬. â ª¦¥ [12]) ¨ ¤®ª § ­­ ï ¢ [13] ¤«ï
âª ­¥© �¥à®­¥§¥ VWt(n; r), á¯à ¢¥¤«¨¢  ¤«ï âª ­¥© â¨¯  � £à ­¦  LLWt(2; r).

4. �ª ­¨ â¨¯  � £à ­¦  LLWt(n; r), n > 2, r > 1

�®®à¤¨­ â­ ï (n + 1)-âª ­ì ¤«ï âª ­¨ â¨¯  � £à ­¦  LLWt(n; r) ï¢«ï¥âáï âª ­ìî W (n+
1; n; r) ª®à §¬¥à­®áâ¨ r ­  (nr)-¬¥à­®¬ ¤¨ää¥à¥­æ¨àã¥¬®¬ ¬­®£®®¡à §¨¨ Xnr. �«®¨ Fu, u =
1; 2; : : : ; n+1, âª ­¨W (n+1; n; r) ¨¬¥îâ ª®à §¬¥à­®áâì r. � §¨á­ë¬¨ ä®à¬ ¬¨ ­ Xnr ï¢«ïîâáï
ä®à¬ë !i

�, � = 1; : : : ; n, i = 1; : : : ; r, ®¯à¥¤¥«ïîé¨¥ á«®¥­¨ï F�, ¨ (n + 1)-¥ á«®¥­¨¥ Fn+1 âª ­¨
W (n+ 1; n; r) ®¯à¥¤¥«ï¥âáï ä®à¬ ¬¨ (á¬. (1))

!i
n+1 = �!i

1 � � � � � !i
n: (7)

� ª ¯®ª § ­® ¢ [1] (á¬. ãà ¢­¥­¨ï (1.2.16), (1.2.17) ¨ (1.2.24)), ä®à¬ë !i
� ã¤®¢«¥â¢®àïîâ áâàãª-

âãà­ë¬ ãà ¢­¥­¨ï¬

d!i
� = !j

� ^ �ij +
X
� 6=�

aijk[�; �]!
j
� ^ !k

�; (8)

£¤¥

aijk[�; �] = aikj [�; �]; (9)X
(�;�)

ai(jk)[�; �] = 0: (10)
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�®à¬ë �ij ®¯à¥¤¥«ïîâ  ää¨­­ãî á¢ï§­®áâì �n+1 ­  ¬­®£®®¡à §¨¨ Xnr (á¬. [1], x 1.2; [6], [7]
¨«¨ [9]). �­¨ ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ áâàãªâãà­ë¬ ãà ¢­¥­¨ï¬ (á¬. [1], x 1.2; [6], [7] ¨«¨ [9]):

d�ij � �kj ^ �ik =
nX

�;�=1

bijkl[�; �]!
k
� ^ !l

�: (11)

�¥«¨ç¨­ë faijk[�; �]g ¨ fb
i
jkl[�; �]g ¢ (8) ¨ (11) ®¡à §ãîâ â¥­§®àë, ª®â®àë¥ ­ §ë¢ îâáï á®®â-

¢¥âáâ¢¥­­® â¥­§®à®¬ ªàãç¥­¨ï ¨ â¥­§®à®¬ ªà¨¢¨§­ë âª ­¨ W (n+ 1; n; r).
�¥­§®àë faijk[�; �]g ¨ fb

i
jkl[�; �]g ã¤®¢«¥â¢®àïîâ ­¥ª®â®àë¬ á®®â­®è¥­¨ï¬. �â¬¥â¨¬ ®¤­® ¨§

­¨å

bijkl[�; �] =
1
2

�
aijkl[
; �; �] � ailjk[�;
; �]

�
; 
 6= �; �; (12)

£¤¥ aijkl[�; �; 
] | ª®¢ à¨ ­â­ë¥ ¯à®¨§¢®¤­ë¥ â¥­§®à  aijk[�; �] ¢ á¢ï§­®áâ¨ �n+1.
�à ¢­¥­¨ï (12) ¯®ª §ë¢ îâ, çâ® ¥á«¨ n > 2, â® â¥­§®à ªà¨¢¨§­ë âª ­¨ W (n+ 1; n; r) ¢ëà -

¦ ¥âáï ç¥à¥§ ª®¢ à¨ ­â­ë¥ ¯à®¨§¢®¤­ë¥ ¥¥ â¥­§®à  ªàãç¥­¨ï ¨ á ¬ â¥­§®à ªàãç¥­¨ï. �â® ­¥
¨¬¥¥â ¬¥áâ  ¯à¨ n = 2, ¯®áª®«ìªã ¢ ä®à¬ã« å (12) 
 6= �; �.

�ëè¥ãª § ­­®¥ á¢®©áâ¢® ¨¬¥¥â á«¥¤ãîé¨© £¥®¬¥âà¨ç¥áª¨© á¬ëá«: ¥á«¨ â¥­§®à ªàãç¥­¨ï

âª ­¨ W (n + 1; n; r), n > 2, ®¡à é ¥âáï ¢ ­ã«ì, â. ¥. aijk[�; �] = 0, â® âª ­ì W (n + 1; n; r)
¯ à ««¥«¨§ã¥¬ .

�¡é ï ä®à¬ã«  � £à ­¦  ¤«ï âª ­¨ W (n+ 1; n; r) ¨¬¥¥â ¢¨¤ (2).
�®« £ ï t1 = 0, t2 = 1; : : : ; tn = n� 1; tn+1 =1 ¢ (2), ¯®«ãç ¥¬

!i(t) =
(�1)n�1

(n� 1)!

nX
�=1

(�1)��1
 
n� 1
�� 1

!
!i
�

nY
�=1
� 6=�

(t� (� � 1)): (13)

�§ ãà ¢­¥­¨© !i(t) = 0 á«¥¤ã¥â, çâ® ¢¤®«ì á«®ï «î¡®£® á«®¥­¨ï � £à ­¦  !i(t) = 0 ¢ë¯®«-
­ï¥âáï

!i
1 =

nX
�=2

(�1)�
 
n� 1
�� 1

!
t

t� (�� 1)
!i
�: (14)

�¥®à¥¬  1. (n + 1)-âª ­ì W (n+ 1; n; r), n > 2, r > 1, ¯®à®¦¤ ¥â âª ­ì â¨¯  � £à ­¦ 

LLWt(n; r) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  âª ­ì W (n+ 1; n; r) ¯ à ««¥«¨§ã¥¬ .

�®ª § â¥«ìáâ¢®. �­¥è­¥¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ á®®â­®è¥­¨© (14) ¯à¨¢®¤¨â ª ãà ¢­¥­¨ï¬

dt ^
nX

�=2

(�1)�
 
n� 1
�� 1

!
1� �

t� (� � 1)
!i
� � d!i

1 +
nX

�=2

(�1)�
 
n� 1
�� 1

!
t

t� (�� 1)
d!i

� = 0: (15)

�à¨¬¥­¨¢ § â¥¬ áâàãªâãà­ë¥ ãà ¢­¥­¨ï (8) ¨ § ¬¥­¨¢ ¢áî¤ã ä®à¬ë !i
1 ¨å §­ ç¥­¨ï¬¨,

¢§ïâë¬¨ ¨§ (14), ¯®«ãç¨¬ ¢­¥è­¥¥ ª¢ ¤à â¨ç­®¥ ãà ¢­¥­¨¥, ª®â®à®¥ ­¥ ¡ã¤¥¬ ¢ë¯¨áë¢ âì, ­®
­  ª®â®à®¥ ¡ã¤¥¬ ááë« âìáï, ®¡®§­ ç ï ¥£® ª ª (�). �à ¢­¥­¨¥ (�) á®¤¥à¦¨â â®«ìª® ä®à¬ë
!i
2; : : : ; !

i
n. �«¥¤®¢ â¥«ì­®, dt ¢ëà ¦ ¥âáï ç¥à¥§ !

i
2; : : : ; !

i
n. � ¯¨è¥¬ ¢ëà ¦¥­¨¥ ¤«ï dt ¢ ¢¨¤¥

dt

(t� 1)(t � 2) : : : (t� (n� 1))
= p2k!

k
2 + � � �+ pnk!

k
n: (16)

�®¤áâ ¢«ïï dt ¨§ (16) ¢® ¢­¥è­¥¥ ª¢ ¤à â¨ç­®¥ ãà ¢­¥­¨¥ (�) ¨ á®¡¨à ï ç«¥­ë, á®¤¥à¦ é¨¥
!k

 ^ !l


, ¯®«ãç ¥¬

(1� 
)(t� 1)(t� 2) : : : (t� (n� 1))p
[k�
i
l] +

"
(�1)


 
n� 1

 � 1

!
t� (t� (
 � 1))

#
tai[kl][1; 
] = 0: (17)
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�ª ­ì W (n+ 1; n; r), n > 2, r > 1, ¯®à®¦¤ ¥â âª ­ì â¨¯  � £à ­¦  LLWt(n; r) â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  ãà ¢­¥­¨¥ (17) ã¤®¢«¥â¢®àï¥âáï â®¦¤¥áâ¢¥­­® ¤«ï «î¡®© ¢¥é¥áâ¢¥­­®© äã­ªæ¨¨
t. � ª¨¬ ®¡à §®¬, ª®íää¨æ¨¥­âë ¯à¨ ¢á¥å áâ¥¯¥­ïå t ¤®«¦­ë ®¡à é âìáï ¢ ­ã«ì. �à¨à ¢­¨¢ ï
­ã«î ª®íää¨æ¨¥­â ¯à¨ t0, ¯®«ãç ¥¬

p
[k�
i
l] = 0: (18)

�á«¨ r > 1, â® ¨§ ãà ¢­¥­¨© (18) á«¥¤ã¥â

p
k = 0; 
 = 2; : : : ; n: (19)

� á®®â¢¥âáâ¢¨¨ á (19), ¨§ ãà ¢­¥­¨© (17) ¨¬¥¥¬

ai[kl][1; 
] = 0; 
 = 2; : : : ; n; (20)

â. ¥. ¢¥«¨ç¨­ë aikl[1; 
] á¨¬¬¥âà¨ç­ë ¯® ¨­¤¥ªá ¬ k ¨ l.
�®¡¨à ï ¢® ¢­¥è­¥¬ ª¢ ¤à â¨ç­®¬ ãà ¢­¥­¨¨ (�) ç«¥­ë, á®¤¥à¦ é¨¥ !k


^!
l
�, 
 6= �, ¯®«ãç ¥¬

aikl[1; 
](�1)
�

 
n� 1
� � 1

!"
t� (
 � 1) + (�1)


 
n� 1

 � 1

!
t

#
�

� aikl[1; �](�1)



 
n� 1

 � 1

!"
t� (� � 1) + (�1)�

 
n� 1
� � 1

!
t

#
+

+ aikl[
; �]

"
(�1)


 
n� 1

 � 1

!
(t� (� � 1))� (�1)�

 
n� 1
� � 1

!
(t� (
 � 1))

#
= 0: (21)

�®ª ¦¥¬ â¥¯¥àì, çâ® ¯® ¨­¤¥ªá ¬ k ¨ l á¨¬¬¥âà¨ç­ë ­¥ â®«ìª® ¢¥«¨ç¨­ë aikl[1; 
], ­® ¨
¢¥«¨ç¨­ë aikl[
; �], 
; � = 2; : : : ; n, 
 6= �. �«ï íâ®£® ¯à® «ìâ¥à­¨àã¥¬ ãà ¢­¥­¨ï (21) ¯® ¨­¤¥ªá ¬
k ¨ l. � á®®â¢¥âáâ¢¨¨ á (20), íâ® ¯à¨¢®¤¨â ª ãà ¢­¥­¨î

aikl[
; �]

"
(�1)


 
n� 1

 � 1

!
(t� (� � 1)) � (�1)�

 
n� 1
� � 1

!
(t� (
 � 1))

#
= 0: (22)

�à¨à ¢­ï¢ ­ã«î ª®íää¨æ¨¥­â ¯à¨ t ¢ (22), ¯®«ãç ¥¬

ai[kl][
; �]

"
(�1)


 
n� 1

 � 1

!
� (�1)�

 
n� 1
� � 1

!#
= 0:

�á«¨ 
 ¨ � ®¤­®© ç¥â­®áâ¨, â®
�
n�1

�1

�
�
�
n�1
��1

�
6= 0, ¯®áª®«ìªã 
 6= �. �á«¨ 
 ¨ � à §«¨ç­®© ç¥â­®áâ¨,

â®

 
n� 1

 � 1

!
+

 
n� 1
� � 1

!
6= 0:

� ®¡®¨å á«ãç ïå ¯®«ãç ¥¬ ai[kl][
; �] = 0, 
; � = 2; : : : ; n; 
 6= �.

� ª¨¬ ®¡à §®¬, ¢á¥ ª®¬¯®­¥­âë â¥­§®à  ªàãç¥­¨ï aikl[�; �], �; � = 1; : : : ; n, á¨¬¬¥âà¨ç­ë ¯®
¨­¤¥ªá ¬ k ¨ l.
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�à ¢­¥­¨¥ (21) | íâ® ãà ¢­¥­¨¥ ¯¥à¢®£® ¯®àï¤ª  ¯® t. � ª¨¬ ®¡à §®¬, ¤®«¦­ë ®¡à é âìáï
¢ ­ã«ì ª®íää¨æ¨¥­âë ¯à¨ t ¨ t0, ®âªã¤  á«¥¤ã¥â

aikl[1; 
](�1)
�

 
n� 1
� � 1

!"
1 + (�1)


 
n� 1

 � 1

!#
�

� aikl[1; �](�1)



 
n� 1

 � 1

!"
1 + (�1)�

 
n� 1
� � 1

!#
+

+ aikl[
; �]

"
(�1)


 
n� 1

 � 1

!
� (�1)�

 
n� 1
� � 1

!#
= 0 (23)

¨

aikl[1; 
](�1)
�

 
n� 1
� � 1

!
(1� 
)� aikl[1; �](�1)




 
n� 1

 � 1

!
(1� �) +

+ aikl[
; �]

"
(�1)


 
n� 1

 � 1

!
(1� �) � (�1)�

 
n� 1
� � 1

!
(1� 
)

#
= 0: (24)

�á«¨ n = 3, â® 
 = 2 ¨ � = 3 (¨«¨ 
 = 3 ¨ � = 2), ¨ ãà ¢­¥­¨ï (23) ¨ (24) ¯à¨­¨¬ îâ ¢¨¤

�aikl[1; 2] + aikl[2; 3] = 0 (25)

¨

aikl[1; 2] � 5aikl[2; 3] + 4aikl[1; 3] = 0: (26)

�à®¬¥ â®£®, ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥ (á¬. (10))

aikl[1; 2] + aikl[2; 3] + aikl[1; 3] = 0: (27)

�¯à¥¤¥«¨â¥«ì ®¤­®à®¤­®© á¨áâ¥¬ë ãà ¢­¥­¨© (25){(27) à ¢¥­ �12. �¨áâ¥¬  ¨¬¥¥â â®«ìª® âà¨-
¢¨ «ì­®¥ à¥è¥­¨¥ aikl[1; 2] = aikl[2; 3] = aikl[1; 3] = 0.

�á«¨ n = 4, â® ¤«ï 
 ¨ �, ¢®§¬®¦­ë á«¥¤ãîé¨¥ §­ ç¥­¨ï: 
 = 2, � = 3; 
 = 2, � = 4; 
 = 3,
� = 4.

�«ï íâ¨å âà¥å á«ãç ¥¢ ãà ¢­¥­¨ï (23) ¨ (24) ¤ îâ á«¥¤ãîé¨¥ è¥áâì ãà ¢­¥­¨©:

�2aikl[1; 2] + aikl[2; 3] + aikl[1; 3] = 0;

aikl[1; 2] + 2aikl[2; 3] � 3aikl[1; 3] = 0;

2aikl[1; 2] � 3aikl[1; 4] + aikl[2; 4] = 0;

�aikl[1; 2] + 9aikl[1; 4] � 8aikl[2; 4] = 0;

�aikl[1; 3] + 3aikl[1; 4] � 2aikl[3; 4] = 0;

�2aikl[1; 3] � 9aikl[1; 4] + 11aikl[3; 4] = 0:

(28)

�¥£ª® ¢¨¤¥âì, çâ® áã¬¬  ª®íää¨æ¨¥­â®¢ ¢ ª ¦¤®¬ ¨§ ãà ¢­¥­¨© á¨áâ¥¬ë (28) à ¢­  ­ã«î.
� ª¨¬ ®¡à §®¬, á¨áâ¥¬  (28) ¨¬¥¥â à¥è¥­¨¥

aikl[1; 2] = aikl[1; 3] = aikl[1; 4] = aikl[2; 3] = aikl[2; 4] = aikl[3; 4]:

� á®®â¢¥âáâ¢¨¨ á (10), ®âáî¤  á«¥¤ã¥â aikl[�; �] = 0, �; � = 1; 2; 3; 4, � 6= �. �®íâ®¬ã, ¥á«¨ n = 4,
â® à ­£ ¬ âà¨æë ª®íää¨æ¨¥­â®¢ á¨áâ¥¬ë (28) à ¢¥­ ¯ïâ¨,   à ­£ ¬ âà¨æë ª®íää¨æ¨¥­â®¢
á¨áâ¥¬ë, á®áâ ¢«¥­­®© ¨§ ãà ¢­¥­¨© (28) ¨ (10), à ¢¥­ è¥áâ¨.

�«ï ¯à®¨§¢®«ì­®£® n � 3 ¨¬¥¥¬
�
n

2

�
­¥¨§¢¥áâ­ëå aikl[�; �] = 0, �; � = 1; : : : ; n, � 6= �, ¨

2
�
n�1
2

�
+ 1 ãà ¢­¥­¨© (23), (24), (10), á¢ï§ë¢ îé¨å íâ¨ ­¥¨§¢¥áâ­ë¥.
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� ª ¡ë«® ¤®ª § ­® à ­¥¥, ¥á«¨ n = 3, â® ¨¬¥¥¬ ®¤­®à®¤­ãî á¨áâ¥¬ã ¨§ âà¥å ãà ¢­¥­¨© á
âà¥¬ï ­¥¨§¢¥áâ­ë¬¨, ¨ íâ  á¨áâ¥¬  ¨¬¥¥â â®«ìª® âà¨¢¨ «ì­®¥ à¥è¥­¨¥.

�á«¨ n > 3, ç¨á«® ãà ¢­¥­¨© (23), (24), (10) à ¢­® 2
�
n�1
2

�
+1, çâ® ¡®«ìè¥ ç¥¬ ç¨á«® ­¥¨§¢¥áâ-

­ëå
�
n

2

�
. �ã¬¬  ª®íää¨æ¨¥­â®¢ ª ¦¤®£® ¨§ ãà ¢­¥­¨© (23) ¨ (24) à ¢­  ­ã«î. � ª¨¬ ®¡à §®¬,

¯à¨ n > 3 á¨áâ¥¬  (23){(24) ¨¬¥¥â à¥è¥­¨¥

aikl[1; 2] = � � � = aikl[n� 1; n]:

� á®®â¢¥âáâ¢¨¨ á (10), ®âáî¤  á«¥¤ã¥â aikl[�; �] = 0, �; � = 1; : : : ; n, � 6= �. �«¥¤®¢ â¥«ì­®, ¯à¨
¯à®¨§¢®«ì­®¬ n > 3 à ­£ ¬ âà¨æë ª®íää¨æ¨¥­â®¢ á¨áâ¥¬ë (28) à ¢¥­

�
n

2

�
� 1,   à ­£ ¬ âà¨æë

ª®íää¨æ¨¥­â®¢ á¨áâ¥¬ë, á®áâ®ïé¥© ¨§ ãà ¢­¥­¨© (28) ¨ (10), à ¢¥­
�
n

2

�
.

� á®®â¢¥âáâ¢¨¨ á § ¬¥ç ­¨¥¬, á¤¥« ­­®¬ à ­¥¥ ¢ íâ®¬ ¯ à £à ä¥, íâ® §­ ç¨â, çâ® ª®®à¤¨-
­ â­ ï âª ­ì W (n+ 1; n; r), n > 2, r > 1, âª ­¨ â¨¯  � £à ­¦  LLW (n; r) ¯ à ««¥«¨§ã¥¬ .

�«¥¤áâ¢¨¥ 1. � à ¬¥âà t ¯®áâ®ï­¥­ ­  âª ­¨ â¨¯  � £à ­¦  LLWt(n; r), n > 2, r > 1.

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥­¨¥ á«¥¤ã¥â ¨§ ãà ¢­¥­¨© (16) ¨ (19).

�¥®à¥¬  2. �ª ­ì â¨¯  � £à ­¦  LLWt(n; r), n > 2, r > 1, ¯ à ««¥«¨§ã¥¬  ¨ ï¢«ï¥âáï

¯ à ««¥«¨§ã¥¬®© âª ­ìî � £à ­¦  LWt(n; r) á £®«®­®¬­®© ª®®à¤¨­ â­®© âª ­ìî.

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ª ª ¡ë«® ¤®ª § ­® ¢ â¥®à¥¬¥ 1, âª ­ìW (n+1; n; r), n>2,
r > 1, ¯®à®¦¤ îé ï âª ­ì â¨¯  � £à ­¦  LLWt(n; r), ¯ à ««¥«¨§ã¥¬ , â. ¥. aijk[�; �] = 0, �; � =
1; : : : ; n, ¨ ¤«ï â ª®© âª ­¨ dt = 0 á®£« á­® á«¥¤áâ¢¨î 1. �à¥¤¯®«®¦¨¬, çâ® ¯¥à¢ë¥ n á«®¥­¨©
(n+ 1)-âª ­¨-¯à¥¤áâ ¢¨â¥«ï âª ­¨ LLWt(n; r) ®¯à¥¤¥«¥­ë ãà ¢­¥­¨ï¬¨

�i
 = 0; 
 = 1; : : : ; n; i = 1; : : : ; r;

£¤¥

�i
 =
(�1)n�1

(n� 1)!

nX
�=1

(�1)��1
 
n� 1
�� 1

!
!i
�

nY
�=1
� 6=�

(s
 � (� � 1)); (29)

¨ ¬­®¦¥áâ¢® fs
g ®â«¨ç­® ®â ¬­®¦¥áâ¢  ft
g = f0; 1; : : : ; n � 1g. �®£¤  ¨§ ds
 = 0, (29) ¨ (8)
¨¬¥¥¬

d�i� = �j� ^ �ij :

�®íâ®¬ã â¥­§®à ªàãç¥­¨ï «î¡®© (n + 1)-âª ­¨-¯à¥¤áâ ¢¨â¥«ï âª ­¨ LLWt(n; r) ®¡à é ¥âáï ¢
­ã«ì, ¨ (n + 1)-âª ­ì-¯à¥¤áâ ¢¨â¥«ì ï¢«ï¥âáï ¯ à ««¥«¨§ã¥¬®©. �®áª®«ìªã à áá¬ âà¨¢ ¥¬ ï
(n+1)-âª ­ì-¯à¥¤áâ ¢¨â¥«ì ¯à®¨§¢®«ì­ , ®âáî¤  á«¥¤ã¥â, çâ® âª ­ì â¨¯  � £à ­¦  LLWt(n; r)
á ¬  ï¢«ï¥âáï ¯ à ««¥«¨§ã¥¬®©. �®áª®«ìªã dt = 0, â® âª ­ì â¨¯  � £à ­¦  LLWt(n; r) ï¢«ï-
¥âáï ¯ à ««¥«¨§ã¥¬®© âª ­ìî � £à ­¦  LWt(n; r) á £®«®­®¬­®© ª®®à¤¨­ â­®© âª ­ìî.

5. �ª ­¨ â¨¯  � £à ­¦  LLWt(3; 1)

� áá¬®âà¨¬ â¥¯¥àì á«ãç © n = 3, r = 1. �â®â á«ãç © ­¥ ¨§ãç «áï ¢ â¥®à¥¬¥ 1.
�®®à¤¨­ â­ ï 4-âª ­ì ¤«ï âª ­¨ â¨¯  � £à ­¦  LLWt(3; 1) ï¢«ï¥âáï 4-âª ­ìî W (4; 3; 1)

ª®à §¬¥à­®áâ¨ ®¤¨­ ­  âà¥å¬¥à­®¬ ¬­®£®®¡à §¨¨ X3. �«®¨ Fu, u = 1; 2; 3; 4, 4-âª ­¨ W (4; 3; 1)
¨¬¥îâ ª®à §¬¥à­®áâì ®¤¨­. � §¨á­ë¬¨ ä®à¬ ¬¨ ­  X3 ï¢«ïîâáï ä®à¬ë !�, � = 1; 2; 3, ®¯à¥-
¤¥«ïîé¨¥ á«®¥­¨ï F�,   ç¥â¢¥àâ®¥ á«®¥­¨¥ F4 âª ­¨ W (4; 3; 1) ®¯à¥¤¥«ï¥âáï ä®à¬®©

!4 = �!1 � !2 � !3
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(áà. (1)). �§ (8) á«¥¤ã¥â, çâ® áâàãªâãà­ë¥ ãà ¢­¥­¨ï âª ­¨ W (4; 3; 1) ¨¬¥îâ ¢¨¤

d!1 = !1 ^ � + a[1; 2]!1 ^ !2 + a[1; 3]!1 ^ !3;

d!2 = !2 ^ � + a[2; 1]!2 ^ !1 + a[2; 3]!2 ^ !3;

d!3 = !3 ^ � + a[3; 1]!3 ^ !1 + a[3; 2]!3 ^ !2;

£¤¥ a[�; �], �; � = 1; 2; 3, � 6= �, | ª®¬¯®­¥­âë â¥­§®à  ªàãç¥­¨ï âª ­¨ W (4; 3; 1), ã¤®¢«¥â¢®àï-
îé¨¥ ãá«®¢¨ï¬

a[1; 2] = a[2; 1]; a[2; 3] = a[3; 2]; a[3; 1] = a[1; 3]

¨

a[1; 2] + a[2; 3] + a[3; 1] = 0

(á¬. (9) ¨ (10)).
�§ ®¡é¥© ä®à¬ã«ë � £à ­¦  (2) á«¥¤ã¥â, çâ® ¤«ï âª ­¨ W (4; 3; 1) ¨­â¥à¯®«ïæ¨®­­ë© ¬­®-

£®ç«¥­ � £à ­¦  ¨¬¥¥â ¢¨¤

!(t) =
(t� t2)(t� t3)(t� t4)

(t1 � t2)(t1 � t3)(t1 � t4)
!1 +

(t� t1)(t� t3)(t� t4)
(t2 � t1)(t2 � t3)(t2 � t4)

!2 +

+
(t� t1)(t� t2)(t� t4)

(t3 � t1)(t3 � t2)(t3 � t4)
!3 +

(t� t1)(t� t2)(t� t3)
(t4 � t1)(t4 � t2)(t4 � t3)

!4 (30)

(áà. (13)). �®« £ ï t1 = 0, t2 = 1, t3 = 2, t4 =1 ¢ (30), ¯®«ãç ¥¬

!(t) =
1
2
[(t� 1)(t � 2)!1 � 2t(t� 2)!2 + t(t� 1)!3] (31)

(áà. (14)). �§ !(t) = 0 á«¥¤ã¥â

!1 =
2t

t� 1
!2 �

t

t� 2
!3 (32)

(áà. (15)).
�«ï ­ å®¦¤¥­¨ï ãá«®¢¨© áãé¥áâ¢®¢ ­¨ï ¨­â¥à¯®«ïæ¨¨ � £à ­¦  ¤«ï âª ­¨ W (4; 3; 1) ¨á-

á«¥¤ã¥¬ ãà ¢­¥­¨¥ �ä ää  !(t) = 0. �à®¤¨ää¥à¥­æ¨à®¢ ¢ íâ® ãà ¢­¥­¨¥ ¢­¥è­¨¬ ®¡à §®¬,
¯®«ãç ¥¬ á«¥¤ãîé¥¥ ¢­¥è­¥¥ ª¢ ¤à â¨ç­®¥ ãà ¢­¥­¨¥:

dt ^ [(2t� 3)!1 � 4(t� 1)!2 + (2t� 1)!3] +

+ (t� 1)(t� 2)d!1 � 2t(t� 2)d!2 + t(t� 1)d!3 = 0: (33)

�à ¢­¥­¨ï (32) ¨ (33) ¯®ª §ë¢ îâ, çâ® dt ï¢«ï¥âáï «¨­¥©­®© ª®¬¡¨­ æ¨¥© ä®à¬ !2 ¨ !3.
� ¯¨è¥¬ íâã «¨­¥©­ãî ª®¬¡¨­ æ¨î ¢ ¢¨¤¥

dt

(t� 1)(t� 2)
= a!2 + b!3: (34)

�®¤áâ ¢¨¬ (34) ¢ (33), § â¥¬ ¯à¨¬¥­¨¬ áâàãªâãà­ë¥ ãà ¢­¥­¨ï (8) ¨ ãà ¢­¥­¨ï (32) ¨ ¯à¨à ¢-
­ï¥¬ ­ã«î ª®íää¨æ¨¥­â ¯à¨ !2 ^ !3. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ ãà ¢­¥­¨¥

�2a(t� 1)2 � 2b(t� 2)2 + t(3t� 1)a[1; 2] + t(�3t+ 5)a[2; 3] � 4ta[3; 1] = 0: (35)

�ª ­ì W (4; 3; 1) ¯®à®¦¤ ¥â âª ­ì â¨¯  � £à ­¦  LLWt(3; 1) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
ãà ¢­¥­¨¥ (35) ã¤®¢«¥â¢®àï¥âáï â®¦¤¥áâ¢¥­­® ¤«ï «î¡®© ¢¥é¥áâ¢¥­­®© äã­ªæ¨¨ t. �®¡¨à ï ¢
(35) ç«¥­ë, á®¤¥à¦ é¨¥ t0, ¯®«ãç ¥¬

a = �4b: (36)
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� â¥¬, á®¡¨à ï ¢ (35) ç«¥­ë, á®¤¥à¦ é¨¥ t2 ¨ t, ¨ ¯à¨¬¥­ïï (10) ¨ (36), ¯®«ãç ¥¬

a[1; 2] � a[2; 3] = �2b;

3a[1; 2] + 9a[2; 3] = 8b:
(37)

� §à¥è ï á¨áâ¥¬ã ãà ¢­¥­¨© (37), ­ å®¤¨¬ a[1; 2] = � 5b
6
, a[2; 3] = 7b

6
. �§ (10) á«¥¤ã¥â a[3; 1] =

� b

3
.
� à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª â®¬ã, çâ® ¢á¥ ª®¬¯®­¥­âë â¥­§®à  ªàãç¥­¨ï ¢ëà ¦ îâáï â®«ìª®

ç¥à¥§ äã­ªæ¨î b, ¨ áâàãªâãà­ë¥ ãà ¢­¥­¨ï (8) ¯à¨­¨¬ îâ ¢¨¤

d!1 = !1 ^ � �
5b
6
!1 ^ !2 �

b

3
b!1 ^ !3;

d!2 = !2 ^ � �
5b
6
!2 ^ !1 +

7b
6
!2 ^ !3;

d!3 = !3 ^ � �
b

3
!3 ^ !1 +

7b
6
!3 ^ !2:

(38)

�à¨ íâ®¬ ãà ¢­¥­¨¥ (34) ¯à¨­¨¬ ¥â ¢¨¤

d ln
t� 2
t� 1

= b(�4!1 + !2): (39)

�¨ää¥à¥­æ¨àãï ãà ¢­¥­¨¥ (39) ¢­¥è­¨¬ ®¡à §®¬, ¯®«ãç ¥¬ á«¥¤ãîé¥¥ ¢­¥è­¥¥ ª¢ ¤à â¨ç-
­®¥ ãà ¢­¥­¨¥:

(db� b�) ^ (�4!1 + !2)�
10b2

3
!1 ^ !2 �

35b2

6
!2 ^ !3 �

b2

3
!3 ^ !1 = 0: (40)

�à ¢­¥­¨¥ (40) ¯®ª §ë¢ ¥â, çâ® ä®à¬  db � b� ï¢«ï¥âáï «¨­¥©­®© ª®¬¡¨­ æ¨¥© ä®à¬ !1, !2 ¨
!3:

db� b� = b1!1 + b2!2 + b2!3: (41)

�®¤áâ ¢«ïï ¢ëà ¦¥­¨¥ ¤«ï db�b� ¨§ (41) ¢ (40) ¨ ¯à¨à ¢­¨¢ ï ­ã«î ª®íää¨æ¨¥­âë ¯à¨ !1^!2,
!2 ^ !3 ¨ !3 ^ !1, ¯®«ãç ¥¬

b1 = �
5b2

6
; b2 + 4b3 =

35b2

6
; b1 = �

b2

3
:

�âáî¤  á«¥¤ã¥â b = 0. �à¨­¨¬ ï ¢ ãç¥â (36), ¯®«ãç ¥¬

a = 0: (42)

� ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  3. 4-âª ­ìW (4; 3; 1) ¯®à®¦¤ ¥â âª ­ì â¨¯  � £à ­¦  LLWt(3; 1) â®£¤  ¨ â®«ì-
ª® â®£¤ , ª®£¤  ®­  ¯ à ««¥«¨§ã¥¬ .

�«¥¤áâ¢¨¥ 2. � à ¬¥âà t ¯®áâ®ï­¥­ ­  âª ­¨ â¨¯  � £à ­¦  LLWt(3; 1).

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥­¨¥ á«¥¤ã¥â ¨§ ãà ¢­¥­¨© (34) ¨ (42).

�¥®à¥¬  4. �ª ­ì â¨¯  � £à ­¦  LLWt(3; 1) ¯ à ««¥«¨§ã¥¬  ¨ ï¢«ï¥âáï ¯ à ««¥«¨§ã¥-

¬®© âª ­ìî � £à ­¦  LWt(3; 1) á £®«®­®¬­®© ª®®à¤¨­ â­®© âª ­ìî.
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�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® ¯¥à¢ë¥ âà¨ á«®¥­¨ï 4-âª ­¨-¯à¥¤áâ ¢¨â¥«ï âª ­¨
LLWt(3; 1) ®¯à¥¤¥«¥­ë ¯ à ¬¥âà ¬¨ s�, � = 1; 2; 3, £¤¥ ¬­®¦¥áâ¢® fs�g ®â«¨ç­® ®â ¬­®¦¥áâ¢ 
ft�g = f0; 1; 2g. �¢¥¤¥¬ ®¡®§­ ç¥­¨¥ !(s�) = �� ¨ ¯®«®¦¨¬ �4 = ��1��2��3. �® â¥®à¥¬¥ 3 ª®®à¤¨-
­ â­ ï 4-âª ­ì W (4; 3; 1) âª ­¨ â¨¯  � £à ­¦  LLWt(3; 1) ¯ à ««¥«¨§ã¥¬ . � ª¨¬ ®¡à §®¬, ¥¥
â¥­§®à ªàãç¥­¨ï ®¡à é ¥âáï ¢ ­ã«ì, ¨ áâàãªâãà­ë¥ ãà ¢­¥­¨ï (38) ¯à¨­¨¬ îâ ¢¨¤ d!� = !�^�,
� = 1; 2; 3. �«ï ¯ à ««¥«¨§ã¥¬®© âª ­¨ W (4; 3; 1) ¨¬¥¥¬ a = b = 0. � á¨«ã á«¥¤áâ¢¨ï 1 ¨¬¥-
¥¬ ds� = 0. �âáî¤ , ãç¨âë¢ ï (31) ¨ (8), ¯®«ãç ¥¬ d�� = �� ^ �. �®íâ®¬ã â¥­§®à ªàãç¥­¨ï
4-âª ­¨-¯à¥¤áâ ¢¨â¥«ï âª ­¨ LWt(3; 1) ®¡à é ¥âáï ¢ ­ã«ì,   á ¬  4-âª ­ì-¯à¥¤áâ ¢¨â¥«ì ï¢«ï-
¥âáï ¯ à ««¥«¨§ã¥¬®©. �®áª®«ìªã à áá¬ âà¨¢ ¥¬ ï 4-âª ­ì-¯à¥¤áâ ¢¨â¥«ì ¯à®¨§¢®«ì­ , ®âáî-
¤  á«¥¤ã¥â, çâ® âª ­ì â¨¯  � £à ­¦  LLWt(3; 1) ¯ à ««¥«¨§ã¥¬ . �®áª®«ìªã dt = 0, âª ­ì â¨¯ 
� £à ­¦  LLWt(3; 1) ï¢«ï¥âáï ¯ à ««¥«¨§ã¥¬®© âª ­ìî � £à ­¦  LWt(3; 1) á £®«®­®¬­®© ª®-
®à¤¨­ â­®© âª ­ìî.

6. �ª ­¨ â¨¯  � £à ­¦  LLWt(n; 1), n > 3

� áá¬®âà¨¬ â¥¯¥àì á«ãç © n > 3, r = 1. �â®â á«ãç © â ª¦¥ ­¥ ¨§ãç «áï ¢ â¥®à¥¬¥ 1.
�®®à¤¨­ â­ ï (n+ 1)-âª ­ì ¤«ï âª ­¨ â¨¯  � £à ­¦  LLWt(n; 1), n > 3, ï¢«ï¥âáï (n+ 1)-

âª ­ìîW (n+1; n; 1) ª®à §¬¥à­®áâ¨ ®¤¨­ ­  n-¬¥à­®¬ ¬­®£®®¡à §¨¨Xn. �«®¨ Fu, u = 1; : : : ; n+1,
âª ­¨ W (n + 1; n; 1) ¨¬¥îâ ª®à §¬¥à­®áâì ®¤¨­. � §¨á­ë¬¨ ä®à¬ ¬¨ ­  Xn ï¢«ïîâáï ä®à¬ë
!�, � = 1; : : : ; n, ®¯à¥¤¥«ïîé¨¥ á«®¥­¨ï F�, ¨ á«®¥­¨¥ Fn+1 âª ­¨ W (n + 1; n; 1) ®¯à¥¤¥«ï¥âáï
ä®à¬®© (áà. (1))

!n+1 = �!1 � � � � � !n:

�âàãªâãà­ë¥ ãà ¢­¥­¨ï âª ­¨ W (n+ 1; n; 1) ¨¬¥îâ ¢¨¤ (8):

d!� = !� ^ � +
X
� 6=�

a[�; �]!� ^ !�; (43)

£¤¥ a[�; �] = a[�; �], X
(�;�)

a[�; �] = 0; (44)

  a[�; �], �; � = 1; : : : ; n, � 6= �, | ª®¬¯®­¥­âë â¥­§®à  ªàãç¥­¨ï âª ­¨ W (n + 1; n; 1) (áà.
ãà ¢­¥­¨ï (8), (9) ¨ (10)).

�¡é ï ä®à¬ã«  � £à ­¦  ¤«ï âª ­¨ W (n+ 1; n; 1) ¨¬¥¥â ¢¨¤ (2).
�®« £ ï t1 = 0, t2 = 1; : : : ; tn = n� 1, tn+1 =1 ¢ (2), ¯®«ãç ¥¬ (áà. (13))

!(t) =
(�1)n�1

(n� 1)!

nX
�=1

(�1)��1
 
n� 1
�� 1

!
!�

nY
�=1
� 6=�

(t� (� � 1)):

�§ ãà ¢­¥­¨ï !(t) = 0 á«¥¤ã¥â (áà. (14))

!1 =
nX

�=2

(�1)�
 
n� 1
�� 1

!
t

t� (�� 1)
!�: (45)

�¥®à¥¬  5. (n+1)-âª ­ìW (n+1; n; 1), n > 3, ¯®à®¦¤ ¥â âª ­ì â¨¯  � £à ­¦  LLWt(n; 1)
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  âª ­ì W (n+ 1; n; 1) ¯ à ««¥«¨§ã¥¬ .

�®ª § â¥«ìáâ¢®. �¨ää¥à¥­æ¨àãï (45) ¢­¥è­¨¬ ®¡à §®¬, ¯®«ãç ¥¬

dt ^
nX

�=2

(�1)�
 
n� 1
�� 1

!
1� �

t� (� � 1)
!� � d!1 +

nX
�=2

(�1)�
 
n� 1
�� 1

!
t

t� (�� 1)
d!� = 0:
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�à¨¬¥­ïï § â¥¬ áâàãªâãà­ë¥ ãà ¢­¥­¨ï (43) ¨ § ¬¥­ïï ¢áî¤ã !1 ¯® ä®à¬ã«¥ (45), ¯®«ãç¨¬
¢­¥è­¥¥ ª¢ ¤à â¨ç­®¥ ãà ¢­¥­¨¥, ª®â®à®¥ ­¥ ¡ã¤¥¬ ¢ë¯¨áë¢ âì, ­® ­  ª®â®à®¥ ¡ã¤¥¬ ááë« âìáï,
®¡®§­ ç ï ¥£® ª ª (��). �à ¢­¥­¨¥ (��) á®¤¥à¦¨â â®«ìª® ä®à¬ë !2; : : : ; !n. �«¥¤®¢ â¥«ì­®, dt
¢ëà ¦ ¥âáï ç¥à¥§ !2; : : : ; !n. � ¯¨è¥¬ ¢ëà ¦¥­¨¥ ¤«ï dt ¢ ¢¨¤¥

dt

(t� 1)(t � 2) : : : (t� (n� 1))
= p2!2 + : : : + pn!n: (46)

�®¤áâ ¢«ïï ¢ëà ¦¥­¨¥ ¤«ï dt ¨§ (46) ¢® ¢­¥è­¥¥ ª¢ ¤à â¨ç­®¥ ãà ¢­¥­¨¥ (��) ¨ á®¡¨à ï ç«¥­ë,
á®¤¥à¦ é¨¥ !
 ^ !�, ¯®«ãç ¥¬

(t� 1)(t� 2) : : : (t� (n� 1))[p
(�1)
�

 
n� 1
� � 1

!
(1� �)(t � (
 � 1)) �

� p�(�1)



 
n� 1

 � 1

!
(1� �)(t � (� � 1))] + a[1; 
](�1)�

 
n� 1
� � 1

!
t

"
t� (
 � 1)� (�1)


 
n� 1

 � 1

!
t

#
�

� a[1; �](�1)

 
n� 1

 � 1

!
t

"
t� (� � 1)� (�1)�

 
n� 1
� � 1

!
t

#
+

+ a[
; �]t

"
(�1)


 
n� 1

 � 1

!
(t� (� � 1))� (�1)�

 
n� 1
� � 1

!
(t� (
 � 1))

#
= 0: (47)

�ª ­ì W (n+ 1; n; 1), n > 3, ¯®à®¦¤ ¥â âª ­ì â¨¯  � £à ­¦  LLWt(n; 1) â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  ãà ¢­¥­¨¥ (47) ¢ë¯®«­ï¥âáï â®¦¤¥áâ¢¥­­® ¤«ï «î¡®© ¢¥é¥áâ¢¥­­®© äã­ªæ¨¨ t. � ª¨¬
®¡à §®¬, ª®íää¨æ¨¥­âë ¯à¨ ¢á¥å áâ¥¯¥­ïå t ¤®«¦­ë ®¡à é âìáï ¢ ­ã«ì. �à¨à ¢­¨¢ ï ­ã«î
ª®íää¨æ¨¥­âë ¯à¨ tn ¨ t0, ¯®«ãç ¥¬

p
(�1)
�

 
n� 1
� � 1

!
� p�(�1)




 
n� 1

 � 1

!
= 0;

p
(�1)
�

 
n� 1
� � 1

!
(1� �) � p�(�1)




 
n� 1

 � 1

!
(1� 
) = 0:

(48)

�¯à¥¤¥«¨â¥«ì ®¤­®à®¤­®© á¨áâ¥¬ë ãà ¢­¥­¨© (48) à ¢¥­ (�1)
+�
�
n�1

�1

��
n�1
��1

�
(� � 
), â. ¥. ®â«¨ç¥­

®â ­ã«ï. � ª¨¬ ®¡à §®¬, á¨áâ¥¬  (48) ¨¬¥¥â â®«ìª® âà¨¢¨ «ì­®¥ à¥è¥­¨¥

p
 = 0; 
 = 2; : : : ; n: (49)

� à¥§ã«ìâ â¥ ãà ¢­¥­¨¥ (47) ¯à¨­¨¬ ¥â ¢¨¤
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 � 1) + (�1)
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!
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#
�

� a[1; �](�1)

 
n� 1

 � 1

!"
t� (� � 1) + (�1)�

 
n� 1
� � 1

!
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#
+

+ a[
; �]

"
(�1)


 
n� 1

 � 1

!
(t� (� � 1))� (�1)�

 
n� 1
� � 1

!
(t� (
 � 1))

#
= 0: (50)

�à ¢­¥­¨¥ (50) | íâ® ãà ¢­¥­¨¥ ¯¥à¢®£® ¯®àï¤ª  ®â­®á¨â¥«ì­® t. � ª¨¬ ®¡à §®¬, ¥£® ª®íä-
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ä¨æ¨¥­âë ¯à¨ t ¨ t0 ¤®«¦­ë à ¢­ïâìáï ­ã«î, ®âªã¤  á«¥¤ã¥â
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](�1)�
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n� 1

 � 1
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n� 1
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!#
= 0 (51)

¨

a[1; 
](�1)�
 
n� 1
� � 1

!
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)� aikl[1; �](�1)




 
n� 1

 � 1

!
(1� �) +
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 � 1

!
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n� 1
� � 1

!
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#
= 0: (52)

�à ¢­¥­¨ï (51) ¨ (52) ®â­®á¨â¥«ì­® a[�; �] ¨¬¥îâ â ª®© ¦¥ ¢¨¤, ª ª ãà ¢­¥­¨ï (23) ¨ (24)
®â­®á¨â¥«ì­® aikl[�; �]. � ª¨¬ ®¡à §®¬, ¯à¨¬¥­ïï â® ¦¥ ¤®ª § â¥«ìáâ¢®, ª®â®à®¥ ¡ë«® ¨á¯®«ì-
§®¢ ­® ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, ¨§ (51), (52) ¨ (44) ¯®«ãç¨¬ a[�; �] = 0, �; � = 1; : : : ; n;
n > 3, � 6= �.

�®£« á­® § ¬¥ç ­¨î, á¤¥« ­­®¬ã ¢ x 4, íâ® ®§­ ç ¥â, çâ® ª®®à¤¨­ â­ ï âª ­ì W (n+ 1; n; 1),
n > 3, r > 1, âª ­¨ â¨¯  � £à ­¦  LLW (n; 1) ¯ à ««¥«¨§ã¥¬ .

�«¥¤áâ¢¨¥ 3. � à ¬¥âà t ¯®áâ®ï­¥­ ­  âª ­¨ â¨¯  � £à ­¦  LLWt(n; 1), n > 3.

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥­¨¥ á«¥¤ã¥â ¨§ ãà ¢­¥­¨© (46) ¨ (49).

�¥®à¥¬  6. �ª ­ì â¨¯  � £à ­¦  LLWt(n; 1), n > 3, ¯ à ««¥«¨§ã¥¬  ¨ ï¢«ï¥âáï ¯ à «-

«¥«¨§ã¥¬®© âª ­ìî � £à ­¦  LWt(n; 1) á £®«®­®¬­®© ª®®à¤¨­ â­®© âª ­ìî W (n+ 1; n; 1).

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® ¯¥à¢ë¥ n á«®¥­¨© (n + 1)-âª ­¨-¯à¥¤áâ ¢¨â¥«ï âª -
­¨ LLWt(n; 1) ®¯à¥¤¥«¥­ë ¯ à ¬¥âà ¬¨ s�, £¤¥ ¬­®¦¥áâ¢® fs�g ®â«¨ç­® ®â ¬­®¦¥áâ¢  ft�g =
f0; 1; : : : ; n � 1g. �¡®§­ ç¨¬ ä®à¬ë !(s�) ç¥à¥§ �� ¨ ¯®«®¦¨¬ �n+1 = ��1 � � � � � �n. � á¨«ã
â¥®à¥¬ë 5 ª®®à¤¨­ â­ ï (n + 1)-âª ­ì W (n + 1; n; 1) âª ­¨ â¨¯  � £à ­¦  LLWt(n; 1), n > 3,
¯ à ««¥«¨§ã¥¬ . � ª¨¬ ®¡à §®¬, ¥¥ â¥­§®à ªàãç¥­¨ï ®¡à é ¥âáï ¢ ­ã«ì, ¨ áâàãªâãà­ë¥ ãà ¢-
­¥­¨ï (43) ¯à¨­¨¬ îâ ¢¨¤ d!� = !�^�, � = 1; 2; 3. �  ®á­®¢ ­¨¨ á«¥¤áâ¢¨ï 3 ¨ ãà ¢­¥­¨© (31) ¨
(8) ¨¬¥¥¬ d�� = �� ^ �. �®íâ®¬ã â¥­§®à ªàãç¥­¨ï (n+1)-âª ­¨-¯à¥¤áâ ¢¨â¥«ï âª ­¨ LLWt(n; 1)
®¡à é ¥âáï ¢ ­ã«ì,   á ¬  âª ­ì-¯à¥¤áâ ¢¨â¥«ì ï¢«ï¥âáï ¯ à ««¥«¨§ã¥¬®©. �®áª®«ìªã à áá¬ -
âà¨¢ ¥¬ ï (n+1)-âª ­ì-¯à¥¤áâ ¢¨â¥«ì ¯à®¨§¢®«ì­ , â® âª ­ì â¨¯  � £à ­¦  LLWt(n; 1), n > 3,
¯ à ««¥«¨§ã¥¬ . �­  ï¢«ï¥âáï ¯ à ««¥«¨§ã¥¬®© âª ­ìî � £à ­¦  LWt(n; 1) á £®«®­®¬­®© ª®-
®à¤¨­ â­®© âª ­ìî W (n+ 1; n; 1).

�«¥¤áâ¢¨¥ 4. �à¥¤¨ âª ­¥© â¨¯  � £à ­¦  LLWt(n; r), n � 2, r � 1, â®«ìª® âª ­¨
LLW (2; r), r � 1, ï¢«ïîâáï ­¥¯ à ««¥«¨§ã¥¬ë¬¨.
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