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�«ï à¥è¥­¨ï § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®£® ¯à®£à ¬¬¨à®¢ ­¨ï á § ¤ ­­®© â®ç­®áâìî ¢ [1] ¯à¥¤-
« £ «®áì ¬¨­¨¬¨§¨à®¢ âì æ¥«¥¢ãî äã­ªæ¨î ­  ¬­®¦¥áâ¢¥, ¯®£àã¦¥­­®¬ ¢ ¤®¯ãáâ¨¬®¥. �®£àã-
¦¥­­®¥ ¬­®¦¥áâ¢® ¤«ï § ¤ ç á ­¥à ¢¥­áâ¢ ¬¨ áâà®¨«®áì ¯ãâ¥¬ á¤¢¨£  £à ­¨æë ¤®¯ãáâ¨¬®£®
¬­®¦¥áâ¢ , ¯à¨ ª®â®à®¬ «î¡ ï ¨â¥à æ¨®­­ ï â®çª , ®ª § ¢è ïáï ¢ ¤®¯ãáâ¨¬®¬ ¬­®¦¥áâ¢¥,
ï¢«ï« áì ¯à¨¡«¨¦¥­­ë¬ á âà¥¡ã¥¬®© â®ç­®áâìî à¥è¥­¨¥¬ ¨áå®¤­®© § ¤ ç¨. � ®â«¨ç¨¥ ®â ¨§-
¢¥áâ­®£® ¬¥â®¤  ¬®¤¨ä¨æ¨à®¢ ­­ëå äã­ªæ¨© � £à ­¦  [2] ¯®«ãç¥­¨¥ ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï
¤®áâ¨£ ¥âáï â®«ìª® §  áç¥â à®áâ  èâà ä­®£® ¯ à ¬¥âà  ¤® § à ­¥¥ ®¯à¥¤¥«¥­­®© ¢¥«¨ç¨­ë,  
¯®£àã¦¥­­®¥ ¬­®¦¥áâ¢® ®áâ ¥âáï ­¥¨§¬¥­­ë¬ ¤® ª®­æ  ¯à®æ¥áá  ®¯â¨¬¨§ æ¨¨.

� ¤ ­­®© áâ âì¥  ¯¯à®ªá¨¬ æ¨ï ¤®¯ãáâ¨¬®£® ¬­®¦¥áâ¢  ¯à¥¤áâ ¢«ï¥â á®¡®© «¥¡¥£®¢® ¬­®-
¦¥áâ¢® äã­ªæ¨¨ èâà ä . �­  áâà®¨âáï â ª¨¬ ®¡à §®¬, çâ®¡ë «î¡ ï â®çª  ¬¨­¨¬ã¬  ¢á¯®¬®-
£ â¥«ì­®© äã­ªæ¨¨, ¯à¨­ ¤«¥¦ é ï à §­®áâ¨ ¤®¯ãáâ¨¬®£® ¬­®¦¥áâ¢  ¨ ¥£®  ¯¯à®ªá¨¬ æ¨¨,
ï¢«ï« áì à¥è¥­¨¥¬ á § ¤ ­­®© â®ç­®áâìî ¨áå®¤­®© § ¤ ç¨. �  íâ®¬ ¯à¨­æ¨¯¥ ¯®áâà®¥­ë ¤¢ 
 «£®à¨â¬  á à §«¨ç­ë¬¨ á¯®á®¡ ¬¨  ¯¯à®ªá¨¬ æ¨¨ ¤®¯ãáâ¨¬®£® ¬­®¦¥áâ¢ . � ª ¨ ¢ [1], ®æ¥­¥­
èâà ä­®© ª®íää¨æ¨¥­â, § ¢¥¤®¬® ®¡¥á¯¥ç¨¢ îé¨© ¯®¯ ¤ ­¨¥ ¨â¥à æ¨®­­®© â®çª¨ ¢ ¤®¯ãáâ¨-
¬®¥ ¬­®¦¥áâ¢®. �à¨ íâ®¬ ®á« ¡«¥­ë ãá«®¢¨ï, ­ « £ ¥¬ë¥ ­  æ¥«¥¢ãî äã­ªæ¨î ¨ ®£à ­¨ç¥­¨ï.
�à¥¤«®¦¥­ë â ª¦¥  «£®à¨â¬ë, ¤®¯ãáª îé¨¥ ­¥¯®«­ãî ¬¨­¨¬¨§ æ¨î ¢á¯®¬®£ â¥«ì­®© äã­ª-
æ¨¨.

1. �®áâ ­®¢ª  § ¤ ç¨. �á«®¢¨¥ �- ¯¯à®ªá¨¬¨àã¥¬®áâ¨

�ãáâì äã­ªæ¨¨ f(x), fi(x) ¤«ï i 2 I = f1; 2; : : : ;mg ®¯à¥¤¥«¥­ë, ­¥¯à¥àë¢­ë ¨ ¢ë¯ãª«ë
¢ n-¬¥à­®¬ ¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ Rn. �«ï «î¡®£® ç¨á«  � ®¯à¥¤¥«¨¬ ¬­®¦¥áâ¢® D(�) =
fx : x 2 Rn, g(x) + � � 0g, £¤¥ g(x) = maxffi(x), i 2 Ig. �ç¨â ¥âáï, çâ® ¬¨­¨¬ã¬ äã­ªæ¨¨ f(x)
­  ¬­®¦¥áâ¢¥ D(0) ¤®áâ¨£ ¥âáï. �®«®¦¨¬

f� = minff(x); x 2 D(0)g: (1)

�à¥¡ã¥âáï ¯® § ¤ ­­®¬ã ç¨á«ã " > 0 ­ ©â¨ â®çªã x0 2 X�
" = fx 2 D(0) : f(x)� f� � "g. �®çªã x0

¡ã¤¥¬ ­ §ë¢ âì "-à¥è¥­¨¥¬ § ¤ ç¨ ®âëáª ­¨ï (1). �áî¤ã ¤ «¥¥ áç¨â ¥âáï, çâ® ¬­®¦¥áâ¢® D(0)
ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �«¥©â¥à , â. ¥. fx : x 2 R, g(x) < 0g 6= ;.

�«ï ã¤®¡áâ¢  ¨§«®¦¥­¨ï à¥§ã«ìâ â®¢ áä®à¬ã«¨àã¥¬ ®¯à¥¤¥«¥­¨¥ (�; �; �)- ¯¯à®ªá¨¬ æ¨¨
äã­ªæ¨© ­  ®á­®¢¥ ¨§¢¥áâ­®£® ([3], c. 245) ¯®­ïâ¨ï �-à¥£ã«ïà­®áâ¨ ®£à ­¨ç¥­¨© ¢ § ¤ ç¥ ¬ â¥-
¬ â¨ç¥áª®£® ¯à®£à ¬¬¨à®¢ ­¨ï. � íâ®¬ ®¯à¥¤¥«¥­¨¨ ¨ ¯®á«¥¤ãîé¨å «¥¬¬ å ¡ã¤¥¬ áç¨â âì, çâ®
äã­ªæ¨ï '(x) ®¯à¥¤¥«¥­  ¢ Rn, ç¨á«® � â ª®¢®, çâ®

M(�) = fx : x 2 Rn; '(x) � �g 6= ;;

G | § ¤ ­­®¥ ¢ Rn ¬­®¦¥áâ¢®, M(�) \G 6= ; ¨, ª ª ®¡ëç­®, �(x;M(�)) = inf
y2M(�)

kx� yk.
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�¯à¥¤¥«¥­¨¥. �ã­ªæ¨î

 (x) =

(
'(x) 8x 2M(�) \G;

��(x;M(�)) + � 8x 2 G nM(�); � > 0;
(2)

¡ã¤¥¬ ­ §ë¢ âì (�; �; �)- ¯¯à®ªá¨¬¨àãîé¥© á­¨§ã § ¤ ­­ãî äã­ªæ¨î '(x),   äã­ªæ¨î '(x) |
(�; �; �)- ¯¯à®ªá¨¬¨àã¥¬®© á­¨§ã ­  ¬­®¦¥áâ¢¥ G, ¥á«¨

 (x) � '(x) 8x 2 G: (3)

�ª ¦¥¬ ¤®áâ â®ç­ë¥ ãá«®¢¨ï (�; �; �)- ¯¯à®ªá¨¬¨àã¥¬®áâ¨ á­¨§ã ¤«ï ¢ë¯ãª«®© äã­ªæ¨¨
'(x).

�¥¬¬  1. �ãáâì äã­ªæ¨ï '(x) ®¯à¥¤¥«¥­ , ­¥¯à¥àë¢­  ¨ ï¢«ï¥âáï ¢ë¯ãª«®© ­  ¢ë¯ãª«®¬

¬­®¦¥áâ¢¥ G � Rn, ¤«ï ç¨á«  � ¬­®¦¥áâ¢® G \M(�) ®£à ­¨ç¥­® ¨ áãé¥áâ¢ã¥â â®çª  x 2 G
â ª ï, çâ® '(x) < �. �®£¤  ­ ©¤¥âáï ç¨á«® � = �(�) > 0 â ª®¥, çâ® ¤«ï äã­ªæ¨¨  (x),
®¯à¥¤¥«¥­­®© ãá«®¢¨¥¬ (2), ¡ã¤¥â ¢ë¯®«­ïâìáï ­¥à ¢¥­áâ¢® (3).

�®ª § â¥«ìáâ¢®. � âà¨¢¨ «ì­®¬ á«ãç ¥ G � M(�) áãé¥áâ¢®¢ ­¨¥ (�; �; �)- ¯¯à®ªá¨¬¨àã-
îé¥© äã­ªæ¨¨ ®ç¥¢¨¤­®. �ãáâì GnM(�) 6= ; ¨ x| ¯à®¨§¢®«ì­ ï â®çª  ¨§ GnM(�). �®áª®«ìªã
G | ¢ë¯ãª«®¥ ¬­®¦¥áâ¢®, â® �x+ (1� �)x 2 G ¤«ï ¢á¥å � 2 (0; 1). � ª ª ª '(x) > �, â® ¢ á¨«ã
­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ '(x) ­ ©¤¥âáï â ª®¥ � 2 (0; 1), çâ® ¢ â®çª¥ y = �x + (1 � �)x, £¤¥
� = ky�xk

kx�xk
, ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

'(y) = �; (4)

¯à¨ íâ®¬ ¨§ ãá«®¢¨ï ¢ë¯ãª«®áâ¨ äã­ªæ¨¨ '(x) ­  ¬­®¦¥áâ¢¥ G ¢ëâ¥ª ¥â ­¥à ¢¥­áâ¢® '(y) �
�'(x) + (1� �)'(x). �âáî¤  á ãç¥â®¬ (4) '(x) � 1��

�
(�� '(x)) + �. � ª ª ª 1��

�
= kx�yk

ky�xk
, â®

'(x) �
�� '(x)
ky � xk

kx� yk+ �: (5)

�®áª®«ìªã y; x 2 G\M(�), â® ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® ky�xk � d, £¤¥ d | ¤¨ ¬¥âà ª®¬¯ ªâ 
G \M(�). �à®¬¥ â®£®, ky � xk � �(x;M(�)). �§ (5) á«¥¤ã¥â ­¥à ¢¥­áâ¢® (3) ¯à¨ äã­ªæ¨¨  (x),
®¯à¥¤¥«¥­­®© ãá«®¢¨¥¬ (2) á � = ��'(x)

d
> 0.

�«¥¤áâ¢¨¥. �ãáâì ¤«ï äã­ªæ¨¨ '(x), ¬­®¦¥áâ¢  G � Rn ¨ ç¨á«  � ¢ë¯®«­ïîâáï ãá«®¢¨ï
«¥¬¬ë 1. �®£¤  ¤«ï «î¡®£® �0 > � ­ ©¤¥âáï ç¨á«® �0 = �(�0) > 0 â ª®¥, çâ® äã­ªæ¨ï '(x) ¡ã¤¥â
(�; �0; �0)- ¯¯à®ªá¨¬¨àã¥¬®© á­¨§ã ­  G.

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, â. ª. ¢ á¨«ã ãá«®¢¨© «¥¬¬ë 1 áãé¥áâ¢ã¥â â®çª  x 2 G
â ª ï, çâ® '(x) < �, â® '(x) < �0. � á¨«ã ®£à ­¨ç¥­­®áâ¨ ¬­®¦¥áâ¢  G \M(�) ¨ ¢ë¯ãª«®áâ¨
äã­ªæ¨¨ '(x) ¤«ï «î¡®£® �0 > � ¬­®¦¥áâ¢® G \M(�0) ®£à ­¨ç¥­®. �®£¤  ¯® «¥¬¬¥ 1 ­ ©¤¥âáï
ç¨á«® �0 = �(�0) > 0 â ª®¥, çâ® '(x) � �0�(x;M(�0)) + �0 ¤«ï x 2 G nM(�0).

� ¬¥ç ­¨¥. �¤¥áì ¡ë«  ¨á¯®«ì§®¢ ­  áå¥¬  ¤®ª § â¥«ìáâ¢  ¨§¢¥áâ­®© «¥¬¬ë ([3], c. 246)
®¡ ãá«®¢¨ïå �-à¥£ã«ïà­®áâ¨ ®£à ­¨ç¥­¨© ¢ § ¤ ç¥ ¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ­¨ï. �® «¥¬¬  1
¬®¦¥â ¡ëâì ¨á¯®«ì§®¢ ­  ¡¥§®â­®á¨â¥«ì­® ª § ¤ ç¥ ¯à®£à ¬¬¨à®¢ ­¨ï ¨ ¬­®¦¥áâ¢® G ¬®¦¥â
¡ëâì ­¥®£à ­¨ç¥­­ë¬. � ¯à¨¬¥à, G ¬®¦¥â ¡ëâì ¯«®áª®áâìî «î¡®© à §¬¥à­®áâ¨ ¢ Rn ¨«¨ á®-
¢¯ ¤ âì á Rn. � ¯¥à¢®¬ á«ãç ¥ «¥¬¬ã 1 ¢®§¬®¦­® ¡ã¤¥â ¨á¯®«ì§®¢ âì ¯à¨ ¨áá«¥¤®¢ ­¨¨ § ¤ ç
¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ­¨ï, ª®£¤  áà¥¤¨ ®£à ­¨ç¥­¨© ¥áâì «¨­¥©­ë¥ ãà ¢­¥­¨ï,   ¢® ¢â®-
à®¬ «¥¬¬  1 ¤ ¥â ãá«®¢¨ï (�; �; �)- ¯¯à®ªá¨¬¨àã¥¬®áâ¨ á­¨§ã ¢ë¯ãª«®© ¢ Rn äã­ªæ¨¨ ­  ¢á¥¬
¯à®áâà ­áâ¢¥ Rn.

�¥¬¬  2. �ãáâì äã­ªæ¨ï '(x) ­¥¯à¥àë¢­  ¨ ¢ë¯ãª«  ­  Rn. �á«¨ äã­ªæ¨ï '(x) ï¢«ï¥âáï
(�; �; �)- ¯¯à®ªá¨¬¨àã¥¬®© á­¨§ã ­  G � Rn, â® äã­ªæ¨ï {(x) = �'(x), 0 < � � 1, ¡ã¤¥â
(�; ��; �0)- ¯¯à®ªá¨¬¨àã¥¬®© á­¨§ã ­  G ¯à¨ �0 � �.
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�®ª § â¥«ìáâ¢®. �ãáâì �0 � �, E(�0) = fx : x 2 Rn, {(x) � �0g. �á«¨ G 2 M(�0), â® áãé¥-
áâ¢®¢ ­¨¥ (�; ��; �0)- ¯¯à®ªá¨¬¨àãîé¥© äã­ªæ¨¨ ®ç¥¢¨¤­®. � ¯à®â¨¢­®¬ á«ãç ¥ ¯à®¨§¢®«ì­®
¢ë¡¥à¥¬ â®çªã x0 2 G n E(�0). �®£¤ 

M(�) � E(�0) (6)

¨ x0 =2M(�). �ãáâì xp | ¯à®¥ªæ¨ï â®çª¨ x0 ­  ¬­®¦¥áâ¢® M(�). �®£¤ 

'(xp) = �: (7)

� ª ª ª x0 =2 E(�0), â®, ãç¨âë¢ ï (7), ¨¬¥¥¬

'(x0) >
�0

�
�
�

�
� � = '(xp): (8)

�à¨ � = 1, �0 = � äã­ªæ¨ï {(x) ¡ã¤¥â ¯® ãá«®¢¨ï¬ «¥¬¬ë (�; ��; �0)- ¯¯à®ªá¨¬¨àã¥¬®© á­¨§ã ­ 
G. � ¯à®â¨¢­®¬ á«ãç ¥ å®âï ¡ë ®¤­® ¨§ ­¥áâà®£¨å ­¥à ¢¥­áâ¢ ¢ æ¥¯®çª¥ (8) ¡ã¤¥â ¢ë¯®«­ïâìáï
ª ª áâà®£®¥ ¨ '(x0) > �0

�
> '(xp). � ª ª ª '(x) | ­¥¯à¥àë¢­ ï äã­ªæ¨ï, â® ¢­ãâà¨ ®âà¥§ª ,

á®¥¤¨­ïîé¥£® â®çª¨ x0, xp, ­ ©¤¥âáï â ª ï â®çª  y, çâ®

'(y) =
�0

�
: (9)

�â® §­ ç¨â, çâ® ­ ©¤¥âáï â ª®¥ ç¨á«® � 2 (0; 1), ¤«ï ª®â®à®£® y = �xp + (1� �)x0, £¤¥

� =
ky � x0k

kxp � x0k
=

ky � x0k

�(x0;M(�))
: (10)

� ª ª ª '(x) | ¢ë¯ãª« ï ­  Rn äã­ªæ¨ï, â® '(y) � �'(xp) + (1 � �)'(x0). �âáî¤ , ãç¨âë¢ ï
(7), (9) ¨ (10), ¯®«ãç¨¬

'(x0) �
ky � x0k

�(x0;M(�))
('(x0)� �) +

�0

�
: (11)

�® ãá«®¢¨î «¥¬¬ë '(x) � ��(x;M(�)) + � ¤«ï ¢á¥å x 2 G nM(�),   ¢ á¨«ã (6) â¥¬ ¡®«¥¥ íâ®
­¥à ¢¥­áâ¢® ¢ë¯®«­ï¥âáï ¤«ï ¢á¥å x 2 G nE(�0), â. ¥.

'(x) � ��(x;M(�)) + � 8x 2 G n E(�0): (12)

� ç áâ­®áâ¨, ­¥à ¢¥­áâ¢® (12) ¢ë¯®«­ï¥âáï ¤«ï x = x0. �®£¤ , ãá¨«¨¢ ï ­¥à ¢¥­áâ¢® (11) ¯®¤-
áâ ­®¢ª®© ¢¬¥áâ® '(x0) ¢ ¯à ¢®© ç áâ¨ ç¨á«  ��(x0;M(�)) + �, ¯®«ãç¨¬

'(x0) � �kx0 � yk+
�0

�
: (13)

� á¨«ã (9) ¢ë¯®«­ï¥âáï ¢ª«îç¥­¨¥ y 2 E(�0). �®£¤  kx0 � yk � �(x0; E(�0)) ¨ ¨§ (13) á«¥¤ã¥â
­¥à ¢¥­áâ¢® �'(x0) � ���(x0; E(�0)) + �0. � ª¨¬ ®¡à §®¬, ¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨ ¢ë¡®à  x0 2
G nE(�0) ¬®¦­® ¯®áâà®¨âì äã­ªæ¨î �(x),  ¯¯à®ªá¨¬¨àãîéãî äã­ªæ¨î {(x) ¯® ¯à ¢¨« ¬ (2),
(3) á ¯ à ¬¥âà ¬¨ �, �0 > �.

�¡à â¨¬ ¢­¨¬ ­¨¥ ­  ç áâ­ë© á«ãç © � = 1 ¢ «¥¬¬¥ 2. � íâ®¬ á«ãç ¥ E(�) = M(�).
� ®â«¨ç¨¥ ®â á«¥¤áâ¢¨ï ª «¥¬¬¥ 1 ¢ «¥¬¬¥ 2 ­¥ âà¥¡ã¥âáï ¢ë¯®«­¥­¨¥ ãá«®¢¨© «¥¬¬ë 1.
�«ï á¯à ¢¥¤«¨¢®áâ¨ ãâ¢¥à¦¤¥­¨ï «¥¬¬ë 2 ¤®áâ â®ç­®, çâ®¡ë áãé¥áâ¢®¢ «  äã­ªæ¨ï, (�; �; �)-
 ¯¯à®ªá¨¬¨àãîé ï á­¨§ã äã­ªæ¨î '(x), ¨ ­¥¢ ¦­®, ª ª ®­  ¡ë«  ¯®áâà®¥­ . �ë¯®«­¥­¨¥ ãá«®-
¢¨ï '(x) � ��(x;M(�0))+�0 ¤«ï ¢á¥å x 2 G nM(�) ¯à¨ «î¡®¬ �0 > � ¨ ¯®áâ®ï­­®¬ §­ ç¥­¨¨ ¯ -
à ¬¥âà  � ­¥ ï¢«ï¥âáï ¯à®â¨¢®à¥ç¨¢ë¬. �à¨ à®áâ¥ ¯ à ¬¥âà  � ¬­®¦¥áâ¢® M(�) à áè¨àï¥âáï,
¢ëç¨á«ï¥âáï äã­ªæ¨ï '(x) ¯® ¯à ¢¨«ã (2),   ¯à¨ ¤®áâ â®ç­® ¡®«ìè®¬ � ®ª ¦¥âáï G nM(�) = ;
¨ ¯®áâà®¥­¨¥ äã­ªæ¨¨  (x) á¢®¤¨âáï ª ­¥¨­â¥à¥á­®¬ã á ¯à ªâ¨ç¥áª®© â®çª¨ §à¥­¨ï á«ãç î
 (x) = '(x).
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2. �«£®à¨â¬ë ­  ®á­®¢¥ èâà ä­®© äã­ªæ¨¨,
¯®áâà®¥­­®© ¯® ¯®£àã¦¥­­®¬ã ¬­®¦¥áâ¢ã

�ãáâì y = (y1; y2; : : : ; ym) 2 Rm, R�m = fy : yi � 0 8i = 1; : : : ;mg. � Rm ®¯à¥¤¥«¨¬ ¢ë¯ãª«ãî
äã­ªæ¨î P (y) â ª, çâ®

y 2 R�m =) P (y) = 0; y =2 R�m =) P (y) > 0: (14)

�¡®§­ ç¨¬ V (x) = P (f1(x) + p; : : : ; fm(x) + p) ¨ A(�) = fx 2 Rn : V (x) � �, � � 0g. �ç¨âë¢ ï
(14), «¥£ª® § ¬¥â¨âì, çâ® V (x) = 0 ¯à¨ x 2 A(0) ¨ V (x) > 0 ¯à¨ x =2 A(0).

� ª ª ª A(0) = D(p), â® ¯à¨ p > 0 ¬­®¦¥áâ¢® A(0) ï¢«ï¥âáï ¯®£àã¦¥­­ë¬ ¢ D(0), ¯à¨ç¥¬
D(0) ï¢«ï¥âáï ®ªà¥áâ­®áâìî ¬­®¦¥áâ¢  A(0).

�ãáâì ç¨á«® p 2 (0; � inffg(x); x 2 Rng).

�¥¬¬  3. �­®¦¥áâ¢® D(p) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �«¥©â¥à  ¯à¨ p < �p.

�®ª § â¥«ìáâ¢®. � á¨«ã ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ g(x) ­ ©¤¥âáï â®çª  y â ª ï, çâ® g(y) = p.
� ª ª ª p < �p, â® y 2 D(p) ¨ g(y) + p < 0.

�áî¤ã ¤ «¥¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¢ë¯®«­¥­ë
ãá«®¢¨¥ a) äã­ªæ¨ï f(x) ã¤®¢«¥â¢®àï¥â ­  ¬­®¦¥áâ¢¥ X�

" ãá«®¢¨î �¨¯è¨æ  á ª®­áâ ­â®© L;
ãá«®¢¨¥ b) áãé¥áâ¢ãîâ ç¨á«  �0 2 (0; p) ¨ f > min

x2D(�0)
f(x), ¬­®¦¥áâ¢® D(�0)\Q(f) ®£à ­¨ç¥­®,

£¤¥ Q(t) = fx 2 Rn : f(x) � tg.
�¡®§­ ç¨¬ ç¥à¥§ intD(�0) ¢­ãâà¥­­®áâì ¬­®¦¥áâ¢  D(�0),   ç¥à¥§ bdD(�0) | ¥£® £à ­¨æã.

�¥¬¬  4. �«ï ç¨á«  �0 ­ ©¤¥âáï � = �(��0) â ª®¥, çâ® äã­ªæ¨ï g(x) ¡ã¤¥â (�; �;��0)-
 ¯¯à®ªá¨¬¨àã¥¬®© á­¨§ã ­  ¬­®¦¥áâ¢¥ Q(f).

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ® áãé¥áâ¢ã¥â â®çª  x 2 intD(�0) â ª ï, çâ® f(x) � f . �á«¨
íâ® ­¥ â ª, â®

f(x) > f 8x 2 intD(�0): (15)

�ë¡¥à¥¬ ¯à®¨§¢®«ì­ãî â®çªã x0 2 bdD(�0). �­  ï¢«ï¥âáï ¯à¥¤¥«ì­®© â®çª®© ­¥ª®â®à®© ¯®á«¥-
¤®¢ â¥«ì­®áâ¨ fxkg1k=0, £¤¥ xk 2 intD(�0). �®£¤  ¯® (15) f(xk) > f ¤«ï ¢á¥å k � 0. �âáî¤  ¨ ¨§
­¥¯à¥àë¢­®áâ¨ f(x) ¯®«ãç¨¬

f(x0) = lim
k!1

f(xk) � f: (16)

�«¥¤®¢ â¥«ì­®, ¢ á¨«ã ¯à®¨§¢®«ì­®£® ¢ë¡®à  â®çª¨ x0 2 bdD(�0) ¨§ (15) ¨ (16) ­¥à ¢¥­áâ¢®
f(x) � f ¢¥à­® ¤«ï ¢á¥å x 2 D(�0). �®£¤  ¯® ®¯à¥¤¥«¥­¨î ãá«®¢­®£® ¬¨­¨¬ã¬  f = minff(x),
x 2 D(�0)g, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î b). �ãé¥áâ¢®¢ ­¨¥ â®çª¨ x 2 intD(�0) \Q(f) ¤®ª § ­®.

�ãáâì â®çª  ex â ª ï, çâ® g(ex) = �p. �®£¤  ¯® ãá«®¢¨î b) ¨§ ­¥à ¢¥­áâ¢  �0 < p á«¥¤ã¥â
g(ex) + �0 < 0. �âáî¤  ¢ á¨«ã ¢ë¯ãª«®áâ¨ äã­ªæ¨¨ g(x) ¯®«ãç¨¬ g(x) + �0 < 0 ¤«ï ¢á¥å x 2
intD(�0).

� ª¨¬ ®¡à §®¬, áãé¥áâ¢ã¥â â®çª  x 2 Q(f) â ª ï, çâ® g(x) + �0 < 0.
�®£¤  ãá«®¢¨ï «¥¬¬ë 1 ¢ë¯®«­ïîâáï ¤«ï '(x) = g(x), G = Q(f), � = ��0;M(�) = D(�0), â. ¥.

¬®¦­® ¯®áâà®¨âì äã­ªæ¨î

d(x) =

(
g(x) 8x 2 D(�0) \Q(f);

��(x;D(�0))� �0 8x 2 Q(f) nD(�0); � > 0;

â ªãî, çâ® d(x) � g(x) ¤«ï ¢á¥å x 2 Q(f).
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�¢¥¤¥¬ ¢á¯®¬®£ â¥«ì­ãî äã­ªæ¨î

F (x;C) = f(x) + CV (x); C > 0; (17)

¨ ¬­®¦¥áâ¢®  à£ã¬¥­â®¢ ¥¥ ¬¨­¨¬ã¬ 

X(C) = ArgminfF (x;C); x 2 Rng: (18)

�®áà¥¤áâ¢®¬ x(C) ®¡®§­ ç¨¬ â®çª¨ ¬­®¦¥áâ¢  X(C); â®çª  x� 2 Argminff(x); x 2 D(0)g.
�§¢¥áâ­®, çâ® äã­ªæ¨ï x(C) ­¥¯à¥àë¢­  ¯® C > 0 ([4], c. 25), f(x(C)) ­¥ ã¡ë¢ ¥â,   V (x(C))

­¥ ¢®§à áâ ¥â ¯® C > 0 ([5], c. 38). �¡¥¤¨¬áï, çâ®

f(x(C))� f� � C(V (x�)� V (x(C))): (19)

�¥©áâ¢¨â¥«ì­®, ¢ á¨«ã (18) ¢¥à­® ­¥à ¢¥­áâ¢® F (x(C); C) � F (x�; C). �âáî¤  f(x(C)) +
CV (x(C)) � f� + CV (x�), çâ® íª¢¨¢ «¥­â­® ­¥à ¢¥­áâ¢ã (19).

�¡®¡é ¥â à¥§ã«ìâ âë, ¯®«ãç¥­­ë¥ ¢ [6] ¤«ï «¨­¥©­ëå § ¤ ç,

�¥®à¥¬  1. �ãáâì ç¨á«® 0 � p � minf "�
L
; �0g. �®£¤  «î¡ ï â®çª  x(C) 2 D(0) ï¢«ï¥âáï

"-à¥è¥­¨¥¬ § ¤ ç¨ (1).

�®ª § â¥«ìáâ¢®. �­®¦¥áâ¢® D(p) ­¥ ¯ãáâ®, â. ª. p � �0 < p ¨ D(p) � D(p). �ãáâì xp |
¯à®¥ªæ¨ï â®çª¨ x� ­  ¬­®¦¥áâ¢® D(p). � ª ª ª f(xp) � f� ¨ æ¥«¥¢ ï äã­ªæ¨ï ã¤®¢«¥â¢®àï¥â
ãá«®¢¨î �¨¯è¨æ , â®

0 � f(xp)� f� � Lkxp � x�k; (20)

£¤¥ L | ª®­áâ ­â  �¨¯è¨æ . �á«¨ x� 2 D(p), â® kxp � x�k = 0 ¨

f(xp)� f� = 0 < ": (21)

�­ ç¥, ãç¨âë¢ ï D(�0) � D(0) ¨ f(x�) � minff(x); x 2 D(�0)g < f , çâ® á¯à ¢¥¤«¨¢® ¢ á¨«ã
ãá«®¢¨ï b), ¨¬¥¥¬ ¢ª«îç¥­¨¥ x� 2 Q(f) nD(p).

� ª ª ª ¯® «¥¬¬¥ 4 äã­ªæ¨ï g(x) ï¢«ï¥âáï (�; �;��0)- ¯¯à®ªá¨¬¨àã¥¬®© á­¨§ã ­  ¬­®¦¥áâ¢¥
Q(f) ¨ �p � ��0, â® ¯® «¥¬¬¥ 2 äã­ªæ¨ï g(x) ï¢«ï¥âáï (�; �;�p)- ¯¯à®ªá¨¬¨àã¥¬®© á­¨§ã ­ 
¬­®¦¥áâ¢¥ Q(f), â. ¥. ­¥à ¢¥­áâ¢® g(x) + p � ��(x;D(p)) ¢ë¯®«­ï¥âáï ¤«ï ¢á¥å x 2 Q(f) nD(p).
� ç áâ­®áâ¨, ®­® ¢ë¯®«­ï¥âáï ¨ ¤«ï x�. �«¥¤®¢ â¥«ì­®,

g(x�) + p � ��(x�;D(p)) = �kx� � xpk; (22)

â. ª. xp | ¯à®¥ªæ¨ï â®çª¨ x� ­ D(p). �®£¤  kx��xpk �
g(x�)+p

�
. � á¨«ã (20), ­¥à ¢¥­áâ¢  g(x�) � 0

¨ ãá«®¢¨© «¥¬¬ë ¢¥à­ë ­¥à ¢¥­áâ¢ 

f(xp)� f� � L
g(x�) + p

�
�
Lp

�
�
L

�

"�

L
= ": (23)

�âáî¤  ¨ ¨§ (21) ¯®«ãç¨¬, çâ® f(xp) � f� � " ­¥§ ¢¨á¨¬® ®â ¢ª«îç¥­¨ï â®çª¨ x� ¢ ¬­®¦¥áâ¢®
D(p).

� ª ¨§¢¥áâ­® ([7], c. 9), ¢ ¬¥â®¤¥ ¢­¥è­¨å èâà ä®¢ á® ¢á¯®¬®£ â¥«ì­ë¬¨ äã­ªæ¨ï¬¨ ¢¨¤ 
(17) â®çª¨ x(C) ­¥ ¯à¨­ ¤«¥¦ â ¢­ãâà¥­­®áâ¨ ¬­®¦¥áâ¢  D(p). �®£¤  ¨§ (23) ¨ ­¥ã¡ë¢ ­¨ï
äã­ªæ¨¨ f(x(C)) ¯® C > 0 ¨¬¥¥¬ æ¥¯®çªã ­¥à ¢¥­áâ¢

f(x(C))� f� � min
x2D(p)

f(x)� f� � f(xp)� f� � ": �

�¥®à¥¬  1 ¤ ¥â «¥£ª® ¯à®¢¥àï¥¬ë© ªà¨â¥à¨© ®áâ ­®¢ª¨ ¢ ¬¥â®¤¥ èâà ä®¢. �¨­¨¬¨§ æ¨ï
æ¥«¥¢®© äã­ªæ¨¨ ­  ¯®£àã¦¥­­®¬ ¬­®¦¥áâ¢¥ D(p) ¯®§¢®«ï¥â ¯®«ãç¨âì ¢ª«îç¥­¨¥ x(C) 2 D(0)
¯à¨ ª®­¥ç­®¬ §­ ç¥­¨¨ ¯ à ¬¥âà  C, ¤ ¦¥ ¥á«¨ äã­ªæ¨ï èâà ä  V (x) ­¥ ï¢«ï¥âáï â®ç­®©.

40



�¥®à¥¬  2. �ãáâì 0 � p � �0. �®£¤  ­¥à ¢¥­áâ¢®

C �
Lp

V (x(C))�
(24)

¢ë¯®«­ï¥âáï ¤«ï ¢á¥å C > 0 â ª¨å, çâ® x(C) 2 D(0).

�®ª § â¥«ìáâ¢®. � ª ª ª p � �0, â® D(p) � D(�0) ¨ minff(x), x 2 D(p)g � minff(x),
x 2 D(�0)g. �®£¤  ¨§ ­¥ã¡ë¢ ­¨ï äã­ªæ¨¨ f(x(C)) ¯® C > 0 ¨ ãá«®¢¨ï b) á«¥¤ã¥â æ¥¯®çª 
­¥à ¢¥­áâ¢

f(x(C)) � minff(x); x 2 D(p)g � minff(x); x 2 D(�0)g < f;

çâ® ®§­ ç ¥â ¢ª«îç¥­¨¥ x(C) 2 Q(f).
�á«¨ x(C) 2 D(p), â® V (x(C)) = 0 ¨ ­¥à ¢¥­áâ¢® (24) ¢ë¯®«­ï¥âáï. �­ ç¥ x(C) 2 Q(f)nD(p).
�ãáâì x0 | ¯à®¥ªæ¨ï â®çª¨ x(C) ­  ¬­®¦¥áâ¢® D(p). � ª ª ª �p � ��0, â® ¯® «¥¬¬¥ 2

äã­ªæ¨ï g(x) ï¢«ï¥âáï (�; �;�p)- ¯¯à®ªá¨¬¨àã¥¬®© á­¨§ã ­  ¬­®¦¥áâ¢¥ Q(f). �®£¤ 

g(x(C)) + p � ��(x(C);D(p)) = �q; q = kx(C)� x0k:

� ª ª ª x(C) 2 D(0), â® g(x(C)) � 0 ¨

p � �q: (25)

�âáî¤  q � p=�. � ­¥à ¢¥­áâ¢¥ (25) ª ®¡¥¨¬ ç áâï¬ ¯à¨¡ ¢¨¬ V (x(C))�p ¨, ãç¨âë¢ ï V (x0) = 0,
¯®«ãç¨¬

V (x(C))� V (x0) � V (x(C)) + �q � p: (26)

� ª ª ª x(C) =2 D(p), â® q > 0. � §¤¥«¨¬ ­¥à ¢¥­áâ¢® (26) ­  q:

V (x(C))� V (x0)
q

� � +
V (x(C))� p

q
� � +

(V (x(C))� p)�
p

� � +
V (x(C))�

p
� � =

V (x(C))�
p

:
(27)

�ãáâì x = x(C)+ t(x(C)�x0), t � 0. �âáî¤  x(C) = t
t+1

V (x0)+ 1
t+1

V (x). � ª ª ª V (x) ¢ë¯ãª« ï,

â® V (x(C)) � t
t+1

V (x0) + 1
t+1

V (x) ¨ V (x)�V (x(C))

t
� V (x(C))� V (x0). �®£¤  á ãç¥â®¬ (27) ¯®«ãç¨¬

V (x)�V (x(C))
tq

� V (x(C))�
p

, â. ¥. V (x(C)+t(x(C)�x0))�V (x(C))
tq

� V (x(C))�
p

¯à¨ «î¡ëå t � 0. �«¥¤®¢ â¥«ì­®,

@V (x(C))

@ x(C)�x0
q

= lim
t!+0

V (x(C) + t(x(C)� x0))� V (x(C))
tq

�
V (x(C))�

p
:

�®«ãç¨«¨ kV 0(x(C))k � @V (x(C))

@
x(C)�x0

q

� V (x(C))�

p
, £¤¥ jV 0(x(C))j | £à ¤¨¥­â äã­ªæ¨¨ V (x) ¢ â®çª¥

x(C).
�§ ®¯à¥¤¥«¥­¨ï x(C) á«¥¤ã¥â, çâ® £à ¤¨¥­â F 0(x(C); C) = f 0(x(C)) + CV 0(x(C)) = 0 ¨ C =

kf 0(x(C))k

kV 0(x(C))k
� Lp

V (x(C))�
.

� ¤ ¤¨¬ ç¨á«® � � maxf� : A(�) � D(0)g. �ç¥¢¨¤­®, £à ­¨æë ¬­®¦¥áâ¢ A(�) ¨ D(0) ¨¬¥îâ
­¥ª®â®àãî ®¡éãî â®çªã z, ¢ ª®â®à®© g(z) = 0 ¨ V (z) = �. � ª ª ª ­ ©¤¥âáï ¨­¤¥ªá s 2 I
â ª®©, çâ® fs(z) = 0, â® ¯à¨ p > 0 ¢¥ªâ®à (f1(z) + p; : : : ; fm(z) + p) =2 R�m. �§ (14) á«¥¤ã¥â, çâ®
P (f1(z) + p; : : : ; fm(z) + p) > 0. �®£¤  ¯® ®¯à¥¤¥«¥­¨î � = V (z) > 0.

�ãáâì ¢áî¤ã ¤ «¥¥ ç¨á«® C > 0 â ª®¥, çâ® V (x(C)) = �. � ª ª ª � > 0 ¨ äã­ªæ¨ï V (x(C))
­¥¯à¥àë¢­  ¯® C > 0, â® ç¨á«® C áãé¥áâ¢ã¥â ¨ ª®­¥ç­®. �® â¥®à¥¬¥ 2 ¯à¨ p � �0 ¤«ï ç¨á«  C
¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® C � Lp

��
. �§ ­¥¢®§à áâ ­¨ï äã­ªæ¨¨ V (x(C)) ¯® C > 0 á«¥¤ã¥â, çâ®

V (x(C)) � � ¤«ï ¢á¥å C � C. �â® ®§­ ç ¥â, çâ® ¢ª«îç¥­¨¥ x(C) 2 A(�) � D(0) ¤®áâ¨£ ¥âáï ¯à¨
«î¡®¬ C � Lp

��
. �  íâ®¬ ä ªâ¥ ®á­®¢ ­
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�«£®à¨â¬ 1. � ¤ ¥âáï âà¥¡ã¥¬ ï â®ç­®áâì à¥è¥­¨ï " > 0, x0 2 Rn, ­ âãà «ì­®¥ ç¨á«®
N > 0. �ë¡¨à ¥âáï 0 < p � minf�"

L
; �0g, ¢®§à áâ îé ï äã­ªæ¨ï '(t) â ª ï, çâ® '(1) � 0,

'(N) � Lp
��
. �®« £ ¥âáï k = 1.

1. �ëç¨á«ï¥âáï Ck = '(k).
2. �ë¡¨à ¥âáï ¬¥â®¤ Ak ¡¥§ãá«®¢­®© ¬¨­¨¬¨§ æ¨¨, ®¡¥á¯¥ç¨¢ îé¨© ­ å®¦¤¥­¨¥ ¬¨­¨¬ã¬ 

äã­ªæ¨¨ F (Ck; x).
3. �¥â®¤®¬ Ak ®âëáª¨¢ ¥¬ x(Ck) 2 X(Ck).
4. �á«¨ x(Ck) 2 D(0), â® x(Ck) ï¢«ï¥âáï ¤®¯ãáâ¨¬ë¬ "-à¥è¥­¨¥¬ ¨áå®¤­®© § ¤ ç¨. �­ ç¥

á«¥¤ã¥â ¯¥à¥å®¤ ª ¯. 1 ¯à¨ k, § ¬¥­¥­­®¬ ­  k + 1.

�¥®à¥¬  3. �«£®à¨â¬ 1 ­ å®¤¨â ¤®¯ãáâ¨¬®¥ "-®¯â¨¬ «ì­®¥ à¥è¥­¨¥ § ¤ ç¨ (1) ­¥ ¡®«¥¥,
ç¥¬ ç¥à¥§ § ¤ ­­®¥ ª®«¨ç¥áâ¢® N ¨â¥à æ¨©.

�®ª § â¥«ìáâ¢®. � ª ª ª CN = '(N) � Lp
��
, â® ¯à¨ k = N ¢ª«îç¥­¨¥ x(Ck) 2 D(0) £ à ­-

â¨à®¢ ­­® ¤®áâ¨£ ¥âáï. �®£¤  ¯® â¥®à¥¬¥ 1 ¨§ ãá«®¢¨ï p � minf "�
L
; �0g á«¥¤ã¥â "-®¯â¨¬ «ì­®áâì

â®çª¨ x(CN).

�á«¨ ¯à¨ ¯®¤£®â®¢ª¥ ¢ëç¨á«¥­¨© ¯®  «£®à¨â¬ã 1 ¢ë¡à âì N = 1, â® '(N) = '(1) � Lp
��
, çâ®

£ à ­â¨àã¥â ¢ª«îç¥­¨¥ x(C1) 2 D(0). �â® ®§­ ç ¥â, çâ® à¥è¥­¨¥ á § ¤ ­­®© â®ç­®áâìî ¨áå®¤-
­®© § ¤ ç¨ ¡ã¤¥â ­ ©¤¥­® §  ®¤­ã ¨â¥à æ¨î ¬¥â®¤  èâà ä®¢. �®, ª ª ¨§¢¥áâ­® ¨ ®â¬¥ç «®áì
¢ [1], íâ® ¯à¨¢®¤¨â ª ¯«®å®© ®¡ãá«®¢«¥­­®áâ¨ ¬ âà¨æë ¢â®àëå ¯à®¨§¢®¤­ëå äã­ªæ¨¨ F (x;C1)
¢ ®¡« áâ¨ à¥è¥­¨ï. � â®çª¨ §à¥­¨ï ®¡é¥© âàã¤®¥¬ª®áâ¨ à¥è¥­¨ï ¨áå®¤­®© § ¤ ç¨ ¯à¨ ¯à ª-
â¨ç¥áª®© à¥ «¨§ æ¨¨  «£®à¨â¬  «ãçè¨¬ ®ª §ë¢ «áï ¢ë¡®à N ®â 3 ¤® 7 ¢ § ¢¨á¨¬®áâ¨ ®â â¨¯ 
§ ¤ ç¨. ��®«ìè¨¥ §­ ç¥­¨ï ¤«ï N ¨á¯®«ì§®¢ âì ­¥æ¥«¥á®®¡à §­® ¢á«¥¤áâ¢¨¥ ã¢¥«¨ç¥­¨ï ª®«¨-
ç¥áâ¢  ¢ëç¨á«¨¬ëå ¯à®æ¥¤ãà. �â¬¥â¨¬ â ª¦¥, çâ® ¯®¤®¡­ë¥ à ááã¦¤¥­¨ï ¢¥à­ë «¨èì ¢ â®¬
á«ãç ¥, ¥á«¨ ¯à¨ ®âëáª ­¨¨ minfF (x;Ck); x 2 Rng ¢ ª ç¥áâ¢¥ â®çª¨ ­ ç «ì­®£® ¯à¨¡«¨¦¥­¨ï
¢ë¡¨à âì à¥§ã«ìâ â ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨¨ F (x(Ck�1)).

� ç¨á«¥­­ëå íªá¯¥à¨¬¥­â å ¯®« £ «®áì '(t) = C
�N�t , £¤¥ � > 1. � é¥ ¢ë¡¨à «®áì � = 10.

�á«¨ ¢  «£®à¨â¬¥ âà¥¡ã¥âáï ï¢­® § ¤ âì ­ ç «ì­ë© ª®íää¨æ¨¥­â èâà ä , â® ¤®áâ â®ç­® ¯®«®-
¦¨âì � = ( C

C0
)
1
t .

� á«¥¤ãîé¥¬  «£®à¨â¬¥ ®áãé¥áâ¢«ï¥âáï ¤¢ãáâ®à®­­¥¥ ¯à¨¡«¨¦¥­¨¥ ª ¬­®¦¥áâ¢ã
D(0) nA(
�), £¤¥ 
 | ¯à®¨§¢®«ì­®¥ ç¨á«® ¨§ ¨­â¥à¢ «  (0; 1). �¯à¥¤¥«¥­­ë© ¢ë¡®à ç¨á«  p > 0
£ à ­â¨àã¥â "-®¯â¨¬ «ì­®áâì «î¡®© â®çª¨ x(C) 2 D(0) n A(
�).

�«£®à¨â¬ 2. �®¤£®â®¢¨â¥«ì­ë© è £. � ¤ ¥âáï âà¥¡ã¥¬ ï â®ç­®áâì à¥è¥­¨ï ". �ë¡¨à îâáï
ç¨á«  0 < 
 < 1, 0 < p � minf "�
�

L(V (x�)�
�)
; �0g, C0 �

Lp
�
�

, C0 = 0, 0 < � � � < 1. �®« £ ¥¬ k = 0.

1. � å®¤¨¬ Ck = �kCk + (1� �k)Ck, £¤¥ � � �k � �.
2. �ë¡¨à ¥âáï ¬¥â®¤ Ak ¡¥§ãá«®¢­®© ¬¨­¨¬¨§ æ¨¨, ®¡¥á¯¥ç¨¢ îé¨© ­ å®¦¤¥­¨¥ ¬¨­¨¬ã¬ 

äã­ªæ¨¨ F (Ck; x).
3. �¥â®¤®¬ Ak ®âëáª¨¢ ¥¬ x(Ck) 2 X(Ck).
4. �á«¨ x(Ck) 2 D(0) nA(
�), â® ¯à®æ¥áá ®ª®­ç¥­ ¨ x(Ck) ï¢«ï¥âáï "-à¥è¥­¨¥¬ § ¤ ç¨ (1).
5. �á«¨ x(Ck) 2 A(
�), â® ¯®« £ ¥¬ Ck+1 = Ck; Ck+1 = Ck. �­ ç¥ Ck+1 = Ck, Ck+1 = Ck.
6. �¥à¥å®¤¨¬ ª ¯. 1 ¯à¨ k, § ¬¥­¥­­®¬ ­  k + 1.

�¥®à¥¬  4. �á«®¢¨¥ ¯. 4  «£®à¨â¬  2 ¢ë¯®«­ï¥âáï ç¥à¥§ ª®­¥ç­®¥ ç¨á«® è £®¢ N , ¯à¨
íâ®¬ x(CN) 2 D(0) ¨

f(x(CN))� f� � ":

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® ­¥ áãé¥áâ¢ã¥â ­®¬¥à  N â ª®£®, çâ® â®çª  x(CN ) 2
D(0) n A(
�). �®£¤  ¨§ ­¥¢®§à áâ ­¨ï V (x(C)) ¯® C á«¥¤ã¥â, çâ® ¤«ï «î¡®£® k = 0; 1; : : : ¢ë-
¯®«­ïîâáï ­¥à ¢¥­áâ¢  V (x(Ck)) � 
� ¨ V (x(Ck)) � �. �ëçâ¥¬ ¯¥à¢®¥ ­¥à ¢¥­áâ¢® ¨§ ¢â®à®£®,
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¯®«ãç¨¬

V (x(Ck))� V (x(Ck)) � (1� 
)� > 0 8k = 0; 1; : : : (28)

�æ¥­¨¬ à §­®áâì èâà ä­ëå ª®íää¨æ¨¥­â®¢, ®á­®¢ë¢ ïáì ­  ¯. 1  «£®à¨â¬ 

Ck+1 �Ck+1 � maxfCk � Ck; Ck � Ckg =

= maxfCk � �kCk � Ck + Ck; �kCk + (1� �k)Ck � Ckg =

= maxf�k(Ck � Ck); (1 � �k)(Ck � Ck)g =

= maxf�k; 1� �kg(Ck � Ck) � maxf�; 1� �g(Ck � Ck):

� ª ª ª 0 < � � � < 1, â® ¬®¦­® ãª § âì â ª®¥ ç¨á«® b�, çâ® maxf�; 1 � �g < b� < 1. �®£¤ 
Ck+1 � Ck+1 <

b�(Ck � Ck) ¨ lim
k!1

(Ck � Ck) = 0. � á¨«ã ­¥¯à¥àë¢­®áâ¨ V (x(C)) ¯® C > 0 ¨¬¥¥¬

lim
k!1

(V (x(Ck))� V (x(Ck))) = 0, çâ® ¯à®â¨¢®à¥ç¨â ­¥à ¢¥­áâ¢ã (28).

�ãáâì ¤ «¥¥ ­®¬¥à N â ª®©, çâ® x(CN) 2 D(0) nA(
�), ¨ ç¨á«® C
 â ª®¥, çâ® V (x(C
)) = 
�.
�®£¤  V (x(CN)) � V (x(C
)) ¨ CN � C
 . �§ ­¥ã¡ë¢ ­¨ï äã­ªæ¨¨ f(x(C)) ¯® C > 0 á«¥¤ã¥â
­¥à ¢¥­áâ¢® f(x(CN)) � f(x(C
)). �âáî¤ , ¨§ (19) ¨ ¯® â¥®à¥¬¥ 2 ¢¥à­  ®æ¥­ª  f(x(CN))� f� �
f(x(C
))� f� � Lp

�V (x(C
))
(V (x�)� V (x(C
))) =

Lp
�
�

(V (x�)� 
�) � ".

� ª¨¬ ®¡à §®¬, à¥è¥­¨¥ á § ¤ ­­®© â®ç­®áâìî § ¤ ç¨ (1) ¬®¦­® á¢¥áâ¨ ª ­ å®¦¤¥­¨î â ª®£®
ç¨á«  C 0 > 0, ¯à¨ ª®â®à®¬ ¢¥à­ë ­¥à ¢¥­áâ¢ 


� � V (x(C 0)) � �: (29)

� ª ª ª V (x(C)) ­¥¯à¥àë¢­  ¨ ¬®­®â®­­® ­¥ ¢®§à áâ ¥â ¯® C > 0, â® ¤«ï ­ å®¦¤¥­¨ï §­ ç¥­¨ï
C 0, ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î (29), ¬®¦­® «î¡ë¬ ç¨á«¥­­ë¬ ¬¥â®¤®¬ à¥è¨âì ¯® C ãà ¢­¥­¨¥
V (x(C)) = 1+


2
� á â®ç­®áâìî 1�


2
� ¯® äã­ªæ¨®­ «ã. �à¨¢¥¤¥¬  «£®à¨â¬, ®á­®¢ ­­ë© ­  ¬¥â®¤¥

á¥ªãé¨å.

�«£®à¨â¬ 3. �®¤£®â®¢¨â¥«ì­ë© è £. � ¤ ¥âáï âà¥¡ã¥¬ ï â®ç­®áâì à¥è¥­¨ï " § ¤ ç¨ (1).
�ë¡¨à ¥âáï 0 < p � minf "�
�

L(V (x�)�
�)
; �0g, 0 � C0 <

Lp
�
�

, C1 �
Lp
��
. �î¡ë¬ ¬¥â®¤®¬ ¡¥§ãá«®¢­®©

¬¨­¨¬¨§ æ¨¨ ®âëáª¨¢ ¥âáï x(C0). �®« £ ¥¬ k = 1.

1. �ë¡¨à ¥âáï ¬¥â®¤ Ak ¡¥§ãá«®¢­®© ¬¨­¨¬¨§ æ¨¨, ®¡¥á¯¥ç¨¢ îé¨© ­ å®¦¤¥­¨¥ ¬¨­¨¬ã¬ 
äã­ªæ¨¨ F (Ck; x).

2. �¥â®¤®¬ Ak ®âëáª¨¢ ¥¬ x(Ck) 2 ArginffF (Ck; x); x 2 Rng.
3. �á«¨ x(Ck) 2 D(0) nA(
�), â® ¯à®æ¥áá ®ª®­ç¥­ ¨ x(Ck) ï¢«ï¥âáï "-à¥è¥­¨¥¬ § ¤ ç¨ (1).

4. � å®¤¨¬ Ck+1 =

+1
2 ��V (x(Ck))

V (x(Ck�1))�V (x(Ck))
(Ck�1 � Ck) + Ck.

5. �¥à¥å®¤¨¬ ª ¯. 1 ¯à¨ k, § ¬¥­¥­­®¬ ­  k + 1.

3. �«£®à¨â¬ë ­  ®á­®¢¥ èâà ä­®© äã­ªæ¨¨,
¯®áâà®¥­­®© ¯®  ¯¯à®ªá¨¬ æ¨¨ ¤®¯ãáâ¨¬®£® ¬­®¦¥áâ¢ 

� «¥¥ æ¥«¥¢ãî äã­ªæ¨î ¡ã¤¥¬ ¬¨­¨¬¨§¨à®¢ âì ¯à¨ ®£à ­¨ç¥­¨¨ V (x) � 
�, 0 < 
 < 1, â. ¥.
áâ ¢¨âáï § ¤ ç 

minff(x); x 2 A(
�); 0 < 
 < 1g: (30)

�ãáâì C
 > 0 â ª®¥, çâ® V (x(C
)) = 
�. � ª ª ª x(C
) 2 A(
�), â® minff(x), x 2 A(
�),
0 < 
 < 1g � f(x(C
)). �®£¤  ¨§ (19) ¯à¨ p � �0 ¯® â¥®à¥¬¥ 2

minff(x); x 2 A(
�)g�f� � f(x(C
))�f
� � C
(V (x

�)�V (x(C
))) �
Lp

V (x(C
))�
(V (x�)�V (x(C
))):

43



�¡®§­ ç¨¬ �V (x) = V (x�)�V (x)

V (x)
. �á«¨ p � "�

�V (x(C
))L
, â® à¥è¥­¨ï § ¤ ç (1) ¨ (30) ®â«¨ç îâáï ­¥

¡®«¥¥, ç¥¬ ­  ".
�ã¤¥¬ à¥è âì § ¤ çã (30) ¯à¨ ¯®¬®é¨ ¢á¯®¬®£ â¥«ì­®© äã­ªæ¨¨

F
(x;C) = f(x) + CV
(x); (31)

£¤¥ V
(x) = (V (x) � 
�)s+, s � 1, t+ = maxf0; tg. �ã­ªæ¨ï èâà ä  ¢ë¡à ­  ª®­ªà¥â­®£® ¢¨¤ ,
â. ª. ¤®¯ãáâ¨¬®¥ ¬­®¦¥áâ¢® § ¤ ç¨ (30) § ¤ ¥âáï «¨èì ®¤­¨¬ ®£à ­¨ç¥­¨¥¬.

�á«¨ ¯à¨­ïâì h(x) = V (x) � �, p
 = (1 � 
)�, â® V
(x) = (h(x) + p
)s+. � ª¨¬ ®¡à §®¬,
à¥§ã«ìâ âë â¥®à¥¬ë 2 «¥£ª® ¯¥à¥­®áïâáï ­  á«ãç © à¥è¥­¨ï á § ¤ ­­®© â®ç­®áâìî § ¤ ç¨
minff(x) : x 2 A(�)g ¯ãâ¥¬ ¯®£àã¦¥­¨ï ¥¥ ¤®¯ãáâ¨¬®£® ¬­®¦¥áâ¢ , § ¤ ¢ ¥¬®£® ®£à ­¨ç¥­¨¥¬
h(x) � 0, ­  ¢¥«¨ç¨­ã p
 .

�áî¤ã ¤ «¥¥ X
(C) = ArgminfF
(x;C) : x 2 Rng, â®çª  x
(C) 2 X
(C).

�¥®à¥¬  5. �ãáâì 0 < p � �0.�®£¤  ¢ª«îç¥­¨¥ x
(C) 2 A(�) ¤®áâ¨£ ¥âáï ¯à¨ ¢á¥å C �
Lp

�s(1�
)s�1�s
.

�®ª § â¥«ìáâ¢®. �ãáâì C > 0 â ª®¥, çâ® V (x
(C)) = �. �®£¤  ¨§ ­¥¢®§à áâ ­¨ï V
(x
(C))

¯® C > 0 á«¥¤ã¥â, çâ® ¤«ï ¢á¥å C � C ¢ë¯®«­ï¥âáï V
(x
(C)) � V
(x
(C)), â. ¥.

[V (x
(C))� 
�]s+ � [V (x
(C))� 
�]s+: (32)

� ª ¨§¢¥áâ­® ([7], c. 9), ¢ ¬¥â®¤¥ ¢­¥è­¨å èâà ä®¢ ¨â¥à æ¨®­­ë¥ â®çª¨ ­¥ ¯à¨­ ¤«¥¦ â ¢­ã-
âà¥­­®áâ¨ ¤®¯ãáâ¨¬®£® ¬­®¦¥áâ¢ , â. ¥. x
(C) =2 intA(
�) ¨ V (x
(C)) � 
� � 0. �®£¤  ¨§ (32)
¨¬¥¥¬ V (x
(C)) � V (x
(C)). �âáî¤  x
(C) 2 A(V (x
(C))) = A(�) � D(0) ¯à¨ «î¡®¬ C � C. �
íâ®¬ á«ãç ¥  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 2 ¨¬¥¥¬ kV 0(x
(C))k �

V (x
(C))�

p
. �âáî¤  «¥£-

ª® ¯®«ãç¨âì ¯®¤®¡­ãî ®æ¥­ªã ¤«ï ­®à¬ë £à ¤¨¥­â  èâà ä­®© äã­ªæ¨¨ V
(x): kV 0

(x
(C))k =

s(V (x
(C))�
�)
s�1
+ kV 0(x
(C))k � s(V (x
(C))�
�)

s�1
+

V (x
(C))�

p
. �®£¤  kV 0


(x
(C))k � s(V (x
(C))�


�)s�1+
V (x
(C))�

p
= s(� � 
�)s�1+

��
p
= s(1�
)s�1�s�

p
. �âáî¤  C = kf 0(x
(C))k

kV 0


 (x
(C))k
� Lp

s(1�
)s�1�s�
. �«¥¤®¢ -

â¥«ì­®, ¯à¨ C � Lp
s(1�
)s�1�s�

¨¬¥¥¬ C � C ¨ x
(C) 2 A(�).

�«£®à¨â¬ 4. � ¤ ¥âáï âà¥¡ã¥¬ ï â®ç­®áâì à¥è¥­¨ï " > 0. �ë¡¨à ¥âáï 0 < p �
minf "�

�V (x(C
))L
; �0g, ­ âãà «ì­®¥ ç¨á«® N > 0. � ¤ ¥¬ x0 2 Rn ¨ ¢®§à áâ îéãî äã­ªæ¨î '(t)

â ªãî, çâ® '(N) � Lp
�s(1�
)s�1�s

, '(1) � 0. �®« £ ¥¬ k = 1.

1. �ëç¨á«ï¥âáï Ck = '(k).
2. �ë¡¨à ¥âáï ¬¥â®¤ Ak ¡¥§ãá«®¢­®© ¬¨­¨¬¨§ æ¨¨, ®¡¥á¯¥ç¨¢ îé¨© ­ å®¦¤¥­¨¥ â®ç­®©

­¨¦­¥© £à ­¨ äã­ªæ¨¨ F
(x;Ck).
3. �¥â®¤®¬ Ak ®âëáª¨¢ ¥¬ x
(Ck) = ArgminfF
(x;Ck); x 2 Rng.
4. �á«¨ x
(Ck) 2 D(0), â® ¯à®æ¥áá ®ª®­ç¥­ ¨ x
(Ck) ï¢«ï¥âáï ¤®¯ãáâ¨¬ë¬ "-à¥è¥­¨¥¬ § -

¤ ç¨ (1). �­ ç¥, § ¬¥­ï¥¬ k ­  k + 1 ¨ ¯¥à¥å®¤¨¬ ª ¯. 1.

�¥®à¥¬  6. �®á«¥¤®¢ â¥«ì­®áâì fxkg, ¯®áâà®¥­­ ï ¯®  «£®à¨â¬ã 1, áå®¤¨âáï ª "-®¯â¨-
¬ «ì­®¬ã à¥è¥­¨î § ¤ ç¨ (1) ­¥ ¡®«¥¥, ç¥¬ §  N ¨â¥à æ¨©  «£®à¨â¬ .

�®ª § â¥«ìáâ¢®. �á«¨ ¯à¨ k < N ãá«®¢¨¥ ­  ¯. 4  «£®à¨â¬  ­¥ ¢ë¯®«­¨âáï, â® ¯à¨ k = N
èâà ä­®© ª®íää¨æ¨¥­â Ck � Lp

�s(1�
)s�1�s
¨ ¯® â¥®à¥¬¥ (5) xk 2 A(�) � D(0), çâ® ®§­ ç ¥â

®áâ ­®¢ªã  «£®à¨â¬  ¯à¨ k = k0 � N . �à¨ ¨á¯®«ì§®¢ ­¨¨ ¢á¯®¬®£ â¥«ì­®© äã­ªæ¨¨ (31) ¨â¥à -
æ¨®­­ë¥ â®çª¨ xk =2 A(
�) ¤«ï «î¡®£® k � 0. �®£¤  ¢á«¥¤áâ¢¨¥ ­¥ã¡ë¢ ­¨ï äã­ªæ¨¨ f(x
(C))
¯® C > 0 ¨¬¥¥¬ minff(x) : x 2 A(
�)g � f(xk0) � f�. �âáî¤ , ¢á«¥¤áâ¢¨¥ p � "�

�V (x(C
))L
,

¢ë¯®«­ï¥âáï f(xk0)� f� � ".
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�ç¥¢¨¤­®, ®æ¥­ª  ¢¥«¨ç¨­ë �V (x(C
)) § ¢¨á¨â ®â ª®­ªà¥â­®£® ¢¨¤  èâà ä­®© äã­ªæ¨¨.
�à¨¢¥¤¥¬ ¡®«¥¥ á®¤¥à¦ â¥«ì­ë¥ ®æ¥­ª¨ ¯ à ¬¥âà®¢ èâà ä  ¨ p ¤«ï ¨§¢¥áâ­ëå äã­ªæ¨© èâà -
ä 

V1(x) =
X
i2I

(maxffi(x) + p; 0g)q ; q � 1; (33)

V2(x) = (maxfg(x) + p; 0g)q ; q � 1: (34)

�¥¬¬  5. �¥à­ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï :

� = pq;

V (x�) � tpq; (35)

£¤¥ t = m ¯à¨ V (x) = V1(x) ¨ t = 1 ¯à¨ V (x) = V2(x).

�®ª § â¥«ìáâ¢®. 1) �ãáâì â®çª  x 2 A(pq), â. ¥.
P
i2I
(maxffi(x)+p; 0g)q � pq. � ª ª ª ¢ «¥¢®©

ç áâ¨ ­¥à ¢¥­áâ¢  áã¬¬¨àãîâáï ­¥®âà¨æ â¥«ì­ë¥ ç¨á« , â® (maxffi(x)+p; 0g)q � pq ¤«ï «î¡®£®
¨­¤¥ªá  i 2 I. � ª ª ª q > 1 ¨ p > 0, â® ¤«ï ¢á¥å i 2 I ¢ë¯®«­ï¥âáï fi(x) + p � p, çâ® ®§­ ç ¥â
¯®¯ ¤ ­¨¥ â®çª¨ x ¢ ¬­®¦¥áâ¢® D(0) ¨ ¢ª«îç¥­¨¥ A(pq) � D(0). �®ª ¦¥¬, çâ® ¯à¨ «î¡®¬
� > 1 ¢ ¬­®¦¥áâ¢¥ A(�pq) ­ ©¤¥âáï â®çª  x â ª ï, çâ® x 62 D(0). �¥©áâ¢¨â¥«ì­®, ¢ë¡¥à¥¬ â®çªã
x â ª¨¬ ®¡à §®¬, çâ®¡ë ¤«ï ­¥ª®â®à®£® ¨­¤¥ªá  s 2 I ¢ë¯®«­ï«®áì fs(x)+p = � 1=qp ¨ fi(x)+p � 0
¯à¨ ¢á¥å i 6= s. �®£¤ 

P
i2I
(maxffi(x) + p; 0g)q = �pq ¨ x 2 A(�pq). �® fs(x) = (� 1=q � 1)p > 0, â. ¥.

x =2 D(0). � ª¨¬ ®¡à §®¬, ¤®ª § «¨, çâ® pq = maxf� : A(�) � D(0)g, ®âªã¤  ¯® ®¯à¥¤¥«¥­¨î x
¨¬¥¥¬ V1(x) = pq .

� «¥¥ V (x�) =
P
i2I
(maxffi(x�) + p; 0g)q � mpq, â. ª. fi(x�) � 0 ¤«ï ¢á¥å i 2 I.

2) �ë¡¥à¥¬ ¯à®¨§¢®«ì­® x 2 A(pq). �à¨ íâ®¬ V2(x) = (maxfg(x) + p; 0g)q � pq ¨«¨, çâ® â®
¦¥ á ¬®¥, max

i2I
f[max(fi(x) + p; 0)]qg � pq. �®£¤  [(fi(x) + p)+]q � pq ¤«ï «î¡®£® i 2 I. � ª ª ª

p > 0 ¨ q > 1, â® fi(x) + p � p ¯à¨ ¢á¥å i 2 I. �âáî¤  x 2 D(0), ¨ ¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨
â®çª¨ A(pq) � D(0). �¥à­ë ¨ ®¡à â­ë¥ à ááã¦¤¥­¨ï, ¨§ ª®â®àëå á«¥¤ã¥â D(0) � A(pq). �®£¤ 
A(pq) = D ¨ V2(x) = pq.

�¥à ¢¥­áâ¢® V2(x�) � pq á«¥¤ã¥â ¨§ â®£®, çâ® x� 2 D(0) = A(pq).

�«¥¤áâ¢¨¥. �¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

�V (x(C
)) �
t� 




; (36)

£¤¥ t = m ¯à¨ V (x) = V1(x) ¨ t = 1 ¯à¨ V (x) = V2(x).

�®ª § â¥«ìáâ¢®. �® ®¯à¥¤¥«¥­¨î ç¨á«  C
 ¨¬¥¥¬ V (x(C
)) = 
V (x(C)) = 
� = 
pq. �®-

£¤  �V (x(C
)) =
V (x�)�V (x(C
))

V (x(C
))
= V (x�)�
V (x(C))


V (x(C))
= V (x�)�
�


�
. �ç¨âë¢ ï (35), á®ªà â¨¬ ¤à®¡ì ­ 

¢¥«¨ç¨­ã � > 0 ¨ ¯®«ãç¨¬ (36).

� ¬¥ç ­¨¥. �á«¨ ¢  «£®à¨â¬ å 2, 3 ¨ 4 ¢ë¡¨à âì 0 < p � minf "�

L(t�
)

; �0g, £¤¥ t = m ¯à¨

V (x) = V1(x) ¨ t = 1 ¯à¨ V (x) = V2(x), â® ¢ á¨«ã á®®â­®è¥­¨© "�
�V (x(C
))L

� "�

(t�
)L

> 0 ¡ã¤ãâ

¢ë¯®«­ïâìáï ­¥à ¢¥­áâ¢  0 < p � minf "�
�V (x(C
))L

; �0g.
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4. �«£®à¨â¬ë c ­¥¯®«­®© ¬¨­¨¬¨§ æ¨¥© ¢á¯®¬®£ â¥«ì­ëå äã­ªæ¨©

�«£®à¨â¬ë 1{4 ï¢«ïîâáï ¯à¨­æ¨¯¨ «ì­ë¬¨, â. ª. ¢ ­¨å ­¥®¡å®¤¨¬® ¢á¯®¬®£ â¥«ì­ë¥ § ¤ ç¨
à¥è âì â®ç­®. � ®¡é¥¬ á«ãç ¥ íâ® ®§­ ç ¥â ¡¥áª®­¥ç­ë© ¯à®æ¥áá ¬¨­¨¬¨§ æ¨¨ ¢á¯®¬®£ â¥«ì­ëå
äã­ªæ¨©.

� ¤ ­­®¬ ¯ à £à ä¥ ¯à¨¢®¤ïâáï ¤¢   «£®à¨â¬ , ¤®¯ãáª îé¨å ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ¢á¯®-
¬®£ â¥«ì­ëå § ¤ ç. �¯à¥¤¥«¥­­ë© ¢ë¡®à ¯ à ¬¥âà  p ¢ § ¢¨á¨¬®áâ¨ ®â § ¤ ­­®© â®ç­®áâ¨ à¥-
è¥­¨ï ¢á¯®¬®£ â¥«ì­ëå § ¤ ç ®¡¥á¯¥ç¨¢ ¥â âà¥¡ã¥¬ãî â®ç­®áâì à¥è¥­¨ï § ¤ ç¨ (1).

�«£®à¨â¬ 5. � ¤ ¥âáï âà¥¡ã¥¬ ï â®ç­®áâì à¥è¥­¨ï " > 0, x0 2 Rn, ­ âãà «ì­®¥ ç¨á«®
N > 0, ç¨á«® � 2 (0; "). �ë¡¨à ¥âáï 0 < p � minf �

2L
(" � �); �0g, ¢®§à áâ îé ï äã­ªæ¨ï '(t)

â ª ï, çâ® '(1) � 0, '(N) = Lp
��
. �®« £ ¥âáï k = 1.

1. �ëç¨á«ï¥âáï Ck = '(k).
2. �á«¨ k < N , â® ­ å®¤¨âáï ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ min

x2Rn
F (x;Ck) . �¥à¥å®¤ ª ¯. 1

¯à¨ k, § ¬¥­¥­­®¬ ­  k + 1.
3. �á«¨ k = N , â® ­ å®¤¨âáï â®çª  xN 2 A(�), ï¢«ïîé ïáï �-®¯â¨¬ «ì­ë¬ ¯® äã­ªæ¨®­ «ã

à¥è¥­¨¥¬ § ¤ ç¨ min
x2Rn

F (x;CN). �®çª  xN ¯à¨­¨¬ ¥âáï ¢ ª ç¥áâ¢¥ "-à¥è¥­¨ï § ¤ ç¨ (1).

�¥®à¥¬  7. �®çª  xN , ¯®áâà®¥­­ ï ¯à¨ ¯®¬®é¨  «£®à¨â¬  5, ï¢«ï¥âáï "-à¥è¥­¨¥¬ ¨áå®¤-

­®© § ¤ ç¨.

�®ª § â¥«ìáâ¢®. � ª ª ª â®çª  xN ï¢«ï¥âáï �-®¯â¨¬ «ì­ë¬ à¥è¥­¨¥¬ ¢á¯®¬®£ â¥«ì­®©
§ ¤ ç¨, â® F (xN) � F (x(CN )) � �. �®íâ®¬ã ¯® ®¯à¥¤¥«¥­¨î äã­ªæ¨¨ F (x) ¢¥à­® ­¥à ¢¥­áâ¢®
f(xN)�f(x(CN))�CN(V (x(CN))�V (xN )) � �. � ª ª ª xN 2 A(�) ¨ x(CN) 2 A(�), â® V (x(CN ))�
V (xN) � �. �âáî¤ 

f(xN)� f(x(CN)) � CN�+ �: (37)

�§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 ¢¨¤­®, çâ® f(x(CN)) � f� � L
�
p. �®£¤  f(xN)� f� � L

�
p � f(xN)�

f(x(CN)). �âáî¤  ¨ ¨§ (37) ¯®«ãç¨¬ ­¥à ¢¥­áâ¢®

f(xN)� f� �
L

�
p+ CN�+ �:

� ª ª ª ¢  «£®à¨â¬¥ § ¤ ¥âáï CN = Lp
��
, â®

f(xN)� f� �
L

�
p+

L

�
p+ � = 2

Lp

�
+ �:

�ç¨âë¢ ï, çâ® p � �
2L
("� �), ¯®«ãç¨¬ f(xN)� f� � 2L�("��)

2L�
+ � = ".

�«£®à¨â¬ 6. � ¤ ¥âáï âà¥¡ã¥¬ ï â®ç­®áâì à¥è¥­¨ï " > 0, x0 2 Rn, ç¨á«® � 2 (0; "), ­ âã-
à «ì­®¥ ç¨á«® N > 0. �ë¡¨à ¥âáï 0 < p � minf �
�

(V (x�)�
2�)L
(" � �); �0g, ¢®§à áâ îé ï äã­ªæ¨ï

'(t) â ª ï, çâ® '(1) � 0; '(N) = Lp
�s(1�
)s�1�p

. �®« £ ¥âáï k = 1.

1. �ëç¨á«ï¥âáï Ck = '(k).
2. �á«¨ k < N , â® ­ å®¤¨âáï ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ min

x2Rn
F
(x;Ck). �¥à¥å®¤ ª ¯. 1

¯à¨ k, § ¬¥­¥­­®¬ ­  k + 1.
3. �á«¨ k = N , â® ­ å®¤¨âáï â®çª  xN 2 A(�), ï¢«ïîé ïáï �-®¯â¨¬ «ì­ë¬ ¯® äã­ªæ¨®­ «ã

à¥è¥­¨¥¬ § ¤ ç¨ min
x2Rn

F
(x;CN). �®çª  xN ¯à¨­¨¬ ¥âáï ¢ ª ç¥áâ¢¥ "-à¥è¥­¨ï § ¤ ç¨ (1).

�ë¯®«­¥­¨¥ ãá«®¢¨© ¯. 3  «£®à¨â¬  6 ¨ "-®¯â¨¬ «ì­®áâì ¯®«ãç¥­­®© â®çª¨ xN ¤®ª §ë¢ îâáï
 ­ «®£¨ç­® ¯à¥¤ë¤ãé¥© â¥®à¥¬¥. �á«¨ ¨á¯®«ì§ã¥âáï èâà ä­ ï äã­ªæ¨ï ¢¨¤  (33) ¨«¨ (34), â®
¬®¦­® ¢ë¡¨à âì 0 < p � minf �


(t�
2)L
(" � �); �0g, £¤¥ t = m ¯à¨ V (x) = V1(x) ¨ t = 1 ¯à¨

V (x) = V2(x).
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