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� áâ âì¥ ­ å®¤¨âáï â®ç­ ï £à ­¨æ  ¯®çâ¨ ¢ë¯ãª«®áâ¨ § ¤ ­­®£® ¯®àï¤ª  ¢ â®çª¥ ¤«ï à¥£ã-
«ïà­ëå ¨ ®¤­®«¨áâ­ëå ¢ ¥¤¨­¨ç­®¬ ªàã£¥ äã­ªæ¨©.

�ãáâì R | ª« áá ¢á¥å à¥£ã«ïà­ëå ¢ ¥¤¨­¨ç­®¬ ªàã£¥ E = fz : jzj < 1g äã­ªæ¨©, � |
¯à®¨§¢®«ì­® ä¨ªá¨à®¢ ­­®¥ ç¨á«®, 0 � � � 1.

�§¢¥áâ­® (­ ¯à., [1], [2]), çâ® äã­ªæ¨ï f(z) 2 R, ­®à¬¨à®¢ ­­ ï ãá«®¢¨ï¬¨ f(0) = 0, f 0(0) = 1,
­ §ë¢ ¥âáï ¯®çâ¨ ¢ë¯ãª«®© ¯®àï¤ª  � ¢ E, ¥á«¨ áãé¥áâ¢ãîâ â ª¨¥ ¢ë¯ãª« ï äã­ªæ¨ï g(z) 2 R,
g(0) = 0, g0(0) = 1, ¨ ª®¬¯«¥ªá­ ï ¯®áâ®ï­­ ï ", j"j = 1, çâ® ¢ E���� arg

�
"f 0(z)
g0(z)

����� � ��

2
:

�à¨ ®âáãâáâ¢¨¨ ­®à¬¨à®¢ª¨ äã­ªæ¨© f(z) ¨ g(z) (¨«¨ ®¤­®© ¨§ ­¨å) ¯®« £ ¥âáï " = 1.
�®çâ¨ ¢ë¯ãª«ë¥ ¯®àï¤ª  0 ¢ E äã­ªæ¨¨ á®áâ ¢«ïîâ ª« áá ¢ë¯ãª«ëå äã­ªæ¨© ¨§ R,  

¯®çâ¨ ¢ë¯ãª«ë¥ ¯®àï¤ª  � = 1 | ¢¢¥¤¥­­ë© ¢ [3] ª« áá ¯®çâ¨ ¢ë¯ãª«ëå äã­ªæ¨©. �á¥ ¯®çâ¨
¢ë¯ãª«ë¥ ¯®àï¤ª  �, 0 � � � 1, ¢ E äã­ªæ¨¨ ®¤­®«¨áâ­ë ¢ E [3] ¨ ®¡à §ãîâ á¯¥æ¨ «ì­ë¥
¯®¤ª« ááë ª« áá®¢ äã­ªæ¨©, ¢¢¥¤¥­­ëå ¢ [4].

�ãáâì c | ¯à®¨§¢®«ì­® ä¨ªá¨à®¢ ­­ ï â®çª  ¢ ªàã£¥ E ¨ E(c; �) = fz : jz � cj < �g | ªàã£,
«¥¦ é¨© ¢ E.

�¯à¥¤¥«¥­¨¥. �ã­ªæ¨ï f(z) 2 R ­ §ë¢ ¥âáï ¯®çâ¨ ¢ë¯ãª«®© ¯®àï¤ª  � ¢ ªàã£¥ E(c; �),
¥á«¨ áãé¥áâ¢ã¥â à¥£ã«ïà­ ï ¨ ¢ë¯ãª« ï ¢ E(c; �) äã­ªæ¨ï g(z) â ª ï, çâ® j argff 0(z)=g0(z)gj �
��=2 ¢ E(c; �).

�¥£ª® ®¡®á­®¢ë¢ ¥âáï

�¥¬¬ . �ã­ªæ¨ï f(z) ¨§ R ¯®çâ¨ ¢ë¯ãª«  ¯®àï¤ª  � ¢ E(c; �) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

f 0(z) 6= 0 ¢ E(c; �) ¨ ¤«ï ¢á¥å r, 0 < r < �, '1, '2, '1 < '2, ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®Z '2

'1

Re
�
1 + (z � c)

f 00(z)
f 0(z)

�
d' > ���; z = c+ rei': (1)

1. �¨¦­ïï ®æ¥­ª  argf(z2 � c)f 0(z2)=(z1 � c)f 0(z1)g ­  ª« áá¥ S

�¡®§­ ç¨¬ ç¥à¥§ S ª« áá ¢á¥å ®¤­®«¨áâ­ëå äã­ªæ¨© f(z) 2 R, ­®à¬¨à®¢ ­­ëå ãá«®¢¨ï¬¨
f(0) = 0, f 0(0) = 1. �á­®¢ë¢ ïáì ­  á¯®á®¡¥ à ááã¦¤¥­¨©, ¯¥à¢®­ ç «ì­® ¨á¯®«ì§®¢ ­­®¬ ¢ [5],
¤®ª ¦¥¬ á«¥¤ãîéãî â¥®à¥¬ã, ª®â®à®© ¢®á¯®«ì§ã¥¬áï ¢ ¤ «ì­¥©è¥¬.

�¥®à¥¬  1. �à¨ «î¡ëå zk = c + rei'k , k = 1; 2, 0 < '1 < '2 � 2�, r + jcj < 1, ¤«ï f(z) 2 S
á¯à ¢¥¤«¨¢  ®æ¥­ª 

arg
(z2 � c)f 0(z2)
(z1 � c)f 0(z1)

�

8>><
>>:
0 ¯à¨ 0 < a � 1=2;

 1(a) ¯à¨ 1=2 < a � p
5=8;

 2(a) ¯à¨
p
5=8 � a < 1;

(2)

(3)

(4)
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£¤¥

 1(a) = 2 arcctg
q
(1� a2)=(4a2 � 1)� 4 arcsin

q
(4a2 � 1)=3; (5)

 2(a) = 2 arcctg y0 + ln(y20 � a2 + 1)� 2 lna� �; (6)

y0 = y0(a) | ¥¤¨­áâ¢¥­­ë© ¤¥©áâ¢¨â¥«ì­ë© ª®à¥­ì ¯®«¨­®¬  y3 � y2 + y + a2 � 1, a = 2r=(1 +
r2 � jcj2), argf(z2 � c)f 0(z2)=(z1 � c)f 0(z1)g ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥

argf(z2 � c)f 0(z2)=(z1 � c)f 0(z1)g =
Z '2

'1

d' argfrei'f 0(c+ rei')g: (7)

�æ¥­ª  (2) â®ç­ ï, ­® ­¥ ¤®áâ¨£ ¥âáï äã­ªæ¨ï¬¨ ª« áá  S. �æ¥­ª¨ (3) ¨ (4) ï¢«ïîâáï â®ç-

­ë¬¨ ¢ â®¬ á¬ëá«¥, çâ® áãé¥áâ¢ãîâ äã­ªæ¨¨ f(z) 2 S, ¤«ï ª®â®àëå ¢ á®®â¢¥âáâ¢ãîé¨å

­¥à ¢¥­áâ¢ å ¨¬¥¥â ¬¥áâ® §­ ª à ¢¥­áâ¢  ¯à¨ ­¥ª®â®àëå z1, z2, jz1 � cj = jz2 � cj = r.

�®ª § â¥«ìáâ¢®. �ãáâì z1 = c + rei'1 | ¯à®¨§¢®«ì­® ä¨ªá¨à®¢ ­­ ï â®çª  ¨§ ªàã£  E ¨
z2 = c+rei('1+
), 0 < 
 < 2�. �ë¯®«­¨¬ ®â®¡à ¦¥­¨¥ � = �(z) = (z�z1)=(1�z1z) ªàã£  E á ¬®£®
­  á¥¡ï. �à¨ íâ®¬ â®çª  z1 ¯¥à¥©¤¥â ¢ ­ ç «® ª®®à¤¨­ â,   â®çª  z2 | ¢ â®çªã

�0 =
z2 � z1
1� z1z2

=
(ei
 � 1)rei'1

1� jbj2 � rb(ei
 � 1)
; b = r + cei'1 :

�ãáâì f(z) 2 S ¨ z(�) = ��1(z) = (� + z1)=(1 + z1�). �®£¤  äã­ªæ¨ï

F (�) = (f(z(�))� f(z1))=(f
0(z1)(1� jz1j2)) (8)

¯à¨­ ¤«¥¦¨â ª« ááã S. �®íâ®¬ã ¯® â¥®à¥¬¥ ¢à é¥­¨ï ¢ ª« áá¥ S (­ ¯à., [6], á. 184) ¨¬¥¥¬

argF 0(�0) �
(�4 arcsin j�0j ¯à¨ j�0j � 1=

p
2;

�� � ln j�0j
2

1�j�0j2
¯à¨ j�0j � 1=

p
2:

(9)

�¤¥áì ¯®¤  à£ã¬¥­â®¬ ¯®­¨¬ ¥âáï §­ ç¥­¨¥, ®¯à¥¤¥«ï¥¬®¥ à ¢¥­áâ¢®¬

argF 0(�0) =
Z '2

'1

d' argF
0

�
c� z1 + rei'

1� cz1 � rz1ei'

�
; '2 = '1 + 
:

�® ä®à¬ã«¥ (8) ­ å®¤¨¬
f 0(z2)
f 0(z1)

=
�
1� jz1j2
1� z1z2

�2

F 0(�0):

�âáî¤  ¨ ¨§ (9), ¯®«®¦¨¢ a = 2r=(1 + r2 � jcj2),

y =
(1� jbj2) ctg(
=2) � 2rjcj sin(arg c� '1)

1 + r2 � jcj2 ;

¨ ãç¨âë¢ ï, çâ® ¯à¨ íâ®¬ 0 < a < 1, �1 < y <1,

j�0j2 = a2=(1 + y2); argf(1 � z1z2)
�2(z2 � c)=(z1 � c)g = 2arcctg y;

¤«ï (7) ¯®«ãç ¥¬ ®æ¥­ªã

argf(z2 � c)f 0(z2)=(z1 � c)f 0(z1)g �  (a; y); (10)

£¤¥

 (a; y) =

8<
:
 2(a; y) = 2 arcctg y + ln(y2 � a2 + 1)� 2 lna� �; jyj � p

2a2 � 1;

 1(a; y) = 2 arcctg y � 4 arcsin ap
1+y2

; jyj � p
2a2 � 1;

¥á«¨ 1=
p
2 < a < 1, ¨

 (a; y) =  1(a; y); �1 < y <1;
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¥á«¨ 0 < a � 1=
p
2. �­ ª à ¢¥­áâ¢  ¢ (10) ¨¬¥¥â ¬¥áâ® â®«ìª® ¤«ï äã­ªæ¨©

f(z) = (F (�(z)) � F (�z1))=(F 0(�z1)(1 � jz1j2)) 2 S; (11)

£¤¥ F (�) 2 S ¨ ¤®áâ ¢«ïîâ §­ ª à ¢¥­áâ¢  ¢ (9).
� ©¤¥¬ ¯à¨ ä¨ªá¨à®¢ ­­®¬ a, 0 < a < 1, ­¨¦­îî £à ­¨æã §­ ç¥­¨© äã­ªæ¨¨  (a; y) ¢

¨­â¥à¢ «¥ (�1;1).
�  ®á­®¢ ­¨¨ à ¢¥­áâ¢ 

@ 2

@y
= 2

y3 � y2 + y + a2 � 1
(1 + y2)(y2 � a2 + 1)

; �1 < y <1;

§ ª«îç ¥¬, çâ® ¯à¨ ä¨ªá¨à®¢ ­­®¬ a, 0 < a < 1, äã­ªæ¨ï  2(a; y) ¨¬¥¥â ¥¤¨­áâ¢¥­­ãî â®çªã
íªáâà¥¬ã¬  y0, ¢ ª®â®à®©  2(a; y) ¯à¨­¨¬ ¥â ­ ¨¬¥­ìè¥¥ §­ ç¥­¨¥ (y0 â® ¦¥, çâ® ¢ â¥®à¥¬¥).

� «¥¥ á ¯®¬®éìî à ¢¥­áâ¢ 

@ 1

@y
= 2

2ay �py2 � a2 + 1
(1 + y2)

p
y2 � a2 + 1

; �1 < y <1;

¯à¨å®¤¨¬ ª ¢ë¢®¤ã, çâ® ¯à¨ ä¨ªá¨à®¢ ­­®¬ a äã­ªæ¨ï  1(a; y) ¬®­®â®­­® ã¡ë¢ ¥â ­  ¨­â¥à¢ «¥
(�1;1), ¥á«¨ 0 < a � 1=2, ¨ ¨¬¥¥â ¥¤¨­áâ¢¥­­ãî â®çªã íªáâà¥¬ã¬  y0 =

p
(1� a2)=(4a2 � 1), ¢

ª®â®à®©  1(a; y) ¯à¨­¨¬ ¥â ­ ¨¬¥­ìè¥¥ §­ ç¥­¨¥, ¥á«¨ 1=2 < a < 1.
�â¬¥â¨¬, çâ® ®¡¥ â®çª¨ y0 ¨ y0 ¯à¨­ ¤«¥¦ â ¨­â¥à¢ «ã

��p2a2 � 1;
p
2a2 � 1

�
, ¥á«¨

p
5=8 <

a < 1, ¨ ­¥ ¯à¨­ ¤«¥¦ â ¥¬ã, ¥á«¨ 1=2 < a <
p
5=8.

�«¥¤®¢ â¥«ì­®,

inf
�1<y<1

 (a; y) =

8>><
>>:
 1(a;1) ¯à¨ 0 < a � 1=2;

 1(a; y0) ¯à¨ 1=2 < a � p
5=8;

 2(a; y0) ¯à¨
p
5=8 � a < 1;

(12)

£¤¥  1(a;1) = lim
y!1

 1(a; y) = 0. �âáî¤  ¨ ¨§ (10) ¯®«ãç ¥¬ âà¥¡ã¥¬ë¥ ®æ¥­ª¨ (2){(4).

�à®áâë¥ ¢ëç¨á«¥­¨ï ¯®ª §ë¢ îâ, çâ® ­¨¦­ïï £à ­ì ¢ (12) ¯à¨ 1=2 < a < 1 ¤®áâ¨£ ¥âáï ¤«ï
äã­ªæ¨© (11) ¢ â®çª å z1, z2, jz1� cj = jz2� cj = r = (1�p1� a2 � a2jcj2)=a,  à£ã¬¥­âë ª®â®àëå
á¢ï§ ­ë á®®â­®è¥­¨¥¬

argf(1 � z1z2)�2(z2 � c)=(z1 � c)g =
(
2 arcctg y0; ¥á«¨ 1=2 < a � p

5=8;

2 arcctg y0; ¥á«¨
p
5=8 � a < 1:

� (12) ¯à¨ 0 < a � 1=2 §­ ç¥­¨¥ inf
�1<y<1

 (a; y) ­¥ ¤®áâ¨£ ¥âáï äã­ªæ¨ï¬¨ ª« áá  S, ­® ¢ íâ®¬

á«ãç ¥ ¤«ï äã­ªæ¨© (11) ¨ â®ç¥ª z1, z2, jz1 � cj = jz2 � cj = r = (1�p1� a2 + a2jcj2)=a, argf(1�
z1z2)�2(z2 � c)=(z1 � c)g = 2arcctg y, ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® lim

y!1
 (a; y) = inf

�1<y<1
 (a; y).

�¥®à¥¬  1 ¯à¨ c = 0 á®¤¥à¦¨â á®®â¢¥âáâ¢ãîé¨© à¥§ã«ìâ â ¢ [7].

2. �à ­¨æ  ¯®çâ¨ ¢ë¯ãª«®áâ¨ ¯®àï¤ª  � ¢ â®çª¥ ¤«ï äã­ªæ¨© ª« áá  S

�«¥¤ãï [8] (á¬. â ª¦¥ [6], á. 164), ­ §®¢¥¬ £à ­¨æ¥© (à ¤¨ãá®¬) ¯®çâ¨ ¢ë¯ãª«®áâ¨ ¯®àï¤ª  �
ª« áá  S ¢ â®çª¥ c 2 E â®ç­ãî ¢¥àå­îî £à ­¨æã r�(c) à ¤¨ãá®¢ ªàã£®¢ E(c; r) � E, ¢ ª ¦¤®¬
¨§ ª®â®àëå «î¡ ï äã­ªæ¨ï f(z) 2 S ï¢«ï¥âáï ¯®çâ¨ ¢ë¯ãª«®© ¯®àï¤ª  �. �¥«¨ç¨­ë r1(0), r0(c)
¨ r�(0) ­ ©¤¥­ë ¢ [5], [8] ¨ [7] á®®â¢¥âáâ¢¥­­®. � ©¤¥¬ r�(c).

�¥®à¥¬  2. �à ­¨æ  ¯®çâ¨ ¢ë¯ãª«®áâ¨ ¯®àï¤ª  � ª« áá  S ¢ â®çª¥ c 2 E ¥áâì ç¨á«®

r�(c) =
�
1�

q
1� a20 + jcj2a20

�
=a0; (13)
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£¤¥ a0 | ¥¤¨­áâ¢¥­­ë© ¢ ¯à®¬¥¦ãâª¥ (1=2;
p
5=8) ª®à¥­ì ãà ¢­¥­¨ï  1(a)+�� = 0, ¥á«¨ 0 � � �

1� (2=�) arcctg(1=2), ¨ ¥¤¨­áâ¢¥­­ë© ¢ ¯à®¬¥¦ãâª¥ [
p
5=8; 1) ª®à¥­ì ãà ¢­¥­¨ï  2(a)+�� = 0,

¥á«¨ 1� (2=�) arcctg(1=2) � � � 1. �¤¥áì  1(a) ¨  2(a) ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (5) ¨ (6).

�®ª § â¥«ìáâ¢®. �«ï f(z) 2 S ¨ ¯à®¨§¢®«ì­® ä¨ªá¨à®¢ ­­ëå z1 = c+ rei'1 , z2 = c+ rei'2 ,
0 < '1 < '2 � 2�, r + jcj < 1, ¯à¨¬¥­¨¬ (7) ¨ § ¯¨è¥¬ ­¥à ¢¥­áâ¢® (1) ¢ ¢¨¤¥

argf(z2 � c)f 0(z2)=(z1 � c)f 0(z1)g > ���:
�âáî¤  ¨ ¨§ (2), ãç¨âë¢ ï § ¢¨á¨¬®áâì r ®â a ¯® ä®à¬ã«¥

r =
�
1�

q
1� a2 + a2jcj2�=a; (14)

­ å®¤¨¬ r0(c) = 2�p3 + jcj2 ¨ r�(c) > 2�p3 + jcj2 ¯à¨ 0 < � � 1.
�á«¨ 2�p3 + jcj2 < r < 1� jcj, â® 1=2 < a < 1, ¨ á®£« á­® (3), (4) ¨¬¥¥¬ â®ç­®¥ ­¥à ¢¥­áâ¢®

argf(z2 � c)f 0(z2)=(z1 � c)f 0(z1)g+ �� � �(a; �); 0 < � � 1;

á¯à ¢¥¤«¨¢®¥ ¤«ï «î¡®© äã­ªæ¨¨ f(z) 2 S. �¤¥áì

�(a; �) =

(
 1(a) + �� ¯à¨ 1=2 < a � p

5=8;

 2(a) + �� ¯à¨
p
5=8 � a < 1;

 1(a) ¨  2(a) ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã« ¬ (5) ¨ (6). � ª ª ª ¯à¨ ä¨ªá¨à®¢ ­­®¬ � äã­ªæ¨ï
�(a; �) ­¥¯à¥àë¢­  ¯® a ­  (1=2; 1), lim

a!1=2+0
�(a; �) = �� > 0, lim

a!1�0
�(a; �) = �1 ¨

@�
@a

=

8<
:
d 1
da

= � 2
a

q
4a2�1
1�a2

< 0; 1=2 < a � p
5=8;

d 2
da

= � 2
a
� 2a

y2
0
�a2+1

< 0;
p
5=8 < a < 1;

£¤¥ y0 ¨§ â¥®à¥¬ë 1, â® �(a; �) � 0 ¯à¨ 1=2 < a � a0, £¤¥ a0 â® ¦¥, çâ® ¢ â¥®à¥¬¥ 2. �à¨­ï¢ ª
íâ®¬ã ¢® ¢­¨¬ ­¨¥ ä®à¬ã«ã (14), ¯à¨å®¤¨¬ ª à ¢¥­áâ¢ã (13).
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