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�ªâ¨¢® ¨ ¯«®¤®â¢®à® à §¢¨¢ îé ïáï â¥®à¨ï  ¡áâà ªâ®£® äãªæ¨® «ì®-¤¨ää¥à¥-
æ¨ «ì®£® ãà ¢¥¨ï [1]{[6] à®¤¨« áì ¢  ç «¥ ¢®áì¬¨¤¥áïâëå £®¤®¢   �¥à¬áª®¬ á¥¬¨ à¥
¨§ á«¥¤ãîé¥© ¨¤¥¨. �ë«® § ¬¥ç¥®, çâ® ¡®«ìè¨áâ¢® à¥§ã«ìâ â®¢ ¨áá«¥¤®¢ ¨ï «¨¥©®£®
äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï Lx = f , L : Dn ! Ln, ®á®¢ o   ¨§®¬®àä¨§¬¥
¯à®áâà áâ¢  Dn  ¡á®«îâ® ¥¯à¥àë¢ëå äãªæ¨© ¨ ¯à®¨§¢¥¤¥¨ï Ln � Rn. �â¨ à¥§ã«ìâ âë
á®åà ïîâáï, ¥á«¨ ¢¬¥áâ® ¯à®áâà áâ¢  Ln áã¬¬¨àã¥¬ëå äãªæ¨© ¢§ïâì «î¡®¥ ¡  å®¢® ¯à®-
áâà áâ¢® B. �®áâà®¥ ï â¥®à¨ï ®ª § « áì ¯®«¥§®© ¥ â®«ìª® ¯à¨ ¨áá«¥¤®¢ ¨¨ ¨â¥£à®¤¨ä-
ä¥à¥æ¨ «ìëå ãà ¢¥¨©, ãà ¢¥¨© á ®âª«®ïîé¨¬áï  à£ã¬¥â®¬, ãà ¢¥¨© ¥©âà «ì®£®
â¨¯  | ª« áá¨ç¥áª¨å ¯à¥¤áâ ¢¨â¥«¥© äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, ® ¨ á
ãá¯¥å®¬ ¡ë«  ¯à¨¬¥¥  ª á¨£ã«ïàë¬ ãà ¢¥¨ï¬ [7], [8], ¨¬¯ã«ìáë¬ á¨áâ¥¬ ¬ [9], £¨¡à¨¤-
ë¬ á¨áâ¥¬ ¬ [10] ¨ â. ¤.

�ä®à¬ã«¨àã¥¬ ¥ª®â®àë¥ ¯®ïâ¨ï â¥®à¨¨  ¡áâà ªâëå ãà ¢¥¨©.
�ãáâì D, B | ¡  å®¢ë ¯à®áâà áâ¢ , ¯à¨ç¥¬ D ¨§®¬®àä® ¨ ¨§®¬¥âà¨ç® ¯àï¬®¬ã ¯à®-

¨§¢¥¤¥¨î B �Rn. �¨áâ¥¬  ãà ¢¥¨©

Lx = f; lx = �; (1)

£¤¥ L : D ! B, l : D ! Rn | «¨¥©ë¥ ®£à ¨ç¥ë¥ ®¯¥à â®àë,  §ë¢ ¥âáï ªà ¥¢®© § ¤ -
ç¥©. �à ¥¢ ï § ¤ ç  (1) ¨§ãç « áì [1]{[3] ¢ ¯à¥¤¯®«®¦¥¨¨, çâ® ®¯¥à â®à L ¥â¥à®¢, indL = n.
�á«¨ § ¤ ç  (1) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x 2 D ¯à¨ ª ¦¤®© ¯ à¥ (f; �) 2 B � Rn, â® íâ®
à¥è¥¨¥ ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ x = Gf + X�. �®¥ç®¬¥àë© ®¯¥à â®à X : Rn ! D ®¯à¥¤¥«ï-
¥âáï äã¤ ¬¥â «ì®© á¨áâ¥¬®© à¥è¥¨© ®¤®à®¤®£® ãà ¢¥¨ï Lx = 0, ª®â®àãî ®¡®§ ç îâ
â ª¦¥ ç¥à¥§ X. �¨¥©ë© ®£à ¨ç¥ë© ®¯¥à â®à G : B ! D  §ë¢ îâ ®¯¥à â®à®¬ �à¨ .
� ª« áá¨ç¥áª®¬ á«ãç ¥, ª®£¤  B = Lm | ¯à®áâà áâ¢® áã¬¬¨àã¥¬ëå äãªæ¨©, ¨â¥£à «ì®¥
¯à¥¤áâ ¢«¥¨¥ «¨¥©®£® ®£à ¨ç¥®£® äãªæ¨® «  ¢ íâ®¬ ¯à®áâà áâ¢¥ ¯®§¢®«ï¥â § ¯¨á âì
®¯¥à â®à �à¨  ¢ ¢¨¤¥

(Gf)(t) =
Z b

a

G(t; s)f(s)ds: (2)

�¤à® G(t; s),  §ë¢ ¥¬®¥ ¬ âà¨æ¥© (äãªæ¨¥©) �à¨ , ¨£à ¥â § ¬¥âãî à®«ì ¢ â¥®à¨¨
äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. �®¯ëâª¨ ¯®«ãç¨âì   «®£¨ç®¥ ¯à¥¤áâ ¢«¥¨¥
®¯¥à â®à  �à¨  ¢ á«ãç ¥ ¯à®¨§¢®«ì®£® ¡  å®¢  ¯à®áâà áâ¢  B, ¯®-¢¨¤¨¬®¬ã, ¥ ¯à¥¤¯à¨-
¨¬ «¨áì, â. ª. ¯à¨ ¢ë¢®¤¥ ä®à¬ã«ë (2) ãç¨âë¢ ¥âáï á¯¥æ¨ä¨ª  ¯à®áâà áâ¢  Lm. �¤ ª®, ¯®-
¤®¡®¥ ¯à¥¤áâ ¢«¥¨¥,    è ¢§£«ï¤, ¢®§¬®¦® ¯à¨ ¥ª®â®à®¬ áã¦¥¨¨ ®¡ê¥ªâ  ¨áá«¥¤®¢ ¨ï,
á®áâ®ïé¥¬ ¢ à áá¬®âà¥¨¨ ª®ªà¥âëå äãªæ¨® «ìëå ¯à®áâà áâ¢. �â® ¥áâ¥áâ¢¥®¥ ®£à -
¨ç¥¨¥ (¢® ¢á¥å ¯à¨¬¥¥¨ïå â¥®à¨¨  ¡áâà ªâëå ãà ¢¥¨© [1]-[10] à áá¬ âà¨¢ «¨áì â®«ìª®
äãªæ¨® «ìë¥ ¯à®áâà áâ¢ !) ¯®§¢®«ï¥â ¯®áâà®¨âì   «®£ äãªæ¨¨ �à¨ , ¢¢¥áâ¨ ¯®ïâ¨¥
¢®«ìâ¥àà®¢®áâ¨ ¨ ¯¥à¥¥áâ¨   ãà ¢¥¨ï á ¢®«ìâ¥àà®¢ë¬¨ ®¯¥à â®à ¬¨ ¬®£¨¥ ¨§¢¥áâë¥ à¥-
§ã«ìâ âë, ®¯à¥¤¥«¨âì äãªæ¨î �®è¨.
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�â ª, ¯ãáâì D, B | ¡  å®¢ë ¯à®áâà áâ¢  ¢¥ªâ®à-äãªæ¨© y : [a; b]! Rm, D �= B�Rn. �ã-
¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ fyig � D ¨§ kyikD ! 0 ¯à¨ i!1 á«¥¤ã¥â
jyi(t)j ! 0 ¤«ï ¢á¥å t 2 [a; b]. �®£¤  ¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ®¬ t 2 [a; b] ¢á«¥¤áâ¢¨¥ ®£à ¨ç¥-
®áâ¨ ®¯¥à â®à  �à¨  G : B ! D «¨¥©ë© ¢¥ªâ®à-äãªæ¨® « (Gf)(t), ®¯à¥¤¥«¥ë©   B,
¥¯à¥àë¢¥. �«¥¤®¢ â¥«ì®, ¬®¦® § ¯¨á âì íâ®â ¢¥ªâ®à-äãªæ¨® « ¢ ¢¨¤¥ (Gf)(t) = (g(t); f),
£¤¥ ª®¬¯®¥âë m-¬¥à®£® ¢¥ªâ®à  g(t) ï¢«ïîâáï í«¥¬¥â ¬¨ á®¯àï¦¥®£® ¯à®áâà áâ¢  B�.
�®áâà®¥®¥ â ª¨¬ ®¡à §®¬ ®â®¡à ¦¥¨¥ g : [a; b]! B�m, á«¥¤ãï [11], ¡ã¤¥¬  §ë¢ âì äãªæ¨¥©
�à¨ .

� áá¬®âà¨¬,  ¯à¨¬¥à, ¯à®áâà áâ¢® C ¥¯à¥àë¢ëå äãªæ¨© x : [a; b] ! R á ®à¬®©
kxkc = max

t2[a;b]
jx(t)j. �¡é ï ä®à¬  «¨¥©®£® ¥¯à¥àë¢®£® äãªæ¨® «  ¢ C ¤ ¥âáï ¨â¥£à «®¬

�â¨«âì¥á  gx =
bR
a

x(s)dg(s), £¤¥ g(s) | äãªæ¨ï ®£à ¨ç¥®© ¢ à¨ æ¨¨ [12]. �ãáâì ¡  å®¢®

¯à®áâà áâ¢® D äãªæ¨© x : [a; b]! R ¨§®¬®àä® ¯à®¨§¢¥¤¥¨î C�Rn; L : D ! C, l : D ! Rn.

�®£¤  ®¯¥à â®à �à¨  ªà ¥¢®© § ¤ ç¨ (1) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ (Gf)(t) =
bR
a

f(s)dsg(t; s), £¤¥ g(t; �)

| äãªæ¨ï ®£à ¨ç¥®© ¢ à¨ æ¨¨.
� áá¬®âà¥®¥ ®¯à¥¤¥«¥¨¥ ¯®§¢®«ï¥â ¬ âà¨æ¥ �à¨   ¡áâà ªâ®£® ãà ¢¥¨ï á®åà ¨âì

¬®£¨¥ ¯à¨¢ëçë¥ á¢®©áâ¢ . �à¨¢¥¤¥¬ ¥ª®â®àë¥ ãâ¢¥à¦¤¥¨ï, ¯®«ãç¥ë¥   ®á®¢ ¨¨ à¥-
§ã«ìâ â®¢ [3].

�¥®à¥¬  1. � âà¨æë �à¨  g(t) ¨ g1(t) ¤¢ãå ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢¥¨ï Lx = f á ¢¥ªâ®à-

äãªæ¨® « ¬¨ l ¨ l1 á¢ï§ ë á®®â®è¥¨¥¬ g(t) = g1(t) � X(t)(lX)�1V , £¤¥ X | äã¤ ¬¥-

â «ì ï ¬ âà¨æ  à¥è¥¨© ãà ¢¥¨ï Lx = 0, ¢¥ªâ®à-äãªæ¨® « V : B ! Rn ®¯à¥¤¥«ï¥âáï

à ¢¥áâ¢®¬ V f = lg1(�)f .

�â® ãâ¢¥à¦¤¥¨¥ á«¥¤ã¥â ¨§ ä®à¬ã«ë [3] G = G1 � X(lX)�1lG1, á¢ï§ë¢ îé¥© ®¯¥à â®àë
�à¨  ¤¢ãå ªà ¥¢ëå § ¤ ç.

�ãáâì ¨§®¬®àä¨§¬ D �= B � Rn § ¤  ®¯¥à â®à ¬¨ col(�; r) : D ! B � Rn, (�; Y ) =
(col(�; r))�1 : B �Rn ! D. �®£¤  ªà ¥¢ãî § ¤ çã (1) ¬®¦® § ¯¨á âì [1] ¢ ¢¨¤¥

Lx � Q�x+Arx; lx � ��x+	rx = 0; (3)

£¤¥ Q : B ! B, A : Rn ! B, � : B ! Rn, 	 : Rn ! Rn. �®£« á® [3] £« ¢ ï ªà ¥¢ ï § ¤ ç 

Lx � Q�x+Arx = f; rx = � (4)

®¤®§ ç® à §à¥è¨¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®¯¥à â®à Q ¨¬¥¥â ®£à ¨ç¥ë© ®¡à âë©,
¯à¨ç¥¬ à¥è¥¨¥ § ¤ ç¨ (4) ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥ x = �Q�1f+(Y ��Q�1A)�. �ãáâì äãªæ¨® «
�(t) : B ! Rm ®¯à¥¤¥«¥ à ¢¥áâ¢®¬ (�(t); f) = (�f)(t). �®£¤  ¬ âà¨æ  �à¨  w(t) § ¤ ç¨ (4)
 å®¤¨âáï ¯® ä®à¬ã«¥ w(t) = �(t)Q�1. �¥¯¥àì   ®á®¢ ¨¨ â¥®à¥¬ë 1 ¯®«ãç ¥¬ ¯à¥¤áâ ¢«¥¨¥
¬ âà¨æë �à¨  § ¤ ç¨ (3)

g(t) = �(t)Q�1 �X(t)(lX)�1l�Q�1:

�à®¨««îáâà¨àã¥¬ ¯à¨¬¥¥¨¥ ¯®«ãç¥ëå à¥§ã«ìâ â®¢   ãà ¢¥¨¨

x(t)� x(a)�
Z t

a

K(t; s)x(s)ds = f(t); (5)

£¤¥ äãªæ¨ï K(t; s) ¥¯à¥àë¢  ¢ ª¢ ¤à â¥ [a; b] � [a; b], äãªæ¨ï f(t) ¥¯à¥àë¢    [a; b] ¨
f(a) = 0. �¡®§ ç¨¬ ç¥à¥§ C0 = fx 2 C j x(a) = 0g ¯®¤¯à®áâà áâ¢® ¯à®áâà áâ¢  C. � ¬¥â¨¬,
çâ® ¨§®¬®àä¨§¬ C �= C0�R ¬®¦® § ¤ âì ®â®¡à ¦¥¨ï¬¨ � : C ! C0, �x = x� x(a); r : C ! R,
rx = x(a); x = rx+ �x. � ª¨¬ ®¡à §®¬, ãà ¢¥¨¥ (5) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

(Lx)(t) � (�x)(t) �
Z t

a

K(t; s)(�x)(s)ds � rx

Z t

a

K(t; s)ds = f(t);
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£¤¥ L : C ! C0, ¨, á«¥¤®¢ â¥«ì®, ï¢«ï¥âáï  ¡áâà ªâë¬ äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìë¬
ãà ¢¥¨¥¬ (¥ á®¤¥à¦ é¨¬ ¯à®¨§¢®¤ãî!). � ª ª ª ®¯¥à â®à Q : C0 ! C0, (Qy)(t) = y(t) �
tR
a

K(t; s)y(s)ds ®¡à â¨¬ [3], [13], [14], â® £« ¢ ï ªà ¥¢ ï § ¤ ç  ¤«ï ãà ¢¥¨ï (5) á ãá«®¢¨¥¬

x(a) = � ®¤®§ ç® à §à¥è¨¬ , ¥¥ ®¯¥à â®à �à¨  ¬®¦® § ¯¨á âì ¢ ¢¨¤¥
tR
a

f(s)dsw(t; s), £¤¥

w(t; s) | äãªæ¨ï ®£à ¨ç¥®© ¢ à¨ æ¨¨.
� áá¬®âà¨¬ â¥¯¥àì ªà ¥¢ãî § ¤ çã ¤«ï ãà ¢¥¨ï (5) á ãá«®¢¨¥¬

Z b

a

x(s)ds = �: (6)

� ¤ ¤¨¬ ¨§®¬®àä¨§¬ C �= C0 �R ®â®¡à ¦¥¨ï¬¨

� : C ! C0; �x = x� x(a); r : C ! R; rx =
Z b

a

x(s)ds;

x =
1

b� a
rx+ �x�

1
b� a

Z b

a

(�x)(s)ds:

�®£¤  ªà ¥¢ ï § ¤ ç  (5), (6) § ¯¨è¥âáï ¢ ¢¨¤¥

(�x)(t) �
Z b

a

U(t; s)(�x)(s)ds �
1

b� a
rx

Z t

a

K(t; s)ds = f(t); rx = �;

£¤¥

U(t; s) = �[a;t](s)K(t; s)�
1

b� a

Z t

a

K(t; �)d�:

�ãáâì max
t2[a;b]

bR
a

jU(t; s)jds < 1. �®£¤  [12] ®¯¥à â®à Q : C0 ! C0, (Qy)(t) = y(t) �
bR
a

U(t; s)y(s)ds

®¡à â¨¬. �¯¥à â®à �à¨  § ¤ ç¨ (5), (6) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥
bR
a

f(s)dsg(t; s), £¤¥ g(t; s) | äãª-

æ¨ï ®£à ¨ç¥®© ¢ à¨ æ¨¨. �â  äãªæ¨ï á¢ï§   á äãªæ¨¥© �à¨  £« ¢®© ªà ¥¢®© § ¤ ç¨
ä®à¬ã«®©

g(t; s) = w(t; s) �
X(t)

bR
a

X(s)ds

Z b

a

w(t; s)dt:

� ª ç¥áâ¢¥ £« ¢®© ªà ¥¢®© § ¤ ç¨ ¢ â¥®à¨¨ äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©
®¡ëç® ¨á¯®«ì§ãîâ § ¤ çã �®è¨, ¢ë¡¨à ï rx = x(a). � ª®© ¢ë¡®à  ¨¡®«¥¥ ¯à®¤ãªâ¨¢¥ ¤«ï
ãà ¢¥¨© á ¯®á«¥¤¥©áâ¢¨¥¬. �à¨ ¥áâ¥áâ¢¥ëå ®£à ¨ç¥¨ïå § ¤ ç  �®è¨ ¤«ï â ª¨å ãà ¢¥-
¨© ®¤®§ ç® à §à¥è¨¬ . �¥ äãªæ¨ï �à¨  ( §ë¢ ¥¬ ï äãªæ¨¥© �®è¨) ã¤®¢«¥â¢®àï¥â
ãá«®¢¨î w(t; s) = 0 ¯à¨ s > t. �â® à ¢¥áâ¢® ®§ ç ¥â, çâ® ®¯¥à â®à �à¨  ( §ë¢ ¥¬ë© ¤«ï â -
ª®© § ¤ ç¨ ®¯¥à â®à®¬ �®è¨) ï¢«ï¥âáï ¢®«ìâ¥àà®¢ë¬ ¯® �.�.�¨å®®¢ã: ¤«ï E, Y | «¨¥©ëx
¯à®áâà áâ¢ äãªæ¨© y : [a; b] ! Rm, «¨¥©®¥ ®â®¡à ¦¥¨¥ F : E ! Y  §ë¢ ¥âáï ¢®«ìâ¥à-

à®¢ë¬, ¥á«¨ ¤«ï «î¡®£® t 2 [a; b] ¨ «î¡®£® x 2 E ¨§ x(s) = 0   [a; t] á«¥¤ã¥â (Fx)(s) = 0  
[a; t].

�«ï ®¯à¥¤¥«¥¨ï äãªæ¨¨ �®è¨  ¡áâà ªâ®£® ãà ¢¥¨ï ¯à¨¤¥âáï ¯à¥¤¯®«®¦¨âì, çâ® á®-
¯àï¦¥®¥ ¯à®áâà áâ¢® B� ï¢«ï¥âáï ¯à®áâà áâ¢®¬ äãªæ¨© g : [a; b] ! Rm, ¨ ¢ë¯®«¥®
á«¥¤ãîé¥¥ ãá«®¢¨¥. Eá«¨ ¯à¨ «î¡®¬ t 2 [a; b] í«¥¬¥â g 2 B� ¯à¨ ¤«¥¦¨â ®àâ®£® «ì®¬ã
¤®¯®«¥¨î ª ¯®¤¯à®áâà áâ¢ã Mt = fy 2 B j y(s) = 0 ¯à¨ ¢á¥å s 2 [a; t]g, â® g(s) = 0   (t; b].

� áá¬®âà¨¬ § ¤ çã �®è¨
Lx = f; x(a) = �:

�à¥¤áâ ¢¨¬ ®¯¥à â®à �®è¨ ¢ ¢¨¤¥ (Wf)(t) = (w(t); f), £¤¥ ª®¬¯®¥âë ¢¥ªâ®à  w(t) | í«¥-
¬¥âë á®¯àï¦¥®£® ¯à®áâà áâ¢  B� | ï¢«ïîâáï ¢¥ªâ®à-äãªæ¨ï¬¨ [a; b] ! Rm. �¡®§ ç¨¬
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äãªæ¨î w(t) : [a; b]! Rm�m ¯à¨ ª ¦¤®¬ s 2 [a; b] ç¥à¥§ w(t; s). �«¥¤ãï ®¯à¥¤¥«¥¨î äãªæ¨¨
�à¨ ,  §®¢¥¬ w(t; s) äãªæ¨¥© �®è¨  ¡áâà ªâ®£® ãà ¢¥¨ï Lx = f ¢ â®çª¥ (t; s) 2 [a; b]2.

�¥®à¥¬  2. �á«¨ ®¯¥à â®à �®è¨ W : B ! D ¢®«ìâ¥àà®¢, â® ¤«ï äãªæ¨¨ �®è¨ ¢ë¯®«¥®

ãá«®¢¨¥ w(t; s) = 0 ¯à¨ ¢á¥å s > t.

�®ª § â¥«ìáâ¢®. �á«¥¤áâ¢¨¥ ¢®«ìâ¥àà®¢®áâ¨ ®¯¥à â®à  W ¤«ï ª ¦¤®£® t 2 [a; b] ¢ë¯®«¥-
® (Wf)(t) = 0   ¢á¥å â ª¨å í«¥¬¥â å f 2 B, çâ® f(s) = 0 ¯à¨ s 2 [a; t]. �® (Wf)(t) = (w(t); f).
� ª¨¬ ®¡à §®¬, ª®¬¯®¥âë ¢¥ªâ®à-äãªæ¨® «  w(t) ¯à¨ ¤«¥¦ â ®àâ®£® «ì®¬ã ¤®¯®«¥-
¨î ª ¯®¤¯à®áâà áâ¢ã Mt � B. �âáî¤  ¯®«ãç ¥¬ w(t; s) = 0 ¯à¨ ¢á¥å s > t.

� § ª«îç¥¨¥ § ¬¥â¨¬, çâ® ãá«®¢¨ï, ®¡¥á¯¥ç¨¢ îé¨¥ ¢®«ìâ¥àà®¢®áâì ®¯¥à â®à  W : Ln !
Dn ¤«ï äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, ¯à¨¢¥¤¥ë ¢ [3].

�¨â¥à âãà 
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