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�  ï à ¡®â  ¯®á¢ïé¥  ãáâ ®¢«¥¨î ãá«®¢¨© à §à¥è¨¬®áâ¨ ¨ ¨§ãç¥¨î á¢®©áâ¢ à¥è¥¨©
¡¥áª®¥çëå á¨áâ¥¬  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© ¢¨¤ 
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�'k = fn; n = 0; 1; : : : ; (1)

£¤¥ a(�)n , � = 0;m, ¨ fn | ¨§¢¥áâë¥ ¢¥«¨ç¨ë, ª®â®àë¥ ¯®¤ç¨¥ë ãá«®¢¨ï¬

ja(�)n j 6 m1jnj
�r���1; n 6= 0; � = 0;m; jfnj 6 m2n

�r���1; n 6= 0; (2)

¨«¨
1X
n=0

jnrfnj
q < +1: (3)

�¤¥áì ¨ ¨¦¥ mi | ¢¯®«¥ ®¯à¥¤¥«¥ë¥ ¯®áâ®ïë¥, ¥ § ¢¨áïé¨¥ ®â n; r | æ¥«®¥ ¥®âà¨æ -
â¥«ì®¥ ç¨á«®; �, q | ¢¥é¥áâ¢¥ë¥ ç¨á« , ¯à¨ç¥¬ 0 < � 6 1, 1 < q 6 2.

�®áâà®¥¨î â¥®à¨¨ à §à¥è¨¬®áâ¨ ¡¥áª®¥çëå á¨áâ¥¬ �¨¥à {�®¯ä  ¯®á¢ïé¥® § ç¨â¥«ì-
®¥ ç¨á«® à ¡®â. �à¥¤¨ ¨å ®â¬¥â¨¬ [1]{[3], £¤¥ ¨§«®¦¥ë ®á®¢ë¥ ¤®áâ¨¦¥¨ï ¢ íâ®¬  ¯à ¢«¥-
¨¨, à ¡®âë [4]{[6] ¯®á¢ïé¥ë ¨§ãç¥¨î ¥ª®â®àëå ®¡®¡é¥¨© á¨áâ¥¬ �¨¥à {�®¯ä : á¨áâ¥¬ á
à §®áâë¬¨ ¨ áã¬¬ àë¬¨ ¨¤¥ªá ¬¨ ¨ á¨áâ¥¬ á ª®¬¯«¥ªá® á®¯àï¦¥ë¬¨ § ç¥¨ï¬¨ ¥¨§-
¢¥áâëå. �§ãç¥¨¥ ¡¥áª®¥çëå á¨áâ¥¬ �¨¥à {�®¯ä , à áá¬ âà¨¢ ¥¬ëå ¢ [1]{[6], ®á®¢ ®  
¨å á¢¥¤¥¨¨ ª á®®â¢¥âáâ¢ãîé¥© íª¢¨¢ «¥â®© ªà ¥¢®© § ¤ ç¥ â¥®à¨¨   «¨â¨ç¥áª¨å äãªæ¨©
  ¥¤¨¨ç®© ®ªàã¦®áâ¨ á æ¥âà®¬ ¢  ç «¥ ª®®à¤¨ â: íâ® § ¤ ç  �¨¬  , § ¤ ç  � à«¥¬  ,
§ ¤ ç  � àªãè¥¢¨ç , § ¤ ç  â¨¯  � à«¥¬  . �ª § «®áì, çâ® ¬¥â®¤ë à ¡®â [1]{[6] ¨áá«¥¤®¢ -
¨ï á¨áâ¥¬ �¨¥à {�®¯ä  ¨ ¨å ®¡®¡é¥¨© ¥ ¯à¨¬¥¨¬ë ª ¨áá«¥¤®¢ ¨î á¨áâ¥¬ë ãà ¢¥¨©
(1), â. ª. ®  ¯à¨¢®¤¨âáï ª ¨áá«¥¤®¢ ¨î   ¥¤¨¨ç®© ®ªàã¦®áâ¨ á¨£ã«ïàëå ¨â¥£à®¤¨ä-
ä¥à¥æ¨ «ìëå ãà ¢¥¨© (����) á ï¤à®¬ �®è¨.

1. �á¯®¬®£ â¥«ìë¥ ®¯à¥¤¥«¥¨ï ¨ ãâ¢¥à¦¤¥¨ï. �ãáâì  = ft 2 C : jtj = 1g | ¥¤¨-
¨ç ï ®ªàã¦®áâì á æ¥âà®¬ ¢  ç «¥ ª®®à¤¨ â, à §¡¨¢ îé ï ª®¬¯«¥ªáãî ¯«®áª®áâì C  
¤¢¥ ®¡« áâ¨: ¢ãâà¥îî D+ = fz 2 C : jzj < 1g ¨ ¢¥èîî D� = fz 2 C : jzj > 1g. �¨¬¢®«®¬
dkf(t)=dsk ¡ã¤¥¬ ®¡®§ ç âì k-î ¯à®¨§¢®¤ãî äãªæ¨¨ f(t), t = eis, s 2 [0; 2�], ¯® ¤ã£¥ s ®ªàã¦-
®áâ¨ ,   f (k)(t) ®§ ç ¥â k-î ¯à®¨§¢®¤ãî äãªæ¨¨ f(t) ¯® ª®¬¯«¥ªá®© ª®®à¤¨ â¥ t 2  ([7],
á. 346).

�¥¬¬  1 ([7], á. 346). �á«¨ äãªæ¨ï '(t) 2 L(r)
p , p > 1, r > 0, â® á¯à ¢¥¤«¨¢ë à ¢¥áâ¢ 

dk'(t)=dsk = ik
kX

�=1

A�t
�'(�)(t); k = 1; r; Ak = 1;

£¤¥ A� , � = 1; k � 1, | ¢¯®«¥ ®¯à¥¤¥«¥ë¥ ¯®áâ®ïë¥. � ç áâ®áâ¨, dktn=dsk = iknktn.
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�á«¨ äãªæ¨ï '(t) 2 Lp, p > 1, â® ®  à §« £ ¥âáï ([8], á. 162; [9], á. 211) ¢ áå®¤ïé¨©áï àï¤
�ãàì¥

'(t) =
1X

k=�1

'kt
k;

'k =
1
2�i

Z


'(t)t�k�1dt; k = 0;�1; : : : (4)

�®íâ®¬ã, ¥á«¨ äãªæ¨ï '(t) 2 L(r)
p , p > 1, r > 1, â® ª®íää¨æ¨¥âë �ãàì¥ �n ¨ 'n á®®â¢¥â-

áâ¢¥® äãªæ¨© dr'(t)=dsr ¨ '(t) á¢ï§ ë á®®â®è¥¨¥¬ �n = (in)r'n, n 6= 0; �0 = 0. �

�¥¬¬  2. �á«¨ äãªæ¨ï '(t) 2 Lp, p > 1, ï¢«ï¥âáï ªà ¥¢ë¬ § ç¥¨¥¬    äãªæ¨¨

'+(z),   «¨â¨ç¥áª®© ¢ ®¡« áâ¨ D+, â® ¥¥ ª®íää¨æ¨¥âë �ãàì¥ 'k ®¯à¥¤¥«ïîâáï á«¥¤ãîé¨¬

®¡à §®¬:

'k =
1
k!
'+(k)(0); k = 0; 1; : : : ; 'k = 0; k = �1;�2; : : :

�¯à ¢¥¤«¨¢®áâì íâ®£® ãâ¢¥à¦¤¥¨ï «¥£ª® ãáâ  ¢«¨¢ ¥âáï   ®á®¢ ¨¨ ä®à¬ã«ë (4) ¨ â¥-
®à¨¨ ¢ëç¥â®¢.

2. �¢¥¤¥¨¥ á¨áâ¥¬ë ãà ¢¥¨© (1) ª ����   . �¡®§ ç¨¬ '+
k = 'k (k = 0; 1; : : : ),

f+n = fn (n = 0; 1; : : : ). �ãáâì ¢ á¨áâ¥¬¥ ãà ¢¥¨© (1) ¨¤¥ªáë n ¨ k ¯à¨¨¬ îâ ¥®âà¨æ -
â¥«ìë¥ § ç¥¨ï. �®£¤  à §®áâì n� k ¯à®¡¥£ ¥â ¢á¥ æ¥«®ç¨á«¥ë¥ § ç¥¨ï, â. ¥. ¢¥«¨ç¨ë

a(�)n ®¯à¥¤¥«¥ë ¯à¨ ¢á¥å æ¥«®ç¨á«¥ëå § ç¥¨ïå n. �¡®§ ç¨¬ ç¥à¥§ 'n =
mP
k=0

1P
k=�1

a
(�)
n�kk

�'+
k

(n = �1;�2; : : : ) ®¢ë¥ ¥¨§¢¥áâë¥ ¢¥«¨ç¨ë. �®«®¦¨¬ '�n = �'n (n = �1;�2; : : : ), '�n = 0
(n = 0; 1; 2; : : : ). �®£¤  ¢ â¥à¬¨ å ¢¥«¨ç¨ '+

k ¨ '�k á¨áâ¥¬ã (1) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

mX
�=0

1X
k=�1

a(�)n�kk
�'+

k + '�n = f+n ; n = 0;�1; : : : (5)

� ¬¥â¨¬, çâ® á¨áâ¥¬ë ãà ¢¥¨© (1) ¨ (5) íª¢¨¢ «¥âë ¢ â®¬ á¬ëá«¥, çâ® ®¨ ®¤®¢à¥¬¥-
® à §à¥è¨¬ë ¨«¨ ¥â, â. ª. ®¯à¥¤¥«¨â¥«ì á¨áâ¥¬ë ãà ¢¥¨© (5) à á¯ ¤ ¥âáï   ¯à®¨§¢¥¤¥¨¥
®¯à¥¤¥«¨â¥«ï á¨áâ¥¬ë ãà ¢¥¨© (1) ¨ ®¯à¥¤¥«¨â¥«ï, à ¢®£® ¥¤¨¨æ¥. �à¨ íâ®¬ à¥è¥¨ï á¨-
áâ¥¬ë ãà ¢¥¨© (1) ¢ëà ¦ îâáï ç¥à¥§ à¥è¥¨ï á¨áâ¥¬ë ãà ¢¥¨© (5),   ¨¬¥®, 'k = '+

k ,
k = 0; 1; : : :

�¬®¦¨¬ â¥¯¥àì n-¥ ãà ¢¥¨¥ á¨áâ¥¬ë (5)   tn, t 2 , ¨ ¯à®áã¬¬¨àã¥¬ ¯® ¢á¥¬ ¨¤¥ªá ¬ n.
�®«ãç¨¬ à ¢¥áâ¢®

mX
�=0

1X
n=�1

1X
k=�1

a
(�)
n�kk

�'+
k t

n +
1X

n=�1

'�n t
n =

1X
n=�1

f+n t
n; t 2 : (6)

�¡®§ ç¨¬

a�(t) =
1X

j=�1

a(�)j tj; � = 0;m; f(t) =
1X
n=0

fnt
n; (7)

d�'+(t)

ds�
=

1X
k=0

(ik)�'kt
k; � = 0;m; '�(t) = �

�1X
k=�1

'kt
k: (8)

� ¬¥â¨¬, çâ® ([9], á. 211) àï¤ë (7) ï¢«ïîâáï áå®¤ïé¨¬¨áï ¢ á¨«ã ¢ë¯®«¥¨ï ãá«®¢¨© (2),
(3). �à¨ íâ®¬ äãªæ¨¨ a�(t); f(t) 2 H(r)

� , � = 0;m, ¥á«¨ ¢ë¯®«¥ë ãá«®¢¨ï (2), ¨ äãªæ¨ï

67



f(t) 2 L(r)
p , p > 2, p�1 + q�1 = 1, ¥á«¨ ¢ë¯®«¥® ãá«®¢¨¥ (3), a '+(t) ¨ '�(t) ï¢«ïîâáï ªà ¥-

¢ë¬¨ § ç¥¨ï¬¨    ¥¨§¢¥áâëå äãªªæ¨© '+(z) ¨ '�(z),   «¨â¨ç¥áª¨å á®®â¢¥âáâ¢¥® ¢
®¡« áâïå D+ ¨ D�. �®£¤  ¢ á¨«ã (4), (7) ¨ (8) ¨¬¥¥¬

1X
n=�1

1X
k=�1

a(�)n�kk
�'+

k t
n = (�i)�a�(t)

d�'+(t)
ds�

; � = 0;m:

�âáî¤  á ãç¥â®¬ (7), (8) à ¢¥áâ¢® (6) § ¯¨è¥¬ ¢ ¢¨¤¥

mX
�=0

(�i)�a�(t)
d�'+(t)
ds�

� '�(t) = f(t); t 2 :

�  ®á®¢ ¨¨ «¥¬¬ë 1 ¯®á«¥¤¥¥ à ¢¥áâ¢® ¯à¨¬¥â ¢¨¤

tmam(t)'+(m)(t) +
m�1X
j=0

Aj(t)tj'+(j)(t)� '�(t) = f(t); t 2 ; (9)

£¤¥ äãªæ¨¨ Aj(t), j = 0;m� 1, ¢ëà ¦ îâáï ¨§¢¥áâë¬ ®¡à §®¬ ç¥à¥§ äãªæ¨¨ a�(t), � = 0;m,
¨ ¯®áâ®ïë¥ Aj , ®¯à¥¤¥«ï¥¬ë¥ ¯® «¥¬¬¥ 1. �â¬¥â¨¬, çâ®   ®á®¢ ¨¨ ä®à¬ã« �®å®æª®£® ¤«ï
¯à®¨§¢®¤ëå ([7], á. 42) ªà ¥¢ãî § ¤ çã (9) § ¯¨è¥¬ ¢ ¢¨¤¥ á«¥¤ãîé¥£® ����:

am(t)'
(m)(t) + (S'(m))(t) +

m�1X
j=0

Aj(t)t
j ['(j)(t) + (S'(j))(t)]� '(t) + (S')(t) = 2f(t); t 2 ; (10)

£¤¥ (S )(t) = 1
�i

R


(��t)�1 (�)d� | á¨£ã«ïàë© ¨â¥£à « á ï¤à®¬ �®è¨. � á¨«ã â®¦¤¥áâ¢¥ëå

¯à¥®¡à §®¢ ¨© á¨áâ¥¬  ãà ¢¥¨© (1) ¨ ���� (10), â. ¥. ªà ¥¢ ï § ¤ ç  (9), íª¢¨¢ «¥âë
¢ â®¬ á¬ëá«¥, çâ® ®¨ ®¤®¢à¥¬¥® à §à¥è¨¬ë ¨«¨ ¥â, ¨ à¥è¥¨ï á¨áâ¥¬ë ãà ¢¥¨© (1)
¢ëà ¦ îâáï ç¥à¥§ à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ (9), â. ¥. ���� (10), ¯® ä®à¬ã«¥

'k =
1
2�i

Z


'+(t)t�k�1dt; k = 0; 1; : : : (11)

3. �áá«¥¤®¢ ¨¥ á¨áâ¥¬ë ãà ¢¥¨© (1). � ª ¨§¢¥áâ® ([7], á. 365; [10]), ¨áá«¥¤®¢ ¨¥
ªà ¥¢®© § ¤ ç¨ (9), â. ¥. ���� (10) ¯à¨¢®¤¨âáï ª ¨áá«¥¤®¢ ¨î ¯®«®£® á¨£ã«ïà®£® ¨â¥-
£à «ì®£® ãà ¢¥¨ï (���) á®®â¢¥âáâ¢ãîé¥£® ¢¨¤ . �«ï íâ®£® ¢®á¯®«ì§ã¥¬áï ¨â¥£à «ìë¬¨
¯à¥¤áâ ¢«¥¨ï¬¨, ¯®áâà®¥ë¬¨ ¢ ([7], [10]), ¤«ï äãªæ¨© ¨ ¨å ¯à®¨§¢®¤ëå. �®£« á® ([7],
á. 367; [10]) «î¡ãî ¯ àã äãªæ¨© '+(z) ¨ '�(z),   «¨â¨ç¥áª¨å á®®â¢¥âáâ¢¥® ¢ ®¡« áâïå D+

¨ D�, '�(1) = 0, ¨ â ª¨å, çâ® ªà ¥¢ë¥ § ç¥¨ï '+(m)(t), '�(t)    á®®â¢¥âáâ¢¥® äãªæ¨©
'+(m)(z) ¨ '�(z) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î ��¥«ì¤¥à  ¨«¨ ¯à¨ ¤«¥¦ â ¯à®áâà áâ¢ã Lp, p > 1, ¢
á¨«ã «¥¬¬ë 2 ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

'+(z) =
1
2�i

Z


P0(z; �)�(�)d� +D0(z); z 2 D+;

'�(z) =
1
2�i

Z


Q0(z; �)�(�)d�; z 2 D�:

(12)
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�¤¥áì äãªæ¨ï �(t) ®¤®§ ç® ®¯à¥¤¥«ï¥âáï ¯® äãªæ¨ï¬ '+(z) ¨ '�(z),  

P0(z; �) =
(�1)m

(m� 1)!

�
(� � z)m�1 ln

�
1�

z

�

�
+

m�1X
k=1

�k�
m�k�1zk

�
;

Q0(z; �) =
1

� � z
;

D0(z) =
m�1X
k=0

'kz
k; �k =

1
k
�
C1
m�1

k � 1
+
C2
m�1

k � 2
� � � �+ (�1)k � 1

Ck�1
m�1

1
;

£¤¥ Cj
n | ¡¨®¬¨ «ìë¥ ª®íää¨æ¨¥âë, 'k | ª®íää¨æ¨¥âë �ãàì¥ äãªæ¨¨ '+(t), ï¢«ïî-

é¥©áï ªà ¥¢ë¬ § ç¥¨¥¬    äãªæ¨¨ '+(z).
�á¯®«ì§ãï á¢®©áâ¢  ¯à¥¤áâ ¢«¥¨© (12), ªà ¥¢ãî § ¤ çã (9), â. ¥. ���� (10), ¯à¨¢®¤¨¬ ª

¨áá«¥¤®¢ ¨î á«¥¤ãîé¥£® ���:

K� = K0�+ T� = f +B; (13)

£¤¥

K0� = 0;5[tmam(t) + 1]�(t) + 0;5[tmam(t)� 1](S�)(t);

T � =
Z


k(t; �)�(�)d�; (14)

k(t; �) =
1
2�i

m�1X
j=0

Aj(t)t
j

�
@jP0(t; �)

@tj
+

m�1X
k=j

�k�
m�k�1k(k � 1) : : : (k � j + 1)tj

�
;

B(t) = D
(j)
0 (t)

m�1X
j=0

Aj(t)t
j ; (15)

S | á¨£ã«ïàë© ®¯¥à â®à �®è¨,   äãªæ¨¨ D
(j)
0 (t) ¨ @jP0(t; �)=@tj ï¢«ïîâáï ¯à¥¤¥«ìë¬¨

§ ç¥¨ï¬¨   ª®âãà¥  á®®â¢¥âáâ¢¥® äãªæ¨© D(j)
0 (z) ¨ @jP (z; �)=@zj .

�¥¬¬  3. �á«¨ a(�)n ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (2), â® ®¯à¥¤¥«¥ë© ä®à¬ã«®© (14) ®¯¥à â®à
T : C ! C, T : Lp ! Lp, p > 1, ª®¬¯ ªâ¥.

�¥©áâ¢¨â¥«ì®,   ®á®¢ ¨¨ ([7], á. 368) äãªæ¨¨ @jP0(t;�)

@tj
¯à¨ ¤«¥¦ â ¯® ªà ©¥© ¬¥à¥

¯à®áâà áâ¢ã H1,   äãªæ¨¨ Aj(t) ¯à¨ ¤«¥¦ â H(r)
� ¢ á¨«ã ¨å áâàãªâãàë. �®£¤  ª®¬¯ ªâ®áâì

®¯¥à â®à  T : C ! C á«¥¤ã¥â ¨§ â¥®à¥¬ë �àæ¥« {�áª®«¨,   ª®¬¯ ªâ®áâì ®¯¥à â®à  T : Lp ! Lp

| ¨§ à ¡®âë ([11], á. 419).
�â¬¥â¨¬, çâ® à¥è¥¨¥ ���� (10) á®£« á® ([7], [10]) áâà®¨âáï ¯® ä®à¬ã«¥

'(t) =
1
2�i

Z


[P0(t; �)�Q0(t; �)]�(�)d� +D0(t); t 2 ; (16)

  äãªæ¨ï '+(t) ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

'+(t) =
1
2�i

Z


P0(t; �)�(�)d� +D0(t); (17)

£¤¥ P0(t; �), Q0(t; �), D0(t) | ªà ¥¢ë¥ § ç¥¨ï    á®®â¢¥âáâ¢¥® äãªæ¨© P0(z; �), Q0(z; �),
D0(z).

�®£« á® à ¡®â ¬ ([7], [12], á. 436) ���� (10) ¨ ��� (13) ï¢«ïîâáï íª¢¨¢ «¥âë¬¨ ¢ â®¬
á¬ëá«¥, çâ® ®¨ ®¤®¢à¥¬¥® à §à¥è¨¬ë ¨«¨ ¥â, ¨ ª ¦¤®¬ã à¥è¥¨î '(t) ���� (10) á®®â-
¢¥âáâ¢ã¥â à¥è¥¨¥, ¢®§¬®¦® ¥ ¥¤¨áâ¢¥®¥, �(t) ��� (13) ¨  ®¡®à®â. �à¨ íâ®¬ á¢ï§ì ¬¥¦¤ã
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¨å à¥è¥¨ï¬¨ ®áãé¥áâ¢«ï¥âáï ¯® ä®à¬ã«¥ (16). �¤ ª®, çâ®¡ë á¢ï§ì ¬¥¦¤ã à¥è¥¨ï¬¨ ����
(10) ¨ ��� (13) ¡ë«  ®¤®§ ç®©, ¥®¡å®¤¨¬®, çâ®¡ë ¡ë«¨ ¨§¢¥áâë ([12], á. 406) ¢¥«¨ç¨ë

'k =
1
2�i

Z


'(t)t�k�1dt =
1
2�i

Z


['+(t)� '�(t)]t�k�1dt =
1
2�i

Z


'+(t)t�k�1dt; k = 0;m� 1;
(18)

£¤¥ '(t) | à¥è¥¨¥ ���� (10). � ¤àã£®© áâ®à®ë, 'k, k = 0;m� 1, | ª®íää¨æ¨¥âë �ãàì¥
äãªæ¨¨ (17). �á«¨ ¢¥«¨ç¨ë (18), ª®â®àë¥  §ë¢ îâáï  ç «ìë¬¨ ãá«®¢¨ï¬¨ ���� (10), ¨§-
¢¥áâë, â® ���� (10) ¨ ��� (13) íª¢¨¢ «¥âë ¢ â®¬ á¬ëá«¥, çâ® ®¨ ®¤®¢à¥¬¥® à §à¥è¨¬ë
¨«¨ ¥â, ¨ ª ¦¤®¬ã à¥è¥¨î '(t) ��� (13) á®®â¢¥âáâ¢ã¥â ®¤® ¨ â®«ìª® ®¤® à¥è¥¨¥ �(t) ���
(13) ¨  ®¡®à®â. �â¬¥â¨¬, çâ®   ®á®¢ ¨¨ ä®à¬ã« �®å®æª®£® ®¯à¥¤¥«ï¥¬ë¥ ä®à¬ã«®© (18)
¢¥«¨ç¨ë 'k, k = 0;m� 1, ï¢«ïîâáï ª®íää¨æ¨¥â ¬¨ äãªæ¨¨ D0(z). �®íâ®¬ã ¯à¨ á¢¥¤¥¨¨
���� (10) ª ��� (13) äãªæ¨ï D0(z) ¤®«¦  ¡ëâì § ¤   § ¡« £®¢à¥¬¥®, â. ¥. (18) ï¢«ï-
¥âáï ¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®çë¬ ãá«®¢¨¥¬ ®¯à¥¤¥«¥®áâ¨ ���� (10). �§ íª¢¨¢ «¥â®áâ¨
���� (10) ¨ á¨áâ¥¬ë ãà ¢¥¨© (1) á«¥¤ã¥â, çâ® à¥è¥¨ï á¨áâ¥¬ë (1) ®¯à¥¤¥«ïîâáï ®¤®§ ç-
ë¬ ®¡à §®¬ ¯® ä®à¬ã« ¬ (17), (11), ¥á«¨ ¨§¢¥áâë ¢¥«¨ç¨ë (18), ª®â®àë¥ ¡ã¤¥¬  §ë¢ âì ¥¥
 ç «ìë¬¨ ãá«®¢¨ï¬¨.

�¥¯¥àì ¨áá«¥¤®¢ ¨¥ à §à¥è¨¬®áâ¨ á¨áâ¥¬ë ãà ¢¥¨© (1) ¡ã¤¥¬ ¯à®¢®¤¨âì   ®á®¢¥ ¨á-
á«¥¤®¢ ¨ï ��� (13) ¢ á¨«ã ¨å íª¢¨¢ «¥â®áâ¨, ¥á«¨ ¡ã¤ãâ § ¤ ë  ç «ìë¥ ãá«®¢¨ï (18)
á¨áâ¥¬ë (1). �à¨ íâ®¬ á¨áâ¥¬ã ãà ¢¥¨© (1) ¡ã¤¥¬  §ë¢ âì ¥â¥à®¢®©, ¥á«¨ ¥â¥à®¢® ���
(13),   ¨¤¥ªá ��� (13) ¡ã¤¥¬  §ë¢ âì ¨¤¥ªá®¬ á¨áâ¥¬ë (1).

� ç «  à áá¬®âà¨¬ á«ãç © ã«¥¢ëå  ç «ìëå ãá«®¢¨©: 'k = 0, k = 0;m� 1. � íâ®¬ á«ãç ¥
äãªæ¨ï D0(z) � 0,   § ç¨â, ®¯à¥¤¥«¥ ï ä®à¬ã«®© (15) äãªæ¨ï B0(t) � 0.

�¥®à¥¬  1. �á«¨  ç «ìë¥ ãá«®¢¨ï ã«¥¢ë¥,   ¢¥«¨ç¨ë a(�)n ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (2),
â® á¨áâ¥¬  ãà ¢¥¨© (1) ¥â¥à®¢  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«¥® ãá«®¢¨¥

am(t) 6= 0; t 2 : (19)

� íâ®¬ á«ãç ¥ ¨¤¥ªá á¨áâ¥¬ë ãà ¢¥¨© (1) à ¢¥ �m� {, £¤¥ { = indam(t).

�®ª § â¥«ìáâ¢®. � á¨«ã ãá«®¢¨© â¥®à¥¬ë á¨áâ¥¬  ãà ¢¥¨© (1) ¨ ��� (13) ï¢«ïîâáï
íª¢¨¢ «¥âë¬¨. �®£« á® à ¡®â ¬ ([7], á. 177; [12]) ��� (13) ï¢«ï¥âáï ¥â¥à®¢ë¬ â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  ¢ë¯®«¥ë ãá«®¢¨ï [tmam(t) + 1] + [tmam(t) � 1] = 2tmam(t) 6= 0, [tmam(t) + 1] �
[tmam(t)�1] = 2 6= 0, t 2 . �âáî¤  á«¥¤ã¥â (19). �à¨ íâ®¬ ¨¤¥ªá ��� (13) à ¢¥ � ind tmam(t) =
�m� {, £¤¥ { = indam(t).

�¥®à¥¬  2. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 1,   ¢¥«¨ç¨ë fn ã¤®¢«¥â¢®àïîâ ®¤®¬ã

¨§ ãá«®¢¨© (2) ¨«¨ (3) ¨ ¢ë¯®«¥® ãá«®¢¨¥ (19). �®£¤  ¥á«¨ m + { 6 0, â® ®¤®à®¤ ï á¨áâ¥-
¬  ãà ¢¥¨© (1) ¨¬¥¥â ¥ ¬¥¥¥ ç¥¬ j{ +mj «¨¥©® ¥§ ¢¨á¨¬ëå à¥è¥¨©,   ¥®¤®à®¤ ï

á¨áâ¥¬  ãà ¢¥¨© (1) ¡¥§ãá«®¢® à §à¥è¨¬  ¨ ¥¥ ®¡é¥¥ à¥è¥¨¥ § ¢¨á¨â ®â ¥ ¬¥¥¥ ç¥¬

jm + {j ¯à®¨§¢®«ìëå ¯®áâ®ïëå. �á«¨ ¦¥ m + { > 0, â® ¥®¤®à®¤ ï á¨áâ¥¬  ãà ¢¥¨©

(1) à §à¥è¨¬ , ¥á«¨ ¡ã¤ãâ ¢ë¯®«¥ë ¥ ¬¥¥¥ ç¥¬ m+ { ãá«®¢¨© à §à¥è¨¬®áâ¨Z


f(t)	j(t)dt = 0; (20)

£¤¥ f(t) | ¯à ¢ ï ç áâì ��� (13),    j(t) | «¨¥©® ¥§ ¢¨á¨¬ë¥ à¥è¥¨ï ®¤®à®¤®£® ���,

á®î§®£® ��� (13).

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬ á ç « , çâ® ¯®¤ à¥è¥¨¥¬ á¨áâ¥¬ë ãà ¢¥¨© (1) ¢ ¤ ®¬
á«ãç ¥ ¯®¨¬ ¥âáï ¡¥áª®¥ç®¬¥àë© ¢¥ªâ®à ¢¨¤  f0; 0; : : : ; 0; 'm; 'm+1; : : : g, £¤¥ 'm; 'm+1; : : :
| à¥è¥¨ï á¨áâ¥¬ë (1). �®£« á® à ¡®â ¬ ([7], [12]) ¯à¨ m+{ 6 0 ®¤®à®¤®¥ ��� (13) ¨¬¥¥â
¥ ¬¥¥¥ ç¥¬ jm+ {j «¨¥©® ¥§ ¢¨á¨¬ëå à¥è¥¨©,   ¥®¤®à®¤®¥ ��� (13) ¡¥§ãá«®¢® à §-
à¥è¨¬®, ¨ ¥£® ®¡é¥¥ à¥è¥¨¥ § ¢¨á¨â ®â ¥ ¬¥¥¥ ç¥¬ j{ +mj ¯à®¨§¢®«ìëå ¯®áâ®ïëå. �á«¨
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¦¥ m+{ > 0, â® ¥®¤®à®¤®¥ ��� (13), ¢®®¡é¥ £®¢®àï, ¥ à §à¥è¨¬®. �«ï ¥£® à §à¥è¨¬®áâ¨
ã¦® ¢ë¯®«¨âì ¥ ¬¥¥¥ ç¥¬ {+m ãá«®¢¨© (20). �§ íª¢¨¢ «¥â®áâ¨ á¨áâ¥¬ë ãà ¢¥¨© (1)
¨ ��� (13) ¢ ãá«®¢¨ïå â¥®à¥¬ë á«¥¤ãîâ ¥¥ ãâ¢¥à¦¤¥¨ï.

�¥®à¥¬  3. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 2, ¢ë¯®«¥® ãá«®¢¨¥ (19) ¨ á¨áâ¥¬  ãà ¢-
¥¨© (1) à §à¥è¨¬ . �®£¤  ¥á«¨ ¢¥«¨ç¨ë fn ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (3), â® à¥è¥¨ï á¨áâ¥-
¬ë ãà ¢¥¨© (1) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î

1X
k=m

jkr+m'kj
q
<1; 1 < q 6 2: (21)

�á«¨ ¦¥ ¢¥«¨ç¨ë fn ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (2), â® ¯à¨ 0 < � < 1 à¥è¥¨ï á¨áâ¥¬ë ãà ¢-

¥¨© (1) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î

j'kj 6 m3k
�r�m��; k > m; (22)

  ¯à¨ � = 1 à¥è¥¨ï á¨áâ¥¬ë ãà ¢¥¨© (1) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î

j'kj 6 m4k
�r�m�1+"; (23)

£¤¥ " | áª®«ì ã£®¤® ¬ «®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®.

�®ª § â¥«ìáâ¢®. � á¨«ã ãá«®¢¨© â¥®à¥¬ë   ®á®¢ ¨¨ á¢®©áâ¢ äãªæ¨¨ P0(z; �) ¨ [9] ª®-
íää¨æ¨¥âë ¨ à¥£ã«ïà®¥ ï¤à® ��� (13) ¯à¨ ¤«¥¦¨â ¯à®áâà áâ¢ã H(r)

� ¯® ¯¥à¥¬¥®© t.
�®£¤  ¥á«¨ ¢¥«¨ç¨ë fn ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (3), â. ¥. ¯à ¢ ï ç áâì ��� (13) | äãªæ¨ï
f(t) 2 L(r)

p , p > 2, p�1 + q�1 = 1, â® á®£« á® [3] à¥è¥¨¥ ��� (13) ¯à¨ ¤«¥¦¨â ¯à®áâà áâ¢ã
L(r)
p , p > 2, p�1+q�1 = 1. �®£¤    ®á®¢ ¨¨ á¢®©áâ¢ äãªæ¨¨ P0(z; �) ¨ á¨£ã«ïà®£® ¨â¥£à « 

®¯à¥¤¥«ï¥¬ ï ä®à¬ã«®© (17) äãªæ¨ï '+(t) ¯à¨ ¤«¥¦¨â L(r+m)
p , p > 2, p�1+q�1 = 1. �âáî¤   

®á®¢ ¨¨ [9] á«¥¤ã¥â ®æ¥ª  (21). �á«¨ ¦¥ ¢¥«¨ç¨ë a(�)n ¨ fn ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (2), â®
¯à¨ 0 < � < 1 á®£« á® ([7], [12]) à¥è¥¨ï ��� (13) ¯à¨ ¤«¥¦ â ¯à®áâà áâ¢ã H(r)

� , 0 < � < 1.
�®£¤  ®¯à¥¤¥«ï¥¬ ï ä®à¬ã«®© (7) äãªæ¨ï '+(t) ¯à¨ ¤«¥¦¨â H(r+m)

� , 0 < � < 1. �®íâ®¬ã
  ®á®¢ ¨¨ [9] ¯®«ãç¨¬ ®æ¥ª¨ (22). �à¨ � = 1 ®¯à¥¤¥«ï¥¬ ï ä®à¬ã«®© (17) äãªæ¨ï '+

¯à¨ ¤«¥¦¨â H(r+m)
1�" . �âáî¤  á«¥¤ã¥â ®æ¥ª  (23).

�ãáâì ãá«®¢¨¥ (19) ¥ ¢ë¯®«ï¥âáï. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® äãªæ¨ï am(t) ¨¬¥¥â ã«¨  
ª®âãà¥  ¢ â®çª å b1; b2; : : : ; bs ¯®àï¤ª®¢ �1; �2; : : : ; �s á®®â¢¥âáâ¢¥®. �®£¤  á®£« á® ([3], á. 263)
á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥

am(t) =M(t)
mY
k=1

(t�1 � b�1k )�k ; (24)

£¤¥ äãªæ¨ï M(t) 6= 0   . �¡®§ ç¨¬

r0 = maxf�1; �2; : : : ; �sg; { = � indM(t); � =
sX

k=1

�k: (25)

�¥®à¥¬  4. �ãáâì  ç «ìë¥ ãá«®¢¨ï ã«¥¢ë¥; ¢¥«¨ç¨ë a(�)n ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (2),
¢ ª®â®àëå r > r0, £¤¥ ç¨á«® r0 ®¯à¥¤¥«¥® á®®â®è¥¨¥¬ (25); á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥ (24),
£¤¥ äãªæ¨ï M(t) 6= 0   , ¨ ¢¥«¨ç¨ë fn ã¤®¢«¥â¢®àïîâ ®¤®¬ã ¨§ ãá«®¢¨© (2) ¨«¨ (3), ¢
ª®â®àëå r > r0. �á«¨ { +m+ � 6 0, £¤¥ ç¨á«  { ¨ � ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã«¥ (24), â® ®¤®-
à®¤ ï á¨áâ¥¬  ãà ¢¥¨© (1) ¨¬¥¥â ¥ ¬¥¥¥ ç¥¬ j{ +m+ �j «¨¥©® ¥§ ¢¨á¨¬ëå à¥è¥¨©,
  ¥®¤®à®¤ ï á¨áâ¥¬  ãà ¢¥¨© (1) ¡¥§ãá«®¢® à §à¥è¨¬  ¨ ¥¥ ®¡é¥¥ à¥è¥¨¥ § ¢¨á¨â ®â

¥ ¬¥¥¥ ç¥¬ j{ +m+ �j ¯à®¨§¢®«ìëå ¯®áâ®ïëå. �á«¨ ¦¥ { +m+ � > 0, â® ¥®¤®à®¤ ï
á¨áâ¥¬  ãà ¢¥¨© (1) ¡ã¤¥â à §à¥è¨¬®©, ¥á«¨ ¢ë¯®«¥ë ¥ ¬¥¥¥ ç¥¬ {+m+� ãá«®¢¨© (20).
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�¥®à¥¬  5. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 4 ¨ á¨áâ¥¬  ãà ¢¥¨© (1) à §à¥è¨¬ .
�á«¨ ¢¥«¨ç¨ë fn ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (3), â® à¥è¥¨ï á¨áâ¥¬ë ãà ¢¥¨© (1) ã¤®¢«¥-
â¢®àïîâ ãá«®¢¨î

1X
k=m

jkr+m�r0'kj
q < +1; 1 < q 6 2;

¥á«¨ ¦¥ ¢¥«¨ç¨ë fn ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (2), â® ¯à¨ 0 < � < 1 à¥è¥¨ï á¨áâ¥¬ë ãà ¢-

¥¨© (1) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

j'kj 6 m5k
�r�m��+r0 ; k > m;

  ¯à¨ � = 1 à¥è¥¨ï á¨áâ¥¬ë ãà ¢¥¨© (1) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

j'kj 6 m6k
�r�m�1+"+r0 ; k > m:

�®ª § â¥«ìáâ¢  â¥®à¥¬ 4 ¨ 5 ¯à®¢®¤ïâáï ¯®   «®£¨¨ á ¤®ª § â¥«ìáâ¢ ¬¨ á®®â¢¥âáâ¢¥®
â¥®à¥¬ 2 ¨ 3, ® á ¨á¯®«ì§®¢ ¨¥¬ à¥§ã«ìâ â®¢ à ¡®â [3], [7] ¯® â¥®à¨¨ à §à¥è¨¬®áâ¨ ¨áª«îç¨-
â¥«ì®£® á«ãç ï ���.

� áá¬®âà¨¬ â¥¯¥àì á«ãç © ¥ã«¥¢ëå  ç «ìëå ãá«®¢¨©. �®£¤  á¨áâ¥¬ã ãà ¢¥¨© (1) ¬®¦-
® § ¯¨á âì ¢ ¢¨¤¥

mX
�=0

1X
k=m

a
(�)
n�kk

�'k = fn + f (1)n ; n = 0; 1; : : : ; (26)

£¤¥ f (1)n =
mP
�=0

m�1P
k=0

a
(�)
n�kk

�'k, n = 0; 1; : : : � ª ª ª ¢¥«¨ç¨ë a(�)n ¨ 'k, k = 0;m� 1, ¨§¢¥áâë,

¯à¨ç¥¬ a(�)n ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (2), â® ¢¥«¨ç¨ë f (1)n ®¯à¥¤¥«ïîâáï ®¤®§ ç® ¨ ã¤®¢«¥-
â¢®àïîâ ãá«®¢¨ï¬ jf (1)n j 6 m7n

�r���1, n 6= 0. �®£¤  ¢¥«¨ç¨ë f (2)n = fn + f (1)n ã¤®¢«¥â¢®àïîâ
ãá«®¢¨î jf (r)n j 6 m8n

�r���1, n 6= 0, ¥á«¨ ¢¥«¨ç¨ë fn ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (2), ¨ ãá«®¢¨î
1P
n=0

jnrf (2)n jq < +1, ¥á«¨ fn ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (3). �¢¥¤¥¬ ®¢ë¥ ¥¨§¢¥áâë¥

�k =

(
0; 0 6 k 6 m� 1;

'k; k > m:
(27)

�®£¤  ¢ â¥à¬¨ å ¥¨§¢¥áâëå ¢¥«¨ç¨ �k ¨ ¨§¢¥áâëå ¢¥«¨ç¨ f
(2)
k á¨áâ¥¬ã ãà ¢¥¨© (26)

¬®¦® § ¯¨á âì ¢ ¢¨¤¥
mX
�=0

1X
k=0

a
(�)
n�kk

��k = f (2)n ; n = 0; 1; : : : (28)

�¨áâ¥¬  (28) ¢ á¨«ã (27) ¨¬¥¥â ã«¥¢ë¥  ç «ìë¥ ãá«®¢¨ï �k = 0, k = 0;m� 1. �à¨ íâ®¬
à¥è¥¨ï á¨áâ¥¬ ãà ¢¥¨© (1) ¨ (28) ¯à¨ k > m á®¢¯ ¤ îâ, â. ¥. 'k = �k, k > m, á®¢¯ ¤ îâ â ª¦¥
®¯à¥¤¥«¨â¥«¨ íâ¨å á¨áâ¥¬. � ª¨¬ ®¡à §®¬, ¨áá«¥¤®¢ ¨¥ á¨áâ¥¬ë ãà ¢¥¨© (1) á ¥ã«¥¢ë¬¨
 ç «ìë¬¨ ãá«®¢¨ï¬¨ «¥£ª® ¯à¨¢®¤¨âáï ª ¨áá«¥¤®¢ ¨î á¨áâ¥¬ë ãà ¢¥¨© (28) á ã«¥¢ë¬¨
 ç «ìë¬¨ ãá«®¢¨ï¬¨.
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