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� áâ âì¥ ¨áá«¥¤ãîâáï «¨¥©ë¥ ¢ëà®¦¤¥ë¥ ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ¢ ¡  å®¢ëå
¯à®áâà áâ¢ å (â. ¥. á ¥®¡à â¨¬ë¬ ®¯¥à â®à®¬ ¯à¨ ¯à®¨§¢®¤®©). �à ¢¥¨ï¬¨ â ª®£® â¨¯ 
®¯¨áë¢ îâáï ¬®£®ç¨á«¥ë¥ § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ ¯à¨ª« ¤®£® å à ªâ¥à . � â® ¦¥
¢à¥¬ï ®¨ à §à¥è¨¬ë ¢ ª« áá¥ ¥¯à¥àë¢ëå äãªæ¨© «¨èì ¯à¨ ®¯à¥¤¥«¥®¬ á®®â®è¥¨¨
¬¥¦¤ã ¯à ¢ë¬¨ ç áâï¬¨ ãà ¢¥¨© ¨  ç «ìë¬¨ ãá«®¢¨ï¬¨. �¯¨á âì íâ¨ á®®â®è¥¨ï, à ¢-
® ª ª ¨ ¢ë¢¥áâ¨ ä®à¬ã«ë ¤«ï á ¬¨å (¥¯à¥àë¢ëå) à¥è¥¨©, ¬®¦® «¨¡® ¥¯®áà¥¤áâ¢¥®
¯®«ãç ï íâ¨ à¥è¥¨ï ¯® ª ª®©-«¨¡® ¬¥â®¤¨ª¥, «¨¡® (ª ª íâ® ¤¥« ¥â  ¢â®à) ¢ëáâà ¨¢ ï ®¡®¡-
é¥ë¥ à¥è¥¨ï. � ¯®á«¥¤¥¬ á«ãç ¥ ®¡®¡é¥®¥ à¥è¥¨¥ ®ª §ë¢ ¥âáï áã¬¬®© á¨£ã«ïà®©
¨ à¥£ã«ïà®© á®áâ ¢«ïîé¨å. �á«®¢¨ï, ¯à¨ ª®â®àëå ®¡à é ¥âáï ¢ ã«ì á¨£ã«ïà ï á®áâ ¢«ï-
îé ï à¥è¥¨ï, ¨ ï¢«ïîâáï ãá«®¢¨ï¬¨ à §à¥è¨¬®áâ¨ ¢ ª« áá¥ ®¡ëçëå (¥¯à¥àë¢ëå, ® ¥
â®«ìª®) äãªæ¨©,   à¥£ã«ïà ï á®áâ ¢«ïîé ï ®¡®¡é¥®£® à¥è¥¨ï ¢ íâ®¬ á«ãç ¥ ®ª §ë¢ -
¥âáï ¨áª®¬ë¬ (ª« áá¨ç¥áª¨¬) à¥è¥¨¥¬. �  áâ®ïé¥¬ã ¢à¥¬¥¨ ¯à¨ ¯®áâà®¥¨¨ ®¡®¡é¥ëå
à¥è¥¨© ¨á¯®«ì§ãîâáï ¯® ¯à¥¨¬ãé¥áâ¢ã ¤¢¥ ¬¥â®¤¨ª¨. �¥à¢ ï ¯à¥¤¯®« £ ¥â ¥¯®áà¥¤áâ¢¥®¥
¢®ááâ ®¢«¥¨¥ ®¡¥¨å ç áâ¥© ¨áª®¬®£® ®¡®¡é¥®£® à¥è¥¨ï [1], ® ¢ íâ®¬ á«ãç ¥ ® ¥¤¨áâ¢¥-
®áâ¨ ¯®áâà®¥®£® à¥è¥¨ï ¬®¦® £®¢®à¨âì «¨èì ¢ ¯®¤ª« áá¥, ®¯à¥¤¥«ï¥¬®¬ ¢¨¤®¬ à¥è¥¨ï.
�â®à®© ¯®¤å®¤, ® ª®â®à®¬ ¤ «¥¥ ¨ ¡ã¤¥â ¨¤â¨ à¥çì, ¯à¥¤¯®« £ ¥â ¨á¯®«ì§®¢ ¨¥ ª®áâàãªæ¨¨
äã¤ ¬¥â «ì®© ®¯¥à â®à-äãªæ¨¨, ®¡®¡é îé¥© ¨¤¥î äã¤ ¬¥â «ì®£® à¥è¥¨ï ¨§ [2]  
ãà ¢¥¨ï ¢ ¡  å®¢ëå ¯à®áâà áâ¢ å. �à¨ íâ®¬ ¯®¤å®¤¥ ¢ ¯®«®© ¬¥à¥ ã¤ ¥âáï à¥è¨âì ¢®¯à®-
áë ª ª ® ¯®áâà®¥¨¨ á ¬¨å ®¡®¡é¥ëå à¥è¥¨©, â ª ¨ ®¯¨á ¨¨ (¤®¢®«ì® è¨à®ª¨å) ª« áá®¢
¥¤¨áâ¢¥®áâ¨ ¯®áâà®¥ëå à¥è¥¨©. � à ¡®â å [3] ¨ [4] ¢® äà¥¤£®«ì¬®¢®¬ á«ãç ¥ ¡ë«¨ ¯®-
áâà®¥ë äã¤ ¬¥â «ìë¥ ®¯¥à â®à-äãªæ¨¨ ¤«ï àï¤  ¤¨ää¥à¥æ¨ «ìëå, ¨â¥£à «ìëå ¨
¨â¥£à®¤¨ää¥à¥æ¨ «ìëå ®¯¥à â®à®¢ ¢ ª« áá¥ ®¡®¡é¥ëå äãªæ¨© á ®£à ¨ç¥ë¬ á«¥¢ 
®á¨â¥«¥¬. � [5] à¥§ã«ìâ âë ¨§ [3] ¨ [4] ¡ë«¨ ®¡®¡é¥ë   á«ãç © á¯¥ªâà «ì®© ®£à ¨ç¥®áâ¨
[6], ¢ ¯à¥¤áâ ¢«ï¥¬®© à ¡®â¥ ª®áâàãªæ¨ï äã¤ ¬¥â «ì®© ®¯¥à â®à-äãªæ¨¨ ¯¥à¥¥á¥   
á¥ªâ®à¨ «ìë© ¨ à ¤¨ «ìë© [6], [7] á«ãç ¨.

1. �ã¤ ¬¥â «ìë¥ ®¯¥à â®à-äãªæ¨¨ ¤«ï á¥ªâ®à¨ «ì® ®£à ¨ç¥ëå

®¯¥à â®àëå ¯ãçª®¢

�ãáâì E1, E2 | ¡  å®¢ë ¯à®áâà áâ¢ , ®¯¥à â®à B 2 L(E1; E2) ¥®¡à â¨¬, A | § ¬ªã-
âë© «¨¥©ë© ®¯¥à â®à ¨§ E1 ¢ E2, D(A) � E1. �«¥¤ãï [6] ¨ [7], B-à¥§®«ì¢¥âë¬ ¬®¦¥áâ¢®¬
®¯¥à â®à  A  §ë¢ ¥¬ ¬®¦¥áâ¢® �B(A) � f� 2 C : (�B � A)�1 2 L(E2; E1)g, ¯à¨ � 2 �B(A)
®¯¥à â®àë RB

� (A) = (�B�A)�1B 2 L(E1), LB
� (A) = B(�B�A)�1 2 L(E2)  §ë¢ îâáï [6], [7] á®®â-

¢¥âáâ¢¥® ¯à ¢®© ¨ «¥¢®© B-à¥§®«ì¢¥â ¬¨ ®¯¥à â®à  A. �á«¨ ¦¥ �0; �1; : : : ; �p 2 �B(A), â® ®¯¥-

à â®àë RB
(�;p)(A) �

pQ
q=0

RB
�q
(A) ¨ LB

(�;p)(A) �
pQ

q=0
LB
�q
(A)  §ë¢ îâ á®®â¢¥âáâ¢¥® ¯à ¢®© ¨ «¥¢®©

p-à¥§®«ì¢¥â ¬¨ ®¯¥à â®à  A ®â®á¨â¥«ì® B (¨«¨, ª®à®ç¥, ¯à ¢®© ¨ «¥¢®© (B; p)-à¥§®«ì¢¥â ¬¨
®¯¥à â®à  A).
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�¯¥à â®à A  §ë¢ ¥âáï p-á¥ªâ®à¨ «ìë¬ ®â®á¨â¥«ì® B [6], [7] á ç¨á«®¬ p 2 f0g [N (¨«¨,
ª®à®ç¥, (B; p)-á¥ªâ®à¨ «ìë¬), ¥á«¨

a) áãé¥áâ¢ãîâ a 2 R, � 2
�
�

2
; �
�
â ª¨¥, çâ® á¥ªâ®à

SB
a;�(A) � f� 2 C : j arg(�� a)j < �; � 6= ag � �B(A);

¡) áãé¥áâ¢ã¥â K 2 R+ â ª®¥, çâ® 8�0; �1; : : : ; �p 2 SB
a;�(A)

maxfkRB
(�;p)(A)kL(E1); kL

B
(�;p)(A)kL(E2)g �

K
pQ

q=0
j�q � aj

:

� ãá«®¢¨ïå a) ¨ ¡), ¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨ [6], [7], ¬®¦® áç¨â âì a = 0, çâ® ¯à¨ïâ® § ¯¨áë-
¢ âì ª ª SB

a;�(A) � SB
� (A).

�á«¨ ¢ ãá«®¢¨¨ ¡) ¯à¨ ¤®¡ ¢«¥¨¨ ¢ RB
(�;p)(A) (LB

(�;p)(A)) ¥é¥ ®¤®£® ¬®¦¨â¥«ï ¢¨¤ 
(�B � A)�1A (A(�B � A)�1), � 2 �B(A), ª®áâ âã K ã¦¥ ¥ ã¤ ¥âáï ¢ë¡à âì ¥ § ¢¨áïé¥©
®â  à£ã¬¥â , â. ¥.

kRB
(�;p)(A)(�B �A)�1AxkE1

�
const(x)

j�j
pQ

q=0
j�qj�

kA(�B �A)�1LB
(�;p)(A)ykE2

�
const(y)

j�j
pQ

q=0
j�qj

�
;

â® ¢ íâ®¬ á«ãç ¥ (B; p)-á¥ªâ®à¨ «ìë© ®¯¥à â®à A ¯à¨ïâ® [6], [7]  §ë¢ âì á¨«ì® (B; p)-
á¥ªâ®à¨ «ìë¬ á¯à ¢  (á«¥¢ ).

�á«¨ ¦¥ ¢ ®¯à¥¤¥«¥¨¨ á¨«ì® (B; p)-á¥ªâ®à¨ «ì®£® á«¥¢  ®¯¥à â®à  A ¤®¯®«¨â¥«ì® ¢ë-
¯®«¥® ãá«®¢¨¥

k(�B �A)�1LB
(�;p)(A)ykL(E2) �

C

j�j
pQ

q=0
j�qj

;

C 2 R+, �; �q 2 �B(A), â® ®¯¥à â®à A ¯à¨ïâ®  §ë¢ âì [6], [7] ¯à®áâ® á¨«ì® (B; p)-á¥ªâ®à¨ «ì-
ë¬.

�â¬¥â¨¬, çâ® á¨«ì® (B; p)-á¥ªâ®à¨ «ìë¥ ®¯¥à â®àë A ï¢«ïîâáï â ª¦¥ ¨ á¨«ì® (B; p)-
á¥ªâ®à¨ «ìë¬¨ á¯à ¢  [6], [7]. �§¢¥áâ®© ï¢«ï¥âáï

�¥®à¥¬  ([6], [7]). a) �á«¨ ®¯¥à â®à A (B; p)-á¥ªâ®à¨ «¥, â® ®¯¥à â®à-äãªæ¨¨

U(t) =
1
2�i

Z
�

RB
� (A)e

�td�; F(t) =
1
2�i

Z
�

LB
� (A)e

�td�

ï¢«ïîâáï   «¨â¨ç¥áª¨¬¨ ¨ à ¢®¬¥à® ®£à ¨ç¥ë¬¨ ¯®«ã£àã¯¯ ¬¨ ®¯¥à â®à®¢, £¤¥ ª®âãà

¨â¥£à¨à®¢ ¨ï � � SB
� (A) â ª®©, çâ® j arg �j ! � ¯à¨ j�j ! +1.

¡) �á«¨ ®¯¥à â®à A á¨«ì® (B; p)-á¥ªâ®à¨ «¥ á«¥¢  (á¯à ¢ ), â® áãé¥áâ¢ãîâ ¥¤¨¨æë

¯®«ã£àã¯¯ U(t) ¨ F(t), â. ¥. ¢ á¨«ì®© â®¯®«®£¨¨ áãé¥áâ¢ãîâ ¯à¥¤¥«ìë¥ ®¯¥à â®àë

P = lim
t!0+

U(t) 2 L(E1); Q = lim
t!0+

F(t) 2 L(E2);

ï¢«ïîé¨¥áï ¯à®¥ªâ®à ¬¨ ¢ E1 ¨ E2 á®®â¢¥âáâ¢¥®, ¯à¨ç¥¬ BP = QB, AP = QA.

¢) �à®¥ªâ®àë P ¨ Q ¯®à®¦¤ îâ à §«®¦¥¨ï ¯à®áâà áâ¢ E1 ¨ E2 ¢ ¯àï¬ë¥ áã¬¬ë

E1 = E0
1 � E1

1 = kerP � imP , E2 = E0
2 � E1

2 = kerQ � imQ, ¤¥©áâ¢¨ï ®¯¥à â®à®¢ B, A à á-

é¥¯«ïîâáï, ®¯¥à â®àë B0 : E0
1 ! E0

2 , B1 : E1
1 ! E1

2 ®£à ¨ç¥ë, ®¯¥à â®à A0 : E0
1 ! E0

2

¨¬¥¥â ®£à ¨ç¥ë© ®¡à âë©, ¯à¨ç¥¬ ®¯¥à â®àë A�10 B0 2 L(E0
1) ¨ B0A

�1
0 2 L(E0

2) ¨«ì¯®-
â¥âë á® áâ¥¯¥ìî ¨«ì¯®â¥â®áâ¨ ¥ ¢ëè¥ ç¨á«  p. �á«¨ A á¨«ì® (B; p)-á¥ªâ®à¨ «¥,
â® B1 : E1

1 ! E1
2 ¥¯à¥àë¢® ®¡à â¨¬.
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�®¢ë¥ ãâ¢¥à¦¤¥¨ï áä®à¬ã«¨à®¢ ë ¢ ¢¨¤¥ â¥®à¥¬ 1{8.

�¥®à¥¬  1. �á«¨ ®¯¥à â®à A á¨«ì® (B; p)-á¥ªâ®à¨ «¥, â® ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à

(B�0(t)�A�(t)) ¨¬¥¥â   ª« áá¥ K 0

+(E2) (®¡®¡é¥ëå äãªæ¨© á ®£à ¨ç¥ë¬ á«¥¢  ®á¨â¥«¥¬

[2]) äã¤ ¬¥â «ìãî ®¯¥à â®à-äãªæ¨î ¢¨¤ 

E(t) = U(t)B�1
1 Q�(t)�

pX
q=0

(A�10 B0)
qA�10 (I �Q)�(q)(t):

�®ª § â¥«ìáâ¢®. � á®®â¢¥âáâ¢¨¨ á ®¯à¥¤¥«¥¨¥¬ äã¤ ¬¥â «ì®© ®¯¥à â®à-äãªæ¨¨ [3],
[4] ¤«ï ¤®ª § â¥«ìáâ¢  ¯à®¢¥à¨¬ á¯à ¢¥¤«¨¢®áâì à ¢¥áâ¢ 

(B�0(t)�A�(t)) � E(t) � u(t) = u(t) 8u(t) 2 K 0

+(E2):

�¥©áâ¢¨â¥«ì®,

(B�0(t)�A�(t)) � E(t) � u(t) =
�
BU 0(t)B�1

1 Q�(t) +BU(0)B�1
1 Q�(t)�

�
pX

q=0

B(A�10 B0)
qA�10 (I �Q)�(q+1)(t)�AU(t)B�1

1 Q�(t) +

+
pX

q=0

A(A�10 B0)
qA�10 (I �Q)�(q)(t)

�
� u(t) =

=
�

1
2�i

I
�

(�B �A)(�B �A)�1Be�td�B�1
1 Q�(t) +BPB�1

1 Q�(t) +

+AA�10 (I �Q)�(t) +
p�1X
q=0

(AA�10 B0 �B)(A�10 B0)qA�10 (I �Q)�(q+1)(t)
�
� u(t) =

= Q�(t) + (I �Q)�(t) = I�(t) � u(t) = u(t): �

� ¤ çã �®è¨

B _x = Ax+ f(t); x(0) = x0; (1)

¢ ®¡®¡é¥ëå äãªæ¨ïå [1], [2] ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥ B _ex = Aex + f(t)�(t) + Bx0�(t) ¨«¨ [3],
[4] ¢ á¢¥àâ®ç®¬ ¢¨¤¥ (B�0(t)�A�(t)) � ex = f(t)�(t) +Bx0�(t).

�¥®à¥¬  2. �á«¨ ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 1, â® à áá¬ âà¨¢ ¥¬ ï § ¤ ç  �®è¨ (1)
¨¬¥¥â ¢ ª« áá¥ K 0

+(E1) ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ¢¨¤ 

ex(t) = E(t) � (f(t)�(t) +Bx0�(t)):

� à §¢¥àãâ®¬ ¢¨¤¥ ¯à¥¤áâ ¢«¥¨¥ ¤«ï ex(t) ¢ë£«ï¤¨â á«¥¤ãîé¨¬ ®¡à §®¬:

ex(t) = �
U(t)Px0 +

Z t

0

U(t� s)B�1
1 Qf(s)ds(t)�

�
pX

q=0

(A�10 B0)
qA�10 (I �Q)f (q)(t)

�
�(t)�

pX
q=0

(A�10 B0)
q+1!�(q)(t); (2)

£¤¥

! = (I � P )x0 +
pX

q=0

(A�10 B0)
qA�10 (I �Q)f (q)(0):

�®ª § â¥«ìáâ¢® ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï ¢ ª« áá¥ K 0

+(E1)   «®£¨ç® ¤®ª § â¥«ìáâ¢ã á®®â-
¢¥âáâ¢ãîé¥© â¥®à¥¬ë ¨§ ([2], á. 194{195).

�â¬¥â¨¬ â ª¦¥, çâ® ¢ á¨«ã ¨«ì¯®â¥â®áâ¨ ®¯¥à â®à  A�10 B0 ¯®àï¤®ª á¨£ã«ïà®áâ¨ ¯®-
«ãç¥®£® ®¡®¡é¥®£® à¥è¥¨ï ¥ ¯à¥¢ëè ¥â (p� 1).
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�«¥¤áâ¢¨¥. �á«¨ ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 2 ¨ ! = 0, â® ®¡®¡é¥®¥ à¥è¥¨¥ ex(t) ®ª -
¦¥âáï á®¢¯ ¤ îé¨¬ á ª« áá¨ç¥áª¨¬ (¥¯à¥àë¢ë¬), ¯®áâà®¥ë¬ ¢ [6] ¨ [7].

�â¢¥à¦¤¥¨ï,   «®£¨çë¥ â¥®à¥¬ ¬ 1 ¨ 2, ¬®¦® ¯®«ãç¨âì ¤«ï ¤¨ää¥à¥æ¨ «ì®-à §®áâ-
ëå ®¯¥à â®à®¢, á®®â¢¥âáâ¢ãîé¨å ãà ¢¥¨ï¬ ¢¨¤ 

B
@Nu

@tN
= A(u(t; x� �)� u(t; x)) + f(t; x);

f(t; x) | ¡ëáâà® ã¡ë¢ îé ï [4] ¯® x 2 Rn äãªæ¨ï ¯à¨ jxj ! +1 ¢ Rn.

�¥®à¥¬  3. �á«¨ ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 1, â® ¤¨ää¥à¥æ¨ «ì®-à §®áâë© ®¯¥à -

â®à (B�0(t) � �(x)�A�(t) � (�(x��)� �(x))) ¨¬¥¥â   ª« áá¥ K 0(R1
+
Rn;E2) äã¤ ¬¥â «ìãî

®¯¥à â®à-äãªæ¨î

E1(t; x) = B�1
1

1X
k=0

(A1B
�1
1 t)k

k!
Q�(t) � (�(x � �)� �(x))k +

pX
q=0

(�A�10 B0)
qA�10 (I �Q)�(q)(t) � Bq+1(x);

£¤¥ ¢¢¥¤¥ë ®¡®§ ç¥¨ï

(�(x � �)� �(x))k = (�(x� �)� �(x)) � � � � � (�(x � �)� �(x))| {z }
k

=
kX

�=0

(�1)�C�
k�(x � ��);

Bq+1(x) =
1X
�=0

Cq
q+��(x � ��); (�(x � �)� �(x))0 = B0(x) = �(x):

�®ª § â¥«ìáâ¢®. �¡®¡é¥ë¥ äãªæ¨¨ Bq+1(x) ã¤®¢«¥â¢®àïîâ à ¢¥áâ¢ ¬ (�(x��)��(x))�
Bq+1(x) = �Bq(x) 8q 2 N [ f0g, ª®â®àë¥ ¯à®¢¥àïîâáï ¥¯®áà¥¤áâ¢¥®. �®íâ®¬ã ¥á«¨ k > l, â®

(�(x� �)� �(x))k � Bq(x) = (�1)q(�(x � �)� �(x))k�q :

�à®¢¥à¨¬ á¯à ¢¥¤«¨¢®áâì à ¢¥áâ¢ 

[B�0(t) � �(x)�A�(t) � (�(x � �)� �(x))] � E1(t; x) � u(t; x) = u(t; x):

�¥©áâ¢¨â¥«ì®,

[B�0(t) � �(x)�A�(t) � (�(x � �)� �(x))] � E1(t; x) � u(t; x) =

=
�
BB�1

1

1X
k=1

(A1B
�1
1 )ktk�1

(k � 1)!
Q�(t) � (�(x� �)� �(x))k +BB�1

1 Q�(t) � �(x) +

+B

pX
q=0

(�A�10 B0)qA�10 (I �Q)�(q+1)(t) � Bq+1(x)�

�AB�1
1

1X
k=0

(A1B
�1
1 t)k

k!
Q�(t) � (�(x � �)� �(x))k+1 +

+A

pX
q=1

(�A�10 B0)qA�10 (I �Q)�(q)(t) � Bq(x) +AA�10 (I �Q)�(t) � �(x)
�
� u(t; x) =

=
�
A1B

�1
1

1X
k=0

(A1B
�1
1 )ktk

k!
Q�(t) � (�(x � �)� �(x))k+1 +

+Q�(t) � �(x) +B0

p�1X
q=0

(�A�10 B0)
qA�10 (I �Q)�(q+1)(t) � Bq+1(x)�

�A1B
�1
1

1X
k=0

(A1B
�1
1 t)k

k!
Q�(t) � (�(x � �)� �(x))k+1 �
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�B0

p�1X
q=0

(�A�10 B0)qA�10 (I �Q)�(q+1)(t) � Bq+1(x) + (I �Q)�(t) � �(x)
�
� u(t; x) =

= [Q�(t) � �(x) + (I �Q)�(t) � �(x)] � u(t; x) = I�(t) � �(x) � u(t; x) = u(t; x): �

�¥®à¥¬  3 ¤®¯ãáª ¥â ®¡®¡é¥¨¥   ¤¨ää¥à¥æ¨ «ì®-à §®áâë¥ ®¯¥à â®àë ¢ëá®ª®£® ¯®-
àï¤ª .

�¥®à¥¬  4. �á«¨ ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 1, â® ¤¨ää¥à¥æ¨ «ì®-à §®áâë© ®¯¥à -

â®à (B�(N)(t) ��(x)�A�(t) � (�(x��)��(x))) ¨¬¥¥â   ª« áá¥ K 0(R1
+
Rn;E2) äã¤ ¬¥â «ìãî

®¯¥à â®à-äãªæ¨î ¢¨¤ 

EN(t; x) = B�1
1

1X
k=1

(A1B
�1
1 )k�1

tN�k�1

(N � k � 1)!
Q�(t) � (�(x� �)� �(x))k�1 +

+
pX

q=0

(�A�10 B0)qA�10 (I �Q)�(q�N)(t) � Bq+1(x):

�á«¨ ¤«ï ¯ àë ®¯¥à â®à®¢ A ¨ B ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 1, â® ®¡®¡é¥®¥ à¥è¥¨¥
§ ¤ ç¨ �®è¨

B
@u

@t
= A(u(t; x� �)� u(t; x)) + f(t; x); u(0; x) = u0(x);

£¤¥ u0(x) ¨ f(t; x) | äãªæ¨¨, ¡ëáâà® ã¡ë¢ îé¨¥ [4] ¯® x 2 Rn ¯à¨ jxj ! +1, u0(x) 2 D(B),
¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ eu(t; x) = E1(t; x) � (Bu0(x)�(t) + f(t; x)�(t)):

�§ íâ®£® ¯à¥¤áâ ¢«¥¨ï ¬®¦® ¯®«ãç¨âì ãâ¢¥à¦¤¥¨ï ® ¥¯à¥àë¢ëå à¥è¥¨ïå â ª®© § ¤ ç¨
�®è¨.

�é¥ ®¤¨¬ â¨¯®¬ ãà ¢¥¨©, ª ª®â®àë¬ ¬®¦¥â ¡ëâì ¯à¨¬¥¥  ¯à¥¤« £ ¥¬ ï §¤¥áì ¬¥â®¤®-
«®£¨ï, ï¢«ï¥âáï ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥

B
@2Nu

@Nx@Ny
= Au+ f(x; y):

�¥®à¥¬  5. �á«¨ ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 1, â® ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à (B�(N)(x)�
�(N)(y)�A�(x) � �(y)) ¨¬¥¥â   ª« áá¥ K 0

+(R
2
+;E2) äã¤ ¬¥â «ìãî ®¯¥à â®à-äãªæ¨î

EN(x; y) = B�1
1

1X
k=1

(A1B
�1
1 )k�1 �

xN�k�1

(N � k � 1)!
�

yN�k�1

(N � k � 1)!
Q�(x; y)�

�
1X
q=0

(A�10 B0)
qA�10 (I �Q)�(qN)(x) � �(qN)(y):

�®ª § â¥«ìáâ¢®. �à®¢¥à¨¬ á¯à ¢¥¤«¨¢®áâì à ¢¥áâ¢  8u(x; y) 2 K 0(R2
+;E2)

[B�(N)(x) � �(N)(y)�A�(x) � �(y)] � EN(x; y) � u(x; y) = u(x; y):

�¥©áâ¢¨â¥«ì®,

[B�(N)(x) � �(N)(y)�A�(x) � �(y)] � EN(x; y) � u(x; y) =

=
�
BB�1

1

1X
k=2

(A1B
�1
1 )k�1 �

xN �(k�1)�1

(N � (k � 1)� 1)!
�

yN�(k�1)�1

(N � (k � 1)� 1)!
Q�(x; y) +

+BB�1
1 Q�(x; y)�B

pX
q=0

(A�10 B0)
qA�10 (I �Q)�((q+1)N)(x) � �((q+1)N)(y)�

�AB�1
1

1X
k=1

(A1B
�1
1 )k�1 �

xN�k�1

(N � k � 1)!
�

yN�k�1

(N � k � 1)!
Q�(x; y) +
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+A

pX
q=0

(A�10 B0)
qA�10 (I �Q)�(qN)(x) � �(qN)(y)

�
� u(x; y) =

=
�
Q�(x; y) +

p�1X
q=0

(AA�10 B0 �B)(A�10 B0)qA�10 (I �Q)�((q+1)N)(x) � �((q+1)N)(y) +

+ (I �Q)�(x; y)
�
� u(x; y) = I�(x; y) � u(x; y) = u(x; y): �

�áâ¥áâ¢¥ë¬ ®¡®¡é¥¨¥¬ â¥®à¥¬ë 5 ï¢«ï¥âáï á«¥¤ãîé ï â¥®à¥¬ , ¤®ª § â¥«ìáâ¢® ª®â®à®©
¤®á«®¢® ¯®¢â®àï¥â ¢á¥ ¯à®¢¥¤¥ë¥ â®«ìª® çâ® à ááã¦¤¥¨ï, ¯®íâ®¬ã ®£à ¨ç¨¬áï «¨èì ¥¥
ä®à¬ã«¨à®¢ª®©.

�¥®à¥¬  6. �á«¨ ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 1, â® ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à (BD��(x)�
A�(x)) ¨¬¥¥â   ª« áá¥ K 0(Rm

+ ;E2) äã¤ ¬¥â «ìãî ®¯¥à â®à-äãªæ¨î ¢¨¤ 

E� = B�1
1

1X
k=1

(A1B
�1
1 )k�1

mY
i=1

x�i�k�1i

(�i � k � 1)!
Q�(x)�

pX
q=0

(A�10 B0)qA�10 (I �Q)Dq���(x);

£¤¥

D� =
@�1+���+�m

@x�11 � � � @x�mm
; Dq���(x) = �(q��1)(x1) � : : : � �

(q��m)(xm):

�á«¨ ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 1, äãªæ¨ï f(x; y) 2 C(R2
+) ¨ ¯à¨¨¬ ¥â § ç¥¨ï ¢ E2,

â® ªà ¥¢ ï § ¤ ç 

B
@2u

@x@y
= Au+ f(x; y); ujx=0 = �(y); ujy=0 = �(x)

¨¬¥¥â ®¡®¡é¥®¥ à¥è¥¨¥

u = E1(x; y) � (f(x; y)�(x; y) +B�0(y)�(x) � �(y) +B�0(x)�(x) � �(y) +B�(0)�(x) � �(y)):

�âáî¤  ¯à¨ ¥®¡å®¤¨¬®áâ¨ ¬®¦® ¯®«ãç¨âì ãá«®¢¨ï à §à¥è¨¬®áâ¨ íâ®©  ç «ì®-ªà ¥¢®© § -
¤ ç¨ ¢ ª« áá¥ C2(R2

+).

2. �ã¤ ¬¥â «ìë¥ ®¯¥à â®à-äãªæ¨¨ ¤«ï à ¤¨ «ì® ®£à ¨ç¥ëå

®¯¥à â®àëå ¯ãçª®¢

�à¥¤¯®è«¥¬ ¥®¡å®¤¨¬ë¥ ¢ ¤ «ì¥©è¥¬ á¢¥¤¥¨ï ¨§ ([7], £«. 3).
�ãáâì E1, E2 | ¡  å®¢ë ¯à®áâà áâ¢ , ®¯¥à â®à B 2 L(E1; E2) ¥®¡à â¨¬, A 2 Cl(E1; E2).
�¯¥à â®à A  §ë¢ ¥âáï p-à ¤¨ «ìë¬ ®â®á¨â¥«ì® B [7] á ç¨á«®¬ p 2 f0g [N (¨«¨ ª®à®ç¥

(B; p)-à ¤¨ «ìë¬), ¥á«¨
a) 9a 2 R 8� > a � 2 �B(A),
¡) 9K 2 R+ 8� > a, 8n 2 N

maxfkRB
(�;p)(A)k

n
L(E1)

; kLB
(�;p)(A)k

n
L(E2)

g �
K

pQ
q=0

(�q � a)n
:

� ª ¨ ¢ á«ãç ¥ á¥ªâ®à¨ «ì®áâ¨, ¡¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ([7], á. 119) ¬®¦® áç¨â âì a = 0.
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�®®â¢¥âáâ¢¥® (B; p)-à ¤¨ «ìë© ®¯¥à â®à A  §ë¢ ¥âáï [7] á¨«ì® (B; p)-à ¤¨ «ìë¬
á¯à ¢  (á«¥¢ ), ¥á«¨ 8�; �0; �1; : : : ; �p 2 R+

kRB
(�;p)(A)(�B �A)�1AxkE1

�
const(x)

�
pQ

q=0
�q�

kA(�B �A)�1LB
(�;p)(A)ykE2

�
const(y)

�
pQ

q=0
�q

�
:

�¯¥à â®à A  §ë¢ ¥âáï ¯à®áâ® á¨«ì® (B; p)-à ¤¨ «ìë¬ [7], ¥á«¨ ® á¨«ì® (B; p)-à ¤¨ «¥
á«¥¢  ¨

kRB
(�;p)(A)(�B �A)�1kL(E2) �

C

�
pQ

q=0
�q

:

� ª ¨ ¤«ï á¥ªâ®à¨ «ìëå ®¯¥à â®à®¢, ¨§ á¨«ì®© (B; p)-à ¤¨ «ì®áâ¨ ®¯¥à â®à  A á«¥¤ã¥â ¥£®
¯à ¢ ï á¨«ì ï (B; p)-à ¤¨ «ì®áâì [7]. �§¢¥áâ 

�¥®à¥¬  ([7]). a) �á«¨ ®¯¥à â®à A (B; p)-à ¤¨ «¥, â® ®¯¥à â®à-äãªæ¨¨

U1(t) = exp
�

�t

p+ 1
((�RB

� (A))
p+1 � I)

�
;

�
F1(t) = exp

�
�t

p+ 1
((�LB

� (A))
p+1 � I)

��
; � 2 R+; t � 0;

ï¢«ïîâáï à ¢®¬¥à® ®£à ¨ç¥ë¬¨ ¨ á¨«ì® ¥¯à¥àë¢ë¬¨.

¡) �á«¨ ®¯¥à â®à A á¨«ì® (B; p)-à ¤¨ «¥ á¯à ¢  (á«¥¢ ), â®£¤  ¢ á¨«ì®© â®¯®«®£¨¨ áã-

é¥áâ¢ãîâ ¯à¥¤¥«ìë¥ ®¯¥à â®àë

P1 = lim
�!+1

(�RB
� (A))

p+1 2 L(E1); Q1 = lim
�!+1

(�LB
� (A))

p+1 2 L(E2);

ï¢«ïîé¨¥áï ¯à®¥ªâ®à ¬¨ ¢ E1 ¨ E2 á®®â¢¥âáâ¢¥®, ¯à¨ç¥¬ BP = QB, AP = QA.

¢) �à®¥ªâ®àë P1 ¨ Q1 ¯®à®¦¤ îâ à §«®¦¥¨ï ¯à®áâà áâ¢ E1 ¨ E2 ¢ ¯àï¬ë¥ áã¬¬ë

E1 = E0
1 � E1

1 = kerP1 � imP1, E2 = E0
2 � E1

2 = kerQ1 � imQ1, ¤¥©áâ¢¨ï ®¯¥à â®à®¢ B, A

à áé¥¯«ïîâáï, A0 : E0
1 ! E0

2 ¨¬¥¥â ®£à ¨ç¥ë© ®¡à âë©. �á«¨ A á¨«ì® (B; p)-à ¤¨ «¥,
â® B1 : E1

1 ! E1
2 , ¥¯à¥àë¢® ®¡à â¨¬ ¨ ®¯¥à â®à A�10 B0 2 L(E0

1) ¨«ì¯®â¥â¥ áâ¥¯¥¨ ¥

¢ëè¥ p.

� ª ¦¥, ª ª ¨ ¢ ¯¥à¢®¬ ¯ãªâ¥ áâ âì¨, ¤®ª §ë¢ îâáï á«¥¤ãîé¨¥ ®¢ë¥ ãâ¢¥à¦¤¥¨ï.

�¥®à¥¬  7. �á«¨ ®¯¥à â®à A á¨«ì® (B; p)-à ¤¨ «¥, â® ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à (B�0(t)�
A�(t)) ¨¬¥¥â   ª« áá¥ K 0

+(E2) äã¤ ¬¥â «ìãî ®¯¥à â®à-äãªæ¨î

E1(t) = U1(t)B�1
1 Q1�(t)�

pX
q=0

(A�10 B0)qA�10 (I �Q)�(q)(t):

�¥®à¥¬  8. �á«¨ ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 7, â® § ¤ ç  �®è¨ (1) ¨¬¥¥â ¢ ª« áá¥

K 0

+(E1) ¥¤¨áâ¢¥®¥ à¥è¥¨¥

ex1(t) = E1(t) � (f(t)�(t) +Bx0�(t)):

� §¢¥àãâ®¥ ¯à¥¤áâ ¢«¥¨¥ ¤«ï ex1(t) ¨¬¥¥â ¢¨¤ (2), ¥®¡å®¤¨¬® «¨èì § ¬¥¨âì U(t)   U1(t),
P   P1 ¨ Q   Q1.
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�«¥¤áâ¢¨¥. �á«¨ ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 7 ¨

!1 = (I � P1)x0 +
pX

q=0

(A�10 B0)
qA�10 (I �Q1)f

(q)(0) = 0;

â® ®¡®¡é¥®¥ à¥è¥¨¥ ex1(t) ®ª ¦¥âáï ª« áá¨ç¥áª¨¬ (¥¯à¥àë¢ë¬), ¯®áâà®¥ë¬ ¢ ([7], á. 158).

�¥®à¥¬ë ® ¤¨ää¥à¥æ¨ «ì®-à §®áâëå ¨ ¤¨ää¥à¥æ¨ «ìëå ®¯¥à â®à å ¢ ç áâëå ¯à®-
¨§¢®¤ëå ¤«ï à ¤¨ «ì®£® á«ãç ï ä®à¬ã«¨àãîâáï ¨ ¤®ª §ë¢ îâáï   «®£¨ç® â¥®à¥¬ ¬ 3{6 á
á®®â¢¥âáâ¢ãîé¨¬¨ íâ®¬ã á«ãç î ¬®¤¨ä¨ª æ¨ï¬¨.
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