
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2000 ���������� ò 1 (452)

��� 517.984.6 : 517.929

�.�. ������������

������� ������ ������������� ������� ����������

���������

�«ï ¨§®â®­­®£® ¨­â¥£à «ì­®£® ¢¯®«­¥ ­¥¯à¥àë¢­®£® ®¯¥à â®à 

(Ax)(t) def=
Z b

a

K(t; s)x(s)ds (K(t; s) � 0; (t; s) 2 [a; b] � [a; b])

¢ ¯à®áâà ­áâ¢¥ C[a; b] ­¥¯à¥àë¢­ëå ­  [a; b] äã­ªæ¨© á¯à ¢¥¤«¨¢® ãâ¢¥à¦¤¥­¨¥: á¯¥ªâà «ì­ë©
à ¤¨ãá �(A) ®¯¥à â®à  A ¬¥­ìè¥ ¥¤¨­¨æë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«­¥­® ãá«®¢¨¥ A:
áãé¥áâ¢ã¥â â ª ï ­¥¯à¥àë¢­ ï äã­ªæ¨ï v, çâ®

v(t) � 0; r(t) def= v(t)� (Av)(t) � 0; t 2 [a; b];

¯à¨ç¥¬ ¬­®¦¥áâ¢® ­ã«¥© ­¥¢ï§ª¨ r ­¥ ¡®«¥¥ ç¥¬ áç¥â­®. �â® ãâ¢¥à¦¤¥­¨¥ ¨£à ¥â áãé¥-
áâ¢¥­­ãî à®«ì ¢ â¥®à¨¨ «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. � â¥®à¨¨ äã­ªæ¨®­ «ì­®-
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢®§­¨ª ¥â ¯®âà¥¡­®áâì ¢ ãáâ ­®¢«¥­¨¨ ®æ¥­ª¨ �(A) < 1 ¤«ï
¨§®â®­­®£® ®¯¥à â®à  A : C[a; b]! C[a; b], ª®â®àë© ­¥ ï¢«ï¥âáï ¨­â¥£à «ì­ë¬ ([1], á. 133). �à¨-
¢¥¤¥­­®¥ ¢ëè¥ ãâ¢¥à¦¤¥­¨¥ ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ â¥®à¥¬ë �.�.�á« ¬®¢  [2], [3], á®£« á­®
ª®â®à®© ¤«ï ¨§®â®­­®£® á« ¡® ª®¬¯ ªâ­®£® ®¯¥à â®à  A : C[a; b]! C[a; b] ­¥à ¢¥­áâ¢® �(A) < 1
á¯à ¢¥¤«¨¢® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«­ï¥âáï ãá«®¢¨¥ A, ¯à¨ç¥¬ r(t) > 0 ¢ á¯¥æ¨ «ì­ëå
â®çª å ®âà¥§ª  [a; b]; ­ §ë¢ ¥¬ëå \áãé¥áâ¢¥­­ë¬¨ â®çª ¬¨". �á« ¡¨âì ãá«®¢¨¥ ® ­ã«ïå ­¥¢ï§-
ª¨ r ¨ ®âª § âìáï ®â âà¥¡®¢ ­¨ï á« ¡®© ª®¬¯ ªâ­®áâ¨ ã¤ ¥âáï §  áç¥â á¯¥æ¨ «ì­ëå á¢®©áâ¢
®¯¥à â®à  [4]. �¨¦¥ ¯à¥¤« £ ¥âáï ¤ «ì­¥©è¥¥ à §¢¨â¨¥ ¨¤¥© à ¡®âë [4].

�ãáâì T � R1 | ¨§¬¥à¨¬®¥ ¯® �¥¡¥£ã ¬­®¦¥áâ¢®, mesT � +1. �¥à¥§ C ®¡®§­ ç¨¬ ¡ ­ å®¢®
¯à®áâà ­áâ¢® ®£à ­¨ç¥­­ëå ­¥¯à¥àë¢­ëå äã­ªæ¨© x : T ! R1 á ­®à¬®© kxkC = sup

t2T
jx(t)j: �ãáâì


 : T ! R1 | ­¥¯à¥àë¢­ ï äã­ªæ¨ï, 
(t) > 0, t 2 T ; C
 | ¡ ­ å®¢® ¯à®áâà ­áâ¢® â ª¨å
­¥¯à¥àë¢­ëå äã­ªæ¨© x : T ! R1, çâ®

x



2 C; kxkC
 = sup

t2T

jx(t)j

(t)

:

�¥à¥§ L1 ®¡®§­ ç¨¬ ¡ ­ å®¢® ¯à®áâà ­áâ¢® ¨§¬¥à¨¬ëå ®£à ­¨ç¥­­ëå ¢ áãé¥áâ¢¥­­®¬ äã­ªæ¨©
x : T ! R1, kxkL1 = vrai sup

t2T
jx(t)j. �á«¨ 
 : T ! R1 | ¨§¬¥à¨¬ ï äã­ªæ¨ï, 
(t) > 0 ¯®çâ¨ ¢áî¤ã

­  T , â® L
1 | ¡ ­ å®¢® ¯à®áâà ­áâ¢® â ª¨å ¨§¬¥à¨¬ëå äã­ªæ¨© x : T ! R1, çâ® x


2 L1,

kxkL

1

= vrai sup
t2T

jx(t)j


(t)
.

� ¯à®áâà ­áâ¢ å C
 ¨ L
1 ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¢¢®¤¨âáï ¯®«ãã¯®àï¤®ç¥­­®áâì. � ¨¬¥­­®,
¤«ï x 2 C
 ¯®« £ îâ x > 0, ¥á«¨ x(t) � 0 ¤«ï «î¡®£® t 2 T ¨ x(t) 6� 0 ­  T ; x = 0, ¥á«¨ x(t) � 0
­  T ; x1 < x2, ¥á«¨ x2 � x1 > 0. �­ «®£¨ç­® ¤«ï L
1: x > 0, ¥á«¨ x(t) � 0 ¯®çâ¨ ¢áî¤ã ­  T ¨

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(£à ­âë ò96-15-96195, ò99-01-01278) ¨ �®­ªãàá­®£® æ¥­âà  ¯® ¨áá«¥¤®¢ ­¨ï¬ ¢ ®¡« áâ¨ äã­¤ ¬¥­â «ì-
­®£® ¥áâ¥áâ¢®§­ ­¨ï, � ­ªâ-�¥â¥à¡ãà£.
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x(t) > 0 ­  ¬­®¦¥áâ¢¥ ¯®«®¦¨â¥«ì­®© ¬¥àë; x = 0, ¥á«¨ x(t) = 0 ¯®çâ¨ ¢áî¤ã ­  T ; x1 < x2,
¥á«¨ x2 � x1 > 0.

�¨¦¥ á¨¬¢®«®¬ B
 ¡ã¤¥¬ ®¡®§­ ç âì ®¤­® ¨§ ¯à®áâà ­áâ¢ C
 ¨ L
1. �à¨ íâ®¬ ¢ ä®à¬ã«¨à®¢-
ª å ¨ ¤®ª § â¥«ìáâ¢ å ãâ¢¥à¦¤¥­¨© ¢ á«ãç ¥ ¯à®áâà ­áâ¢  C
 á¨¬¢®«ë \vrai sup" ¨ \vrai inf"
§ ¬¥­ïîâáï ­  íª¢¨¢ «¥­â­ë¥ ¨¬ á¨¬¢®«ë \sup" ¨ \inf". �áâ¥áâ¢¥­­®, çâ® ¢ ­¥ª®â®àëå á«ãç ïå
¤®ª § â¥«ìáâ¢  ã¯à®é îâáï.

�¯à¥¤¥«¥­¨¥. �¨­¥©­ë© ®¯¥à â®à A : B
 ! B
 ­ §ë¢ ¥âáï ¨§®â®­­ë¬, ¥á«¨ ¤«ï «î¡®£®
x 2 B
 ¨§ x > 0 á«¥¤ã¥â Ax � 0. �âáî¤  Ax1 � Ax2, ¥á«¨ x1 < x2.

�¨¦¥ ¡ã¤¥â ¨á¯®«ì§®¢ ­  ­®à¬  ¢ ¯à®áâà ­áâ¢¥ B
, ®â«¨ç­ ï ®â ­®à¬ë k � kB
 , ­® íª¢¨¢ -
«¥­â­ ï ¥©. � ¨¬¥­­®, ¯ãáâì v 2 B
 , vrai inf

t2T

v(t)


(t)
> 0. �®«®¦¨¬ kxkv = vrai sup

t2T

jx(t)j

v(t)
¨ ®¡®§­ ç¨¬

ç¥à¥§ kAkv ­®à¬ã ®¯¥à â®à  A : B
 ! B
, á®®â¢¥âáâ¢ãîéãî ­®à¬¥ k � kv.

�â¢¥à¦¤¥­¨¥. �ãáâì A : B
 ! B
 | «¨­¥©­ë© ®£à ­¨ç¥­­ë© ¨§®â®­­ë© ®¯¥à â®à. �®£¤ 

kAkv = kAvkv.

�®ª § â¥«ìáâ¢®. �¬¥¥¬ kAvkv � kAkvkvkv = kAkv . �ãáâì kxkv = 1. �®£¤  ¤«ï «î¡®£® " > 0
áãé¥áâ¢ã¥â â ª®¥ ¬­®¦¥áâ¢® U � T , mesU = 0, çâ® jx(t)j

v(t)
< 1 + " ¤«ï t 2 T n U . �«¥¤®¢ â¥«ì­®,

¤«ï kxkv = 1 j(Ax)(t)j � (1 + ")(Av)(t) ¯®çâ¨ ¢áî¤ã ­  T . �âáî¤ 

vrai sup
t2T

j(Ax)(t)j
v(t)

� (1 + ") vrai sup
t2T

(Av)(t)
v(t)

;

kAkv = sup
kxkv=1

kAxkv = sup
kxkv=1

�
vrai sup

t2T

j(Ax)(t)j
v(t)

�
� (1 + ")kAvkv :

�¢¨¤ã ¯à®¨§¢®«ì­®áâ¨ " kAkv � kAvkv : �

�¥¬¬ . �ãáâì A : B
 ! B
 | «¨­¥©­ë© ®£à ­¨ç¥­­ë© ¨§®â®­­ë© ®¯¥à â®à. �¥à ¢¥­áâ¢®

�(A) < 1 á¯à ¢¥¤«¨¢® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â â ª®© í«¥¬¥­â v 2 B
, çâ®

v > 0; � = vrai inf
t2T

v(t)� (Av)(t)

(t)

> 0:

�â¬¥â¨¬, çâ® ¯à¨ T = [a; b], 
(t) � 1 íâ® ãâ¢¥à¦¤¥­¨¥ å®à®è® ¨§¢¥áâ­®.
�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. � ª ç¥áâ¢¥ v ¬®¦­® ¢§ïâì à¥è¥­¨¥ ãà ¢­¥­¨ï x�Ax =


. �®£¤  v = 
 +A
 +A2
 + : : : , v > 0, 1

(t)

[v(t)� (Av)(t)] = 1 ¯®çâ¨ ¢áî¤ã ­  T .

�®áâ â®ç­®áâì. �®á¯®«ì§ã¥¬áï ­®à¬®© k � kv. �¬¥¥¬

kAkv = kAvkv = vrai sup
t2T

(Av)(t)
v(t)

:

� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­® �1, 0 < �1 < �, ¨ ¢ë¡¥à¥¬ â ª®¥ ¬­®¦¥áâ¢® U � T , mesU = 0, çâ®
1

(t)

(v(t) � (Av)(t)) > �1 ¤«ï t 2 T n U ¨ sup
t2TnU

v(t)


(t)
< 1. �®£¤  (Av)(t)

v(t)
< 1 � �1

v(t)

(t)

¤«ï t 2 T n U .

�âáî¤ 

kAvkv � sup
t2TnU

(Av)(t)
v(t)

� 1�
�1

sup
t2TnU

v(t)


(t)

< 1:

�«¥¤®¢ â¥«ì­®, �(A) < 1: �

�à¥¡®¢ ­¨ï ®â­®á¨â¥«ì­® v ¨ r = v�Av ¬®¦­® ®á« ¡¨âì §  áç¥â ¤®¯®«­¨â¥«ì­ëå ®£à ­¨ç¥-
­¨© ­  ®¯¥à â®à A. �¤­¨¬ ¨§ â ª¨å ®£à ­¨ç¥­¨© (¥áâ¥áâ¢¥­­ëå ¯à¨ à áá¬®âà¥­¨¨ àï¤  ªà ¥¢ëå
§ ¤ ç) ï¢«ï¥âáï á¢®©áâ¢® M.
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�ã¤¥¬ £®¢®à¨âì, çâ® «¨­¥©­ë© ®¯¥à â®à A : B
 ! B
 ®¡« ¤ ¥â á¢®©áâ¢®¬ M, ¥á«¨

vrai inf
t2T

(Ax)(t)

(t)

> 0

¤«ï «î¡®£® x 2 B
 , x > 0.

�¥®à¥¬  1. �ãáâì «¨­¥©­ë© ®£à ­¨ç¥­­ë© ®¯¥à â®à A : B
 ! B
 ®¡« ¤ ¥â á¢®©áâ¢®¬M.

�á«¨ áãé¥áâ¢ã¥â â ª®© í«¥¬¥­â v 2 B
, çâ® v > 0, r def= v �Av > 0, â® �(A) < 1.

�®ª § â¥«ìáâ¢®. �á«¨ vrai inf
t2T

r(t)


(t)
> 0, â® �(A) < 1 ¢ á¨«ã «¥¬¬ë.

�ãáâì vrai inf
t2T

r(t)

(t)

= 0. �à¨¬¥­ïï ®¯¥à â®à A ª ®¡¥¨¬ ç áâï¬ à ¢¥­áâ¢  v �Av = r, ¯®«ãç¨¬

Av �A2v = Ar. �âáî¤  ¨ ¨§ ­¥à ¢¥­áâ¢  v �Av > 0 ¨¬¥¥¬

r1(t)
def= v(t)� (A2v)(t) � (Ar)(t)

¯®çâ¨ ¢áî¤ã ­  T . �®íâ®¬ã

vrai inf
t2T

r1(t)

(t)

� vrai inf
t2T

(Ar)(t)

(t)

> 0:

� á¨«ã «¥¬¬ë �(A2) < 1, ®âáî¤  �(A) < 1: �

�ã¤¥¬ £®¢®à¨âì, çâ® «¨­¥©­ë© ®¯¥à â®à A : B
 ! B
 ®¡« ¤ ¥â á¢®©áâ¢®¬ N , ¥á«¨ áãé¥-
áâ¢ã¥â â ª®¥ ¨§¬¥à¨¬®¥ ¬­®¦¥áâ¢® � � T ¨ â ª®© í«¥¬¥­â ' 2 B
, çâ®

' > 0; vrai inf
t2�

'(t)� (A')(t)

(t)

> 0:

�¥®à¥¬  2. �ãáâì «¨­¥©­ë© ®£à ­¨ç¥­­ë© ¨§®â®­­ë© ®¯¥à â®à A : B
 ! B
 ®¡« ¤ ¥â

á¢®©áâ¢®¬ N . �á«¨ áãé¥áâ¢ã¥â â ª®© í«¥¬¥­â v 2 B
, çâ® v>0, r def= v�Av>0, vrai inf
t2Tn�

r(t)


(t)
>0,

â® �(A) < 1.

�®ª § â¥«ìáâ¢®. �á«¨ mes(T n�) = 0, â® ¢ë¯®«­¥­® ãá«®¢¨¥ «¥¬¬ë.

�ãáâì mes(T n�) > 0. �«ï «î¡®£® " > 0 v"
def= v + "' > 0. �®«®¦¨¬ r"

def= v" �Av" = r + " ,
£¤¥  = '�A'. � á¨«ã á¢®©áâ¢  N

vrai inf
t2�

r"(t)

(t)

> 0: (1)

�¡®§­ ç¨¬ !+ = ft 2 T n� :  (t) � 0g, !� = ft 2 T n� :  (t) < 0g (!+ ¨ !� ®¯à¥¤¥«ïîâáï á
â®ç­®áâìî ¤® ¬­®¦¥áâ¢  ­ã«¥¢®© ¬¥àë).

�ãáâì mes!+ > 0. � ª ª ª ¯à¨ t 2 !+ r"(t) � r(t), â®

vrai inf
t2!+

r"(t)

(t)

> 0 (2)

¤«ï «î¡®£® " > 0. �á«¨ mes!� = 0, â® ®âáî¤  á ãç¥â®¬ (1) vrai inf
t2T

r"(t)


(t)
> 0 ¤«ï «î¡®£® " > 0.

�á«¨ mes!� > 0 ¨m1 = vrai inf
t2!�

 (t)

(t)

,m2 = vrai inf
t2!�

r(t)

(t)

, â® ¤«ï " 2 (0;�m2=m1) vrai inf
t2!�

r"(t)

(t)

� m2+

"m1 > 0 ¨ á ãç¥â®¬ (1) ¨ (2) vrai inf
t2T

r"(t)


(t)
> 0. �á«¨ mes!+ = 0, â® vrai inf

t2Tn�

r"(t)


(t)
= vrai inf

t2!�

r"(t)


(t)
> 0

¤«ï " 2 (0;�m2=m1). �âáî¤  ¨ ¨§ (1) vrai inf
t2T

r"(t)

(t)

> 0.

� ª¨¬ ®¡à §®¬, ¯à¨ ¤®áâ â®ç­® ¬ «ëå " > 0 v" ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ «¥¬¬ë. �«¥¤®¢ -
â¥«ì­®, �(A) < 1: �

�ã¤¥¬ £®¢®à¨âì, çâ® «¨­¥©­ë© ®¯¥à â®à A : B
 ! B
 ®¡« ¤ ¥â á¢®©áâ¢®¬ MN , ¥á«¨ ®­
®¡« ¤ ¥â á¢®©áâ¢®¬ N ¨ vrai inf

t2Tn�

(Ax)(t)

(t)

> 0 ¤«ï «î¡®£® x 2 B
 , x > 0.
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�¥®à¥¬  3. �ãáâì «¨­¥©­ë© ®£à ­¨ç¥­­ë© ¨§®â®­­ë© ®¯¥à â®à A : B
 ! B
 ®¡« ¤ ¥â

á¢®©áâ¢®¬ MN , ¯à¨ç¥¬ ' � A' > 0. �á«¨ áãé¥áâ¢ã¥â â ª®© í«¥¬¥­â v 2 B
, çâ® v > 0,
vrai inf
t2Tn�

v(t)


(t)
> 0; r def= v �Av > 0, â® �(A) < 1.

�®ª § â¥«ìáâ¢®. �á«¨ vrai inf
t2T

r(t)

(t)

> 0, â® �(A) < 1 ¢ á¨«ã â¥®à¥¬ë 2. � ¯à®â¨¢­®¬ á«ãç ¥,

¯®¢â®àïï áå¥¬ã ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 á § ¬¥­®© T ­  T n �, ¢ á¨«ã â¥®à¥¬ë 2 ¯®«ãç¨¬
�(A2) < 1. �«¥¤®¢ â¥«ì­®, �(A) < 1: �

� ¬¥ç ­¨¥ 1. � á¨«ã «¥¬¬ë ãá«®¢¨ï â¥®à¥¬ 1, 2 ¨ 3 ®â­®á¨â¥«ì­® v ¨ r ­¥®¡å®¤¨¬ë ¤«ï
¢ë¯®«­¥­¨ï ­¥à ¢¥­áâ¢  �(A) < 1.

�á«¨ T | § ¬ª­ãâ®¥ ®£à ­¨ç¥­­®¥ ¬­®¦¥áâ¢®, â® ¢ á«ãç ¥ ¯à®áâà ­áâ¢  C
 ¬®¦­® ¯®«®¦¨âì

(t) � 1.

�«¥¤áâ¢¨¥ ¨§ â¥®à¥¬ë 2 [4]. �ãáâì T = [a; b] ¨ ¤«ï «¨­¥©­®£® ®£à ­¨ç¥­­®£® ¨§®â®­­®-
£® ®¯¥à â®à  A : C[a; b] ! C[a; b] ¢ë¯®«­¥­® ãá«®¢¨¥: áãé¥áâ¢ãîâ â ª¨¥ t1; : : : ; tk 2 [a; b], çâ®
(Ax)(ti) = 0, i = 1; : : : ; k, ¤«ï «î¡®£® x 2 C[a; b]. �¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥ �(A) < 1 â®-
£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â â ª®© í«¥¬¥­â v 2 C[a; b], çâ® v(t) > 0 ¨ r(t) > 0 ¯à¨
t 2 [a; b] n ft1; : : : ; tkg.

� ãá«®¢¨ïå á«¥¤áâ¢¨ï ®¯¥à â®à A ®¡« ¤ ¥â á¢®©áâ¢®¬N . �â®¡ë ã¡¥¤¨âìáï ¢ íâ®¬, ¤®áâ â®ç­®
¢§ïâì ¢ ª ç¥áâ¢¥ � ®¡ê¥¤¨­¥­¨¥ â ª¨å ®ªà¥áâ­®áâ¥© â®ç¥ª t1; : : : ; tk, çâ® ¤«ï '(t) � 1 (A')(t) �
q < 1, t 2 �.

� ¬¥ç ­¨¥ 2. �á«¨ ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨ï¬ á«¥¤áâ¢¨ï ®¯¥à â®à A á« ¡® ª®¬¯ ªâ¥­, â®
ãâ¢¥à¦¤¥­¨¥ ¬®¦¥â ¡ëâì ¯®«ãç¥­® ­  ®á­®¢¥ â¥®à¥¬ë �.�.�á« ¬®¢  [3].

�à¨¬¥à 1. � áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã

(Lx)(t) def= t(1� t)�x(t)�
Z 1

0

x(s) dsR(t; s) = f(t); t 2 [0; 1];

x(0) = x(1) = 0
(3)

¢ ¯à¥¤¯®«®¦¥­¨ïå: R(t; �) ¯à¨ ¯®çâ¨ ª ¦¤®¬ t 2 [0; 1] ­¥ ¢®§à áâ ¥â ­  [0; 1]; R(�; s) ¯à¨ ª ¦¤®¬
s 2 [0; 1] ¨ f(�) áã¬¬¨àã¥¬ë ­  [0; 1]. �«¥¤ãï [5], [6], à¥è¥­¨¥¬ ãà ¢­¥­¨ï (Lx)(t) = f(t) ­ §ë-
¢ ¥¬ ã¤®¢«¥â¢®àïîéãî ¥¬ã ¯®çâ¨ ¢áî¤ã ­  [0; 1] äã­ªæ¨î x : [0; 1] ! R1, ª®â®à ï ®¡« ¤ ¥â
á¢®©áâ¢ ¬¨

1) x(t) ­¥¯à¥àë¢­  ­  [0; 1];
2) ¯à®¨§¢®¤­ ï _x(t)  ¡á®«îâ­® ­¥¯à¥àë¢­  ­  ª ¦¤®¬ § ¬ª­ãâ®¬ ®âà¥§ª¥, á®¤¥à¦ é¥¬áï

¢ ¨­â¥à¢ «¥ (0; 1);
3) ¯à®¨§¢¥¤¥­¨¥ t(1� t)�x(t) áã¬¬¨àã¥¬® ­  [0; 1].

�¨­¥©­®¥ ¯à®áâà ­áâ¢® äã­ªæ¨©, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ 1){3), ®¡®§­ ç¨¬ ç¥à¥§ D.
�à ¥¢ ï § ¤ ç 

t(1� t)�x(t) = z(t); x(0) = x(1) = 0

¤«ï «î¡®© áã¬¬¨àã¥¬®© äã­ªæ¨¨ z ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x 2 D [6]

x(t) =
Z 1

0

W (t; s)z(s) ds;

£¤¥

W (t; s) =

8>><
>>:
�
1� t

1� s
; 0 � s � t � 1;

�
t

s
; 0 � t < s � 1:
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�¯à¥¤¥«¨¬ ®¯¥à â®à A : C[0; 1]! C[0; 1] à ¢¥­áâ¢®¬

(Ax)(t) =
Z 1

0

W (t; s)
Z 1

0

x(�) d�R(s; �) ds

¨ ®¡®§­ ç¨¬ g(t) =
1R
0

W (t; s)f(s) ds. � ¤ ç  (3) íª¢¨¢ «¥­â­  ãà ¢­¥­¨î

x = Ax+ g

¢ ¯à®áâà ­áâ¢¥ C[0; 1]. �â® á«¥¤ã¥â ¨§ â®£®, çâ® g 2 D ¨ Ax 2 D ¤«ï «î¡®£® x 2 C[0; 1]. � ª¨¬
®¡à §®¬, ­¥à ¢¥­áâ¢® �(A) < 1 £ à ­â¨àã¥â ®¤­®§­ ç­ãî à §à¥è¨¬®áâì § ¤ ç¨ (3) ¤«ï «î¡®©
áã¬¬¨àã¥¬®© f .

�«ï ®æ¥­ª¨ á¯¥ªâà «ì­®£® à ¤¨ãá  ®¯¥à â®à  A ¢®á¯®«ì§ã¥¬áï á­ ç «  ®æ¥­ª®© ¥£® ­®à-
¬ë ¡¥§ ¯à¥¤¯®«®¦¥­¨ï ® ¬®­®â®­­®áâ¨ R(�; �) ¯® ¢â®à®¬ã  à£ã¬¥­âã ¯à¨ ãá«®¢¨¨, çâ® R(s) =
var
�2[0;1]

R(s; �) áã¬¬¨àã¥¬  ­  [0; 1]. � ª ª ª

kAk � max
t2[0;1]

�
�
Z 1

0

W (t; s)R(s) ds
�
;

â® �(A) � kAk < 1, ¥á«¨

(1� t)
Z t

0

R(s)
1� s

ds+ t

Z 1

t

R(s)
s

ds < 1; t 2 [0; 1]: (4)

�â® ãá«®¢¨¥ ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨ § ¤ ç¨ (3) ¯®«ãç¥­® ¢ [6] ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® R(t; �)
­¥ ¢®§à áâ ¥â ­  [0; 1].

� ¯à¥¤¯®«®¦¥­¨¨ ® ­¥¢®§à áâ ­¨¨ R(t; �) ®¯¥à â®à A : C[0; 1] ! C[0; 1] ¨§®â®­­ë©, ¯à¨ç¥¬
(Ax)(0) = (Ax)(1) = 0 ¤«ï «î¡®£® x 2 C[0; 1]. �®á¯®«ì§ã¥¬áï â¥¯¥àì á«¥¤áâ¢¨¥¬ ¨§ â¥®à¥¬ë 2.
�®«®¦¨¬

v(t) = �(1� t) ln (1� t)� t ln t = �
Z 1

0

W (t; s) ds; t 2 [0; 1]

(áç¨â ¥¬ t ln tjt=0 = 0). �®£¤ 

r(t) = �
Z 1

0

W (t; s)
�
1 +

Z 1

0

v(�)d�R(s; �)
�
ds:

� ª¨¬ ®¡à §®¬, ¥á«¨ ¯®çâ¨ ¢áî¤ã ­  [0; 1]

�
Z 1

0
[(1 � �) ln (1� �) + � ln � ]d�R(t; �) � 1; (5)

¯à¨ç¥¬ ­  ¬­®¦¥áâ¢¥ ¯®«®¦¨â¥«ì­®© ¬¥àë ­¥à ¢¥­áâ¢® áâà®£®¥, â® r(t) > 0, t 2 (0; 1), ¨, á«¥¤®-
¢ â¥«ì­®, �(A) < 1.

�¥è¥­¨¥ § ¤ ç¨ (3) ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥ [6]

x(t) =
Z 1

0

G(t; s)f(s) ds;

£¤¥ G(t; s) | äã­ªæ¨ï �à¨­  íâ®© § ¤ ç¨. �§ à ¢¥­áâ¢ Z 1

0

G(t; s)f(s) ds = g(t) + (Ag)(t) + (A2g)(t) + � � �

á«¥¤ã¥â, çâ® à¥è¥­¨¥ § ¤ ç¨ (3) ­¥ ¯à¨­¨¬ ¥â ¯®«®¦¨â¥«ì­ëå §­ ç¥­¨©, ¥á«¨ f(t) � 0. � ª¨¬
®¡à §®¬, ª ¦¤®¥ ¨§ ­¥à ¢¥­áâ¢ (4) ¨ (5) £ à ­â¨àã¥â ­¥à ¢¥­áâ¢® G(t; s) � 0 ¢ ª¢ ¤à â¥ [0; 1] �
[0; 1].

60



� á«ãç ¥ ãà ¢­¥­¨ï á á®áà¥¤®â®ç¥­­ë¬ ®âª«®­¥­¨¥¬  à£ã¬¥­â 

t(1� t)�x(t)� p(t)x[h(t)] = f(t); t 2 [0; 1];

x(�) = 0; ¥á«¨ � =2 [0; 1];

¢ ¯à¥¤¯®«®¦¥­¨ïå, çâ® h ¨§¬¥à¨¬ , p, f áã¬¬¨àã¥¬ë ­  [0; 1], p(t) � 0, ­¥à ¢¥­áâ¢  (4) ¨ (5)
¯à¨­¨¬ îâ ¢¨¤ á®®â¢¥âáâ¢¥­­®

�(1� t)
Z t

0

p(s)�(s)
1� s

ds� t

Z 1

t

p(s)�(s)
s

ds < 1; (6)

£¤¥ �(t) | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢  ! = ft 2 [0; 1] : h(t) 2 [0; 1]g,

�(t)p(t)f(1 � h(t)) ln (1� h(t)) + h(t) lnh(t)g � 1 (7)

¯®çâ¨ ¢áî¤ã ­  [0; 1], ¯à¨ç¥¬, ¥á«¨ mesf[0; 1] n !g = 0, â® ­¥à ¢¥­áâ¢® áâà®£®¥ ­  ¬­®¦¥áâ¢¥
¯®«®¦¨â¥«ì­®© ¬¥àë. � ¯®á«¥¤­¥¬ ­¥à ¢¥­áâ¢¥ ¢ á«ãç ¥ h(t) =2 [0; 1] äã­ªæ¨î ¢ ä¨£ãà­ëå
áª®¡ª å ¬®¦­® áç¨â âì ®¯à¥¤¥«¥­­®© ¯à®¨§¢®«ì­®.

� ­¥ª®â®àëå á«ãç ïå ãá«®¢¨¥ (7) ®ª §ë¢ ¥âáï ¬¥­¥¥ ®£à ­¨ç¨â¥«ì­ë¬, ç¥¬ (6). � ª, ¤«ï
p(t) = const, h(t) = �t, 0 < � < 1=2, ãá«®¢¨¥ (7) ¤ ¥â ­¥à ¢¥­áâ¢®

�p <
1

max
t2[0;1]

v(�t)
:

�§ (6) ¯®«ãç ¥¬

�p <
1

max
t2[0;1]

v(t)
= 1= ln 2 <

1
max
t2[0;1]

v(�t)
:

�á«®¢¨ï (5) ¨ (7) ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨ § ¤ ç¨ (3) ãâ®ç­ïîâ ãá«®¢¨ï, ¯®«ãç¥­­ë¥ ¤«ï
ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª  ¢ [6].

�à¨¬¥à 2. � áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã

(Lx)(t) def= �x(t)� p(t)f _x[h(t)] + x[h(t)]g = f(t); t 2 [a; b];

x(�) = _x(�) = 0; ¥á«¨ � =2 [a; b] (8)

x(a) = _x(b) = 0

¢ ¯à¥¤¯®«®¦¥­¨ïå: f áã¬¬¨àã¥¬ , h ¨§¬¥à¨¬  ­  [a; b], p 2 L1, p� > 0, £¤¥ �(t) | å à ªâ¥à¨-
áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢  ! = ft 2 [a; b] : h(t) 2 [a; b]g. �¥è¥­¨¥¬ ãà ¢­¥­¨ï (Lx)(t) = f(t)
­ §ë¢ ¥âáï äã­ªæ¨ï x : [a; b] ! R1, ¨¬¥îé ï  ¡á®«îâ­® ­¥¯à¥àë¢­ãî ¯à®¨§¢®¤­ãî _x(t) ¨
ã¤®¢«¥â¢®àïîé ï íâ®¬ã ãà ¢­¥­¨î ¯®çâ¨ ¢áî¤ã ­  [a; b].

�®¤áâ ­®¢ª  x(t) =
bR
a

W (t; s)z(s) ds; £¤¥

W (t; s) =

(
(t� s)� (t� a); a � s � t � b;

�(t� a); a � t < s � b;

| äã­ªæ¨ï �à¨­  § ¤ ç¨ �x(t) = z(t), x(a) = _x(b) = 0, ãáâ ­ ¢«¨¢ ¥â ¢§ ¨¬­® ®¤­®§­ ç­®¥
á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã ¬­®¦¥áâ¢®¬ à¥è¥­¨© x § ¤ ç¨ (8) ¨ ¬­®¦¥áâ¢®¬ à¥è¥­¨© z ãà ¢­¥­¨ï

z(t) = p(t)�(t)
Z b

a

K(t; s)z(s) ds+ f(t): (9)
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�¤¥áì

K(t; s) =

8>><
>>:
s� a; a � s � h(t) � b;

1 + h(t)� a; a � h(t) < s � b;

0 ¢ ®áâ «ì­ëå â®çª å.

�â¬¥â¨¬, çâ® ­ «¨ç¨¥ ¯¥à¢®© ¯à®¨§¢®¤­®© ¢ ãà ¢­¥­¨¨ ­¥ ¯®§¢®«ï¥â íää¥ªâ¨¢­® á¢¥áâ¨ § ¤ çã
(8) ª íª¢¨¢ «¥­â­®¬ã ¥© ãà ¢­¥­¨î ¢ ¯à®áâà ­áâ¢¥ C[a; b].

�¡®§­ ç¨¬

(Az)(t) = p(t)�(t)
Z b

a

K(t; s)z(s) ds: (10)

� áá¬®âà¨¬ á­ ç «  ®¯¥à â®à A, ®¯à¥¤¥«ï¥¬ë© à ¢¥­áâ¢®¬ (10), ª ª ®¯¥à â®à, ¤¥©áâ¢ãîé¨©
¢ ¯à®áâà ­áâ¢¥ L1. �æ¥­¨¢ ï ­®à¬ã íâ®£® ®¯¥à â®à  (¡¥§ ¯à¥¤¯®«®¦¥­¨ï ® §­ ª¥ p), ¯®«ãç¨¬
kAk < 1, ¥á«¨

vrai sup
t2[a;b]

jp(t)j�(t)
Z b

a

K(t; s) ds < 1:

�«ï t 2 ! Z b

a

K(t; s) ds =
1
2
(h(t) � a)2 + (1 + h(t) � a)(b� h(t)) def=  (t):

� ª¨¬ ®¡à §®¬, ­¥à ¢¥­áâ¢®

vrai sup
t2[a;b]

f�(t)jp(t)j[ 1
2
(h(t)� a)2 + (b� h(t))(1 + h(t)� a)]g < 1 (11)

£ à ­â¨àã¥â ®æ¥­ªã �(A) � kAk < 1.
�¯¥à â®à A ¯à¨ p(t) � 0 ¨§®â®­¥­. �®á¯®«ì§ã¥¬áï â¥¯¥àì ¤«ï ®æ¥­ª¨ ¥£® á¯¥ªâà «ì­®£®

à ¤¨ãá  â¥®à¥¬®© 2. �®«®¦¨¬ '(t) � 1, â®£¤ 

(A')(t) = p(t)�(t)
Z b

a

K(t; s) ds = p(t)�(t) (t):

�á«¨ t 2 !, â®  (t) > 0. � ä¨ªá¨àã¥¬ ç¨á«® q, 0 < q < 1, ¨ ¯®«®¦¨¬ � = ft 2 [a; b] : 0 �
p(t)�(t) (t) � qg.

� áá¬®âà¨¬ ¢®§¬®¦­ë¥ á«ãç ¨.
1) �ãáâì 0 < mes� < b� a. �®£¤  ®¯¥à â®à A ®¡« ¤ ¥â á¢®©áâ¢®¬ N

vrai sup
t2�

fp(t)�(t) (t)g � q:

�«¥¤®¢ â¥«ì­®,
vrai inf
t2�

f1� p(t)�(t) (t)g � 1� q > 0:

�®«®¦¨¬ v(t) = p(t)�(t). �®£¤ 

r(t) = p(t)�(t)
�
1�

Z b

a

K(t; s)p(s)�(s) ds
�
:

� á¨«ã ¢ë¡®à  ¬­®¦¥áâ¢  �
vrai inf
t2[a;b]n�

fp(t)�(t)g > 0:

� ª ª ª [a; b] n� � !, â®

vrai inf
t2[a;b]n�

r(t) � vrai inf
t2[a;b]n�

fp(t)�(t)g vrai inf
t2!

�
1�

Z b

a

K(t; s)p(s)�(s) ds
�
:
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� ª¨¬ ®¡à §®¬, ¥á«¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

vrai sup
t2[a;b]

�(t)
�Z h(t)

a

(s� a)p(s)�(s) ds + (1 + h(t) � a)
Z b

h(t)

p(s)�(s) ds
�
< 1; (12)

â® �(A) < 1 ¢ á¨«ã â¥®à¥¬ë 2 (§¤¥áì p(s) ¤«ï s =2 [a; b] á«¥¤ã¥â áç¨â âì ¤®®¯à¥¤¥«¥­­®© ¯à®¨§-
¢®«ì­®).

2) �á«¨ mes� = 0, â® p(t)�(t) (t) � q ¯®çâ¨ ¢áî¤ã ­  [a; b]. �«¥¤®¢ â¥«ì­®, �(t) = 1 ¯®çâ¨
¢áî¤ã ­  [a; b] ¨ vrai inf

t2[a;b]
p(t) > 0. �®«®¦¨¬ v(t) = p(t). �®£¤ 

r(t) = p(t)
�
1�

Z b

a

K(t; s)p(s) ds
�

¨ ¢ á¨«ã «¥¬¬ë �(A) < 1, ¥á«¨

vrai inf
t2[a;b]

�
1�

Z b

a

K(t; s)p(s) ds
�
> 0;

â. ¥. ¥á«¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® (12).
3) �á«¨ mes� = b� a, â® vrai sup

t2[a;b]

fp(t)�(t) (t)g � q ¨ �(A) < 1 ¢ á¨«ã (11).

� ª ª ª L1 � L1, L1 | ¯à®áâà ­áâ¢® áã¬¬¨àã¥¬ëå ­  [a; b] äã­ªæ¨©, ¨ ¤«ï z 2 L1

kzkL1 =
Z b

a

jz(t)j dt � (b� a)kzkL1 ;

â® á¯¥ªâà «ì­ë© à ¤¨ãá ®¯¥à â®à  A ª ª ®¯¥à â®à , ¤¥©áâ¢ãîé¥£® ¢ ¯à®áâà ­áâ¢¥ áã¬¬¨àã¥-
¬ëå äã­ªæ¨©, â ª¦¥ ¬¥­ìè¥ ¥¤¨­¨æë ([7], á. 75).

�â ª, ¥á«¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® (12), â® �(A) < 1 ¨, á«¥¤®¢ â¥«ì­®, ãà ¢­¥­¨¥ (9) ¨ § ¤ ç 
(8) ®¤­®§­ ç­® à §à¥è¨¬ë ¤«ï «î¡®£® f 2 L1. �¥è¥­¨¥ z ãà ¢­¥­¨ï (9) ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥

z = f +Af +A2f + � � �

�«ï à¥è¥­¨ï x § ¤ ç¨ (8) ¨¬¥¥¬

x(t) =
Z b

a

G(t; s)f(s) ds =
Z b

a

W (t; s)z(s) ds:

� ª¨¬ ®¡à §®¬, ¥á«¨ f > 0, â® x < 0 ¨, á«¥¤®¢ â¥«ì­®, ¤«ï äã­ªæ¨¨ �à¨­  G(t; s) § ¤ ç¨ (8)
¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® G(t; s) � 0 ¢ ª¢ ¤à â¥ [a; b]� [a; b].

�à¨¬¥à 3. � ¤ ç  �®è¨

_x(t)�
2t

t2 + 1
x(t) = z(t); t 2 T = [0;1); x(0) = 0

¤«ï ª ¦¤®£® x 2 L1 ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥

x(t) = (t2 + 1)
Z t

0

z(s)
s2 + 1

ds;

¯à¨­ ¤«¥¦ é¥¥ ¯à®áâà ­áâ¢ã C
, £¤¥ 
(t) = t2+1. �ä®à¬ã«¨àã¥¬ ãá«®¢¨ï, ¯à¨ ª®â®àëå § ¤ ç 
�®è¨ ¤«ï ãà ¢­¥­¨ï á ®âª«®­ïîé¨¬áï  à£ã¬¥­â®¬

_x(t)�
2t

t2 + 1
x(t)� p(t)xh(t) = f(t); t 2 T; x(0) = 0 (13)

â ª¦¥ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ ¯à¨­ ¤«¥¦ é¥¥ ¯à®áâà ­áâ¢ã C
 à¥è¥­¨¥ ¤«ï «î¡®£® f 2 L1. �¤¥áì
h : [0;1) ! R1 | ¨§¬¥à¨¬ ï ®£à ­¨ç¥­­ ï ¢ áãé¥áâ¢¥­­®¬ ­  ª ¦¤®¬ ª®­¥ç­®¬ ¯à®¬¥¦ãâª¥
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äã­ªæ¨ï; p(t)�(t) � 0, t 2 [0;1), �(t) | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢  ft 2 [0;1) :
h(t) � 0g;

xh(t) =

(
x[h(t)]; ¥á«¨ h(t) � 0;

0; ¥á«¨ h(t) < 0:

� ¤ ç  (13) íª¢¨¢ «¥­â­  ãà ¢­¥­¨î x = Ax+ g, £¤¥

(Ax)(t) = (t2 + 1)
Z t

0

p(s)
s2 + 1

xh(s) ds; g(t) = (t2 + 1)
Z t

0

f(s)
s2 + 1

ds:

�¯¥à â®à A ¤¥©áâ¢ã¥â ¢ ¯à®áâà ­áâ¢¥ C
 ¨ ­¥¯à¥àë¢¥­, ¥á«¨

vrai sup
t2[0;1)

h2(t) + 1
t2 + 1

�(t) = � <1 (14)

¨ Z 1

0

p(s)�(s) ds <1: (15)

�à¨ íâ®¬ kAk � �
1R
0

p(s)�(s) ds. �â¬¥â¨¬, çâ® ãá«®¢¨¥ (14) ¢ë¯®«­ï¥âáï, ­ ¯à¨¬¥à, ¤«ï äã­ªæ¨¨

h(t) = kt� + � , £¤¥ k; �; � = const, k > 0, 0 < � � 1.
�¯¥à â®à A : C
 ! C
 ¨§®â®­¥­. �­ ®¡« ¤ ¥â á¢®©áâ¢®¬ N . �¥©áâ¢¨â¥«ì­®, ¤«ï '(t) = t2+1

¨ � = [0; �], £¤¥ � > 0 ¢ë¡à ­® â ª, çâ®
�R
0

p(s)�(s) ds < 1
�
, ¨¬¥¥¬

min
t2[0;�]

'(t)� (A')(t)
t2 + 1

� 1� �

Z �

0

p(s)�(s) ds > 0:

�®«®¦¨¬

v(t) = (t2 + 1) arctg t = (t2 + 1)
Z t

0

ds

s2 + 1
:

�¬¥¥¬

inf
t2(�;1)

v(t)
t2 + 1

= arctg � > 0;
r(t)
t2 + 1

=
Z t

0

1
s2 + 1

f1� p(s)�(s)v[h(s)]g ds:

�ãáâì ¯®çâ¨ ¢áî¤ã ­  [0;1) ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

p(s)�(s)[h2(s) + 1] arctg h(s) � 1; (16)

¯à¨ç¥¬ íâ® ­¥à ¢¥­áâ¢® áâà®£®¥ ­  ¬­®¦¥áâ¢¥ ¯®«®¦¨â¥«ì­®© ¬¥àë, á®¤¥à¦ é¥¬áï ¢ [0; �]. �®-
£¤  r(t)

t2+1
� 0, t 2 [0;1),

inf
t2(�;1)

r(t)
t2 + 1

=
Z �

0

1
s2 + 1

f1� p(s)�(s)v[h(s)]g ds > 0:

�â ª, ¥á«¨ ¢ë¯®«­¥­ë (14){(16), â® �(A) < 1 ¢ á¨«ã â¥®à¥¬ë 2 ¨, á«¥¤®¢ â¥«ì­®, ãà ¢­¥­¨¥
x = Ax+ g ¨ § ¤ ç  (13) ¨¬¥îâ ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x 2 C
 ¯à¨ «î¡®¬ f 2 L1.

� ¬¥ç ­¨¥ 3. �æ¥­ª  (16) ¨­®£¤  ®ª §ë¢ ¥âáï ¬¥­¥¥ ®£à ­¨ç¨â¥«ì­®©, ç¥¬ ãá«®¢¨¥, ¯®«ã-
ç ¥¬®¥ ­  ®á­®¢¥ ­¥à ¢¥­áâ¢  kAk < 1. � ª, ¤«ï h(t) = t ¨

p(t) =

8><
>:
0; ¥á«¨ t 2 [0; "); " > 0;

1
(t2 + 1) arctg t

; ¥á«¨ t 2 [";1);

kAk =
Z 1

0

p(s) ds = ln
�

2
� ln arctg "

¬®¦¥â ¡ëâì áª®«ìª® ã£®¤­® ¡®«ìè®©.
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