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� ���������� ����������, �������� � ������
�������� ����

� à ¡®â å [1], [2] ¯®«ãç¥ë â®çë¥ ¯® ¢ëá®â¥ ®æ¥ª¨ ®¤®à®¤ëå «¨¥©ëå ä®à¬ ®â § ç¥¨©
äãªæ¨© ¢¨¤ 

 (z) =
1X
�=0

z�
�Y

x=1

p(x)
q(x)

¨ ¨å ¯à®¨§¢®¤ëå (p(x), q(x) { ¬®£®ç«¥ë). � ãª § ëå à ¡®â å ¯à¥¤¯®« £ ¥âáï, çâ® p(x) � 1.
�â ¯®á«¥¤¥£® ®£à ¨ç¥¨ï ¢ ¥ª®â®àëå á«ãç ïå ¬®¦® ®âª § âìáï.

�ãáâì

A(z) = A�;�(z) =
1X
�=0

z�
�Y

x=1

x+ �

x(x+ �)
;

£¤¥ � | ¯®«®¦¨â¥«ì®¥ à æ¨® «ì®¥ ç¨á«®, ¯à¨ç¥¬ ç¨á«  � ¨ 2� ¥ ï¢«ïîâáï æ¥«ë¬¨; � =
2� + 1. �ãáâì, ¤ «¥¥, a 2 N, a� 2 N, b | ®â«¨ç®¥ ®â ã«ï æ¥«®¥ ç¨á«® ¨§ ¥ª®â®à®£® ¬¨¬®£®
ª¢ ¤à â¨ç®£® ¯®«ï I;

A1(z) = A(z); A2(z) = zA0(z);

�1 = A1

�
1
a3b

�
; �2 = A2

�
1
a3b

�
;

C1 =
�(� + 1)
�(�+ 1)

2���1=2
���� exp 1

2a3b

����; (1)

C2 = �(�+ 1)2��1=2
���� exp 1

2a3b

����maxj=1;2

��
�+ 1
a3jbj

�2�j ��A�+2�j; �

�
� 1

a3b

���
�(� + 3� j)

�
;C = C1C2:

�¥®à¥¬ . �¥à ¢¥áâ¢®

jh1�1 + h2�2j < C(H lnH)�1 ln lnH;

H = max(jh1j; jh2j);
(2)

¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥è¥¨© ¢ æ¥«ëå ç¨á« å h1, h2 ¨§ ¯®«ï I,   ¥à ¢¥áâ¢®, ¯®«ãç îé¥¥áï
¨§ (2) § ¬¥®© C   C � ", ¯à¨ «î¡®¬ ¯®«®¦¨â¥«ì®¬ " ¬®¦¥â ¨¬¥âì «¨èì ª®¥ç®¥ ç¨á«®

â ª¨å à¥è¥¨©.

�ãáâì n |  âãà «ì®¥ ç¨á«®; à áá¬®âà¨¬ ¯à¨ l; j = 1; 2 ¬®£®ç«¥ë

Plj(z) =
nX

s=0

pljsz
s; (3)

£¤¥

pljs =
1
2�i

Z
s

Kjs(�)
2n+l�2Q
x=0

(� � x)

�j+1(� � s)
d�

s�1Q
x=0

(� � x)(� + � � x)
n�sQ
x=1

(� + �� n+ x)
: (4)
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� ¯®á«¥¤¥¬ ¢ëà ¦¥¨¨ Kjs(�) = �+1
�+��s+1

, ¥á«¨ j = 1, 1 � s � n, ¨ Kjs(�) � 1 ¢o ¢á¥å ®áâ «ìëå
á«ãç ïå; �1(�) � 1, �2(�) = �, �3(�) = �(� + �); s ¥áâì ®¡ê¥¤¨¥¨¥ ¯®«®¦¨â¥«ì® ®à¨¥â¨à®-
¢ ëå ®ªàã¦®áâ¥© à ¤¨ãá®¢ 1

2a
á æ¥âà ¬¨ ¢ â®çª å �� + k, k = 0; 1; : : : ; s.

�á¯®«ì§ãï ãá«®¢¨¥ �� � =2 Z, ¥âàã¤® ¯à®¢¥à¨âì, çâ® ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¨§ «¥¬¬ë
4 à ¡®âë [3] á«¥¤ã¥â, çâ® ¯à¨ l = 1; 2

2X
j=1

Plj(z)Aj(z) = Rl(z); (5)

£¤¥

Rl(z) =
1X
�=n

z�
2n+l�2Y
x=0

(� � x)
��nY
x=1

(x+ �)
�Y

x=1

1
x(x+ �)

: (6)

�¥¬¬  1. �ãáâì

Vkl =
�(� � k + 2n+ l � 1)en

�(� � �� k + n)22nnn+�+l�1
;

£¤¥ k | ¥®âà¨æ â¥«ì®¥ æ¥«®¥ ç¨á«®, ¥ ¯à¥¢®áå®¤ïé¥¥ n. �®£¤  ¯à¨ n!1

Vkl = O(1); (7)

¥á«¨ 0 � k � n;

Vkl = 2�k+�+l�3=2
�
1 +

1
n
eO(k+1)

�
; (8)

¥á«¨ 0 � k � n=2. �®áâ®ïë¥ ¢ á¨¬¢®« å O § ¢¨áïâ â®«ìª® ®â � ¨ �.

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® ¢á¥ ç¨á«  Vkl ¯®«®¦¨â¥«ìë, ¨ ¯à¨ k � n� 1 ¢ë¯®«ï¥âáï
¥à ¢¥áâ¢®

Vkl
Vk+1; l

=
� � k + 2n+ l � 2
� � �� k + n� 1

> 1:

� ª¨¬ ®¡à §®¬, Vkl ¯à¨ ä¨ªá¨à®¢ ®¬ l ¤®áâ¨£ ¥â ¬ ªá¨¬ «ì®£® § ç¥¨ï ¯à¨ k = 0. � ¯®¬®-
éìî ä®à¬ã«ë �â¨à«¨£  «¥£ª® ¯à®¢¥à¨âì, çâ® V0l ! 2�+l�3=2 ¯à¨ n! 1. �âáî¤  á«¥¤ã¥â (7).
�â®¡ë ¤®ª § âì (8), § ¬¥â¨¬ á ç « , çâ® ¯à¨ 0 � k � n=2 ¢ë¯®«ïîâáï à ¢¥áâ¢ 

�
1 +

� � k + l � 1
2n

���k+2n+l�3=2

= e��k+l�1
�
1 +

(k + 1)2

n
eO(k+1)

�
;

�
1 +

� � k � �

n

���+�+k�n+1=2
= e��+�+k

�
1 +

(k + 1)2

n
eO(k+1)

�
:

� ¯®¬®éìî íâ¨å à ¢¥áâ¢ ¨ ä®à¬ã«ë �â¨à«¨£  ¯®«ãç ¥¬

Vkl = 2�k+�+l�3=2e���l+1
�
1 +

� � k + l � 1
2n

���k+2n+l�3=2�
1 +

� � �� k

n

���+�+k�n+1=2
�

�

�
1 +O

�
1
n

��
= 2�k+�+l�3=2

�
1 +

1
n
eO(k+1)

�
: �

�¥¬¬  2. �á«¨ zA�+2�j; ����1(�z) 6= 0, â® ¯à¨ n!1

Plj(z) = (�1)n+l�j(�+ 1)2�j
�(� � �)

�(� + 3� j)
22n+�+l�3=2 �

� nn+�+l�1ez=2�nz2�jA�+2�j; ����1(�z)
�
1 +O

�
1
n

��
; (9)
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¥á«¨ z 6= 0, â® ¯à¨ n!1

Rl(z) =
�(� + 1)
�(�+ 1)

2���l+1=2�2nn����nen+z=2z2n+l�1
�
1 +O

�
1
n

��
; (10)

£¤¥ ¯®áâ®ïë¥ ¢ á¨¬¢®«¥ O ¢ ®¡®¨å á«ãç ïå § ¢¨áïâ â®«ìª® ®â �, �, z.

�®ª § â¥«ìáâ¢®. �ãáâì j = 1. �¥£ª® ¢¨¤¥âì, çâ® pl10 = 0. �à¥®¡à §®¢ ¢ ¨â¥£à «ë ¨ ¯à¨-
¬¥¨¢ â¥®à¥¬ã ® ¢ëç¥â å, ¯®«ãç¨¬

Pl1(z) = (�1)n+l�1(� + 1)
nX

s=1

zs

2�i

Z
s

2n+l�2Q
x=0

(�� + x)

n�1Q
x=0

(�� � �+ x)

s�2Q
x=0

(�� � �+ x)

sQ
x=0

(�� + x)
s�1Q
x=0

(� + � � x)
d� =

(�1)n+l�1(�+ 1)
nX

s=1

zs
s�1X
k=0

�(� � k + 2n+ l � 1)�(� � �� k + s� 1)
�(� � �� k + n)�(� � k + s+ 1)

(�1)s�k�1

k!(s� k � 1)!
=

(�1)n+l�1(�+ 1)22ne�nnn+�+l�1
nX

s=1

zs
s�1X
k=0

Vkl
�(� � �� k + s� 1)
�(� � k + s+ 1)

(�1)s�k�1

k!(s� k � 1)!
;

£¤¥ Vkl ®¯à¥¤¥«¥ë ¢ «¥¬¬¥ 1. �à¥®¡à §ã¥¬ ¤¢®©ãî áã¬¬ã, ¢å®¤ïéãî ¢ ¯®á«¥¤¥¥ ¢ëà ¦¥¨¥:
à §®¡ì¥¬ ¥¥   ¤¢¥ áã¬¬ë, ®â¢¥ç îé¨¥ ¨§¬¥¥¨î s   ¯à®¬¥¦ãâª å 1 � s � n=2 ¨ n=2 < s � n.
� ¯¥à¢®© ¨§ ¯®«ãç¨¢è¨åáï áã¬¬ § ¬¥¨¬ Vkl   ¯à ¢ãî ç áâì à ¢¥áâ¢  (8); ¢â®à ï áã¬¬  ¢
á¨«ã (7) ¡ã¤¥â ¢¥«¨ç¨®© ¯®àï¤ª  O(1=n). � ¯®«ãç¨¢è¥¬ãáï ¢ëà ¦¥¨î ¯à¨¡ ¢¨¬ ¨ § â¥¬
¢ëçâ¥¬ ¨§ ¥£® áã¬¬ã

1X
s=[n2 ]+1

zs
s�1X
k=0

2�k+�+l�3=2
�(� � �� k + s� 1)
�(� � k + s+ 1)

(�1)s�k�1

k!(s� k � 1)!
;

ï¢«ïîéãîáï, ®ç¥¢¨¤®, ¢¥«¨ç¨®© ¯®àï¤ª  O(1=n). � à¥§ã«ìâ â¥ ¯®«ãç¨¬

Pl1(z) = (�1)n+l�1(� + 1)2�+l+2n�3=2nn+�+l�1e�n �

�

� 1X
s=1

zs
s�1X
k=0

2�k
�(� � �� k + s� 1)(�1)s�k�1

�(� � k + s+ 1)k!(s� k � 1)!
+O

�
1
n

��
: (11)

�¥à¥¬®¦¨¢ à §«®¦¥¨ï ¯® áâ¥¯¥ï¬ z äãªæ¨© ez=2 ¨ A�+1; ����1(�z), «¥£ªo ã¡¥¤¨âìáï, çâ®
¤¢®© ï áã¬¬ , ¢å®¤ïé ï ¢ ¯à ¢ãî ç áâì à ¢¥áâ¢  (11), à ¢ 

�(� � �)
�(� + 2)

zez=2A�+1; ����1(�z):

� ª ª ª ¯®á«¥¤¥¥ ç¨á«® ¯® ¯à¥¤¯®«®¦¥¨î ®â«¨ç® ®â ã«ï, â® ¯à¨ j = 1 à ¢¥áâ¢® (9) á¯à -
¢¥¤«¨¢®;   «®£¨ç® ¤®ª §ë¢ ¥âáï ¥£® á¯à ¢¥¤«¨¢®áâì ¨ ¯à¨ j = 2.

�â®¡ë ¤®ª § âì, çâ® ¯à¨ n!1

Rl(z) �
�(� + 1)
�(�+ 1)

2���l+1=2�2nn����nen+z=2z2n+l�1;

¤®áâ â®ç® § ¬¥â¨âì, çâ®

Rl(z) = z2n+l�1
2n+l�1Y
x=1

1
� + x

n+l�1Y
x=1

(�+ x)
1X
�=0

z�

�!

�Y
x=1

�+ n+ l � 1 + x

� + 2n+ l � 1 + x

¨ çâ® ¡¥áª®¥çë© àï¤, ¢å®¤ïé¨© ¢ ¯à ¢ãî ç áâì íâ®£® à ¢¥áâ¢ , ¤®¯ãáª ¥â ¯®ç«¥ë© ¯¥à¥å®¤
ª ¯à¥¤¥«ã ¯à¨ n!1. �®á«¥ íâ®£® ®áâ ¥âáï ¯à¨¬¥¨âì ä®à¬ã«ã �â¨à«¨£ . �«ï ¤®ª § â¥«ìáâ¢ 
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(10) ¯®âà¥¡ãîâáï ¡®«¥¥ á«®¦ë¥ à ááã¦¤¥¨ï,   «®£¨çë¥ â¥¬, á ¯®¬®éìî ª®â®àëå ¡ë«® ¤®-
ª § ® à ¢¥áâ¢® (9). �¢¨¤ã ®âáãâáâ¢¨ï §¤¥áì ¯à¨æ¨¯¨ «ì® ®¢ëå ¬®¬¥â®¢ íâ¨ à ááã¦¤¥¨ï
¥ ¯à¨¢®¤ïâáï.

�¥¬¬  3. �á«¨ � = 2� + 1, â®

�(z) = jPlj(z)jl;j=1;2 = �z2n:

�®ª § â¥«ìáâ¢®. �§ (5) ¨ (6) á«¥¤ã¥â, çâ® �(z) ¥áâì z2n á ¥ª®â®àë¬ ª®íää¨æ¨¥â®¬. �â®-
¡ë  ©â¨ íâ®â ª®íää¨æ¨¥â, § ¬¥â¨¬, çâ® ¨§ (4) ¢ëâ¥ª îâ à ¢¥áâ¢ 

p11n =
1
2�i

Z
n

(�+ 1)
2n�1Q
x=0

(� � x)d�

(� + �� n+ 1)
nQ

x=0
(� � x)

n�1Q
x=0

(� + � � x)
=

= �
(�+ 1)

2n�1Q
x=0

(� � x)

nQ
x=0

(� � x)
n�1Q
x=0

(� + � � x)

�����
�=��+n�1

= �1;

¥á«¨ � = 2�+ 1;

p12n =
1
2�i

Z
n

2n�1Q
x=0

(� � x)

nQ
x=0

(� � x)(� + � � x)
d� = 0;

â. ª. ª®âãà ¨â¥£à¨à®¢ ¨ï ®å¢ âë¢ ¥â ¢á¥ ¯®«îáë ¯®¤¨â¥£à «ì®© äãªæ¨¨, ¨ áâ¥¯¥ì ç¨-
á«¨â¥«ï   ¤¢¥ ¥¤¨¨æë ¡®«ìè¥ áâ¥¯¥¨ § ¬¥ â¥«ï;

p22n =
1
2�i

Z
n

2nQ
x=0

(� � x)

nQ
x=0

(� � x)(� + � � x)
d� = �1:

� ª¨¬ ®¡à §®¬, ¨áª®¬ë© ª®íää¨æ¨¥â ¯à¨ z2n, à ¢ë© ¯à®¨§¢¥¤¥¨î p11np22n, ¤¥©áâ¢¨â¥«ì® á
â®ç®áâìî, ¡ëâì ¬®¦¥â, ¤® § ª  à ¢¥ ¥¤¨¨æ¥.

�¥¬¬  4. �ãáâì a = q�11 : : : q�tt | ª ®¨ç¥áª®¥ à §«®¦¥¨¥ ç¨á«  a   ¯à®áâë¥ ¬®¦¨-

â¥«¨, m |  âãà «ì®¥ ç¨á«®,

�im =
�
m

qi

�
+
�
m

q2i

�
+ � � �

�®£¤  ¯à¨ «î¡®¬ æ¥«®¬ g ¢ë¯®«ï¥âáï ¢ª«îç¥¨¥

1
m!

mY
x=1

(g + ax)
tY

i=1

q�imi 2 Z:

�®ª § â¥«ìáâ¢® ¯®çâ¨ ¤®á«®¢® á®¢¯ ¤ ¥â á ¤®ª § â¥«ìáâ¢®¬ «¥¬¬ë 2.8 ([4], c. 149).

�¥¬¬  5. �á«¨ � = 2�+1, â® ç¨á«  vljs = a3(n�s)+l�jpljs ï¢«ïîâáï æ¥«ë¬¨ à æ¨® «ìë¬¨
(l; j = 1; 2; s = 0; 1; : : : ; n); ¯à¨ l = 1 ¢á¥ ®¨ ¤¥«ïâáï   a, §  ¨áª«îç¥¨¥¬ ç¨á«  v11n = p11n = �1.

�®ª § â¥«ìáâ¢®. �ãáâì j = 1, 0 < s � n (¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 2 ã¦¥ ®â¬¥ç «®áì,
çâ® pl10 = 0). �¥à¥§ f(�) ®¡®§ ç¨¬ ¯®¤¨â¥£à «ìãî äãªæ¨î ¨§ ¯à ¢®© ç áâ¨ à ¢¥áâ¢  (4).
�® â¥®à¥¬¥ ® ¢ëç¥â å

pl1s = ��0s �
n�s+1X
k=1

�ks;
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£¤¥ �0s | ¢ëç¥â äãªæ¨¨ f(�) ®â®á¨â¥«ì® ¡¥áª®¥ç® ã¤ «¥®© â®çª¨,   �ks | ¢ëç¥âë
íâ®© äãªæ¨¨ ®â®á¨â¥«ì® â®ç¥ª �k = �� + n � k, k = 1; : : : ; n � s + 1. P §«®¦¨¢ f(�) ¢
àï¤ �®à   ¢ ®ªà¥áâ®áâ¨ â®çª¨ � = 1, ¥âàã¤® ã¡¥¤¨âìáï ¢ â®¬, çâ® ª®íää¨æ¨¥â ¯à¨ ��1

¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ áã¬¬ë ¥áª®«ìª¨å á« £ ¥¬ëå, ª ¦¤®¥ ¨§ ª®â®àëå ¥áâì ¯à®¨§¢¥¤¥¨¥
æ¥«ëå à æ¨® «ìëå ç¨á¥« ¨ ç¨á¥« � ¨ �, ¯à¨ç¥¬ ¯®á«¥¤¨¥ ¢å®¤ïâ ¢ â ª®¥ ¯à®¨§¢¥¤¥¨¥ ¢
ª®«¨ç¥áâ¢¥, ¥ ¯à¥¢®áå®¤ïé¥¬ n � s + l � 1. � ª ª ª 3(n � s) + l � 1 � n � s + l � 1, â® ç¨á«®
a3(n�s)+l�1�0s ï¢«ï¥âáï æ¥«ë¬; ¯à¨ s < n ®®, ®ç¥¢¨¤®, ¤¥«¨âáï   a. �á«¨ 1 � k � n � s, â®
¯®á«¥ ¥á«®¦ëå ¯à¥®¡à §®¢ ¨©, á ãç¥â®¬ à ¢¥áâ¢  � = 2�+ 1, �ks ®® § ¯¨è¥âáï ¢ ¢¨¤¥

�
(�+ 1)

2k+l�3Q
x=1

(�+ n� k + 1 + x)
2(n�k�s)+1Q

x=1
(� � n+ k + s+ x)

(k � 1)!(n� s� k + 1)!
:

�§ «¥¬¬ë 4 á«¥¤ã¥â, çâ® íâ® ç¨á«® áâ ¥â æ¥«ë¬ ¯®á«¥ ã¬®¦¥¨ï   a2(n�s)+l�1
tQ

i=1
q
�i;n�s
i . � ª

ª ª �i;n�s � �i(n � s), â® ç¨á«® �ks = a3(n�s)+l�1�ks 2 Z. �à®¢¥à¨¬, çâ® ¯à¨ l = 1, s < n ¨
1 � k � n � s ç¨á«® �ks ¤¥«¨âáï   a. �á«¨ s = n � 1, â® k = 1, �ks = �1;n�1 = �(� + 1)2, ¨
ç¨á«® �1;n�1 = �a3(�+ 1)2 ¤¥«¨âáï   a. � ®áâ «ìëå á«ãç ïå ¤®áâ â®ç® ¯à®¢¥à¨âì, çâ® ç¨á«®

an�s
tQ

i=1
q
��i;n�s
i ¤¥«¨âáï   a. �ãáâì 1 � s � n � 2 ¨ qi � 3. �®£¤  �i;n�s < n�s

qi�1
� n�s

2
. �®íâ®¬ã

�i(n � s) � �i;n�s � �i(n � s) � n�s
2
� �i, á«¥¤®¢ â¥«ì®, �ks ¤¥«¨âáï   q�ii . �á«¨ �i � 2, â®

�i(n � s) � �i;n�s � �i(n � s) � (n � s) � �i, ¨ �ks ¤¥«¨âáï   q�ii . �áâ «®áì à áá¬®âà¥âì á«ãç ©
qi = 2, �i = 1. � íâ®¬ á«ãç ¥ �i;n�s < n�s, ¯®íâ®¬ã �i(n�s)��i;n�s � n�s�(n�s�1)� 1 = �i, â. ¥.
�ks ¤¥«¨âáï   q

�i
i = 2. � ª¨¬ ®¡à §®¬, ¢® ¢á¥å á«ãç ïå �ks ¤¥«¨âáï   q

�i
i . �«¥¤®¢ â¥«ì®, ¯à¨

ãª § ëå ®£à ¨ç¥¨ïå   ¨¤¥ªáë k ¨ s ç¨á«® �ks ¤¥«¨âáï   a. � «®£¨ç® ¬®¦® ¯®ª § âì,
çâ® ç¨á«® a3(n�s)+l�1�n�s+1;s ï¢«ï¥âáï æ¥«ë¬ ¨ ¤¥«¨âáï   a ¯à¨ s < n. �ë ¢¨¤¨¬, çâ® ¯à¨ j = 1
ç¨á«  vljs ï¢«ïîâáï áã¬¬ ¬¨ ¥áª®«ìª¨å æ¥«ëå ç¨á¥«, ¨ ¯à¨ s < n ¢á¥ á« £ ¥¬ë¥ ¤¥«ïâáï  
a. � ª¨¬ ®¡à §®¬, ¢ à áá¬®âà¥®¬ á«ãç ¥ «¥¬¬  á¯à ¢¥¤«¨¢ . �«ãç © j = 2 à áá¬ âà¨¢ ¥âáï
  «®£¨ç®.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë. �ãáâì

hnj = (a3b)nP1j

�
1
a3b

�
; j = 1; 2;

rn = hn1�1 + hn2�2; Hn = max(jhn1j; jhn2j):

�§ «¥¬¬ë 5 á«¥¤ã¥â, çâ® rn | «¨¥© ï ä®à¬  ®â ç¨á¥« �1 ¨ �2 á æ¥«ë¬¨ ¢ ¯®«¥ Iª®íää¨æ¨¥-
â ¬¨. �ç¥¢¨¤®,

rn = (a3b)nR1

�
1
a3b

�
:

�® â¥®à¥¬¥ 5 ([5], c. 224) ç¨á«  �1, �2 ¨ A�+2�j; ����1

�
� 1

a3b

�
®â«¨çë ®â ã«ï. �®íâ®¬ã ¨§ «¥¬¬ë

2 ¢ëâ¥ª îâ á®®â®è¥¨ï

jrnj = C1(a
3jbj)�n2�2nn�n���1en

�
1 +O

�
1
n

��
; (12)

Hn = C2(a3jbj)n22nnn+�e�n
�
1 +O

�
1
n

��
; (13)

ln lnHn

lnHn

=
1
n

�
1 +

ln lnn
lnn

+O

�
1
lnn

��
; (14)

CH�1
n

ln lnHn

lnHn

= C1(a
3jbj)�n2�2nn�n���1en

�
1 +

ln lnn
lnn

+O

�
1
lnn

��
; (15)
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£¤¥ ª®áâ âë C1, C2 ¨ C ®¯à¥¤¥«¥ë ¢ (1). �§ á®®â®è¥¨© (12){(15) á«¥¤ã¥â, çâ® ¯à¨ ¢á¥å
¤®áâ â®ç® ¡®«ìè¨å n ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

jhn1�1 + hn2�2j = jrnj < C(Hn lnHn)�1 ln lnHn;

¨ ¯¥à¢ ï ç áâì ãâ¢¥à¦¤¥¨ï â¥®à¥¬ë ¤®ª §  . �§ â¥å ¦¥ á®®â®è¥¨© (12){(15) ¢ëâ¥ª ¥â, çâ®
¯à¨ «î¡®¬ " > 0 ¨ ¢á¥å ¤®áâ â®ç® ¡®«ìè¨å n ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

jrnj > (C � ")(Hn lnHn)�1 ln lnHn: (16)

�ãáâì, ¤ «¥¥, ¨¬¥¥âáï «¨¥© ï ä®à¬ 

r = h1�1 + h2�2; H = max(jh1j; jh2j); (17)

á æ¥«ë¬¨ ¢ ¯®«¥ Iª®íää¨æ¨¥â ¬¨, ¯à¨ç¥¬ ¯à¨ ¥ª®â®à®¬ n ¢ë¯®«ïîâáï à ¢¥áâ¢  hj = chnj ,
j = 1; 2. �®ª ¦¥¬, çâ® ¢ íâ®¬ á«ãç ¥ ç¨á«® c ï¢«ï¥âáï æ¥«ë¬ ¢ ¯®«¥ I. � íâ®© æ¥«ìî à áá¬®âà¨¬
®¯à¥¤¥«¨â¥«ì ���� chn1 chn2

a(a3b)nP21
�

1
a3b

�
a(a3b)nP22

�
1
a3b

�
���� ;

£¤¥ ¬®£®ç«¥ë ¢® ¢â®à®© áâà®ª¥ á®®â¢¥âáâ¢ãîâ ãª § ®¬ã n. �® «¥¬¬¥ 3 íâ®â ®¯à¥¤¥«¨â¥«ì,
ï¢«ïîé¨©áï æ¥«ë¬ ç¨á«®¬ (¢ á¨«ã «¥¬¬ë 5), à ¢¥ �ca, â. ¥. ca 2 ZI. �§ «¥¬¬ë 5 ¢ëâ¥ª ¥â,
çâ® hn1 ¥áâì áã¬¬  ¥áª®«ìª¨å æ¥«ëå ç¨á¥«, ¤¥«ïé¨åáï   a, ¨ ç¨á«  �1. �®íâ®¬ã, â. ª. ca 2 ZI,
æ¥«®¥ ç¨á«® chn1 ¥áâì áã¬¬  ¥áª®«ìª¨å æ¥«ëå ç¨á¥« ¨ ç¨á«  �c. �«¥¤®¢ â¥«ì®, c | æ¥«®¥
ç¨á«®. �âáî¤  á«¥¤ã¥â, çâ® ¥à ¢¥áâ¢® (16) ¢ë¯®«ï¥âáï ¤«ï ¢á¥å ä®à¬ r à áá¬ âà¨¢ ¥¬®£®
¢¨¤  (á § ¬¥®© Hn   H) §  ¨áª«îç¥¨¥¬, ¡ëâì ¬®¦¥â, ª®¥ç®£® ¨å ç¨á« . � ¬¥â¨¬, ¤ «¥¥,
çâ® á ¥ª®â®à®© ª®áâ â®© ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

Hn+1

Hn

< C3

lnHn

ln lnHn

:

�®íâ®¬ã, ¥á«¨ ä®à¬  (17) «¨¥©® ¥§ ¢¨á¨¬  á ª ¦¤®© ¨§ ä®à¬ rn, â® ¬®¦® ¯à¨¬¥¨âì «¥¬-
¬ã 1 ([6], c. 78). B á®®â¢¥âáâ¢¨¨ á íâ®© «¥¬¬®© ¯à¨ H � C4 ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

jrj � C5H
�1;

£¤¥ C4, C5 |¥ª®â®àë¥ ¯®áâ®ïë¥. � ª¨¬ ®¡à §®¬, ¢® ¢á¥å á«ãç ïå ¥à ¢¥áâ¢®, ¯®«ãç îé¥¥áï
¨§ (2) § ¬¥®© C   C � ", ¬®¦¥â ¨¬¥âì «¨èì ª®¥ç®¥ ç¨á«® à¥è¥¨© ¢ æ¥«ëå ç¨á« å h1 ¨ h2
¨§ ¯®«ï I: �

�¨â¥à âãà 
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