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� ������� �����������, II

�ë á®åà ­ï¥¬ ®¡®§­ ç¥­¨ï, ¯®­ïâ¨ï, á®£« è¥­¨ï ¨ ­ã¬¥à æ¨î, ¨á¯®«ì§®¢ ­­ë¥ ¢ [1].
�ãáâì u | '-à¥è¥­¨¥ «¨­¥©­®© § ¤ ç¨ (7), (8) â. ¥. § ¤ ç¨

(P (x; @=@x) � �E)u = f(x) 2 H; x 2 
 � R
n ; lu = 0;

¨ uk | ¢¥ªâ®à-áâ®«¡¥æ á ª®®à¤¨­ â ¬¨ uk;j , j = 1; : : : ;m, ï¢«ïîé¨¬¨áï ª®íää¨æ¨¥­â ¬¨ �ãàì¥
á ­®¬¥à ¬¨ (k; j) ¯® ¯®á«¥¤®¢ â¥«ì­®áâ¨ ' = fe(j)y(k); k 2 N ; j = 1; : : : ;mg. �á«¨ äã­ªæ¨¨
y(k) ¨¬¥îâ ¯à®¨§¢®¤­ë¥ ¯®àï¤ª  �, ¨ àï¤

P
uky

(�)
(k) áå®¤¨âáï ¯® ­®à¬¥ ¢ ­¥ª®â®à®¬ £¨«ì¡¥àâ®¢®¬

¯à®áâà ­áâ¢¥ H(�), â® ¥£® áã¬¬ã u(�) á«¥¤ã¥â ­ §¢ âì ¯à®¨§¢®¤­®© ¯®àï¤ª  � ®â '-à á¯à¥¤¥«¥-
­¨ï u. '-à á¯à¥¤¥«¥­¨¥ u ¬®¦¥â ¡ëâì ¤¨ää¥à¥­æ¨àã¥¬ë¬ ¢ H(�), ­® ­¥¤¨ää¥à¥­æ¨àã¥¬ë¬ ¢
¤àã£®¬ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥. �á«¨ '-à á¯à¥¤¥«¥­¨¥ u ¨¬¥¥â ¢ H(�) ¯à®¨§¢®¤­ãî ¯®àï¤ª 
� ¨ � < �, â® ¤ ¦¥ ¢ á«ãç ¥ áãé¥áâ¢®¢ ­¨ï u(�) ¢ª«îç¥­¨¥ u(�) 2 H(�) ¬®¦¥â ­¥ ¢ë¯®«­¨âìáï.
�à®áâ®© ¯à¨¬¥à: ' á®¢¯ ¤ ¥â c (1.4), � = (1; 1), � = (1; 0), H(�) = L2

m(b� a) ¨

u =
X
k1

uk1;0 exp
�
2�ik1

x1 � a1
b1 � a1

�
+
X
k2

u0;k2 exp
�
2�ik2

x2 � a2
b2 � a2

�
:

�¥®à¥¬  2.3 (o £«®¡ «ì­®© à¥£ã«ïà­®áâ¨). �ãáâì ¢ë¯®«­ïîâáï ®æ¥­ª¨ (2:1). �®£¤ 
á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï à ¢­®á¨«ì­ë:

1. ¤«ï ª ¦¤®© f(x) ¢ á«ãç ¥ áãé¥áâ¢®¢ ­¨ï '-à¥è¥­¨ï § ¤ ç¨ (7), (8) ®­® ¨¬¥¥â ¢ H(�)

¯à®¨§¢®¤­ãî ¯®àï¤ª  �;
2. ¯à¨ ¢á¥å  2 L' ¢ë¯®«­ïîâáï ®æ¥­ª¨

c4k (�)k� � c(N)k (N;x)k � kQ k; (2.20)

¢ ª®â®àëå c4 > 0, N ¨ c(N) ­¥ § ¢¨áïâ ®â  ¨ k � k� | á¨¬¢®« ­®à¬ë ¢ H(�).

�®ª § â¥«ìáâ¢®. � ¯®¬­¨¬, çâ® ®æ¥­ª¨ (2.1) ¨¬¥îâ ¢¨¤

c1kQ k � c(N)k (N;x)k � kP� k � c2kQ k+ c(N)k (N;x)k;
¨ Q | '-áâ æ¨®­ à­ë©, ¢§ ¨¬­® ®¤­®§­ ç­ë© ®¯¥à â®à, ®¯à¥¤¥«ï¥¬ë© à ¢¥­áâ¢ ¬¨ Qw =P
q(k)wky(k), ¢ ª®â®àëå q(k) | ®¡à â¨¬ë¥ ¬ âà¨æë, ­¥ § ¢¨áïé¨¥ ®â x. �ãáâì ¨¬¥¥â ¬¥áâ®

ãâ¢¥à¦¤¥­¨¥ 2, ¨ u | '-à¥è¥­¨¥ § ¤ ç¨ (7), (8). � á¨«ã (2.1) ¢ H ¯® ­®à¬¥ áå®¤¨âáï àï¤X
Q[uky(k)] =

X
q(k)uky(k):

�âáî¤  ¨ ¨§ ®æ¥­®ª, ¨á¯®«ì§ã¥¬ëå ¢ ãâ¢¥à¦¤¥­¨¨ 2, á«¥¤ã¥â áå®¤¨¬®áâì ¯® ­®à¬¥ ¢ H(�) àï¤ P
uky

(�)
(k) . � íâ® ®§­ ç ¥â, çâ® u ¨¬¥¥â ¢ H(�) ¯à®¨§¢®¤­ãî u(�). �¬¯«¨ª æ¨ï 2) 1 ¤®ª § ­ .

�®ª ¦¥¬ ®¡à â­ãî ¨¬¯«¨ª æ¨î. � á¨«ã ãâ¢¥à¦¤¥­¨ï 1 ¨ ®æ¥­®ª (2.1) àï¤
P
uky

(�)
(k) áå®¤¨âáï

¯® ­®à¬¥ ¢ H(�), ¥á«¨ ¢ H ¯® ­®à¬¥ áå®¤¨âáï àï¤
P
q(k)uky(k). �âáî¤  ¨ ¨§ ®àâ®­®à¬¨à®¢ ­­®áâ¨
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' á«¥¤ã¥â áå®¤¨¬®áâì ¯® ­®à¬¥ ¢H(�) àï¤ 
P
(q(k))�1vky

(�)
(k) ¯à¨ ãá«®¢¨¨

P jvkj2 < +1. �ª § ­­®¥
¯®§¢®«ï¥â ®¯à¥¤¥«¨âì ®¯¥à â®à T à ¢¥­áâ¢ ¬¨

Tw =
X

(q(k))�1wky
(�)
(k) 8w 2 H:

� ¯®¬­¨¬, çâ® wk | ¢¥ªâ®à á ª®®à¤¨­ â ¬¨ wk;j , j = 1; : : : ;m, ¨ wk;j | ª®íää¨æ¨¥­â �ãàì¥ á
­®¬¥à®¬ (k; j) '-à á¯à¥¤¥«¥­¨ï w. �­ ç¨â, T ®¯à¥¤¥«¥­ ­  ¢á¥¬ H. �®ª ¦¥¬ ¥£® § ¬ª­ãâ®áâì.
�ãáâì g 2 H(�). �®£¤ 

hTw; gi� =
X

wk � (((q(k))�)�1gk):
�¤¥áì ¨ ­¨¦¥ h ; i� | á¨¬¢®« áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï ¢H(�), �| á¨¬¢®« áª «ïà­®£® ¯à®¨§¢¥¤¥-
­¨ï ¢ C m . � ª ª ª ¯®á«¥¤­¨© àï¤ áå®¤¨âáï ¯à¨ «î¡ëå ç¨á«®¢ëå ¢¥ªâ®à å wk, ã¤®¢«¥â¢®àïîé¨å
ãá«®¢¨î

P jwkj2 < +1, â® ¢ á¨«ã ¨§¢¥áâ­®© à¥§®­ ­á­®© â¥®à¥¬ë �.� ­¤ ã


0 =
X

j((q(k))�)�1gkj2 < +1:

�à¥¤¯®«®¦¨¬, çâ® kTw(�)� vk� + kw(�)� hk ! 0 ¯à¨ � ! +1. �®£¤ 

jhT (w(�) � h); gi� j � p

0
�X j(w(�))k � hkj2

�1=2
:

�®íâ®¬ã jhT (w(�)� h); gi� j � p

0kw(�)� hk ! 0 ¯à¨ � ! +1. �àã£¨¬¨ á«®¢ ¬¨, ¤®ª § ­®, çâ®

T (w(�)� h)! 0 á« ¡®. �¤­ ª® Tw(�)! v ¯® ­®à¬¥, ¯®íâ®¬ã Th = v. �â ª, ¤®ª § ­®, çâ® T |
§ ¬ª­ãâë© ®¯¥à â®à, ®¯à¥¤¥«¥­­ë© ­  ¢á¥¬ H. � á¨«ã â¥®à¥¬ë � ­ å  ® § ¬ª­ãâëå ®¯¥à â®à å
T ­¥¯à¥àë¢¥­, â. ¥.



P(q(k))�1wky
(�)
(k)




�
� kTk kwk. �âáî¤  «¥£ª® á«¥¤ãîâ ®æ¥­ª¨ (2.20).

�¥®à¥¬  2.4 (®¡ ¨­¤¨¢¨¤ã «ì­®© à¥£ã«ïà­®áâ¨). �ãáâì u| '-à¥è¥­¨¥ § ¤ ç¨ (7), (8);
¢ë¯®«­ïîâáï ®æ¥­ª¨ (2:1); ®¯¥à â®àë c�(x), � 2 �, ¨ äã­ªæ¨ï f(x) ­ áâ®«ìª® £« ¤ª¨, çâ® ¯à¨
­¥ª®â®à®¬ '-áâ æ¨®­ à­®¬ ®¯¥à â®à¥ eQ, ¢§ ¨¬­® ®¤­®§­ ç­® ®â®¡à ¦ îé¥¬ D ~Q � H ­  H,

á¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥ u 2 D ~Q ¨ ¨¬¥¥â '-à¥è¥­¨¥ ãà ¢­¥­¨¥

[ eQ(P (x; @=@x) � e�E)]v = eQf(x)� e� eQu; (2.21)

¢ ª®â®à®¬ e� | ­¥á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ®¯¥à â®à  P~�; ¯à¨ ­¥ª®â®à®© ¯®áâ®ï­­®© d1 < c1 (á¬.
(2:1)) ¨ ¢á¥å  2 L'

k( eQP~� � P~�
eQ) k � d1kP~�

eQ k+ c(N)k (N;x)k: (2.22)

�®£¤  X
jq(k)eq(k)ukj2 < +1; (2.23)

£¤¥ q(k), eq(k) | ¬ âà¨æë, ®¯à¥¤¥«ï¥¬ë¥ '-áâ æ¨®­ à­®áâìî á®®â¢¥âáâ¢¥­­® Q, eQ.
�®ª § â¥«ìáâ¢®. '-à¥è¥­¨¥ ãà ¢­¥­¨ï (2.21) ®¡®§­ ç¨¬ ç¥à¥§ v. � á¨«ã (2.1), (2.22) ¥£®

ª®íää¨æ¨¥­âë �ãàì¥ vk;j ã¤®¢«¥â¢®àïîâ (2.23). �® ®¯à¥¤¥«¥­¨î '-à¥è¥­¨ï ¨¬¥¥¬X eQ(P (x; @=@x) � e�E)[vky(k)] = eQf(x)� e� eQu;
¨ àï¤ áå®¤¨âáï ¢ H ¯® ­®à¬¥. �¤­ ª® ®¯¥à â®à eQ�1 ­¥¯à¥àë¢¥­, ¯®íâ®¬ãX

(P (x; @=@x) � e�E)[vky(k)] = f(x)� e�u;
¨ àï¤ áå®¤¨âáï ¢ H ¯® ­®à¬¥. �«¥¤®¢ â¥«ì­®, v | '-à¥è¥­¨¥ ãà ¢­¥­¨ï (P (x; @=@x) � e�E)z =
f(x) � e�u, ¯à¨ç¥¬ u | â ª¦¥ ¥£® '-à¥è¥­¨¥. � ª ª ª e� | ­¥á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ®¯¥à â®à 
P~�, â® u = v.
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�à¨¬¥­¨¬ ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë ª ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ (1), (2), ¢¢¥¤ï ¢ ­¥¥ á¯¥ªâà «ì-
­ë© ¯ à ¬¥âà �. �â ª,

utt � c2uxx � �u = f(t; x); H = L2
1(R � (0; �)): (2.24)

�¯¥ªâà '-§ ¤ ç¨ ¤«ï (2.24) ¢ á«ãç ¥

' =
�
1
�
exp(ik1t) sin(k2x); k1 = 0;�1; : : : ; k2 = 1; 2; : : :

	
á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬ � = f�k21 + c2k22 ; k1 = 0; 1; : : : ; k2 = 1; 2; : : : g. �á«¨ � =2 �, â® '-§ ¤ ç 
®¤­®§­ ç­® à §à¥è¨¬ , ¨ ¥¥ à¥è¥­¨¥ ¨¬¥¥â ¢¨¤X

(fk1;k2=(�k21 + c2k22)) exp(ik1t) sin(k2x):

�­® ¡ã¤¥â ¯à¨­ ¤«¥¦ âì H ¯à¨ «î¡®© f(x) 2 H â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  jk21 � c2k22 j � �1 > 0
8k1; k2.

� ¬¥ç ­¨¥ 2.2. �ëè¥ ¯à¥¤¯®« £ «®áì, çâ® ®¯¥à â®à Q ¢§ ¨¬­® ®¤­®§­ ç¥­. �¥§ íâ®£® ¯à¥¤-
¯®«®¦¥­¨ï â¥®à¥¬ë 2.1{2.4 á¯à ¢¥¤«¨¢ë â®«ìª® â®£¤ , ª®£¤  ¬­®¦¥áâ¢® ¢á¥å «¨­¥©­® ­¥§ ¢¨-
á¨¬ëå à¥è¥­¨© ãà ¢­¥­¨ï Qv = 0 ª®­¥ç­®. �á«¨ ¯®á«¥¤­¥¥ ¬­®¦¥áâ¢® ¡¥áª®­¥ç­®, â® ª ¦¤®¥
� 2 C ï¢«ï¥âáï á®¡áâ¢¥­­ë¬ ¤«ï P�, ¯à¨ íâ®¬ ¤«ï á®åà ­¥­¨ï â¥®à¥¬ë 2.3 ­ã¦­® ¢ ãâ¢¥à¦¤¥­¨¨
2 ¤®¡ ¢¨âì âà¥¡®¢ ­¨¥: ¬­®¦¥áâ¢® N� = fk : det(q(k)) = 0g \ fr : ke(1)y(�)(r) k 6= 0g ª®­¥ç­®.

3. �¢ï§ì '-à¥è¥­¨© á e'-à¥è¥­¨ï¬¨
�à¥¤¯®«®¦¨¬, çâ® ¤«ï § ¤ ç¨ (7), (8) ¬ë ¬®¦¥¬ ¢ëç¨á«¨âì '-à¥è¥­¨¥ u ¨ e'-à¥è¥­¨¥ v.

�®§­¨ª ¥â ¢®¯à®á: ª ª®¢  á¢ï§ì ®¡ê¥ªâ®¢ u ¨ v? �â®¡ë ®â¢¥â¨âì ­  ¯®áâ ¢«¥­­ë© ¢®¯à®á, ®¡®-
§­ ç¨¬ ç¥à¥§ P�, eP� ®¯¥à â®àë, ¯®à®¦¤¥­­ë¥ á®®â¢¥âáâ¢¥­­® '- ¨ e'-§ ¤ ç ¬¨ ¤«ï (7), ç¥à¥§ Q,eQ á®®â¢¥âáâ¢¥­­® '- ¨ e'-áâ æ¨®­ à­ë¥ ®¯¥à â®àë. �à¨ íâ®¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¯®á«¥¤­¨¥
¤¢  ®¯¥à â®à  ¢§ ¨¬­® ®¤­®§­ ç­ë ¨ DP� = DQ, D ~P�

= D ~Q. � ¯®¬­¨¬, çâ® DB | ®¡« áâì ®¯à¥-
¤¥«¥­¨ï ®¯¥à â®à  B. � ®¡é¥¬ á«ãç ¥ DB � D 0

' «¨¡® DB � D 0
~'. �®â ä ªâ, çâ® ¨§ ®æ¥­®ª (2.1)

á«¥¤ã¥â à ¢¥­áâ¢® DP� = DQ, ¯®çâ¨ ®ç¥¢¨¤¥­. �â®¡ë ã¡¥¤¨âìáï ¢ ®¡à â­®¬, ¤®áâ â®ç­® ¯®¢â®-
à¨âì à ááã¦¤¥­¨ï,  ­ «®£¨ç­ë¥ â¥¬, ª®â®àë¥ ¡ë«¨ ¨á¯®«ì§®¢ ­ë ¢ ¤®ª § â¥«ìáâ¢¥ ¨¬¯«¨ª æ¨¨
1) 2 ¢ â¥®à¥¬¥ 2.3.

�¥®à¥¬  3.1. �à¥¤¯®«®¦¨¬, çâ® DP� = DQ, D ~P�
= D ~Q, ¯®á«¥¤®¢ â¥«ì­®áâ¨ ' ¨ e' ï¢«ï-

îâáï ®àâ®¡ §¨á ¬¨ ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ H(0), ¨ ¯à¨ ª ¦¤®¬ p 2 N ¢ë¯®«­ïîâáï

à ¢¥­áâ¢ 

P�'(p) =
X

ap;k eP� e'(k); (3.1)

¯à¨ç¥¬ àï¤ë áå®¤ïâáï ¢ H ¯® ­®à¬¥. �®£¤  '-à¥è¥­¨¥ u ãà ¢­¥­¨ï (7) ¯à®¤®«¦ ¥âáï ¤® e'-
à¥è¥­¨ï â®£® ¦¥ ãà ¢­¥­¨ï; ¥á«¨, ªà®¬¥ â®£®, DQ � H(0), D ~Q � H(0), â® u ¨ ¥£® ¯à®¤®«¦¥­¨¥eu á®¢¯ ¤ îâ ª ª í«¥¬¥­âë ¨§ H(0).

�®ª § â¥«ìáâ¢®. � ç áâ­®¬ á«ãç ¥ ¤«ï ª®­ªà¥â­ëå P ¨ ' â¥®à¥¬  ¤®ª § ­  ¢ ([2], c. 196{
200). �®ª ¦¥¬ ¥¥ ¢ ®¡é¥¬ á«ãç ¥. � á¨«ã (3.1) ®¡« áâì §­ ç¥­¨© J1 ®¯¥à â®à  P� á®¤¥à¦¨âáï
¢ ®¡« áâ¨ §­ ç¥­¨© J2 ®¯¥à â®à  eP�. � ª ª ª ¢ë¯®«­ïîâáï ®æ¥­ª¨ (2.1) ¨ ¨å  ­ «®£¨, ¯®«ã-
ç îé¨¥áï § ¬¥­®© ¢ (2.1) P� ­  eP�, Q ­  eQ ¨ L' ­  L ~', â® ¢ á¨«ã â¥®à¥¬ë 2.1 J1 ¨ J2 |
¯®¤¯à®áâà ­áâ¢  ¢ H, ¯à¨ç¥¬ ¢ á¨«ã ¢§ ¨¬­®© ®¤­®§­ ç­®áâ¨ eQ ¯®á«¥¤®¢ â¥«ì­®áâì

f eP�( eQ)�1 e'(p); p 2 fNg; fN � N ; (3.2)
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ï¢«ï¥âáï ¡ §¨á®¬ �¨áá  ¢ J2. �¯à ¢¥¤«¨¢®áâì íâ®£® ä ªâ  ¡ë«  ãáâ ­®¢«¥­  ¢ ¯à®æ¥áá¥ ¤®ª § -
â¥«ìáâ¢  â¥®à¥¬ë 2.2. �à¨ íâ®¬ ®â¬¥ç «®áì, çâ® ¢ ¬­®¦¥áâ¢¥ N n fN ç¨á«® í«¥¬¥­â®¢ ª®­¥ç­®.
� ª ª ª (3.2) | ¡ §¨á �¨áá  ¢ J2 ¨ eP� e'(k) 2 J2, â®

eP� e'(k) =
X0

p

�k;p eP� e'(p) 8k 2 N : (3.3)

�âà¨å ãª §ë¢ ¥â ­  â®, çâ® áã¬¬¨à®¢ ­¨¥ ¯à®¨§¢®¤¨âáï ¯® ¢á¥¬ p 2 fN . �§ ¯®á«¥¤­¨å à ááã-
¦¤¥­¨© á«¥¤ã¥â, çâ® ­ àï¤ã á (3.1) ¨¬¥¥¬

P�'(k) =
X0 eak;p eP� e'(p) 8k 2 N :

� ª¨¬ ®¡à §®¬, § ¬¥­ïï, ¥á«¨ ¢ íâ®¬ ¥áâì ­¥®¡å®¤¨¬®áâì, e' ­  ¯®á«¥¤®¢ â¥«ì­®áâì f e'(p); p 2fNg, ¤®¡ì¥¬áï â®£®, çâ® � áâ ­¥â ­¥á®¡áâ¢¥­­ë¬ §­ ç¥­¨¥¬ ®¯¥à â®à  eP�. �®íâ®¬ã, ­¥ ­ àãè ï
®¡é­®áâ¨, ¬®¦­® áç¨â âì, çâ® � | ­¥á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ®¯¥à â®à  eP�, â. ¥. fN = N .

� á¨«ã (3.1), (3.2) ¨¬¥¥¬

P�u =
X

P�[up'(p)] =
X
p

nX
q

aq;p eP� e'(q)

o
up: (3.4)

� ª ª ª J1 � J2, â® áãé¥áâ¢ã¥â â ª®¥ e'-à á¯à¥¤¥«¥­¨¥ v, çâ®
eP�v = P�u =

X
vq eP� e'(q): (3.5)

�¤­ ª® (3.2) | ¡ §¨á �¨áá  ¢ J2. �®íâ®¬ã à ¢¥­áâ¢  (3.4), (3.5) ¢ë¯®«­ïâáï â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤ 

vq =
X
p

ap;qup 8q 2 N : (3.6)

�®ª ¦¥¬, çâ® '-à¥è¥­¨¥ u ¬®¦­® ¯à®¤®«¦¨âì ¤® e'-à¥è¥­¨ï eu. �¡®§­ ç¨¬ ç¥à¥§ L «¨­¥©-
­ãî ®¡®«®çªã ¬­®¦¥áâ¢  ' [ e'. � á¨«ã (3.6) ¨ ª®­¥ç­®áâ¨ ¬­®¦¥áâ¢  N n fN ¤«ï ª ¦¤®©
 2 L àï¤

P
uph ;'(p)i áå®¤¨âáï. �®íâ®¬ã ¬®¦­® ¢¢¥áâ¨ äã­ªæ¨®­ « eu, § ¤ ¢ ¥¬ë© ­  L á

¯®¬®éìî à ¢¥­áâ¢ eu(') = P
uph ;'(p)i. �ç¥¢¨¤­®, ¢ë¯¨á ­­ë© äã­ªæ¨®­ « ï¢«ï¥âáï ª ª '-

à á¯à¥¤¥«¥­¨¥¬, â ª ¨ e'-à á¯à¥¤¥«¥­¨¥¬, ¯à¨ç¥¬ eu = u ­  L', ¨ ¢ á¨«ã (3.6) eu = v ­  L ~'. �«¥-
¤®¢ â¥«ì­®, äã­ªæ¨®­ « eu ï¢«ï¥âáï ª ª '-à¥è¥­¨¥¬, â ª ¨ e'-à¥è¥­¨¥¬ ãà ¢­¥­¨ï (7). �¥à¢®¥
ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë ¤®ª § ­®. �â®¡ë ¤®ª § âì ¢â®à®¥, § ¬¥â¨¬ eu = u ­  L', ¯à¨ç¥¬ eu 2 H(0)

¨ u 2 H(0). �¤­ ª® ' | ¡ §¨á ¢ H(0), ¯®íâ®¬ã keu� uk0 = 0.

4. �®àà¥ªâ­® à §à¥è¨¬ ï § ¤ ç  ¤«ï ¤¨ää¥à¥­æ¨ «ì­ëå ª¢ §¨¯®«¨­®¬®¢
á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

�ãáâì P (z) | á¨¬¢®« (m;m) ¬ âà¨ç­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ª¢ §¨¯®«¨­®¬  P (D) á ¯®áâ®-
ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨, â. ¥. ¯à¨ ¢á¥å z 2 C m , x 2 Rn

P (D) exp(z � x) =
� X
�2�

MX
j=1

a�;j(z
�) exp(z � ��;j)

�
exp(z � x) � P (z) exp(z � x);

£¤¥ ¬­®¦¥áâ¢® ¬ã«ìâ¨¨­¤¥ªá®¢ �, ç¨á«®¢ë¥ ¢¥ªâ®àë ��;j ¨ ç¨á«®¢ë¥ ¬ âà¨æë a�;j ­¥ § ¢¨áïâ
®â z, x, ¯à¨ç¥¬ � ª®­¥ç­®.

�¡®§­ ç¨¬ ~� = � � t, £¤¥ � 2 C ¨ t 2 C n , �k = f� : det(P (~�+ ik)) = 0g, � = S
k2Zn

�k. �ç¥¢¨¤­®,

áª «ïà­ ï äã­ªæ¨ï det(P (~�+ ik)) ¯à¨ ª ¦¤®¬ k  ­ «¨â¨ç¥áª¨ § ¢¨á¨â ®â �. �®íâ®¬ã ¢ á«ãç ¥
det(P (~� + ik)) 6� 0 ¬­®¦¥áâ¢® �k áç¥â­®. �á«¨ ª ¦¤®¥ ¬­®¦¥áâ¢® �k áç¥â­®, â® ¨ ¬­®¦¥áâ¢® �
áç¥â­®. �à¨ íâ®¬ ¯ãáâ®¥ ¬­®¦¥áâ¢® áç¨â ¥¬ áç¥â­ë¬.
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�¥®à¥¬  4.1. �ãáâì ¯à¨ ­¥ª®â®à®¬ t ¨ ª ¦¤®¬ k ¨¬¥¥â ¬¥áâ® det(P (~� + ik)) 6� 0. �á«¨
� =2 �, â® ¢ á«ãç ¥

' = fe(j) exp((~�+ ik) � x); k 2 Z
n; j = 1; : : : ;mg; 
 = (0; 2�)n

'-§ ¤ ç  ¤«ï ãà ¢­¥­¨ï P (D)u = f 2 L2
m(
) ª®àà¥ªâ­® à §à¥è¨¬ .

�®ª § â¥«ìáâ¢®. �® ®¯à¥¤¥«¥­¨î '-à¥è¥­¨ï ¨¬¥¥¬

P (D)u =
X
k2Zn

P (~�+ ik)uk exp((~�+ ik) � x) = f:

� ª ª ª ¯®á«¥¤®¢ â¥«ì­®áâì ' ï¢«ï¥âáï ¡ §¨á®¬ ¢ L2
m(
), â® f =

P
k2Zn

fk exp((~�+ik)�x). �®íâ®¬ã
uk = (P (~�+ ik))�1fk. �«¥¤®¢ â¥«ì­®, '-§ ¤ ç  ®¤­®§­ ç­® à §à¥è¨¬ . �¥ªâ®àë uk ¯à¨ ª ¦¤®¬
k ­¥¯à¥àë¢­® § ¢¨áïâ ®â fk, ¯à¨ç¥¬ ¯®á«¥¤­¨¥ ­¥¯à¥àë¢­® § ¢¨áïâ ®â f . �âáî¤  á«¥¤ã¥â ­¥¯à¥-
àë¢­ ï § ¢¨á¨¬®áâì '-à¥è¥­¨ï u ®â f .

5. �à¨«®¦¥­¨ï

�â® ª á ¥âáï ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ (1), (2), â® ® ­¥© ¯®¤à®¡­® £®¢®à¨«®áì ¢ ª®­æ¥ ¢â®-
à®£® à §¤¥« . �áî¤ã ­¨¦¥, ¥á«¨ ®á®¡® ­¥ ®£®¢®à¥­®, k � k | á¨¬¢®« ­®à¬ë ¢ H, ¯®à®¦¤¥­­®©
áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ h ; i.

1. '-§ ¤ ç  ¢ L2
m(R

n). �¨¦¥ ¯à¥¤¯®« £ ¥âáï, çâ® H = L2
m(R

n), ' =
n
e(j)

nQ
�=1

y(k�;�)(x�); k� 2
Z+; j = 1; : : : ;m

o
, ¤«ï ª ¦¤®£® � ¯®á«¥¤®¢ â¥«ì­®áâì fy(k� ;�)(x�); k� 2 Z+g ï¢«ï¥âáï ®àâ®­®à-

¬¨à®¢ ­­ë¬ ¡ §¨á®¬ ¢ L2
1(R), ¯à¨ç¥¬

y(r;�)(t) 2W+1;2
1 (R); y

(s)
(r;�)(t)! 0; s = 0; 1; : : : ; ¯à¨ jtj ! +1;��

d

dt

�2

+ h�(t)� �r;�

�
y(r;�)(t) = 0 8t 2 R;

(5.1)

äã­ªæ¨¨ h�(t) 2 C+1
1 (R) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ Reh�(t) � �0, ¢ ª®â®àëå �0 ­¥ § ¢¨á¨â ®â t,

�r;� 6= 0 8r; �.
�à®áâ¥©è¨¬ ¯à¨¬¥à®¬ äã­ªæ¨© y(r;�)(t), ã¤®¢«¥â¢®àïîé¨å ®â¬¥ç¥­­ë¬ ¢ëè¥ ãá«®¢¨ï¬,

ï¢«ïîâáï äã­ªæ¨¨ ¨§ ®àâ®­®à¬¨à®¢ ­­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ �¥¡ëè¥¢ {�à¬¨â  [3].
� áá¬®âà¨¬ â®«ìª® â¥ ãà ¢­¥­¨ï (7), ª®â®àë¥ ¯à¥¤áâ ¢¨¬ë ¢ ¢¨¤¥

P1(x; @=@x)u �
X

�2�(2)

�
a�(x)((@=@x)2 + h)� +

+
X
�<�

b�;�(x)(@=@x)

(�;�)((@=@x)2 + h)�

�
u� �u = f(x); x 2 R

n : (5.2)

�¤¥áì, ª ª ¨ ¢áî¤ã ­¨¦¥,

((@=@x)2 + h)� �
nY

�=1

((@=@x�)
2 + h�(x�))

�� ;


(�;�) = (sgn(�1 � �1); : : : ; sgn(�n � �n)); sgn 0 = 0; sgn t = 1 8t > 0:

�®¤ç¥àª­¥¬, çâ® ãà ¢­¥­¨ï (7), ¢ ª®â®àëå ­ ¨¡®«ìè¨¥ ¬ã«ìâ¨¨­¤¥ªáë ¨¬¥îâ â®«ìª® ç¥â­ë¥
ª®®à¤¨­ âë, ¢á¥£¤  ¯à¥¤áâ ¢¨¬ë ¢ ¢¨¤¥ (5.2).

�¤®¡­® ®¡®§­ ç¨âì (�k)� �
nQ

�=1
(�k;�)�� , k = (k1; : : : ; kn).
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�¥¬¬  5.1. �à¨ ª ¦¤®¬ " > 0, ­¥ª®â®à®© c = c(") ¨ ¢á¥å v(x) 2 H, ã¤®¢«¥â¢®àïîé¨å

ãá«®¢¨ï¬ @=@x�v(x) 2 H, jv(x)j ! 0 ¯à¨ jxj ! +1, ¢ë¯®«­ïîâáï ®æ¥­ª¨

k@=@x�v(x)k � "k((@=@x� )2 + h�(x�))v(x)k + ckv(x)k: (5.3)

�®ª § â¥«ìáâ¢®. � ª ª ª Re h�(t) � �0, â®

k((@=@x�)2 + h�(x�)� �0 � " 2)v(x)k kv(x)k �
� jh((@=@x� )2 � " 2)v(x); v(x)i+ h(h�(x�)� �0)v(x); v(x)ij �

� jh@=@x�v(x); @=@x�v(x)i+ " 2hv(x); v(x)i + h�(Re h�(x�)� �0)v(x); v(x)ij �
� k@=@x�v(x)k2 + " 2kv(x)k2:

�®íâ®¬ã " 2kv(x)k � k((@=@x� )2 + h�(x�) � �0 � " 2)v(x)k. �ç¨âë¢ ï ¯®á«¥¤­¨¥ ¤¢¥ á¥à¨¨ ®æ¥-
­®ª, ¯®«ãç¨¬ " 2k@=@x�v(x)k2 � k((@=@x� )2 + h�(x�)� �0 � " 2)v(x)k2. �âáî¤  «¥£ª® á«¥¤ã¥â, çâ®
"k((@=@x� )2 + h�(x�))v(x)k +

pj�0"2 + 1jkv(x)k � k@=@x�v(x)k.
�¥¬¬  5.2. �ãáâì ¯à¨ ¢á¥å v(x) 2 H, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ @=@x�v(x) 2 H 8�,

jv(x)j ! 0 ¯à¨ jxj ! +1, ¤«ï ª ¦¤®£® " > 0 ¢ë¯®«­ïîâáï ®æ¥­ª¨ (5:3), í«¥¬¥­âë ¬ âà¨æec�;�(x) ¨§¬¥à¨¬ë ¨ ®£à ­¨ç¥­ë ¢ áãé¥áâ¢¥­­®¬, ¤«ï ¢á¥å � < �, � 2 �(2)

j(�k)
�j
�
1 +

X
�2�(2)

X

��

j(�k)

 j
��1

! 0 ¥á«¨ jkj ! +1: (5.4)

�®£¤  ¯à¨ ª ¦¤®¬ "1 > 0, ­¥ª®â®à®© c = c("1) ¨ ¢á¥å  (x) 2 L'

S1 �




 X
�2�(2)

X
�<�

ec�;�(x)(@=@x)
(�;�)((@=@x)2 + h)� (x)




 �

� "1

� X
�2�(2)

X
���

k((@=@x)2 + h)� (x)k
�
+ ck (x)k: (5.5)

�®ª § â¥«ìáâ¢®. �¥¢ ï ç áâì ¤®ª §ë¢ ¥¬®© ®æ¥­ª¨ ­¥ ¡®«ìè¥

S2 � B
X

�2�(2)

X
�<�

k(@=@x)
(�;�)((@=@x)2 + h)� (x)k;

¯à¨ç¥¬ B ­¥ § ¢¨á¨â ®â  (x). � ª ª ª  (x) 2 L', â®

((@=@x)2 + h)� (x) =
X
k

 (k)(�k)�
� nY
�=1

y(k�;�)(x�)
�
; (5.6)

¨ ­¥­ã«¥¢ëå á« £ ¥¬ëå ª®­¥ç­®¥ ç¨á«®. �®íâ®¬ã

(@=@x)
(�;�)((@=@x)2 + h)� (x) 2 H 8� � � 2 �(2); j((@=@x)2 + h)� (x)j ! 0 ¯à¨ jxj ! +1;

¨¡® ¨¬¥¥â ¬¥áâ® (5.1). �âáî¤  ¨ ¨§ (5.3) á«¥¤ã¥â

S2 � "
X

�2�(2)

X
�<�

k((@=@x)2 + h)
(�;�)+� (x)k + c
X

�2�(2)

� X
�<�

k((@=@x)2 + h)� (x)k
�
:

� ¤àã£®© áâ®à®­ë, ¢ á¨«ã (5.4), (5.6) ¨¬¥¥¬

c
X

�2�(2)

X
�<�

k((@=@x)2 + h)� (x)k � "2
X

�2�(2)

X
���

k((@=@x)2 + h)� (x)k + c("2)k (x)k; 0 < "2 < ":

�®« £ ï "1 = "� "2 ¨ ãç¨âë¢ ï 
(�; �) + � � �, ¯®«ãç¨¬ (5.5).
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�¥¬¬  5.3. �à¥¤¯®«®¦¨¬, çâ® a�(x) 2 Cf0g
m;m(R

n ), ¤«ï «î¡®£® "2 > 0, ­¥ª®â®à®£® � = �("2)
¨ ¢á¥å x, y, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ kxk � �, kyk � �, ¢ë¯®«­ïîâáï ®æ¥­ª¨X

�2�(2)

ja�(x)� a�(y)j � "2: (5.7)

�®£¤  áãé¥áâ¢ãîâ â ª¨¥ áª «ïà­ë¥ ¢¥é¥áâ¢¥­­ë¥ äã­ªæ¨¨ !r(x) 2 C+1
1 (Rn ), çâ® (!1(x))2 +

� � � + (!M(x))2 � 1, !M(�) = 1 ¯à¨ j� j � �2; ¤«ï ¢á¥å x 2 supp(!r(x)), y 2 supp(!r(x)) ¨ «î¡®£® r
¢ë¯®«­ïîâáï ®æ¥­ª¨ (5:7).

�®ª § â¥«ìáâ¢®. �­®¦¥áâ¢  
r = fx : jx � �(r)j < �1g ¢ë¡¥à¥¬ â ª, çâ®¡ë fjxj � �g �

1 [ � � � [ 
M�1 ¨ ¯à¨ ¢á¥å r, x 2 
r, y 2 
r ¢ë¯®«­¨«¨áì ®æ¥­ª¨ (5.7). �à¨ r = 1; : : : ;M � 1
¯®«®¦¨¬ efr(x) = exp(jx��(r)j2�p21), ¥á«¨ x 2 
r ¨ efr(x) = 0 ¤«ï x =2 
r; efM (x) = exp((�2�jxj2)�1)
¯à¨ jxj > � ¨ efM(x) = 0 ¯à¨ jxj � �. � ª ª ª fjxj � �g � 
1 [ � � � [ 
M�1, â® s(x) = (( ef1(x))2 +
� � �+( efM�1(x))2+( efM(x))2)1=2 > 0. �®íâ®¬ã äã­ªæ¨¨ !r(x) = efr(x)=s(x) ¯à¨­ ¤«¥¦ â C+1

1 (Rn) ¨
(!1(x))2+ � � �+(!M(x))2 = 1. �á«¨ x 2 supp!r(x), y 2 supp!r(x) ¨ r �M � 1, â® x 2 
r, y 2 
r, ¨
¢ë¯®«­ï¥âáï (5.7). � á«ãç ¥ x; y 2 supp!M(x) ¨¬¥¥¬ jxj � �, jyj � �, ¯®íâ®¬ã ¢ë¯®«­ïîâáï (5.7).
�¨ªá¨àã¥¬ �2 â ª, çâ®¡ë fjxj � �2g � 
1 [ � � � [ 
M�1. �«ï jxj � �2 ¨¬¥¥¬ x =2 
1 [ � � � [ 
M�1,
!r(x) = 0 8r �M � 1, â. ¥. !M(x) = 1.

�¤®¡­® ç¥à¥§ C�((D2 + h)�) ®¡®§­ ç¨âì ¬­®¦¥áâ¢® ¢á¥å â¥å äã­ªæ¨© a(x) 2 Cf�g
� (Rn), ¤«ï

ª®â®àëå ¯à¨ ¢á¥å w(x) 2 C+1
1 (Rn) ¢ à ¢¥­áâ¢ å

((@=@x)2 + h)�(w(x)a(x)) �
X
���

C�;�(x)(@=@x)

(�;�)((@=@x)2 + h)�w(x)

äã­ªæ¨¨ C�;�(x), ­¥ § ¢¨áïé¨¥ ®â w(x), ®£à ­¨ç¥­ë. �á«®¢¨¥ a(x) 2 C�((D2+ h)�) ®§­ ç ¥â, çâ®
¯à¨ 
 6= 0 ¯à®¨§¢®¤­ë¥ a(
)(x) ¤®áâ â®ç­® ¡ëáâà® ã¡ë¢ îâ (¥áâ¥áâ¢¥­­® ¯à¨ ãá«®¢¨¨ 
 � �).

�¥®à¥¬  5.1. �à¥¤¯®«®¦¨¬, çâ® ¯à¨ ¢á¥å � 2 �(2), � 2 �(2) ¢ë¯®«­ïîâáï ¢ª«îç¥­¨ï

a�(x) 2 Cm;m((D2 + h)2�) ¨ äã­ªæ¨¨ a�(x) ¨¬¥îâ ¯à¥¤¥«ë ¯à¨ jxj ! +1; í«¥¬¥­âë ¬ âà¨æ

B�;�(x) ¨§¬¥à¨¬ë ¨ ®£à ­¨ç¥­ë ¢ áãé¥áâ¢¥­­®¬; ¯à¨ ­¥ª®â®àëå g1 > 0, t 2 C ¨ ¢á¥å x 2 Rn ,

k 2 Zn, z 2 C n ¨¬¥îâ ¬¥áâ® ®æ¥­ª¨����
�
tE +

X
�2�(2)

a�(x)(�k)
�

�
z

����
2

� g1

�
(d(t))2 +

X
�2�(2)

X
���

j(�k)
�j2
�
jzj2; (5.8)

¢ ª®â®àëå d(t)! +1 ¯à¨ jtj ! +1; ¤«ï ¢á¥å � < �, � 2 �(2) ¨ jkj ! +1�
j(�k)

�j
�
1 +

X
�2�(2)

X

��

j(�k)

 j
��1�

! 0;

¯à¨ ª ¦¤®¬ " > 0 ¨ ¢á¥å äã­ªæ¨ïå v(x) 2 H, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ (@=@x�v(x)) 2 H 8�;
jv(x)j ! 0 ¯à¨ jxj ! +1, ¢ë¯®«­ïîâáï ®æ¥­ª¨ (5:3).

�®£¤ 

1. á¯¥ªâà '-§ ¤ ç¨ ¤«ï ãà ¢­¥­¨ï (7) â®ç¥ç¥­;
2. ¥á«¨ '-à¥è¥­¨¥ u ãà ¢­¥­¨ï (7) áãé¥áâ¢ã¥â, â® ®­® ã¤®¢«¥â¢®àï¥â ãá«®¢¨îX

k

X
�2�(2)

X
���

j(�k)
�j2jukj2 < +1:

�®ª § â¥«ìáâ¢®. �  ¯¥à¢®¬ íâ ¯¥ ¤®ª ¦¥¬ â¥®à¥¬ã ¤«ï ç áâ­®£® á«ãç ï, ª®£¤  B�;�(x) |
­ã«¥¢ë¥ ¬ âà¨æë. �¥à¥§ Lt(y) ®¡®§­ ç¨¬ ¤¨ää¥à¥­æ¨ «ì­ë© ¯®«¨­®¬

tE +
X

�2�(2)

a�(y)((@=@x)2 + h)�;
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ç¥à¥§ q(z) | áª «ïà­ë© ¯®«¨­®¬, ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î

jq(�k)j �
X

�2�(2)

X
���

j(�k)� j 8k 2 Z
n;

ç¥à¥§ Q | '-áâ æ¨®­ à­ë© ®¯¥à â®à, ®¯à¥¤¥«ï¥¬ë© à ¢¥­áâ¢ ¬¨

Qw =
X
k

q(�k)wk

� nY
j=1

y(kj ;j)(xj)
�
:

�â¬¥â¨¬, çâ® ¢ á¨«ã (5.8) §  ¤¨ää¥à¥­æ¨ «ì­ë© ¯®«¨­®¬ q(@=@x) ¬®¦­® ¢§ïâì ¯®«¨­®¬
Lt(y)e(1)=g1, ¢ ª®â®à®¬ jtj ¤®áâ â®ç­® ¢¥«¨ª®.

�¨ªá¨àã¥¬ ¬ «®¥ ç¨á«® " > 0 ¨ äã­ªæ¨¨ !1(x); : : : ; !M (x), ¯®áâà®¥­­ë¥ ¢ «¥¬¬¥ 5.3. �®£¤ 
¤«ï  (x) 2 L' ¨¬¥¥¬ kLt(y) (x)k � F1 � F2 � F3, £¤¥

F1 =
� MX
�=1

kLt(�(�))(!�(x) (x))k2
�1=2

;

F2 =
� MX
�=1

k(L0(x)�L0(�(�)))(!�(x) (x))k2
�1=2

;

F3 =
� MX
�=1

k!�(x)L0(x) (x) �L0(x)(!�(x) (x))k2
�1=2

:

� ª ª ª ¨¬¥¥â ¬¥áâ® (5.7), �(�) 2 
� ¨

k(L0(x)�L0(�(�)))(!�(x) (x))k2 =
Z

�

j(L0(x)�L0(�(�)))(!�(x) (x))j2dx;
â®

F2 � "

� MX
�=1

X
�2�(2)

k((@=@x)2 + h)�(!�(x) (x))k2
�1=2

�

� "

� MX
�=1

X
�2�(2)

k!�(x)((@=@x)2 + h)� (x)k2
�1=2

+

+ "

� MX
�=1

X
�2�(2)

k((@=@x)2 + h)�(!�(x) (x)) � !�(x)((@=@x)2 + h)� (x)k2
�1=2

:

� á¨«ã ¢ë¡®à  !1(x); : : : ; !M(x) ¯¥à¢ ï £àã¯¯  á« £ ¥¬ëå á®¢¯ ¤ ¥â á

F2;1 � "

� X
�2�(2)

k((@=x)2 + h)� (x)k2
�1=2

:

� ®æ¥­ª¥ ¢â®à®© £àã¯¯ë á« £ ¥¬ëå ¯à¨¬¥­¨¬  «¥¬¬  5.2. �®íâ®¬ã

F2 � "

� X
�2�(2)

k((@=@x)2 + h)� (x)k2
�1=2

+

+ "1

� X
�2�(2)

X
���

k((@=@x)2 + h)� (x)k2
�1=2

+ ck (x)k: (5.9)

� ®æ¥­ª¥ F3 â ª¦¥ ¬®¦­® ¯à¨¬¥­¨âì «¥¬¬ã 5.2, â. ¥.

F3 � "

� X
�2�(2)

X
���

k((@=@x)2 + h)� (x)k2
�1=2

+ ck (x)k:
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� ª¨¬ ®¡à §®¬, ¤®ª § ­®, çâ®

F2 + F3 � 3"
� X
�2�(2)

X
���

k((@=@x)2 + h)� (x)k2
�1=2

+ ck (x)k: (5.10)

� ¯®¬­¨¬, çâ® ­¥áãé¥áâ¢¥­­ë¥ ¯®áâ®ï­­ë¥ ¬ë ®¡®§­ ç ¥¬ ®¤­¨¬¨ ¨ â¥¬¨ ¦¥ ¡ãª¢ ¬¨. �àã¤­¥¥
®æ¥­¨âì á­¨§ã ¢¥«¨ç¨­ã F1. � ª ª ª (!�(x) (x))(�) ! 0 ¤«ï ¢á¥å � ¨ �, ¥á«¨ jxj ! +1, â®

h(!�(x) (x))(�); e(j)y(k)(x)i = (�1)[�]h!�(x) (x); e(j)y(�)(k) (x)i:
�®íâ®¬ã

h((@=@x)2 + h)�(!�(x) (x)); e(j)y(k)(x)i =
= h!�(x) (x); ((@=@x)2 + h)�(e(j)y(k)(x))i = (�k)�h!�(x) (x); e(j)y(k)(x)i:

�§ ¢ë¯¨á ­­ëå à ¢¥­áâ¢ ¨ ®àâ®­®à¬¨à®¢ ­­®áâ¨ ', ¢®-¯¥à¢ëå, á«¥¤ã¥â áå®¤¨¬®áâì ¯® ­®à¬¥
àï¤®¢ X

k

(�k)�zky(k)(x) 8� � �; 8� 2 �(2);

¢ ª®â®àëå zk | ¢¥ªâ®à-áâ®«¡¥æ á ª®®à¤¨­ â ¬¨ zk;j = h!�(x) (x); e(j)y(k)(x)i, j = 1; : : : ;m,
¢®-¢â®àëå, á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

F1 =
MX
�=1

�X
k

����
�
tE +

X
�2�(2)

a�(�(�))(�k)
�

�
zk

����
2�1=2

:

�ç¨âë¢ ï (5.8), ¯®«ãç¨¬

F1 �
�
g1

MX
�=1

X
�2�(2)

X
���

k((@=@x)2 + h)�(!�(x) (x))k2 + g1(d(t))
2k!�(x) (x)k2

�1=2

: (5.11)

� ª ª ª

k((@=@x)2 + h)�(!�(x) (x))k2 � 1
2
k!�(x)((@=@x)2 + h)� (x)k2 �
� k!�(x)((@=@x)2 + h)� (x)� ((@=@x)2 + h)�(!�(x) (x))k2;

â® ¢ á¨«ã «¥¬¬ë 5.2 ¯à¨ ª ¦¤®¬ "1 > 0, ­¥ § ¢¨áïé¨¬ ®â ",

k((@=@x)2 + h)�(!�(x) (x))k2 � 1
2
k!�(x)((@=@x)2 + h)� (x)k2 �

� "1
X

��

k((@=@x)2 + h)
 (x)k2 � ck (x)k2:

�âáî¤  ¨ ¨§ (5.11) á«¥¤ã¥â ­¥à ¢¥­áâ¢®

F 2
1 �

�
g1
2
� "1B)

� X
�2�(2)

X
���

k((@=@x)2 + h)� (x)k2
�
+ ((d(t))2 � c)k (x)k2:

� ­¥¬ B ­¥ § ¢¨á¨â ®â "1, ­® § ¢¨á¨â ®â ". � ª¨¬ ®¡à §®¬, ¤®ª § ­®, çâ® ¢ á«ãç ¥ (d(t))2 � c
¨¬¥¥â ¬¥áâ®

F1 � (F2 + F3) � (g1=2� "1B � 3")
� X
�2�(2)

X
���

k((@=@x)2 + h)� (x)k2
�1=2

+ ((d(t))2 � c)1=2k (x)k:
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�¤¥áì ", "1 | ¯®«®¦¨â¥«ì­ë¥ ç¨á« , ª®â®àë¥ ¬®¦­® ¢ë¡à âì áª®«ì ã£®¤­® ¬ «ë¬¨; g1, B, c ­¥
§ ¢¨áïâ ®â  (x) ¨ ®â t; g1 ­¥ § ¢¨á¨â ®â ", "1; g1, B ­¥ § ¢¨á¨â ®â "1. � ¤àã£®© áâ®à®­ë,

kQ (x)k2 =
X
k

X
�2�(2)

X
���

j(�k)
�j2j kj2:

�®íâ®¬ã ¢ë¯®«­ïîâáï ®æ¥­ª¨

kLt(x) (x)k � g2kQ (x)k + ((d(t))2 � c)1=2k (x)k: (5.12)

�«¥¤®¢ â¥«ì­®, ¢ë¯®«­ïîâáï  ­ «®£¨ ®æ¥­®ª (2.1). �¡®§­ ç¨¬ ç¥à¥§ L+
t
(x) ®¯¥à â®à, ä®à¬ «ì­®

á®¯àï¦¥­­ë© ª Lt(x). � á¨«ã ¯à¥¤¯®«®¦¥­¨© ®â­®á¨â¥«ì­® a�(x) ®¯¥à â®à L+
t
(x) ®¯à¥¤¥«ï¥âáï

à ¢¥­áâ¢ ¬¨

L+
t
(x) (x) =

X
�2�(2)

(a�(x))
�((@=@x)2 + h)� (x) + t (x) +

+
X

�2�(2)

X
�<�

eB�;�(x)(@=@x)
(�;�)((@=@x)2 + h)� (x) 8 (x) 2 L';

¯à¨ç¥¬ í«¥¬¥­âë ¬ âà¨æ eB�;�(x) ®£à ­¨ç¥­ë ¨ ¨§¬¥à¨¬ë. � ª ª ª ¬ âà¨æë a�(x) ª®­¥ç­®¬¥à­ë
¨ ª¢ ¤à â­ë, â® ¢ á¨«ã (5.8)����

�
tE +

X
�2�(2)

(a�(x))
�(�k)

�

�
z

����
2

� g1

�
(d(t))2 +

X
�2�(2)

X
���

j(�k)
�j2
�
jzj2; (5.13)

¯à¨ç¥¬ g1 ¨ d(t) | ®¡ê¥ªâë, ¨á¯®«ì§ã¥¬ë¥ ¢ (5.8). �æ¥­ª¨ (5.13), ª ª ¤®ª § ­® à ­¥¥, £ à ­â¨-
àãîâ 



tE +

X
�2�(2)

(a�(x))
�((@=@x)2 + h)� (x)





 � g2kQ (x)k � ((d(t))2 � c)1=2k (x)k:

�âáî¤ ,   â ª¦¥ ¨§ «¥¬¬ë 5.2 á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì  ­ «®£®¢ ®æ¥­®ª (2.8). � ª ª ª DQ � H,
â®  ­ «®£¨ ¢ª«îç¥­¨© (2.11) ¢ë¯®«­ïîâáï  ¢â®¬ â¨ç¥áª¨.

�¡¥¤¨¬áï ¢ â®¬, çâ® ¯à¨ ª ¦¤®¬ ¤®áâ â®ç­® ¬ «®¬ c3 > 0 ¢ë¯®«­ïîâáï  ­ «®£¨ ®æ¥­®ª
(2.13). �ãáâì  (x) 2 L', v(x) 2 L'. �®£¤ 

S3 � h(Q+)�1 (x); (QLt(x)Q�1 �Lt(x))v(x)i = h((Q+)�1L+
t
(x)�L+

t
(x)(Q+)�1) (x); v(x)i:

�®¤ç¥àª­¥¬, çâ® ¢®§¬®¦­®áâì ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬ ¨ ¨áç¥§­®¢¥­¨¥ ¢­¥¨­â¥£à «ì­ëå
ç«¥­®¢ ¯à¨ ¨­â¥£à¨à®¢ ­¨¨ ¯® ç áâï¬ £ à ­â¨àã¥âáï ¯à¥¤¯®«®¦¥­¨ï¬¨ ®â­®á¨â¥«ì­® a�(x),
y(k;�)(x�). � ¯¨è¥¬ ¯®«¨­®¬ q(�) ¢ ¢¨¤¥

P
�2�(2)

l�(�)�. �ç¥¢¨¤­®,

QLt(x)Q�1v(x) =
X

~�2�(2)

X
�2�(2)

l~�((@=@x)2 + h)~�[a�(x)((@=@x)2 + h)�(Q�1v(x))] =

=
X

~�2�(2)

X
�2�(2)

l~�
X
��~�

c�;�;~�(x)(@=@x)
(~�;�)((@=@x)2 + h)�+�Q�1v(x):

�¡®§­ ç¥­¨¥ 
(e�; �) ¢¢¥¤¥­® ¢ ­ ç «¥ ¯. 5. � ¯®á«¥¤­¨å à ¢¥­áâ¢ å a�(x) = c�;�;~�(x), ¥á«¨ e� = �.
�àã£¨¬¨ á«®¢ ¬¨, áã¬¬  ç«¥­®¢, ¤«ï ª®â®àëå � = e�, á®¢¯ ¤ ¥â á Lt(x)v(x). �®íâ®¬ã

S3 =
X

~�2�(2)

X
�2�(2)

l~�
X
�<~�

h(c�;�;~�(x))�(Q+)�1 (x); (@=@x)
(~�;�)((@=@x)2 + h)�+�(Q�1v(x))i:

�à¥¤¯®«®¦¥­¨ï ®â­®á¨â¥«ì­® a�(x), y(k;�)(t) ¯®§¢®«ïîâ ¨­â¥£à¨à®¢ âì ¯® ç áâï¬ (2�) à §. �à¨
íâ®¬ ¢­¥¨­â¥£à «ì­ë¥ ç«¥­ë ¨áç¥§­ãâ ¨ ¯®«ãç¨¬

S3 =
X

~�2�(2)

X
�2�(2)

l~�
X
�<~�

X
���

hc�;�;�;~�(x)(@=@x)
(�;�)((@=@x)2+h)�(Q+)�1 (x); ((@=@x)2+h)�(Q�1v(x))i;
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¯à¨ç¥¬ âà¥¡®¢ ­¨ï a�(x) 2 Cm;m((D2 + h)�) £ à ­â¨àãîâ ®£à ­¨ç¥­­®áâì í«¥¬¥­â®¢ ¬ âà¨æ
c�;�;�;~�(x). �®íâ®¬ã

jS3j � B
X

~�2�(2)

X
�2�(2)

X
�<~�

X
���

k(@=@x)
(�;�)((@=@x)2 + h)�(Q+)�1 (x)k k((@=@x)2 + h)�(Q�1v(x))k:

� á¨«ã (5.5), (5,6) ¨¬¥¥¬

k(@=@x)
(�;�)((@=@x)2 + h)�(Q+)�1 (x)k � B1k((@=@x)2 + h)
(�;�)+�(Q+)�1 (x)k;
k((@=@x)2 + h)�(Q�1v(x))k � B2kv(x)k:

�§ ¯®á«¥¤­¨å âà¥å á¥à¨© ®æ¥­®ª á«¥¤ã¥â

jS3j � eB X
~�2�(2)

X
�<~�

k((@=@x)2 + h)�(Q+)�1 (x)k kv(x)k: (5.14)

�à¨ íâ®¬ ¯®áâ®ï­­ ï eB ­¥ § ¢¨á¨â ®â  (x) ¨ ®â v(x). �á«¨ � < e�, â® ¢ á¨«ã (5.4), (5.5) ¨¬¥¥¬
k((@=@x)2 + h)�(Q+)�1 (x) =

�X
k

j kj2j(�k)
�j2jq(�k)j�2

�1=2

�

� "1

�X
k

j kj2
�1=2

+ c

� X
jkj�N

j kj2
�1=2

� "1k (x)k + ck (N;x)k:

�â ª, ¤®ª § ­®, çâ®

jS3j � ( eB"1k (x)k + eck (N;x)k)kv(x)k;
¯à¨ç¥¬ eB ­¥ § ¢¨á¨â ®â "1, ¨ "1 ¬®¦­® ¢ë¡à âì áª®«ì ã£®¤­® ¬ «ë¬. � ª ª ª ¢ ¯®á«¥¤­¥© ®æ¥­ª¥
¯®áâ®ï­­ë¥ ­¥ § ¢¨áïâ ®â v(x), ¨ ¬­®¦¥áâ¢® L' ¯«®â­® ¢ H, â® ¯à¨ c3 = eB"1 ¢ë¯®«­ï¥âáï  ­ «®£
®æ¥­®ª (2.13). � á¨«ã (5.12), (5.13) ¯à¨ ¡®«ìè¨å jtj ç¨á«  t, t ï¢«ïîâáï ­¥á®¡áâ¢¥­­ë¬¨ §­ ç¥-
­¨ï¬¨ á®®â¢¥âáâ¢¥­­® ®¯¥à â®à®¢ Lt(x), L+

t
(x). �à¨ íâ®¬ ¢ë¯®«­ïîâáï  ­ «®£¨ ¯à¥¤¯®«®¦¥­¨©

â¥®à¥¬ë 2.2. �®íâ®¬ã ¯®á«¥¤­¨¥ ç¨á«  t, t ï¢«ïîâáï à¥£ã«ïà­ë¬¨ §­ ç¥­¨ï¬¨ á®®â¢¥âáâ¢¥­­®
®¯¥à â®à®¢ Lt(x), L+

t
(x). �âáî¤ , ¨§ (5.12) ¨ ¨§ «¥¬¬ë 5.2 «¥£ª® á«¥¤ã¥â, çâ® ª ¦¤®¥ ­¥á®¡áâ¢¥­-

­®¥ §­ ç¥­¨¥ '-§ ¤ ç¨ ¤«ï ãà ¢­¥­¨ï (7) ï¢«ï¥âáï à¥£ã«ïà­ë¬. �¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë
¤®ª § ­®. �â®à®¥ | ¯à®áâ®¥ á«¥¤áâ¢¨¥ ®æ¥­®ª (5.8).

� ¬¥ç ­¨¥ 5.1. �à¥¤¨ ¯à¥¤¯®«®¦¥­¨© â¥®à¥¬ë 5.1 ­ ¨¡®«¥¥ ­ ¤ã¬ ­­ë¬ ï¢«ï¥âáï ¯à¥¤¯®-
«®¦¥­¨¥ a�(x) 2 Cm;m((D2+h)�). �áâ¥áâ¢¥­­® ¢®§­¨ª ¥â ¢®¯à®á: ­¥«ì§ï «¨ ®£à ­¨ç¨âìáï ­¥¯à¥-
àë¢­®áâìî a�(x)? � ®¡é¥¬ á«ãç ¥ ­¥«ì§ï. �â® ®¡êïá­ï¥âáï â¥¬, çâ® ¢ á«ãç ¥ Re h�(t) = h�(t)
äã­ªæ¨¨ h�(t) ®¡ï§ ­ë ¡ëâì ­¥®£à ­¨ç¥­­ë¬¨, çâ® á«¥¤ã¥â ¨§ â¥®à¥¬ë �.�.�®«ç ­®¢  ([3],
c. 393). �®íâ®¬ã ®âª § ®â ¯®á«¥¤­¥£® ¢ª«îç¥­¨ï å®âï ¡ë ¯à¨ ®¤­®¬ � ¯à¨¢¥« ¡ë ª â®¬ã, çâ® ¯à¨
¨áá«¥¤®¢ ­¨¨ á¯¥ªâà  '-§ ¤ ç¨ ¤«ï ãà ¢­¥­¨ï (7) ç«¥­ë ¢¨¤  b�;�(x) = (@=@x)
(�;�)((@=@x)2+h)�

¯à¨ � < � ¨£à «¨ ¡ë áãé¥áâ¢¥­­ãî à®«ì.

� ¬¥ç ­¨¥ 5.2. �ë ­¥ ¤®ª §ë¢ ¥¬ ¨­¤¨¢¨¤ã «ì­ãî â¥®à¥¬ã ® £« ¤ª®áâ¨. �¥ ¤®ª § â¥«ì-
áâ¢® ¬ «® ç¥¬ ®â«¨ç ¥âáï ®â ¤®ª § â¥«ìáâ¢   ­ «®£¨ç­®© â¥®à¥¬ë ¤«ï (b�a)-¯¥à¨®¤¨ç¥áª®©
§ ¤ ç¨. �®á«¥¤­ïï ¡ã¤¥â ¤®ª § ­  ¢ âà¥âì¥© ç áâ¨. �«ï '-§ ¤ ç¨, à áá¬ âà¨¢ ¥¬®© ¢ ç áâ¨ II,
¨­¤¨¢¨¤ã «ì­ ï â¥®à¥¬  ® £« ¤ª®áâ¨ £« á¨â:

¯ãáâì ¢ë¯®«­ïîâáï ¯à¥¤¯®«®¦¥­¨ï â¥®à¥¬ë 5.1 ¨ ¯à¨ 
, ­¥ ¯à¥¢®áå®¤ïé¥¬ ­¥ª®â®à®£®e� 2 �(2), ¢ª«îç¥­¨ï

a�(x) 2 Cm;m((D2 + h)2(�+
)); b�;�(x) 2 Cm;m((D2 + h)
) 8� 2 �(2); 8� 2 �(2);

((@=@x)2 + h)
f(x) 2 L2
m(R

n);
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â®£¤  ¢ á«ãç ¥ áãé¥áâ¢®¢ ­¨ï '-à¥è¥­¨¥ u ãà ¢­¥­¨ï (7) ã¤®¢«¥â¢®àï¥â ãá«®¢¨îX
�2�(2)

X
���

X
k

j(�k)
�+
j2jukj2 < +1:

� ¯®¬­¨¬, çâ® uk | ¢¥ªâ®à-áâ®«¡¥æ ¨§ á®®â¢¥âáâ¢ãîé¨å ª®íää¨æ¨¥­â®¢ �ãàì¥ '-à¥è¥­¨ï u.
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