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��� 517.518

�.�. ��������

� �������� ��������������� � Lp, 1 � p < 2

1. �¢¥¤¥­¨¥

�¯à¥¤¥«¥­¨¥ 1. �ï¤ ¢¨¤ 

1X
k=1

ck'k(x); (1)

£¤¥ f'k(x)g, x 2 [0; 1], | ®àâ®­®à¬¨à®¢ ­­ ï á¨áâ¥¬  (���) ¨ ck, k � 1, | ¤e©áâ¢¨â¥«ì­ë¥
ç¨á« , ­ §ë¢ ¥âáï ã­¨¢¥àá «ì­ë¬ ¢ Lp[0;1] (á®®â¢¥âáâ¢¥­­® ¢ H = \

1�p<2
Lp), ¥á«¨ ¤«ï «î¡®©

äã­ªæ¨¨ f(x) 2 Lp[0;1] (á®®â¢¥âáâ¢¥­­® f(x) 2 H) áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì ¢®§à áâ îé¨å

­ âãà «ì­ëå ç¨á¥« fnkg â ª ï, çâ® ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì ç áâ¨ç­ëå áã¬¬ Snk =
nkP
i=1

ci'i(x)

àï¤  (1) áå®¤¨âáï ª f(x) ¢ ¬¥âà¨ª¥ Lp[0;1] (á®®â¢¥âáâ¢¥­­® ¢® ¢á¥å ¬¥âà¨ª å L
p

[0;1], 1 � p < 2).

�¯à¥¤¥«¥­¨¥ 2. ��� f'n(x)g ­ §®¢¥¬ á¨áâ¥¬®© ã­¨¢¥àá «ì­®áâ¨ ¢ Lp[0;1] (á®®â¢¥âáâ¢¥­­® ¢
H), ¥á«¨ ¯® íâ®© á¨áâ¥¬¥ áãé¥áâ¢ã¥â àï¤ ¢¨¤  (1), ª®â®àë© ã­¨¢¥àá «¥­ ¢ Lp[0;1] (á®®â¢¥âáâ¢¥­­®
¢ H).

�à §ã ®â¬¥â¨¬, çâ® âà¨£®­®¬¥à¨ç¥áª ï á¨áâ¥¬  ­¥ ï¢«ï¥âáï á¨áâ¥¬®© ã­¨¢¥àá «ì­®áâ¨ ­¨ ¢
®¤­®¬ Lp[0;1], p � 1. �® â¥¬ ­¥ ¬¥­¥¥ ®ª §ë¢ ¥âáï, çâ® áãé¥áâ¢ã¥â ��� f'n(x)g, ª®â®à ï ï¢«ï¥âáï
á¨áâ¥¬®© ã­¨¢¥àá «ì­®áâ¨ ª ª ¢ H, â ª ¨ ¢ «î¡®¬ ä¨ªá¨à®¢ ­­®¬ Lp[0;1], 1 � p < 2.

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¯¥à¢ë¥ ã­¨¢¥àá «ì­ë¥ ¢ á¬ëá«¥ áå®¤¨¬®áâ¨ ¯®çâ¨ ¢áî¤ã (¯. ¢.) âà¨-
£®­®¬¥âà¨ç¥áª¨¥ àï¤ë ¡ë«¨ ¯®áâà®¥­ë �.�.�¥­ìè®¢ë¬ [1] ¨ �.�.�®§«®¢ë¬ [2]. �¬¥­­®, ¨¬¨
¡ë«¨ ¯®áâà®¥­ë àï¤ë ¢¨¤ 

1
2
+
1X
k=1

ak cos kx+ bk sinkx (2)

â ª¨¥, çâ® ¤«ï ¢áïª®© ¨§¬¥à¨¬®© ­  [0; 2�] äã­ªæ¨¨ f(x) ­ ©¤¥âáï ¯®á«¥¤®¢ â¥«ì­®áâì æ¥«ëå
ç¨á¥« 1 < n1 < n2 < � � � < nk < � � � , ¤«ï ª®â®à®©

lim
k!1

Snk(x) = f(x) ¯. ¢. ­  [0; 2�]

(Sn(x) | ç áâ¨ç­ ï áã¬¬  n-£® ¯®àï¤ª  ®â àï¤  (2)). �â®â à¥§ã«ìâ â ¡ë« à á¯à®áâà ­¥­ ¢ [3]
­  ¯à®¨§¢®«ì­ë¥ ¯®«­ë¥ ���. � ¤ ­­®© áâ âì¥ ¯®«ãç¥­® ­¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥
­  ��� f'n(x)g, çâ®¡ë ®­  ¡ë«  á¨áâ¥¬®© ã­¨¢¥àá «ì­®áâ¨ ¢ Lp[0;1], 1 � p < 2.

�¯à¥¤¥«¥­¨¥ 3. �ª ¦¥¬, çâ® ��� f'n(x)g1n=1, x 2 [0; 1], ¨¬¥¥â á¢®©áâ¢® �q, q > 2 (�), ¥á«¨
¢á¥ ¯®«¨­®¬ë ¯® íâ®© á¨áâ¥¬¥ ­¥ ¯à¨­ ¤«¥¦ â Lq[0;1], q > 2 (á®®â¢¥âáâ¢¥­­® [

q>2
Lq[0;1]), â. ¥. ¤«ï
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«î¡®£® ­ âãà «ì­®£® N ¨ ¤«ï «î¡ëå ¤¥©áâ¢¨â¥«ì­ëå ç¨á¥« fbkgNk=1 á
NP
k=1

jbkj 6= 0

Q(x) =
NX
k=1

bk'k(x) =2 Lq[0;1]

�
Q(x) =2 [

q>2
Lq[0;1]

�
:

�¥®à¥¬  1. �ãé¥áâ¢ã¥â ¯®«­ ï ¢ L2
[0;1] ��� f'n(x)g, ®¡« ¤ îé ï á¢®©áâ¢®¬ �.

�¥®à¥¬  2. �«ï â®£® çâ®¡ë ¯®«­ ï ¢ L2
[0;1] ��� f'n(x)g ¨¬¥«  á¢®©áâ¢® �q, q > 2, ­¥®¡-

å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ®­  ®áâ « áì § ¬ª­ãâ®© ¢ Lp[0;1] ¯®á«¥ ã¤ «¥­¨ï ¨§ ­¥¥ «î¡®£®

ª®­¥ç­®£® ç¨á«  äã­ªæ¨©, £¤¥ 1
p
+ 1

q
= 1 ¯à¨ 2 < q <1 ¨ p = 1 ¯à¨ q =1 (L1 | ¯à®áâà ­áâ¢®

®£à ­¨ç¥­­ëå äã­ªæ¨© ).

� ¯®¬®éìî â¥®à¥¬ 1 ¨ 2 ¤®ª §ë¢ ¥âáï ®á­®¢­ ï

�¥®à¥¬  3. �«ï â®£® çâ®¡ë ��� f'n(x)g ¡ë«  á¨áâ¥¬®© ã­¨¢¥àá «ì­®áâ¨ ¢ Lp[0;1], 1�p<2
(á®®â¢¥âáâ¢¥­­® ¢ H);

a) ­¥®¡å®¤¨¬®, çâ®¡ë ®­  ¨¬¥«  á¢®©áâ¢® �q (á®®â¢¥âáâ¢¥­­® �);
¡) ¤®áâ â®ç­®, çâ®¡ë ®­  ¡ë«  ¯®«­  ¢ L2

[0;1] ¨ ¨¬¥«  á¢®©áâ¢® �q (á®®â¢¥âáâ¢¥­­® �),

£¤¥ 1
q
+ 1

p
= 1 ¯à¨ p > 1 ¨ q =1 ¯à¨ p = 1.

2. �®ª § â¥«ìáâ¢® â¥®à¥¬

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �¡®§­ ç¨¬ ç¥à¥§ fQn(x)g ¬­®¦¥áâ¢® ¢á¥x  «£¥¡à ¨ç¥áª¨å
¯®«¨­®¬®¢ á à æ¨®­ «ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨. �¥âàã¤­® ¢¨¤¥âì, çâ® ¬®¦­® ®¯à¥¤¥«¨âì ¯®á«¥-
¤®¢ â¥«ì­®áâì äã­ªæ¨© f�k(x)g1k=1 â ªãî, çâ®

1) �k(x) = 0; x =2
�

1
k+1

; 1
k

�
, k = 1; 2; : : : ;

2) k�kkL2
[0;1]

< 1
k
;

3) �k(x) =2 [
q>2

Lq[0;1].

�®«®¦¨¬
gk(x) = Qk(x) + �k(x); k = 1; 2; : : : ; x 2 [0; 1]:

�¥£ª® ¢¨¤¥âì, çâ® á¨áâ¥¬  fgk(x)g «¨­¥©­® ­¥§ ¢¨á¨¬ , § ¬ª­ãâ  ¢ L2
[0;1] ¨ ®¡« ¤ ¥â á¢®©áâ¢®¬

�. �®íâ®¬ã á¨áâ¥¬  f'n(x)g, ¯®«ãç¥­­ ï ®àâ®£®­ «¨§ æ¨¥© ¬¥â®¤®¬ �¬¨¤â  á¨áâ¥¬ë fgn(x)g,
ã¤®¢«¥â¢®àï¥â âà¥¡®¢ ­¨ï¬ â¥®à¥¬ë 1. �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �¥®¡å®¤¨¬®áâì. �ãáâì ¯®«­ ï ¢ L2
[0;1] ��� f'n(x)g1n=1 ®¡« -

¤ ¥â á¢®©áâ¢®¬ �q, q > 2. �®ª ¦¥¬, çâ® ¤«ï «î¡®£® ­ âãà «ì­®£® N > 1 á¨áâ¥¬  f'n(x)g1n=N+1

§ ¬ª­ãâ  ¢ Lp[0;1],
1
p
+ 1

q
= 1. �®¯ãáâ¨¬, çâ® á¨áâ¥¬  f'n(x)g1n=N+1 ­¥ § ¬ª­ãâ  ¢ L

p

[0;1], â®£¤  ®­ 
­¥ ¯®«­  ®â­®á¨â¥«ì­® Lq[0;1], â. ¥. áãé¥áâ¢ã¥â äã­ªæ¨ï g(x) 6= 0, g(x) 2 Lq[0;1], ¤«ï ª®â®à®©

Z 1

0

g(x)'n(x)dx = 0; k = N + 1; N + 2; : : :

� ª ª ª á¨áâ¥¬  f'n(x)g1n=1 ¯®«­  ¢ L
1
[0;1], â® ®âáî¤  g(x) =

NP
k=1

ak'k(x), £¤¥
NP
k=1

jakj 6= 0. �à¨è«¨

ª ¯à®â¨¢®à¥ç¨î. �¥®¡å®¤¨¬®áâì ¤®ª § ­ .

�®áâ â®ç­®áâì. �ãáâì ¤«ï «î¡®£® ­ âãà «ì­®£® N > 1 á¨áâ¥¬  f'n(x)g1n=N+1 § ¬ª­ã-
â  ¢ Lp, 1 � p < 2 (â®£¤  ®­  ¯®«­  ®â­®á¨â¥«ì­® Lq[0;1],

1
q
+ 1

p
= 1). �®ª ¦¥¬, çâ® á¨áâ¥¬ 

f'n(x)g1n=1 ®¡« ¤ ¥â á¢®©áâ¢®¬ �q. �®¯ãáâ¨¬, çâ® áãé¥áâ¢ã¥â ­¥­ã«¥¢®© ¯®«¨­®¬ Q(x) ¯® á¨-

áâ¥¬¥ f'n(x)g1n=1, ª®â®àë© ¯à¨­ ¤«¥¦¨â Lq[0;1]. �ãáâì Q(x) =
NP
k=1

ak'k(x) 2 Lq[0;1], £¤¥
NP
k=1

jakj 6= 0.
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�§ ®àâ®£®­ «ì­®áâ¨ á¨áâ¥¬ë f'n(x)g1n=1 ¢ëâ¥ª ¥âZ 1

0
Q(x)'k(x)dx = 0; k = N + 1; N + 2; : : :

�âáî¤  ¨ ¨§ â®£®, çâ® á¨áâ¥¬  f'n(x)g1n=N+1 ¯®«­  ®â­®á¨â¥«ì­® Lq[0;1], ¯®«ãç¨¬ Q(x) =
NP
k=1

ak'k(x) = 0. �«¥¤®¢ â¥«ì­®, a1 = a2 = � � � = aN = 0. �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë-

¢ ¥â â¥®à¥¬ã 2. �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �¥®¡å®¤¨¬®áâì. �ãáâì ��� f'n(x)g1n=1 ï¢«ï¥âáï á¨áâ¥¬®©
ã­¨¢¥àá «ì­®áâ¨ ¢ Lp[0;1], 1 � p < 2, â. ¥. ¯® íâ®© á¨áâ¥¬¥ áãé¥áâ¢ã¥â àï¤ ¢¨¤ 

1X
k=1

ck'k(x); (3)

ª®â®àë© ã­¨¢¥àá «¥­ ¢ Lp[0;1]. �®ª ¦¥¬, çâ® á¨áâ¥¬  f'n(x)g1n=1 ¨¬¥¥â á¢®©áâ¢® �q ( 1q +
1
p
= 1

¯à¨ p > 1, q = 1 ¯à¨ p = 1). �®¯ãáâ¨¬, çâ® áãé¥áâ¢ã¥â ­¥­ã«¥¢®© ¯®«¨­®¬ Q(x), ª®â®àë©

¯à¨­ ¤«¥¦¨â Lq[0;1]. �ãáâì Q(x) =
NP
k=1

bk'k(x) 2 Lq[0;1],
NP
k=1

jbkj 6= 0. � á¨«ã ã­¨¢¥àá «ì­®áâ¨ ¢ Lp[0;1]

àï¤  (3) ­ ©¤ãâáï ¢®§à áâ îé¨¥ ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ fnkg ¨ fmkg â ª¨¥, çâ®

lim
k!1






nkX
i=1

ci'i(x)�Q(x)





Lp

= 0; lim
k!1






mkX
i=1

ci'i(x)� 2Q(x)





Lp

= 0:

� ª ª ª Q(x) 2 Lq, ¯®«ãç¨¬

lim
k!1

Z 1

0

� nkX
i=1

ci'i(x)
�
Q(x)dx =

Z 1

0

[Q(x)]2dx;

lim
k!1

Z 1

0

� mkX
i=1

ci'i(x)
�
Q(x)dx = 2

Z 1

0
[Q(x)]2dx:

�­ ç¨â,
NX
i=1

cibi =
NX
i=1

b2i ;
NX
i=1

cibi = 2
NX
i=1

b2i :

�âáî¤  á«¥¤ã¥â
NP
i=1

b2i = 0. �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â, çâ® á¨áâ¥¬  f'n(x)g1n=1 ®¡« -

¤ ¥â á¢®©áâ¢®¬ �q. �­ «®£¨ç­® ¤®ª §ë¢ ¥âáï, çâ® ¥á«¨ àï¤ (3) ã­¨¢¥àá «¥­ ¢ H, â® á¨áâ¥¬ 
®¡« ¤ ¥â á¢®©áâ¢®¬ �.

�®áâ â®ç­®áâì. �ãáâì ¯®«­ ï ¢ L2
[0;1] ��� f'n(x)g ®¡« ¤ ¥â á¢®©áâ¢®¬ � (áãé¥áâ¢®¢ ­¨¥

â ª®© á¨áâ¥¬ë á«¥¤ã¥â ¨§ â¥®à¥¬ë 1). �®§ì¬¥¬ ¢®§à áâ îéãî ¯®á«¥¤®¢ â¥«ì­®áâì fpkg, ¤«ï
ª®â®à®©

1 � p1 < p2 < � � � < pk < � � � ; lim
k!1

pk = 2: (4)

�ãáâì ¤ «¥¥ fQm(x)g | ¯®á«¥¤®¢ â¥«ì­®áâì ¢á¥å  «£¥¡à ¨ç¥áª¨å ¯®«¨­®¬®¢ á à æ¨®­ «ì­ë¬¨
ª®íää¨æ¨¥­â ¬¨. �à¥¤¯®«®¦¨¬, çâ® ã¦¥ ®¯à¥¤¥«¥­ë ¯®«¨­®¬ë ¯® á¨áâ¥¬¥ f'n(x)g1n=1

hk(x) =
Nk�1X
i=Nk�1

a(k)i 'i(x); N0 = 0; 1 � k � n� 1;

ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬



Qm(x)�
mX
k=1

hk(x)





Lpm

<
1
2m

; m = 1; 2; : : : ; n� 1:
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�¥¯¥àì á®£« á­® â¥®à¥¬¥ 2 ­ ©¤¥¬ ¯®«¨­®¬

hn(x) =
Nn�1X
i=Nn�1

a
(n)
i 'i(x); (5)

ª®â®àë© ã¤®¢«¥â¢®àï¥â ãá«®¢¨î





�
Qn(x)�

n�1X
k=1

� Nk�1X
i=Nk�1

a
(k)
i 'i(x)

��
� hn(x)






Lpn

<
1
2n

: (6)

�á­®, çâ® ¯® ¨­¤ãªæ¨¨ ®¯à¥¤¥«ïîâáï hn(x), n � 1, ª®â®àë¥ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (5), (6)
¤«ï ¢á¥å n � 1.

�®ª ¦¥¬, çâ® àï¤

1X
i=1

ci'i(x) =
1X
k=1

� Nk�1X
i=Nk�1

a
(k)
i 'i(x)

�
; (7)

£¤¥

ci = a
(k)
i ; Nk�1 � i < Nk; k � 1; (8)

ã­¨¢¥àá «¥­ ¢ H. �ãáâì f(x) 2 H = \
1�p<2

Lp[0;1]. �®§ì¬¥¬ ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì  «£¥¡à ¨ç¥áª¨å

¯®«¨­®¬®¢ fQ�k(x)g
1
k=1 â ªãî, çâ®

kf(x)�Q�k(x)kLpk <
1
2k

; k � 1:

�âáî¤  ¨ ¨§ (5), (6) ¢ëâ¥ª ¥â




f(x)�

�kX
m=1

� Nm�1X
i=Nm�1

a
(m)
i 'i(x)

�




Lpk

<
1
2k

+
1
2�k

<
1
k
:

�¥£ª® ¢¨¤¥âì (á¬. (4){(8)), çâ®

lim
k!1






nkX
i=1

ci'i(x)� f(x)





Lp

= 0 ¤«ï ¢á¥å p 2 [1; 2);

£¤¥ nk = N�k � 1, â. ¥. àï¤ (7) ã­¨¢¥àá «¥­ ¢ H. �­ «®£¨ç­® ¬®¦­® ¤®ª § âì, çâ® ¥á«¨ ¯®«­ ï ¢
L2
[0;1] ��� f'n(x)g1n=1 ®¡« ¤ ¥â á¢®©áâ¢®¬ �q, q > 2, â® ®­  ï¢«ï¥âáï á¨áâ¥¬®© ã­¨¢¥àá «ì­®áâ¨

¢ Lp[0;1] (
1
p
+ 1

q
= 1). �

�¨â¥à âãà 
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