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�¨áâ¥¬ë ª¢ §¨«¨­¥©­ëå ãà ¢­¥­¨© ¤¢¨¦¥­¨ï ¢ï§ª®£® â¥¯«®¯à®¢®¤­®£® £ §  (á¦¨¬ ¥¬®©
¦¨¤ª®áâ¨) ®â­®áïâáï ª ®á­®¢­ë¬ ¬®¤¥«ï¬ ¬¥å ­¨ª¨ á¯«®è­®© áà¥¤ë [1], [2]. �«ï § ¤ ç á ®¤­®©
¯à®áâà ­áâ¢¥­­®© ¯¥à¥¬¥­­®© x â¥®à¨ï £«®¡ «ì­ëå ®¡®¡é¥­­ëå à¥è¥­¨© ¨§«®¦¥­  ¢ ([2], £«. 2)
¢ á«ãç ¥ ­ ç «ì­ëå ¨ £à ­¨ç­ëå ¤ ­­ëå ¨§ W 1

2 . �¥®à¨ï à §­®áâ­ëå ¬¥â®¤®¢ ¤«ï â ª¨å § ¤ ç
à §à ¡®â ­  ¢ [3]{[6]. �«®¡ «ì­ë¥ ®¡®¡é¥­­ë¥ à¥è¥­¨ï ¢ á«ãç ¥ à §«¨ç­ëå ª« áá®¢ à §àë¢­ëå
¤ ­­ëå ¨§ãç «¨áì ¢ [7]{[11] (¢ [11] ¢ ¬ «®¬ ¯® ¤ ­­ë¬).

� ¤ ­­®© à ¡®â¥ ¯®áâà®¥­ ¨ ¨§ãç¥­ ¯®«ã¤¨áªà¥â­ë© à §­®áâ­ë© ¯® ¯¥à¥¬¥­­®© x ¬¥â®¤ à¥è¥-
­¨ï ­¥®¤­®à®¤­ëå ­ ç «ì­®-ªà ¥¢ëå § ¤ ç á à §àë¢­ë¬¨ ­ ç «ì­ë¬¨ ¨ £à ­¨ç­ë¬¨ ¤ ­­ë¬¨.
� ç áâ­®áâ¨, ®â ­ ç «ì­ëå áª®à®áâ¨ ¨ â¥¬¯¥à âãàë âà¥¡ã¥âáï «¨èì ª®­¥ç­®áâì ¯®«­®© í­¥à£¨¨
¨ í­âà®¯¨¨, ®â £à ­¨ç­ëå §­ ç¥­¨© áª®à®áâ¨ ¤®áâ â®ç­® ª®­¥ç­®áâ¨ ¢ à¨ æ¨¨. �«®â­®áâì â¥-
¯«®¢ëå ¨áâ®ç­¨ª®¢ ¨ £à ­¨ç­ë© â¥¯«®¢®© ¯®â®ª ¬®£ãâ ¡ëâì äã­ªæ¨ï¬¨ ¨§ L1. �®íää¨æ¨¥­âë
ãà ¢­¥­¨©, ®¯à¥¤¥«ïîé¨¥ á¢®©áâ¢  £ § , â ª¦¥ ¬®£ãâ ¡ëâì à §àë¢­ë¬¨ ¯® x (¬®¤¥«ì ­¥®¤­®-
à®¤­®£® £ § ).

�®ª § ­ë £«®¡ «ì­ë¥ ®æ¥­ª¨ ¯à¨¡«¨¦¥­­ëå à¥è¥­¨© ¨ ¨å áå®¤¨¬®áâì ª ®¡®¡é¥­­ë¬ à¥è¥-
­¨ï¬ à áá¬ âà¨¢ ¥¬ëå § ¤ ç. �®«¥¥ â®£®, á ¬® áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨© ãáâ ­ ¢«¨¢ ¥âáï ¢ à¥-
§ã«ìâ â¥ ¯à¥¤¥«ì­®£® ¯¥à¥å®¤  ¨ ï¢«ï¥âáï ­®¢ë¬ à¥§ã«ìâ â®¬, ¯®áª®«ìªã ¯®«ãç ¥âáï ¢ § ¬¥â­®
¡®«¥¥ ®¡é¨å ãá«®¢¨ïå, ç¥¬ ¢ à ¡®â å [9], [10]. �ãé¥áâ¢¥­­® ¨á¯®«ì§ã¥âáï â¥å­¨ª  ¨áá«¥¤®¢ -
­¨ï, à §¢¨â ï ¢ ([2], £«. 2; [3], [10], [12]). �â¬¥â¨¬, çâ® ¨§ãç¥­­ë© ¯®«ã¤¨áªà¥â­ë© ¬¥â®¤ ¤ ¥â
å®à®èãî ®á­®¢ã ¤«ï ¯®áâà®¥­¨ï ¨  ­ «¨§  à §­®áâ­ëå ¬¥â®¤®¢.

� x 1 ¤ ¥âáï ¯®áâ ­®¢ª  ­ ç «ì­®-ªà ¥¢ëå § ¤ ç Pm, m = 1; 3; ¨ ä®à¬ã«¨àã¥âáï â¥®à¥¬  1.1
® áãé¥áâ¢®¢ ­¨¨ ®¡®¡é¥­­ëå à¥è¥­¨©. � x 2 ¢ë¢®¤ïâáï à §­®®¡à §­ë¥ ®æ¥­ª¨ à¥è¥­¨© ¢á¯®¬®-
£ â¥«ì­®© ¯ à ¡®«¨ç¥áª®© ¯®«ã¤¨áªà¥â­®© § ¤ ç¨ á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ âà¥âì¥£® à®¤ . � â¥¬
¢ x 3 áâà®¨âáï ¯®«ã¤¨áªà¥â­ë© ¬¥â®¤ à¥è¥­¨ï § ¤ ç Pm ¨ ä®à¬ã«¨àã¥âáï â¥®à¥¬  3.1 ® £«®-
¡ «ì­ëå ®æ¥­ª å ¯à¨¡«¨¦¥­­ëå à¥è¥­¨©. x 4 ¯®á¢ïé¥­ ¥¥ ¤®ª § â¥«ìáâ¢ã. � x 5 ¤®ª §ë¢ ¥âáï
áå®¤¨¬®áâì ¯à¨¡«¨¦¥­­ëå à¥è¥­¨© ¨ á ¯®¬®éìî ¯à¥¤¥«ì­®£® ¯¥à¥å®¤  ãáâ ­ ¢«¨¢ ¥âáï â¥®à¥-
¬  1.1.

1. �®áâ ­®¢ª  § ¤ ç. �®à¬ã«¨à®¢ª  â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï

� áá¬®âà¨¬ á¨áâ¥¬ã ª¢ §¨«¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ®¤­®¬¥à­®£® ¤¢¨¦¥­¨ï
­¥®¤­®à®¤­®£® ¯®«¨âà®¯­®£® á®¢¥àè¥­­®£® £ § 

Dt� = Du ¢ Q; (1.1)

Dtu = D� + g[xe]; � = ��Du� p; p = k��; � = 1=� ¢ Q; (1.2)

cVDt� = D$ + �Du+ f [xe]; $ = ��D� ¢ Q; (1.3)

Dtxe = u ¢ Q: (1.4)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(ª®¤ë ¯à®¥ªâ®¢ 96-01-00621 ¨ 97-01-00214).
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�áª®¬ë¥ äã­ªæ¨¨ �(x; t); u(x; t); �(x; t); xe(x; t) ®¯à¥¤¥«¥­ë ­  Q = QT = 
 � (0; T ), £¤¥ 
 =
(0;X). �«ï ¯à®¨§¢®¤­ëå ¨á¯®«ì§®¢ ­ë ®¡®§­ ç¥­¨ï: D = @

@x
; Dt = @

@t
. �¤¥áì � = �(x), k = k(x),

cV = cV (x), � = �(x). �à®¬¥ â®£®, g[xe](x; t) = g(xe(x; t); x; t), f [xe](x; t) = f(xe(x; t); x; t).
�ë¯¨á ­­ãî á¨áâ¥¬ã ãà ¢­¥­¨© ¤®¯®«­¨¬ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨

(�; u; �; xe)jt=0 = (�0(x); u0(x); �0(x); x0e(x)) ­  
; (1.5)

£¤¥ x0e(x) �
xR
0

�0(x0) dx0, ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨

�$jx=0 + �0(t)�jx=0 = �0(t); $jx=X + �X(t)�jx=X = �X(t) ­  (0; T ) (1.6)

¨ ®¤­®© ¨§ ¯ à ªà ¥¢ëå ãá«®¢¨©

ujx=0 = u0(t); ujx=X = uX(t) ­  (0; T ); (1:71)

�jx=0 = �p0(t); ujx=X = uX(t) ­  (0; T ); (1:72)

�jx=0 = �p0(t); �jx=X = �pX(t) ­  (0; T ): (1:73)

� ¤ çã (1:1){(1:6), (1:7m) ®¡®§­ ç¨¬ ç¥à¥§ Pm, m = 1; 3. �¨¦¥ ã¤®¡­® áç¨â âì, çâ® äã­ªæ¨¨
u0; uX ; p0; pX ®¯à¥¤¥«¥­ë ¯à¨ ¢á¥å m = 1; 2; 3, ¯à¨ç¥¬ â¥ ¨§ ­¨å, ª®â®àë¥ ­¥ ¢å®¤ïâ ¢ ªà ¥¢ë¥
ãá«®¢¨ï ª®­ªà¥â­®© § ¤ ç¨ Pm, à ¢­ë ­ã«î.

� ¯®¬­¨¬ ä¨§¨ç¥áª¨© á¬ëá« ¢¥«¨ç¨­: x | « £à ­¦¥¢  ¬ áá®¢ ï ª®®à¤¨­ â  (X | ¯®«­ ï
¬ áá  £ § ), t | ¢à¥¬ï; �; u ¨ � | ã¤¥«ì­ë© ®¡ê¥¬, áª®à®áâì ¨  ¡á®«îâ­ ï â¥¬¯¥à âãà ; xe |
í©«¥à®¢  ª®®à¤¨­ â ; p ¨ � | ¤ ¢«¥­¨¥ ¨ ¯«®â­®áâì; � ¨ $ | ­ ¯àï¦¥­¨¥ ¨ â¥¯«®¢®© ¯®â®ª;
� ¨ � | ª®íää¨æ¨¥­âë ¢ï§ª®áâ¨ ¨ â¥¯«®¯à®¢®¤­®áâ¨; cV | ã¤¥«ì­ ï â¥¯«®¥¬ª®áâì; g ¨ f |
¯«®â­®áâ¨ ¬ áá®¢ëå á¨« ¨ â¥¯«®¢ëå ¨áâ®ç­¨ª®¢.

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï. �¥à¥§ M(G) ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® äã­ªæ¨©, ®¯à¥¤¥«¥­­ëå ¨ ¨§¬¥à¨-
¬ëå (¯® �¥¡¥£ã) ­  ¨§¬¥à¨¬®¬ ¬­®¦¥áâ¢¥ G ¨§ R` (` � 1): �¥à¥§ M+(G) ®¡®§­ ç¨¬ ¯®¤¬­®¦¥-
áâ¢® äã­ªæ¨© ¨§ M(G), ¯®«®¦¨â¥«ì­ëå ¯. ¢. (¯®çâ¨ ¢áî¤ã) ¢ G. �ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§­ ç¥-
­¨ï f+(�) = maxff(�); 0g, f�(�) = maxf�f(�); 0g. �ãáâì Lq(G) | ¯à®áâà ­áâ¢® �¥¡¥£ , q 2 [1;1].
�®«®¦¨¬ kvkG = kvkL2(G), (v; w)G =

R
G

vw dG:

� ¬ ¯®âà¥¡ãîâáï  ­¨§®âà®¯­ë¥ ¯à®áâà ­áâ¢  �¥¡¥£  ([13], x 1.1) Lq;r(Q) á ­®à¬®© kwkLq;r(Q) =

 kwkLq(
) 

Lr(0;T ), q; r 2 [1;1]. �ãáâì Vq(Q) | ¯à®áâà ­áâ¢® äã­ªæ¨© w 2M(Q) á ª®­¥ç­®© ­®à-
¬®© kwkVq(Q) = kwkLq;1(Q) + kDwkLq(Q). � ¯®¬­¨¬ ¨§¢¥áâ­ë¥ ­¥à ¢¥­áâ¢  ([14], £«. 2)

kwkLq;r(QT ) � c0kwkV2(QT ); (1.8)

kwjx=0kL4(0;T ) + kwjx=XkL4(0;T ) � c0kwkV2(QT ); (1.9)

£¤¥ q 2 [2;1], r 2 [4;1], (2q)�1 + r�1 = 1=4, c0 = c0(X;T ).
�ã¤¥¬ â ª¦¥ ¨á¯®«ì§®¢ âì ¡ ­ å®¢ë ¯à®áâà ­áâ¢  W 1;0

2 (Q), W (Q), S1;1
2 W (Q) á ­®à¬ ¬¨

kwkW 1;0
2 (Q) = (kwk2Q + kDwk2Q)1=2, kwkW (Q) = kwkQ + kDtwkQ + kDwkL2;1(Q), kwkS1;12 W (Q) =

kwkW 1
2 (Q)

+ kDDtwkQ. �§¢¥áâ­® (á¬., ­ ¯à., [15]), çâ® ¯à®áâà ­áâ¢  W (Q) ¨ S1;1
2 W (Q) ª®¬¯ ªâ­®

¢«®¦¥­ë ¢ C(Q). �¢¥¤¥¬ N (Q) | ª« áá äã­ªæ¨© � 2M+(Q), ¨¬¥îé¨å ª®­¥ç­ãî áã¬¬ã ­®à¬>>>�>>>N (Q) = k�kL1(Q) + k1=�kL1(Q) + kDt�kQ.
�ãáâì V [0; T ] | ¯à®áâà ­áâ¢® äã­ªæ¨© ®£à ­¨ç¥­­®© ¢ à¨ æ¨¨ ­  [0; T ] á ­®à¬®© kwkV [0;T ] =

sup[0;T ] jw(t)j + var[0;T ]w. �®«®¦¨¬
�

C1(Q;STm) = f' 2 C1(Q) j 'jSTm = 0g, 1 � m � 3. �¤¥áì
ST1 = f(0; t) j 0 � t � Tg [ ST2 , S

T
2 = f(X; t) j 0 � t � Tg [ ST3 , S

T
3 = f(x; T ) j 0 � x �

Xg. �ãáâì � 2 (0; T ). �¢¥¤¥¬ à §­®áâì �(�)w(t) = w(t + �) � w(t) ¨ ®¯¥à â®àë ãáà¥¤­¥­¨ï ¨

¨­â¥£à¨à®¢ ­¨ï w(�) = ��1
t+�R
t

w(t0) dt0, (Itw)(t) =
tR
0

w(t0) dt0: �¯à¥¤¥«¨¬ ¯®«ã­®à¬ã kvkh0;1=2i2;r =

sup0<�<T �
�1=2k�(�)vkL2;r(QT�� ) ¨ ­®à¬ã kvkV h1;1=2i

2 (Q)
= kvkV2(Q) + kvkh0;1=2i2;2 :
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�¥à¥§ K(N), ¢®§¬®¦­®, á ¨­¤¥ªá ¬¨, ãá«®¢¨¬áï ®¡®§­ ç âì à §«¨ç­ë¥ ¯®«®¦¨â¥«ì­ë¥ ­¥-
ã¡ë¢ îé¨¥ äã­ªæ¨¨ ¯ à ¬¥âà  N > 1 (¢ ¤®ª § â¥«ìáâ¢ å N ®¯ãáª ¥¬). �â¨ äã­ªæ¨¨ ¬®£ãâ
§ ¢¨á¥âì â ª¦¥ ®â X ¨ T , ¯à¨ç¥¬ ¯® T ®­¨ ­¥ã¡ë¢ îé¨¥. �«ï q 2 [1;1] ¯®«®¦¨¬ q0 = q=(q�1).

�ä®à¬ã«¨àã¥¬ ãá«®¢¨ï C1){C4) ­  ¤ ­­ë¥ § ¤ ç¨ Pm | ª®íää¨æ¨¥­âë, ­ ç «ì­ë¥ §­ ç¥-
­¨ï, á¢®¡®¤­ë¥ ç«¥­ë ¨ £à ­¨ç­ë¥ äã­ªæ¨¨ á®®â¢¥âáâ¢¥­­®.

C1) �; k; cV ; � 2 L1(
) ¨ N�1 � �(x) � N , 0 � k(x) � N , N�1 � cV (x) � N , N�1 � �(x) � N
¯. ¢. ¢ 
.

C2) �0 2 L1(
); u0 2 L2(
); �0 2 L1(
) ¨ N�1 � �0(x) � N , �0(x) > 0 ¯. ¢. ¢ 
; ku0kL2(
) +
k� 0kL1(
) + k ln � 0kL1(
) � N . �à¨ m = 1 ¤®¯®«­¨â¥«ì­® ¯à¥¤¯®« £ ¥âáï, çâ® N�1 � k�0kL1(
) +
It(uX � u0) ­  (0; T ):

C3) g; f 2 M(R � Q), ¨ äã­ªæ¨¨ g(�; x; t) ¨ f(�; x; t) ­¥¯à¥àë¢­ë ¯® � 2 R ¤«ï ¯®çâ¨ ¢á¥å
(x; t) 2 Q. �à®¬¥ â®£®, jg(�; x; t)j � g(x; t) ¨ 0 � f(�; x; t) � f(x; t) ¯. ¢. ¢ R � Q, £¤¥ kgkL2;1(Q) +
kfkL1(Q) � N:

C4) �0; �X ; �0; �X ; u0; uX ; p0; pX 2 M(0; T ), äã­ªæ¨¨ �0; �X ; �0, �X ; p0; pX ­¥®âà¨æ â¥«ì­ë.
�à®¬¥ â®£®, k�0kLs(0;T ) + k�XkLs(0;T ) � N ¤«ï ­¥ª®â®à®£® s > 2, k�0kL1(0;T ) + k�XkL1(0;T ) � N ,
ku0kV [0;T ] + kuXkV [0;T ] � N , kp0kL1(0;T ) + kpXkL1(0;T ) � N . �à¥¤¯®« £ ¥âáï â ª¦¥, çâ® ¤«ï ¢á¥å
� 2 (0; T ) ¨ ¯®çâ¨ ¢á¥å t 2 (0; T � �) ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

p0(t+ �)� p0(t) � a� (t)
Z t+�

t
p0(t

0) dt0; pX(t+ �)� pX(t) � a� (t)
Z t+�

t
pX(t

0) dt0;

£¤¥ a� 2 L1(0; T ), a� � 0 ¨ sup0<�<T ka�kL1(0;T ) � N .
�¡®¡é¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ Pm (1 � m � 3) ­ §®¢¥¬ ¢¥ªâ®à-äã­ªæ¨î z = (�; u; �; xe) 2

N (Q)� V2(Q)� [V1(Q) \M+(Q)]� S1;1
2 W (Q) â ªãî, çâ®:

1) ãà ¢­¥­¨ï (1.1) ¨ (1.4) ã¤®¢«¥â¢®àïîâáï ¢ L2(Q);
2) ¢ë¯®«­¥­ë ¨­â¥£à «ì­ë¥ â®¦¤¥áâ¢ 

� (u;Dt')Q + (�;D')Q = (u0; '0)
 + (g[xe]; ')Q �
� (pX ; 'X)(0;T ) + (p0; '0)(0;T ) 8' 2 �

C1(Q;STm); (1.10)

� (cV �;Dt )Q + ($;D )Q = (cV �
0;  0)
 + (�Du+ f [xe];  )Q �

� (�0�jx=0 � �0;  0)(0;T ) � (�X�jx=X � �X ;  X)(0;T ) 8 2 �

C1(Q;ST3 ); (1.11)

£¤¥ � ¨ $ ®¯à¥¤¥«¥­ë ¢ (1.2) ¨ (1.3), ªà®¬¥ â®£®, '0 = 'jt=0, '0 = 'jx=0, 'X = 'jx=X ¨  0 =  jt=0,
 0 =  jx=0,  X =  jx=X ;

3) ­ ç «ì­ë¥ ãá«®¢¨ï � jt=0 = �0 ¨ xejt=0 = x0e ¢ë¯®«­¥­ë ¢ á¬ëá«¥ ¯à®áâà ­áâ¢ C([0; T ];L2(
))
¨ C(Q);

4) ªà ¥¢ë¥ ãá«®¢¨ï

ujx=0 = u0 ¯à¨ m = 1 ¨ ujx=X = uX ¯à¨ m = 1; 2 (1.12)

¢ë¯®«­¥­ë ¢ L2(0; T ) ¢ á¬ëá«¥ á«¥¤®¢ äã­ªæ¨© ¨§ W
1;0
2 (Q).

�¥à­  á«¥¤ãîé ï â¥®à¥¬  áãé¥áâ¢®¢ ­¨ï \¢ æ¥«®¬" ®¡®¡é¥­­®£® à¥è¥­¨ï.

�¥®à¥¬  1.1. 1. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï C1)�C4). �®£¤  áãé¥áâ¢ã¥â ®¡®¡é¥­­®¥ à¥è¥-
­¨¥ § ¤ ç¨ Pm, ã¤®¢«¥â¢®àïîé¥¥ ®æ¥­ª ¬>>>�>>>N (Q) + kuk

V
h1;1=2i
2 (Q)

+ k�kV1(Q) + kxekS1;12 W (Q) � K(N); (1.13)

k ln �kL1;1(Q) + kD ln �kL2(Q) � K(N); (1.14)

k�kLq0 ;r0 (Q) + kD�kLq1 ;r1 (Q) � K"(N); k�kh0;1=2i2;1 � K(N) (1.15)
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á «î¡ë¬¨ q0; r0 2 [1;1], q1; r1 2 [1; 2] â ª¨¬¨, çâ® (2q0)�1+r
�1
0 = (1+")=2, (2q1)�1+r

�1
1 = 1+"=4,

" 2 (0; 1).
2. �á«¨ ¤®¯®«­¨â¥«ì­® N�1 � � 0(x) ¯.¢. ¢ 
, â® ¢¥à­  â ª¦¥ ®æ¥­ª 

K2(N)
�1 � �(x; t) ¯. ¢. ¢ Q: (1.16)

�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë ¡ã¤¥â ¤ ­® ¢ x 5.

2. �®«ã¤¨áªà¥â­ ï ¯ à ¡®«¨ç¥áª ï § ¤ ç 

�ãáâì h = X=n, n = 2; 3; : : : �¢¥¤¥¬ ã§«ë xi = ih; i = 0; n, ¨ xi�1=2 = (i � 1=2)h; i = 1; n.
�®«®¦¨¬ 
1=2 = [0; x1), 
i�1=2 = (xi�1; xi) ¤«ï i = 2; n� 1 ¨ 
n�1=2 = (xn�1;X]. �®«®¦¨¬ â ª¦¥

0 = [0; x1=2), 
i = (xi�1=2; xi+1=2) ¤«ï i = 1; n� 1, ¨ 
n = (xn�1=2;X]. �ãáâì 
h = (x1=2; xn�1=2),
Qh = Qh

T = 
h � (0; T ).
�¢¥¤¥¬ ¯à®áâà ­áâ¢  ªãá®ç­®-¯®áâ®ï­­ëå äã­ªæ¨©

Sh(
) = fw j w(x) = wi ­  
i; i = 0; ng;
Sh1=2(
) = fv j v(x) = vi�1=2 ­  
i�1=2; i = 1; ng:

�«ï w 2 Sh(
) ç¥à¥§ bw ®¡®§­ ç ¥¬ äã­ªæ¨î ¨§ C(
), á®¢¯ ¤ îéãî á w ¢ ã§« å xi; i =
0; n, ¨ «¨­¥©­ãî ­  
i�1=2; i = 1; n. �«ï v 2 Sh1=2(
) ç¥à¥§ bv ®¡®§­ ç ¥¬ äã­ªæ¨î ¨§ C(
),
á®¢¯ ¤ îéãî á v ¢ ã§« å xi�1=2; i = 1; n, ¨ «¨­¥©­ãî ­  
i; i = 0; n; ¯à¥¤¯®« £ ¥âáï, çâ® äã­ªæ¨ïbv ¤®®¯à¥¤¥«¥­  ­¥ª®â®àë¬ ®¡à §®¬ ¯à¨ x = 0; X (¢®®¡é¥ £®¢®àï, bv(0) 6= v1=2; bv(X) 6= vn�1=2).

�¯à ¢¥¤«¨¢  ä®à¬ã«  ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬

(w;Dbv)
 = wbvjx=Xx=0 � (D bw; v)
 8w 2 Sh(
); v 2 Sh1=2(
): (2.1)

�«ï äã­ªæ¨© w 2 Sh(
) ¢¥à­ë ­¥à ¢¥­áâ¢ 

k bwkLq(
) � kwkLq(
) � 21=qk bwkLq(
): (2.2)

�­¨ ¢¥à­ë ¨ ¤«ï äã­ªæ¨© v 2 Sh1=2(
), ¥á«¨ bvjx=0 = vjx=0; bvjx=X = vjx=X .
�¢¥¤¥¬ ®¯¥à â®àë ¯à®¥ªâ¨à®¢ ­¨ï �h : L1(
) ! Sh(
), �h1=2 : L1(
) ! Sh1=2(
), á®¯®áâ ¢«ï-

îé¨¥ § ¤ ­­®© äã­ªæ¨¨  ªãá®ç­®-¯®áâ®ï­­ãî äã­ªæ¨î, à ¢­ãî ­  ¬­®¦¥áâ¢ å 
i (i = 0; n),

i�1=2 (i = 1; n) á®®â¢¥âáâ¢ãîé¨¬ áà¥¤­¨¬ §­ ç¥­¨ï¬ äã­ªæ¨¨  . �¡à â¨¬ ¢­¨¬ ­¨¥ ­  â®¦¤¥-
áâ¢ 

(�h ;w)
 = ( ;w)
 8 2 L1(
); w 2 Sh(
); (2.3)

(�h1=2 ; v)
 = ( ; v)
 8 2 L1(
); v 2 Sh1=2(
): (2.4)

�ãáâì w 2 Sh(
); v 2 Sh1=2(
). �®«®¦¨¬ (Ihw)(x) =
xi�1=2R
0

w(x0) dx0 ­  
i�1=2, i = 1; n, ¨

(Ihv)(x) =
xiR
0

v(x0) dx0 ­  
i, i = 0; n. � ¬¥â¨¬, çâ® Ih : Sh(
) ! Sh1=2(
) ¨ Ih : S
h
1=2(
) ! Sh(
).

�¢¥¤¥¬ ­  
h äã­ªæ¨¨ v(�) ¨ v(+) â ª¨¥, çâ® v(�)(x) = vi�1=2 ¨ v(+)(x) = vi+1=2 ­  
i, i = 1; n� 1.
� áá¬®âà¨¬ ¯®«ã¤¨áªà¥â­ãî ¯ à ¡®«¨ç¥áªãî ­ ç «ì­®-ªà ¥¢ãî § ¤ çã

�Dtv = Dbs+ f ¢ Q; s = {Dbv +  ¢ Qh; (2.5)

vjt=0 = v0 ­  
; (2.6)

�sjx=0 + �0vjx=0 = �0; sjx=X + �Xvjx=X = �X ­  (0; T ) (2.7)

®â­®á¨â¥«ì­® äã­ªæ¨¨ v 2 Sh1=2(
) 
 W 1
1 (0; T ) (§­ ª 
 ®¡®§­ ç ¥â â¥­§®à­®¥ ¯à®¨§¢¥¤¥­¨¥

«¨­¥©­ëå ¯à®áâà ­áâ¢). �¤¥áì �; v0 2 Sh1=2(
), { 2 Sh(
) 
 L1(0; T ),  2 Sh(
) 
 L2(0; T ),
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f 2 Sh1=2(
)
 L1(0; T ), �0; �X ; �0; �X 2 L1(0; T ). �à®¬¥ â®£®, s 2 Sh(
)
 L2(0; T ). �à¥¤¯®« £ ¥â-
áï, çâ® N�1 � � � N , N�1 � { � N , k(�0)�k(0;T ) + k(�X)�k(0;T ) � N .

�áª®¬ ï äã­ªæ¨ï v ¯à¨­¨¬ ¥â §­ ç¥­¨ï vi�1=2(t) ­  
i�1=2 � [0; T ], i = 1; n. �â­®á¨â¥«ì­®
äã­ªæ¨© vi�1=2(t) § ¤ ç  (2.5){(2.7) ï¢«ï¥âáï § ¤ ç¥© �®è¨ ¤«ï á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥-
à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

�i�1=2Dtvi�1=2 =
si � si�1

h
+ fi�1=2; vi�1=2(0) = v0i�1=2; 1 � i � n;

£¤¥ si = {i
vi+1=2 � vi�1=2

h
+  i; 0 < i < n; s0 = �0v1=2 � �0;

sn = ��Xvn�1=2+�X . �á­®, çâ® ¢ á¤¥« ­­ëå ¯à¥¤¯®«®¦¥­¨ïå à¥è¥­¨¥ v íâ®© § ¤ ç¨ áãé¥áâ¢ã¥â
¨ ¥¤¨­áâ¢¥­­®. �ë¢¥¤¥¬ ­ã¦­ë¥ ­ ¬ à¥§ã«ìâ âë ®¡ ®æ¥­ª å à¥è¥­¨ï. �ã¤¥¬ áç¨â âì, çâ® bvjx=0 =
vjx=0, bvjx=X = vjx=X .

�¥¬¬  2.1. �à¨  = 0 ¨ �0 � 0, �X � 0 á¯à ¢¥¤«¨¢  ®æ¥­ª 

max
�k�vkL1;1(Q); k�0vjx=0kL1(0;T ) + k�Xvjx=XkL1(0;T )

	 �
� k�v0kL1(
) + kfkL1(Q) + k�0kL1(0;T ) + k�XkL1(0;T ):

�®ª § â¥«ìáâ¢®. �¬­®¦¨¬ ãà ¢­¥­¨¥ (2.5) ­  sign v, ¯à®¨­â¥£à¨àã¥¬ ¯® Qt ¨ ¯®á«¥ ¨­â¥-
£à¨à®¢ ­¨ï ¯® ç áâï¬ (á¬. ä®à¬ã«ã (2.1)) ¯®«ãç¨¬ à ¢¥­áâ¢®

k�vkL1(
) + ({Dbv;D\sign v)Qt
+ (�0jvjx=0j+ �X jvjx=X j; 1)(0;t) =

= k�v0kL1(
) + (f; sign v)Qt
+ (�0; sign vjx=0)(0;t) + (�X ; sign vjx=X)(0;t):

�®áª®«ìªã (Dbv)D\sign v � 0, â® ¨§ ­¥£® «¥£ª® á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë.

�¥¬¬  2.2. �á«¨  = 0 ¨ f � 0, v0 � 0, �0 � 0, �X � 0, â® v � 0.

�®ª § â¥«ìáâ¢®. �à¥¤áâ ¢¨¬ äã­ªæ¨î v ¢ ¢¨¤¥ v = v+ � v�. �®«®¦¨¬ bv� = cv�. �§¢¥áâ­®
([16], £«. 2, «¥¬¬  3.3), çâ® Dtv�(x; t) = Dtv(x; t) ¤«ï ¯®çâ¨ ¢á¥å â¥å (x; t) 2 Q, £¤¥ v(x; t) < 0, ¨
Dtv�(x; t) = 0 ¤«ï ¯®çâ¨ ¢á¥å ®áâ «ì­ëå (x; t) 2 Q. �á­® â ª¦¥, çâ® (Dbv�)2 � (Dbv)Dbv�. �¬­®-
¦¨¬ ãà ¢­¥­¨¥ (2.5) ­  v� ¨ ¯à®¨­â¥£à¨àã¥¬ à¥§ã«ìâ â ¯® Qt. �â¡à áë¢ ï §­ ª®®¯à¥¤¥«¥­­ë¥
á« £ ¥¬ë¥, ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã

0:5(�v�; v�)
 + ({Dbv�;Dbv�)Qt
� ((�0)�; (bv�jx=0)2)(0;t) + ((�X)�; (bv�jx=X)2)(0;t):

�á¯®«ì§ãï ¤«ï w = bv� ­¥à ¢¥­áâ¢® (2.2) ¨ ¬ã«ìâ¨¯«¨ª â¨¢­®¥ ­¥à ¢¥­áâ¢®

kwk2
C(
)

� cXkwk
(kwk
 + kDwk
); (2.8)

  â ª¦¥ ¯à¨¬¥­ïï ­¥à ¢¥­áâ¢® �®è¨ á ", ¯®«ãç ¥¬

N�1kbv�k2V2(Qt)
� NcIt

�
((�0)� + (�X)�)2kbv�k2
�:

� á¨«ã «¥¬¬ë �à®­ã®««  (á¬., ­ ¯à., ([2], á. 33)) § ª«îç ¥¬, çâ® kbv�k2V2(Q) = 0. � ª¨¬ ®¡à §®¬,
v� = 0, â.¥. v � 0.

�¥¬¬  2.3. �¯à ¢¥¤«¨¢  í­¥à£¥â¨ç¥áª ï ®æ¥­ª 

kbvkV2(Q) � K(N)(kv0k
 + k kQh + kfkLq;r(Q) + k�0kL4=3(0;T ) + k�XkL4=3(0;T ))

á ¯à®¨§¢®«ì­ë¬¨ q; r 2 [1;1], ¤«ï ª®â®àëå (2q)�1 + r�1 � 5=4.

7



�®ª § â¥«ìáâ¢®. �¬­®¦¨¬ ãà ¢­¥­¨¥ (2.5) ­  v ¨ ¯à®¨­â¥£à¨àã¥¬ ¯® Qt. � à¥§ã«ìâ â¥
¯®«ãç¨¬ à ¢¥­áâ¢®

0:5(�v; v)
 + ({Dbv;Dbv)Qt
+ ((�0)+; (bvjx=0)2)(0;t) + ((�X)+; (bvjx=X)2)(0;t) =

= 0:5(�v0; v0)
 � ( ;Dbv)Qh
t
+ (f; v)Qt

+

+((�0)�bvjx=0 + �0; bvjx=0)(0;t) + ((�X)�bvjx=X + �X ; bvjx=X)(0;t):
�§ ­¥£® á ãç¥â®¬ ­¥à ¢¥­áâ¢ (2.2), (1.8), (1.9) ¨ (2.8) á«¥¤ã¥â ®æ¥­ª 

N�1kbvk2V2(Qt)
� Nc1

�
It
�
((�0)� + (�X)�)2kbvk2
�+

+ kv0k2
 + k k2Qh + kfk2Lq;r(Q) + k�0k2L4=3(0;T )
+ k�Xk2L4=3(0;T )

	
:

�áâ ¥âáï ¢®á¯®«ì§®¢ âìáï «¥¬¬®© �à®­ã®«« .

�¥¬¬  2.4. �ãáâì q; r 2 [1;1], (2q)�1 + r�1 = 1 � "=2, r" = 2=(1 � "), £¤¥ " 2 (0; 1). �ãáâì
¢ë¯®«­¥­® ãá«®¢¨¥

k(�0)�kLr" (0;T ) + k(�X)�kLr" (0;T ) � N: (2.9)

�®£¤  á¯à ¢¥¤«¨¢  ®æ¥­ª 

kvkL1(Q) � K"(N)(kv0kL1(
) + k kL2q;2r (Qh) + kfkLq;r(Q) + k�0kLr" (0;T ) + k�XkLr" (0;T )): (2.10)
�á«¨  = 0, â® ®æ¥­ª  (2.10) á¯à ¢¥¤«¨¢  ¨ ¯à¨ q =1, r = 1.

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, ¯à¥¦¤¥ ¢á¥£®, çâ® ¢ á¨«ã «¨­¥©­®áâ¨ § ¤ ç¨ ¤®áâ â®ç­® ¤®ª -
§ âì ®æ¥­ªã kvkL1(Q) � K"(N) ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ®

kv0kL1(
) + k kL2q;2r(Qh) + kfkLq;r(Q) + k�0kLr" (0;T ) + k�XkLr" (0;T ) = 1: (2.11)

�ãáâì p � 1 | ¯ à ¬¥âà. �®«®¦¨¬ vp = jvjp�1v, v0p = jv0jp�1v0, bvp = cvp . �¬­®¦¨¬ ãà ¢­¥­¨¥
(2.5) ­  2pv2p�1 ¨ ¯à®¨­â¥£à¨àã¥¬ ¯® Qt. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ à ¢¥­áâ¢®

(�vp; vp)
 + 2p({Dbv +  ;Dbv2p�1)Qh
t
+ 2pIt[(�0vjx=0 � �0)v2p�1jx=0] +

+ 2pIt[(�Xvjx=X � �X)v2p�1jx=X ] = (�v0p; v
0
p)
 + 2p(f; v2p�1)Qt

: (2.12)

�®«ì§ãïáì ­¥à ¢¥­áâ¢®¬ (Dbvp)2 � p(Dbv)Dbv2p�1 (®­® á«¥¤ã¥â ¨§ ç¨á«®¢®£® ­¥à ¢¥­áâ¢  (jbjp�1b�
jajp�1a)2 � p(b� a)(jbj2p�2b� jaj2p�2a)),   â ª¦¥ ­¥à ¢¥­áâ¢®¬ jv2p�1j � v2p + 1 ¨ ¯à¥¤¯®«®¦¥­¨¥¬
(2.11), ¢ë¢®¤¨¬

(4N)�1kbvpk2V2(Q) � Nkv0pk2
 + 2p
�k kL2q;2r (Qh)kDbv2p�1kL(2q)0 ;(2r)0 (Q) +

+(k(�0)�kLr" (0;T ) + k(�X)�kLr" (0;T ) + k�0kLr" (0;T ) +
+k�XkLr" (0;T ))kv2p + 1kL1;r0"

(Q) + kfkLq;r(Q)kv2p + 1kLq0;r0 (Q)
� � NX2 +

+2p
�kDbv2p�1kL(2q)0 ;(2r)0 (Q) + (N + 1)kv2p + 1kL1;r0"

(Q) + kv2p + 1kLq0 ;r0 (Q)
�
: (2.13)

� ¬¥â¨¬, çâ® v2p�1 = jvpj1�1=pvp, ¨ ¯®íâ®¬ã ¢ á¨«ã ä®à¬ã«ë ª®­¥ç­ëå ¯à¨à é¥­¨© � £à ­¦ 
¨¬¥¥¬Dbv2p�1 = (2�1=p)(Dbvp)jevpj1�1=p, £¤¥ evp | ¯à®¬¥¦ãâ®ç­®¥ §­ ç¥­¨¥ ¬¥¦¤ã (vp)(�) ¨ (vp)(+).
�®áª®«ìªã jevpj1�1=p � jevpj + 1, â® kDbv2p�1kL(2q)0 ;(2r)0 (Q) � 4kDbvpkQk jvpj + 1kL2q0 ;2r0 (Q), ¨ ¨§ (2.13)
¨¬¥¥¬

kbvpkV2(Q) � pK1

�kvp=(1+")k1+"L2q0(1+");2r0(1+")(Q)
+ kvp=(1+")k1+"L1;4(Q)

+ 1
�
:

�®«®¦¨¬ p = pk = (1+")k , �k = kbvpkkV2(Q), k = 0; 1; : : : �§ ¯®«ãç¥­­®£® ­¥à ¢¥­áâ¢  á ãç¥â®¬
®æ¥­®ª (2.2) ¨ (1.8) á«¥¤ã¥â

�k � (1 + ")kK2(�
1+"
k�1 + 1); k � 1:
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�âáî¤  �1=pk
k � K3;"(�0 + 1) ([14], £«. 2, «¥¬¬  5.6). �®íâ®¬ã

kvkL1(Q) = lim
k!1

kbvkL2pk;1
(Q) � limk!1�

1=pk
k � K3;"(�0 + 1):

�®áª®«ìªã �0 = kbvkV2(Q) � K4, á¬. «¥¬¬ã 2.3, â® ®æ¥­ª  (2.10) ¤®ª § ­ .
�®ª ¦¥¬, çâ® ¥á«¨  = 0, â® ®æ¥­ª  (2.10) ¢¥à­  ¨ ¯à¨ q = 1, r = 1. � á¨«ã «¨­¥©­®áâ¨

§ ¤ ç¨ ¬®¦­® áç¨â âì v0 = 0, �0 = �X = 0. �ãáâì á­ ç «  (�0)� = (�X)� = 0. �¬­®¦¨¢
ãà ¢­¥­¨¥ (2.5) ­  2pv2p�1 áª «ïà­® ¢ L2(
), ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã

d

dt
k�1=(2p)vk2pL2p(
)

� 2pkfkL2p(
)kvk2p�1L2p(
)
:

�§ ­¥£® ¢ á¢®î ®ç¥à¥¤ì ¢ëâ¥ª ¥â, çâ® kvkL2p;1(Q) � NkfkL2p;1(Q). �¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ p!1,
¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã kvkL1(Q) � NkfkL1;1(Q).

�¥¯¥àì, à áá¬ âà¨¢ ï (�0)�vjx=0 ¨ (�X)�vjx=X ª ª § ¤ ­­ë¥ £à ­¨ç­ë¥ §­ ç¥­¨ï â¨¯  �0, �X
¨§ Lr"(0; T ), ¯®«ì§ãïáì «¨­¥©­®áâìî § ¤ ç¨ ¨ ¯®«ãç¥­­ë¬¨ ¢ëè¥ ¢ ¤®ª § â¥«ìáâ¢¥ ®æ¥­ª ¬¨,
¨¬¥¥¬ ­  [0; T ] ­¥à ¢¥­áâ¢®

kvkL1(Qt) � K"

�k(�0)�vjx=0kLr" (0;t) + k(�X)�vjx=XkLr" (0;t)
�
+NkfkL1;1(Q):

�á­®, çâ® jvjx=0j + jvjx=X j � 2kvkL1(
). �®§¢®¤ï ®¡¥ ç áâ¨ ­¥à ¢¥­áâ¢  ¢ áâ¥¯¥­ì r", ¯® «¥¬¬¥
�à®­ã®««  ¨¬¥¥¬ kvkL1(Q) � K"kfkL1;1(Q).

�«¥¤áâ¢¨¥ 2.1. � ãá«®¢¨ïå «¥¬¬ë 2.4 á¯à ¢¥¤«¨¢  ®æ¥­ª 

kv+kL1(Q) � K"(N)
�k(v0)+kL1(
) + k kL2q;2r (Qh) + kf+kLq;r(Q) + k(�0)+kLr" (0;T ) + k(�X)+kLr" (0;T )

�
:

�®ª § â¥«ìáâ¢®. �à¥¤áâ ¢¨¬ v = u�w, £¤¥ u, w| à¥è¥­¨ï § ¤ ç¨ (2.5){(2.7), ®â¢¥ç îé¨¥
¤ ­­ë¬ (v0)+,  , f+, (�0)+, (�X)+ ¨ (v0)�,  = 0, f�, (�0)�, (�X)� á®®â¢¥âáâ¢¥­­®. �§ «¥¬¬ë
2.2 á«¥¤ã¥â, çâ® w � 0. �®íâ®¬ã v � u ¨ v+ � juj. �æ¥­¨¢ ï kukL1(Q) á ¯®¬®éìî «¥¬¬ë 2.4,
¯à¨å®¤¨¬ ª § ï¢«¥­­®© ®æ¥­ª¥.

�¥¬¬  2.5. �ãáâì q; r 2 [1;1], (2q)�1 + r�1 = 1 � "=2, r" = 2=(1 � "), £¤¥ " 2 (0; 1). �ãáâì
v 2 Sh1=2(
)
W 1

1 (0; T ) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

�Dtv = Dbs+ bv + f ¢ Q; s = {Dbv ¢ Qh; (2.14)

  â ª¦¥ ­ ç «ì­®¬ã ãá«®¢¨î (2.6) ¨ ªà ¥¢ë¬ ãá«®¢¨ï¬ (2.7). �ãáâì f � 0, �0 � 0, �X � 0,
k(�0)+kLr" (0;T ) + k(�X)+kLr" (0;T ) � N ¨ b 2 Sh1=2(
)
 L1(0; T ), kb�kLq;r(Q) � N .

�á«¨ 0 < v0min � v0(x) ­  
, â® á¯à ¢¥¤«¨¢  ®æ¥­ª 

K1;"(N)
�1v0min � v ­  Q: (2.15)

�®ª § â¥«ìáâ¢®. �®áª®«ìªã v0 > 0 ¨ äã­ªæ¨ï v ­¥¯à¥àë¢­  ¯® t, â® ®æ¥­ªã (2.15) ¤®áâ -
â®ç­® ãáâ ­®¢¨âì ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® v > 0 ¢ Q. � §¤¥«¨¬ ãà ¢­¥­¨¥ (2.14) ­  �v2 ¨ ¤«ï
äã­ªæ¨¨ y = 1=v ¯®«ãç¨¬ ãà ¢­¥­¨¥

�Dty = D bw � by � (g + f)y2 ¢ Q; w = {Dby ¢ Qh;

£¤¥ g = Dbs+v2D bw. � ç «ì­®¥ ãá«®¢¨¥ (2.6) ¯à¥®¡à §ã¥¬ ª ¢¨¤ã yjt=0 = 1=v0,   ªà ¥¢ë¥ ãá«®¢¨ï
(2.7) | ª ¢¨¤ã

�wjx=0 � �0yjx=0 = ��0(yjx=0)2; wjx=X � �Xyjx=X = ��X(yjx=X)2:
�¯à ¢¥¤«¨¢  ä®à¬ã«  gi+1=2 = diyi�1=2 + di+1yi+3=2 ¤«ï 1 � i � n � 2, £¤¥ di = {i

�
(vi+1=2 �

vi�1=2)=h
�2
; ªà®¬¥ â®£®, g1=2 = d1y3=2 ¨ gn�1=2 = dn�1yn�3=2 (áà. á [3]). � á¨«ã íâ¨å ä®à¬ã« g � 0.

�®£« á­® á«¥¤áâ¢¨î 2.1 á¯à ¢¥¤«¨¢  ®æ¥­ª 

kykL1(Qt) � K"(k1=v0kL1(
) + kb�ykLq;r(Qt)); 0 � t � T:
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�®§¢®¤ï ®¡¥ ç áâ¨ ¯®«ãç¥­­®£® ­¥à ¢¥­áâ¢  ¢ áâ¥¯¥­ì r ¨ ¯à¨¬¥­ïï «¥¬¬ã �à®­ã®«« , ¢ë¢®¤¨¬
®æ¥­ªã (2.15).

�¥¬¬  2.6. �ãáâì q0; r0 2 [1;1], q1; r1 2 [1; 2] ¨ (2q0)�1+ r
�1
0 = (1+ ")=2 ¨«¨ q0 = 1, r0 =1,

(2q1)�1 + r�11 = 1 + "=4, " 2 (0; 1). �ãáâì  = 0 ¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (2.9). �®£¤  c¯à ¢¥¤«¨¢ 
®æ¥­ª 

kvkLq0 ;r0 (Q) + kDbvkLq1;r1 (Q) � K2;"(N)(kv0kL1(
) + kfkL1(Q) + k�0kL1(0;T ) + k�XkL1(0;T )): (2.16)

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¢á¯®¬®£ â¥«ì­ãî á®¯àï¦¥­­ãî § ¤ çã

��DtV = D bS + �h1=2� ¢ Q; S = {D bV � �h	 ¢ Qh;

V jt=T = 0; �Sjx=0 + �0V jx=0 = 0; Sjx=X + �XV jx=X = 0;

£¤¥ V 2 Sh1=2(
)
W 1
1 (0; T ),   � 2 Lq00;r00(Q), 	 2 Lq01;r01(Q). � á¨«ã «¥¬¬ë 2.4 ¨ ­¥à ¢¥­áâ¢

k�h'kLq(
h) � k'kLq(
h); k�h1=2'kLq(
) � k'kLq(
); q 2 [1;1];

¤«ï ¥¥ à¥è¥­¨ï á¯à ¢¥¤«¨¢  ®æ¥­ª 

kV kL1(Q) � K"(k�kLq0
0
;r0
0
(Q) + k	kLq0

1
;r0
1
(Qh)): (2.17)

�¬­®¦¨¬ ãà ¢­¥­¨¥ (2.5) ­  V ¨ ¯à®¨­â¥£à¨àã¥¬ à¥§ã«ìâ â ¯® Q. �­â¥£à¨àãï ¯® ç áâï¬ ¨
¯à¨¬¥­ïï â®¦¤¥áâ¢  (2.3), (2.4), ¯à¨¤¥¬ ª à ¢¥­áâ¢ã

(v;�)Q + (Dbv;	)Qh = (�v0; V jt=0)
 + (f; V )Q + (�0; V jx=0)(0;T ) + (�X ; V jx=X)(0;T ):
�à¨¬¥­ïï ®æ¥­ªã (2.17), ¨¬¥¥¬

sup
k�kL

q0
0
;r0
0
(Q)�1

(v;�)Q + sup
k	k

L
q0
1
;r0
1
(Qh)

�1
(Dbv;	)Qh �

� K2;"(kv0kL1(
) + kfkL1(Q) + k�0kL1(0;T ) + k�XkL1(0;T )):

�á¯®«ì§ãï à¥§ã«ìâ â, ®¡à â­ë© ­¥à ¢¥­áâ¢ã ��¥«ì¤¥à  ([13], x 2.6), ¯à¨å®¤¨¬ ª ®æ¥­ª¥ (2.16).
�â¬¥â¨¬, çâ®  ­ «®£ ®æ¥­ª¨ (2.16) á®¤¥à¦¨âáï ¢ [10].

�«¥¤áâ¢¨¥ 2.2. �á«¨  = 0 ¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (2.9), â®

ksjx=0kL1(0;T ) + ksjx=XkL1(0;T ) � K3;"(N)(kv0kL1(
) + kfkL1(Q) + k�0kL1(0;T ) + k�XkL1(0;T )):

�®ª § â¥«ìáâ¢®. �á­®, çâ® �sjx=0 + (�0)+vjx=0 = e�0, sjx=X + (�X)+vjx=0 = e�X , £¤¥ e�a =
�a + (�a)�vjx=a, a = 0;X. �® «¥¬¬¥ 2.1 ¨¬¥¥¬

ksjx=0kL1(0;T ) + ksjx=XkL1(0;T ) � k�v0kL1(
) + kfkL1(Q) + 2ke�0kL1(0;T ) + 2ke�XkL1(0;T ):

�®áª®«ìªã

ke�akL1(0;T ) � k�akL1(0;T ) + ck(�a)�kLr" (0;T )(kvkL1;r0"
(Q) + kDbvkL1;r0"

(Q))

¤«ï a = 0; X, â® ®áâ ¥âáï ¯à¨¬¥­¨âì ®æ¥­ªã (2.16).

�¥¬¬  2.7. �ãáâì  = 0 ¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (2.9). �®£¤ 

kvkh0;1=2i2;1 � K4;"(N)(kv0kL1(
) + kfkL1(Q) + k�0kL1(0;T ) + k�XkL1(0;T )): (2.18)
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�®ª § â¥«ìáâ¢®. �«ï w 2 Sh1=2(
) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

kwk2
 � N(�w;w)
 � N(kwk
 + kD bwk
h)k�wk(�1)h ;

£¤¥ kzk(�1)h = max'2Sh
1=2

(
)(z; ')

�
(k'k
 + kD b'k
h). �§ ­¥£® á«¥¤ã¥â, çâ®

k�(�)vk2L2;1(QT�� )
� 2N(kvkL2;1(Q) + kDbvkL2;1(Q))



k��(�)vk(�1)h




L1(0;T��)

: (2.19)

� «¥¥ á ãç¥â®¬ ãà ¢­¥­¨ï (2.5) ¨¬¥¥¬



k��(�)vk(�1)h




L1(0;T��)

� �


k�Dtvk(�1)h




L1(0;T )

= �


kDbs+ fk(�1)h




L1(0;T )

�
� cX(kskL2;1(Q) + ksjx=0kL1(0;T ) + ksjx=XkL1(0;T ) + kfkL1(Q))�:

�à¨¬¥­ïï «¥¬¬ã 2.6, á«¥¤áâ¢¨¥ 2.2 ¨ ãç¨âë¢ ï, çâ® kskL2;1(Q) � NkDbvkL2;1(Q), ¯¥à¥å®¤¨¬ ®â
­¥à ¢¥­áâ¢  (2.19) ª ­¥à ¢¥­áâ¢ã (2.18).

3. �®«ã¤¨áªà¥â­ë© ¬¥â®¤ à¥è¥­¨ï § ¤ ç Pm

�®áâà®¨¬ ¯®«ã¤¨áªà¥â­ë©  ­ «®£ á¨áâ¥¬ë ãà ¢­¥­¨© (1.1){(1.4):

Dt�
h = Dbuh ¢ Q; (3.1)

Dtu
h = Db�h + gh; �h = �h�hDbuh � ph; ph = kh�h�h; �h = 1=�h ¢ Q; (3.2)

chVDt�
h = D b$h + �hDbuh + fh ¢ Q; $h = �he�hDb�h ¢ Qh; (3.3)

Dtx
h
e = uh ¢ Q: (3.4)

�¤¥áì �h = �h1=2�, k
h = �h1=2k, c

h
V = �h1=2cV , �

h = �h�, e�h = [�h�h]�1, gh = �hg[bxhe ], fh = �h1=2f [bxhe ].
�à®¬¥ â®£®, buh = cuh, b�h = c�h, b$h = d$h, b�h = c�h, bxhe = cxhe . �áª®¬®© ï¢«ï¥âáï ¢¥ªâ®à-äã­ªæ¨ï
zh = (�h; uh; �h; xhe ) á® á¢®©áâ¢ ¬¨ �

h; �h 2 Sh1=2(
)
W 1
1 (0; T ), u

h; xhe 2 Sh(
)
W 1
1 (0; T ) ¨ �

h > 0,
�h > 0 ¢ Q.

�ë¯¨á ­­ãî á¨áâ¥¬ã ãà ¢­¥­¨© ¤®¯®«­¨¬ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨

(�h; uh; �h; xhe ) jt=0 = (�0;h; u0;h; �0;h; x0;he ) ­  
; (3.5)

ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨

�$hjx=0 + �0�
hjx=0 = �0; $hjx=X + �X�

hjx=X = �X ­  (0; T ) (3.6)

¨ ®¤­®© ¨§ ¯ à ªà ¥¢ëå ãá«®¢¨©

uh
��
x=0

= u(�)0 ; uh
��
x=X

= u(�)X ­  (0; T ); (3:71)

b�h��
x=0

= �p(�)0 ; uh
��
x=X

= u
(�)
X ­  (0; T ); (3:72)

b�h��
x=0

= �p(�)0 ; b�h��
x=X

= �p(�)X ­  (0; T ): (3:73)

�¤¥áì �0;h = �h1=2�
0, �0;h = �h1=2�

0, x0;he = Ih�
0;h. �®¯®«­¨â¥«ì­® u0;h = �hu0 ­  
h ¯à¨ m = 1, ­ 


 n 
n ¯à¨ m = 2, ­  
 ¯à¨ m = 3,   â ª¦¥ u0;h = u
(�)
0 (0) ­  
0 ¯à¨ m = 1, u0;h = u

(�)
X (0) ­  
n

¯à¨ m = 1; 2. �à®¬¥ â®£®, ¯à¨ t > T ¯®« £ ¥¬ u0(t) = u0(T ), uX(t) = uX(T ), p0(t) = pX(t) = 0.
�®«®¦¨¬ b�h��

x=0
= �h

��
x=0

, b�h��
x=X

= �h
��
x=X

. �¯®á®¡ ¤®®¯à¥¤¥«¥­¨ï §­ ç¥­¨© b�h jx=0;X ïá¥­ ¨§

ªà ¥¢ëå ãá«®¢¨© (3:7m) ¨ ãà ¢­¥­¨ï (3.2). � ª, b�h jx=0 = b�h ���x=x1=2 � (h=2)
�
Dtu

(�)
0 � gh jx=0

�
¯à¨

m = 1 ¨ b�h jx=X = b�h ���x=xn�1=2
+ (h=2)

�
Dtu

(�)
X � gh jx=X

�
¯à¨ m = 1; 2.
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�¡à â¨¬ ¢­¨¬ ­¨¥ ­  á«¥¤ãîé¨¥ ¨§ ãá«®¢¨© C3) ­¥à ¢¥­áâ¢ 

ku(�)a kC[0;T ] + kDtu
(�)
a kL1(0;T ) � kuakV [0;T ] � N; a = 0;X; (3.8)

kp(�)a kC[0;T ] � kpakL1(0;T ); Dtp
(�)
a � a�p

(�)
a ; a = 0;X: (3.9)

� ¤ çã (3.1){(3.6), (3:7m) ­ §®¢¥¬ § ¤ ç¥© Ph
m (m = 1; 2; 3). �ä®à¬ã«¨àã¥¬ ¤«ï ­¥¥  ­ «®£

â¥®à¥¬ë 1.1. �ãáâì � � N�2 ¯à¨ m = 1.

�¥®à¥¬  3.1. 1. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï C1)�C4). �®£¤  § ¤ ç  Ph
m ¨¬¥¥â à¥è¥­¨¥ zh =

(�h; uh; �h; xhe ), ã¤®¢«¥â¢®àïîé¥¥ ®æ¥­ª ¬>>>>�h>>>>N (Q)
+ kbuhk

V
h1;1=2i
2 (Q)

+ kb�hkV1(Q) + kbxhekS1;12 W (Q) � K(N); (3.10)

k ln �hkL1;1(Q) + kD dln �hkL2(Qh) � K(N); (3.11)

k�hkLq0;r0 (Q) + kDb�hkLq1;r1 (Q) � K"(N); k�hkh0;1=2i2;1 � K(N) (3.12)

á «î¡ë¬¨ q0; r0 2 [1;1], q1; r1 2 [1; 2] â ª¨¬¨, çâ® (2q0)�1+r
�1
0 = (1+")=2, (2q1)�1+r

�1
1 = 1+"=4,

" 2 (0; 1).
2. �á«¨ ¤®¯®«­¨â¥«ì­® N�1 � � 0(x) ¯. ¢. ¢ 
, â® ¢¥à­  ®æ¥­ª 

K2(N)
�1 � �h(x; t) ¢ Q: (3.13)

� ¤ ç  Ph
m ï¢«ï¥âáï § ¤ ç¥© �®è¨ ¤«ï á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢-

­¥­¨© ®â­®á¨â¥«ì­® äã­ªæ¨© �hi�1=2(t) (i = 1; n), uhi (t) (i = 1; n� 1 ¯à¨ m = 1, i = 0; n� 1
¯à¨ m = 2, i = 0; n ¯à¨ m = 3), �hi�1=2(t) (i = 1; n) ¨ xhe;i(t) (i = 0; n). � á¤¥« ­­ëå ¯à¥¤¯®-
«®¦¥­¨ïå ­  ¤ ­­ë¥ ¢ á¨«ã â¥®à¥¬ë � à â¥®¤®à¨ [17] ¥¥ à¥è¥­¨¥ áãé¥áâ¢ã¥â ­  ¤®áâ â®ç­®
¬ «®¬ ®âà¥§ª¥ ¢à¥¬¥­¨ 0 � t � T0 (T0 > 0). �®§¬®¦­®áâì ¯à®¤®«¦¥­¨ï à¥è¥­¨ï ­  ¢¥áì ®âà¥-
§®ª [0; T ] á á®åà ­¥­¨¥¬ á¢®©áâ¢ �h > 0, �h > 0 ¢ëâ¥ª ¥â ¨§  ¯à¨®à­®© ®æ¥­ª¨ (3.10) ¨ ®æ¥­ª¨
�h � �h = exp(�K(N)=h) > 0, á«¥¤ãîé¥© ¨§ (3.11). �®íâ®¬ã ­¨¦¥ ¢ x 4 ¬ë á®áà¥¤®â®ç¨¬áï ­ 
¢ë¢®¤¥ ®æ¥­®ª (3.10){(3.13) ¯à®¨§¢®«ì­®£® à¥è¥­¨ï zh § ¤ ç¨ Ph

m.

4. �ë¢®¤  ¯à¨®à­ëå ®æ¥­®ª ¯à¨¡«¨¦¥­­ëå à¥è¥­¨©

� ¬¥â¨¬, çâ® ãà ¢­¥­¨¥ (3.1) á ãç¥â®¬ ä®à¬ã«ë �h = �h�hDbuh�kh�h�h ¬®¦¥â ¡ëâì § ¯¨á ­®
¢ ª ¦¤®© ¨§ á«¥¤ãîé¨å ä®à¬:

Dt�
h = (1=�h)�h�h + (kh=�h)�h; (4.1)

�h�h = Dt(�h�h)� kh�h: (4.2)

�®«®¦¨¬ V h(t) = k�h(�; t)kL1(
).

�¥¬¬  4.1. �à¨ m = 1 ¢¥à­ë ä®à¬ã«  V h = k�0kL1(
)+It
�
u(�)X �u(�)0

�
¨ ¤¢ãáâ®à®­­ïï ®æ¥­ª 

(2N)�1 � V h(t) � (X + 2T )N: (4.3)

�®ª § â¥«ìáâ¢® á¬. ¢ ([12], «¥¬¬  3.1). �¬¥­­® §¤¥áì ¨á¯®«ì§ãîâáï ãá«®¢¨ï N�1 � k�0kL1(
)+
It(uX � u0) ¨ � � N�2.

�à¨ m = 1 ¯®«®¦¨¬ uh� = (1 � `h)u(�)0 + `hu
(�)
X , £¤¥ `h = Ih�

h=V h. � ¬¥â¨¬, çâ® uh�jx=0 = u
(�)
0 ,

uh�jx=X = u
(�)
X , 0 � `h � 1 ¨ á¯à ¢¥¤«¨¢ë ä®à¬ã«ë

Dtu
h
� = (1� `h)Dtu

(�)
0 + `hDtu

(�)
X + dV (u

h � uh�); Dbuh� = dV �
h; (4.4)

£¤¥ dV = (u(�)X � u
(�)
0 )=V h. �®«®¦¨¬ uh� = u

(�)
X ¯à¨ m = 2, uh� = 0 ¯à¨ m = 3. �¢¥¤¥¬ äã­ªæ¨î

vh = uh � uh� ¨ (¯à¨ m = 3) äã­ªæ¨î p
(�)
� (x; t) = (1� x=X) p(�)0 (t) + (x=X)p(�)X (t).
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�¥¬¬  4.2. �¯à ¢¥¤«¨¢® ãà ¢­¥­¨¥ í­¥à£¥â¨ç¥áª®£® ¡ « ­á 

DtEh = �hm + (gh �Dtu
h
�; v

h)
 + (fh; 1)
 + �0 + �X ; (4.5)

¢ ª®â®à®¬ Eh = kchV �hkL1(
) +
1
2
kvhk2
 + It(�0�hjx=0 + �X�

hjx=X) � 0, �h1 = Dt(dV ; �h�h)
 �
(DtdV ; �

h�h)
�(dV ; kh�h)
, �h2 = �Dt(p
(�)
0 ; �h)
+(Dtp

(�)
0 ; �h)
, �h3 = �Dt(p

(�)
� ; �h)
+(Dtp

(�)
� ; �h)
�

((p(�)X � p
(�)
0 )=X; uh)
.

�®ª § â¥«ìáâ¢®. � ¯¨è¥¬ ãà ¢­¥­¨¥ (3.2) ¢ ¢¨¤¥ Dtv
h = Db�h + gh � Dtu

h
�: �¬­®¦¨¢ ¥£®

áª «ïà­® ¢ L2(
) ­  vh, ¯®«ãç¨¬ à ¢¥­áâ¢®

1
2
Dt

�kvhk2
�+ (�h;Dbuh)
 = �h + (gh �Dtu
h
�; v

h)
; (4.6)

¢ ª®â®à®¬ �h = (�h;Dbuh�)
 +
�b�hvh� jx=X � �b�hvh� jx=0. �à¥®¡à §ã¥¬ ¢ëà ¦¥­¨¥ ¤«ï �h. �à¨

m = 1 ¨¬¥¥¬ vhjx=0 = vhjx=X = 0, Dbuh� = dV �
h ¨ ¯®íâ®¬ã (á ãç¥â®¬ ä®à¬ã«ë (4.2)) �h =

dV (�h; �h)
 = �h1 . �à¨ m = 2 ¨¬¥¥¬ vhjx=X = 0, Dbuh� = 0 ¨ ¯®íâ®¬ã �h = � �b�hvh� jx=0 =
p
(�)
0 (uhjx=0 � uhjx=X) = �(p(�)0 ;Dbuh)
 = �(p(�)0 ;Dt�

h)
 = �h2 . �à¨ m = 3, ãç¨âë¢ ï, çâ® ¢¥«¨ç¨­ 
Dp

(�)
� = (p(�)X � p(�)0 )=X ­¥ § ¢¨á¨â ®â x, ¨¬¥¥¬ �h = �(p(�)� buh)jx=X + (p(�)� buh)jx=0 = �(Dp(�)� ; buh)
 �

(p(�)� ; Dbuh)
 = �(Dp(�)� ; uh)
 � (p(�)� ;Dt�
h)
 = �h3 .

�­â¥£à¨àãï ãà ¢­¥­¨¥ (3.3) ¯® 
 á ãç¥â®¬ ªà ¥¢ëå ãá«®¢¨© (3.6), ¨¬¥¥¬

DtkchV �hkL1(
) + �0�
hjx=0 + �X�

hjx=X = (�h;Dbuh)
 + (fh; 1)
 + �0 + �X :

�ª« ¤ë¢ ï íâ® à ¢¥­áâ¢® á à ¢¥­áâ¢®¬ (4.6), ¯à¨å®¤¨¬ ª ãà ¢­¥­¨î (4.5).

�à¥¤«®¦¥­¨¥ 4.1. �¯à ¢¥¤«¨¢  í­¥à£¥â¨ç¥áª ï ®æ¥­ª 

k�hkL1;1(Q) + kuhkL2;1(Q) � K(N): (4.7)

�®ª § â¥«ìáâ¢®. �à¨¬¥­¨¬ ª ãà ¢­¥­¨î (4.5) ®¯¥à â®à It ¨ ¯®«ãç¨¬

Eh(t) = Eh(0) + It�hm + (gh �Dtu
h
�; v

h)Qt
+ (fh; 1)Qt

+ It�0 + It�X �
� Nk�0kL1(
) + ku0k2
 + kuh�jt=0k2
 + It�hm + kgkL2;1(Q)kvhkL2;1(Q) +

+ It
�kDtu

h
�k
kvhk


�
+ kfkL1(Q) + k�0kL1(0;T ) + k�XkL1(0;T ) �

� It�
h
m +NkvhkL2;1(Q) + It

�kDtu
h
�k
kvhk


�
+K1: (4.8)

� ¯®á«¥¤­¥¬ ­¥à ¢¥­áâ¢¥ ¨á¯®«ì§®¢ ­ë ãá«®¢¨ï C2){C4).
�à¨ m = 1, ãç¨âë¢ ï, çâ® k�h�hkL1(
) � NV h, kh � N 2chV , ¨á¯®«ì§ãï ä®à¬ã«ã DtdV =�

Dt(u
(�)
X � u

(�)
0 )

�
=V h � d2V , ®æ¥­ª¨ (4.3) ¨ (3.8), ¨¬¥¥¬

jIt�h1 j � K2(kdV kC[0;T ] + kDtdV kL1(0;T ) + kdV kC[0;T ]ItkchV �hkL1(
)) � K3ItEh +K4:

�á¯®«ì§ãï ­¥à ¢¥­áâ¢® (4.8), ¯¥à¢ãî ¨§ ä®à¬ã« (4.4) ¨ ®æ¥­ªã kvhk
 � p
2(Eh)1=2, ¯à¨å®¤¨¬ ª

­¥à ¢¥­áâ¢ã

Y � It(bY ) +K5Y
1=2
max +K6 (4.9)

¤«ï äã­ªæ¨¨ Y = Eh; §¤¥áì b = 2jdV j+K3, Ymax = kY kC[0;T ].
�à¨ m = 2 ¨ m = 3 ¯à¨ ¯®¬®é¨ ­¥à ¢¥­áâ¢ (3.8) ¨ (3.9) ¢ë¢®¤¨¬ ¨§ (4.8) ­¥à ¢¥­áâ¢® ¢¨¤ 

(4.9), ¢ ª®â®à®¬ Y = Eh + (p(�)0 ; �h)
 ¯à¨ m = 2, Y = Eh + (p(�)� ; �h)
 ¯à¨ m = 3 ¨ b = a� ¯à¨
m = 2; 3.

� á¨«ã «¥¬¬ë �à®­ã®««  ¨§ ­¥à ¢¥­áâ¢  (4.9) á«¥¤ã¥â ®æ¥­ª  Ymax � K7 ¨ â¥¬ á ¬ë¬ |
®æ¥­ª  (4.7).
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� §à¥è ï ãà ¢­¥­¨¥ (4.1) ®â­®á¨â¥«ì­® �h, ¯®«ãç ¥¬ ¢ ¦­ãî ä®à¬ã«ã

�h = ah
�
�0;h + It

�
(1=ah)(kh=�h)�h

�	
; ah = exp

�
(1=�h)It�

h
�
: (4.10)

�¥¬¬  4.3. �¯à ¢¥¤«¨¢  ®æ¥­ª  kIt�hkL1(Q) � K(N).

�®ª § â¥«ìáâ¢®. � á«ãç ¥ m = 1 á¯à ¢¥¤«¨¢  ä®à¬ã« 

It�
h = Ihu

h
g � (Ihu

h
g ; �

h=V h)
 + It(�
h; �h=V h)
 � It(u

h
g ; v

h=V h)
; (4.11)

£¤¥ uhg = uh � u0;h � Itg
h (á¬. [18], ¤®ª § â¥«ìáâ¢® «¥¬¬ë 3.4;  ­ «®£¨ç­ ï ä®à¬ã«  ¨¬¥¥âáï

â ª¦¥ ¢ [12], ¤®ª § â¥«ìáâ¢® «¥¬¬ë 3.3).
�à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ ä®à¬ã«ã (4.2), ¨¬¥¥¬

It(�h; �h=V h)
 =
�
�h; �h=V h

�


� �

�h; �0;h=V h(0)
�


+

+ It
�
dV (�h; �h=V h

�



�� It(kh�h; 1=V h)
: (4.12)

�ç¨âë¢ ï â ª¦¥, çâ® k�hkL1(
) = V h, 0 � �h � N ,0 � kh � N ¨ (2N)�1 � V h, ¨§ à ¢¥­áâ¢ (4.11)
¨ (4.12) ¢ë¢®¤¨¬ ®æ¥­ªã

kIt�hkL1(Q) � X1=2kuhgkL2;1(Q) +N + 2N 2(ku(�)X kL1(0;T ) + ku(�)0 kL1(0;T )) +

+ 2NT
�
Nk�hkL1;1(Q) + kuhgkL2;1(Q)kvhkL2;1(Q)

�
:

�âáî¤  ã¦¥ ¢ á¨«ã í­¥à£¥â¨ç¥áª®© ®æ¥­ª¨ (4.7) á«¥¤ã¥â § ï¢«¥­­ ï ®æ¥­ª .

�à¨ m = 2; 3 ¨§ ãà ¢­¥­¨ï (2.2) ¨ ªà ¥¢®£® ãá«®¢¨ï b�hjx=0 = �p(�)0 áà §ã á«¥¤ã¥â à ¢¥­áâ¢®
It�

h = Ihu
h
g � Itp

(�)
0 : �®íâ®¬ã ¢¥à­  ®æ¥­ª 

kIt�hkL1(Q) � X1=2kuhgkL2;1(Q) + kp0kL1(0;T ) � K:

�«¥¤áâ¢¨¥ 4.1. �¯à ¢¥¤«¨¢ë ¤¢ãáâ®à®­­¨¥ ®æ¥­ª¨

K1(N)�1 � �h � K1(N)(1 + It�
h); (4.13)

K2(N)�1 � V h � K2(N): (4.14)

�®ª § â¥«ìáâ¢®. �æ¥­ª  (4.13) ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ ä®à¬ã«ë (4.10), «¥¬¬ë 4.3 ¨
­¥à ¢¥­áâ¢  N�1 � �0;h � N . � ª ª ª k�hkL1;1(Q) � K, â® ¯à¨ m = 2; 3 ¨­â¥£à¨à®¢ ­¨¥ ­¥-
à ¢¥­áâ¢  (4.13) ¯® 
 ¯à¨¢®¤¨â ª ®æ¥­ª¥ (4.14). �à¨ m = 1 íâ  ®æ¥­ª  á®¤¥à¦¨âáï ¢ «¥¬¬¥
4.1.

�¥¬¬  4.4. �¯à ¢¥¤«¨¢ § ª®­ ¨§¬¥­¥­¨ï ¯®«­®© í­âà®¯¨¨:

Dt

�
chV ln �

h + kh ln �h; 1
�


=
���he�hDb�h; D( d1=�h)�


h
� �0 � �X +

+ �0=�
hjx=0 + �X=�

hjx=X +
�
1=�h; �h�h

�
Dbuh�2 + fh

�


: (4.15)

�®ª § â¥«ìáâ¢®. �¬­®¦¨¬ ãà ¢­¥­¨ï (3.1) ¨ (3.3) áª «ïà­® ¢ L2(
) ­  kh=�h ¨ 1=�h á®-
®â¢¥âáâ¢¥­­®, ¯à®¨­â¥£à¨àã¥¬ ¯® ç áâï¬ á ãç¥â®¬ ªà ¥¢ëå ãá«®¢¨© (3.6). �«®¦¨¢ ¯®«ãç¥­­ë¥
à ¢¥­áâ¢ , ¢ë¢¥¤¥¬ ãà ¢­¥­¨¥ (4.15).

�«¥¤áâ¢¨¥ 4.2. �¯à ¢¥¤«¨¢ë ®æ¥­ª¨

k�hkL1(0;T ) � K(N); £¤¥ �h =
��e�hDb�h;D( d1=�h)�


h
� 0; (4.16)

k ln �hkL1;1(Q) + k(e�h)1=2D dln �hkQh � K(N): (4.17)
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�®ª § â¥«ìáâ¢®. �à¨¬¥­¨¬ ª ãà ¢­¥­¨î (4.15) ®¯¥à â®à It. �çâ¥¬ ä®à¬ã«ã ln �h = �j ln �hj+
2(ln �h)+ ¨ ®â¡à®á¨¬ §­ ª®®¯à¥¤¥«¥­­ë¥ á« £ ¥¬ë¥. �à®¬¥ â®£®, ¢®á¯®«ì§ã¥¬áï ­¥à ¢¥­áâ¢ ¬¨
(ln �h)+ � �h, ln �h � �h ¨ ­¥à ¢¥­áâ¢ ¬¨ � ln �0;h � ��h1=2(ln �0), � ln �0;h � lnN . �®£¤  ¯®«ãç¨¬

N�1(k ln �hkL1(
) + It�
h) � �

2chV (ln �
h)+ + kh ln �h; 1

�


�

� �
chV ln �

0;h + kh ln �0;h; 1
�


+ It�0 + It�X �

� 2Nk�hkL1(
) +NV h � �
chV ln �

0; 1
�


+ (kh lnN; 1)
 + T 1=s0N:

�ç¨âë¢ ï ®æ¥­ª¨ k�hkL1(
) � K1, V h � K2 ¨ ãá«®¢¨¥ k ln �0kL1(
) � N , ¯à¨å®¤¨¬ ª (4.16) ¨ ®æ¥­ª¥

k ln �hkL1;1(Q) � K3. �áâ ¥âáï ãç¥áâì, çâ® (D dln �h)2 � �(Db�h)D( d1=�h) (íâ® á«¥¤ã¥â ¨§ ç¨á«®¢®£®
­¥à ¢¥­áâ¢  (ln b� lna)2 � �(b� a)(1=b � 1=a)).

�¥¬¬  4.5. �¯à ¢¥¤«¨¢ë ®æ¥­ª¨

k�hkL1(
) � X�1k�hkL1(
) + kDb�hkL1(
h) � K(N)
�
�hk�hkL1(
) + 1

�
: (4.18)

�®ª § â¥«ìáâ¢®. �¥à¢ ï ¨§ ®æ¥­®ª (4.18) í«¥¬¥­â à­ . �ç¨âë¢ ï ä®à¬ã«ã Db�h =
��h(+)�h(�)D( d1=�h) ­  Qh ¨ ­¥à ¢¥­áâ¢® k�hkL1(
) � K1, ¨¬¥¥¬

kDb�hkL1(
h) � k�hk1=2L1(
)



[�e�h�h(�)�h(+)(Db�h)D( d1=�h)]1=2


L1(
h)

�

� �
�hk�hkL1(
)k�hkL1(
)k�hkL1(
)

�1=2 � 1
2
k�hkL1(
) +K2�

hk�hkL1(
):

�¥¯¥àì ¢â®à ï ¨§ ®æ¥­®ª (4.18) ¯®«ãç ¥âáï á ãç¥â®¬ ¯¥à¢®©.

�à¥¤«®¦¥­¨¥ 4.2. �¯à ¢¥¤«¨¢ë ®æ¥­ª¨

K(N)�1 � �h � K(N); (4.19)

kb�hkV1(Q) � K(N); kphkQ � K(N): (4.20)

�®ª § â¥«ìáâ¢®. �æ¥­ª¨ (4.13) ¨ (4.18) ¯à¨¢®¤ïâ ª ­¥à ¢¥­áâ¢ã

k�hkL1(
) � K1

�
It
�
�hk�hkL1(
)

�
+ 1

�
:

�à¨¬¥­ïï «¥¬¬ã �à®­ã®««  ¨ ¯®«ì§ãïáì ®æ¥­ª®© (4.16), ¢ë¢®¤¨¬ ¯à ¢®¥ ­¥à ¢¥­áâ¢® (4.19);
«¥¢®¥ ­¥à ¢¥­áâ¢® ¤®ª § ­® à ­¥¥, á¬. (4.13). �§ ­¥à ¢¥­áâ¢  (4.18) â¥¯¥àì á«¥¤ã¥â ®æ¥­ª 
k�hkL1;1(Q) � ckb�hkV1(Q) � K2. �áâ ¥âáï ãç¥áâì, çâ®

kphkQ � Nk�hkL1(Q)k�hkQ � K3k�hk1=2L1;1(Q) � k�hk1=2L1;1(Q)
� K4: �

�à¥¤«®¦¥­¨¥ 4.3. �¯à ¢¥¤«¨¢  ®æ¥­ª  kbuhk
V
h1;1=2i
2 (Q)

� K(N):

�®ª § â¥«ìáâ¢®. �à¨¬¥­¨¬ ª à ¢¥­áâ¢ã (4.6) ®¯¥à â®à It ¨ ¯®«ãç¨¬

1
2
kvhk2
 + (�h�hDbuh � ph;Dbuh)Q =

1
2
kv0;hk2
 + It�

h + (gh �Dtu
h
�; v

h)Qt
:

C ãç¥â®¬ ®æ¥­®ª (4.19), (4.20), (1.9), (4.7) ¨ ä®à¬ã« (4.4) ¨¬¥¥¬

kDbuhk2Q � K1

�kphkQkDbuhkQ + kv0;hk2
 + (kDbuhkQ + kphkQ)kDbuh�kQ +
+ c(kp0kL4=3(0;T ) + kpXkL4=3(0;T ))kbvhkV2(Q) +

+ (kgkL2;1(Q) + kDtu
h
�kL2;1(Q))kvhkL2;1(Q)

� � K2(kDbuhkQ + 1):

�âáî¤  á«¥¤ã¥â ®æ¥­ª  kbuhkV2(Q) � K. �æ¥­ª  kbuhkh0;1=2i2;2 � K ¤®ª § ­  ¢ ([18], «¥¬¬  3.6) (á¬.
â ª¦¥ [12], «¥¬¬  3.5).

�à¥¤«®¦¥­¨¥ 4.4. �¯à ¢¥¤«¨¢ë ®æ¥­ª¨ (3.11), (3.12).
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�®ª § â¥«ìáâ¢®. �æ¥­ª  (3.11) á«¥¤ã¥â ¨§ ®æ¥­®ª (4.17) ¨ (4.19).
�ã­ªæ¨ï �h ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (2.5){(2.7) á � = chV , { = �he�h,  = 0, f = �hDbuh+fh,

v0 = �0;h. � ¬¥â¨¬, çâ® N�1 � chV � N , K�1 � { � K ¨ k�0;hkL1(
) � N , k�0kL1(0;T )+k�XkL1(0;T ) �
N . � á¨«ã ¯à¥¤«®¦¥­¨ï 4.3 ¨¬¥¥¬ â ª¦¥ k�hDbuh + fhkL1(Q) � k�hkQkDbuhkQ + kfkL1(Q) � K.
�®íâ®¬ã ®æ¥­ª¨ (3.12) á«¥¤ãîâ ¨§ «¥¬¬ 2.6 ¨ 2.7.

�«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  ¯.1 â¥®à¥¬ë 3.1 ãçâ¥¬, çâ® Dt�
h = Dbuh, bxhe = bx0;h + Itbuh,

Dtbxh = buh, Dbxhe = �h, DDtbxhe = Dbuh. �®íâ®¬ã kDt�
hkQ + kbxhekS1;12 W (Q) � c(kbuhkV2(Q) + k�0k
 +

k�hkQ) � K(N).

�à¥¤«®¦¥­¨¥ 4.5. �á«¨ N�1 � �0 ­  
, â® K(N)�1 � �h ¢ Q.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ äã­ªæ¨î �h ª ª à¥è¥­¨¥ § ¤ ç¨ (2:14), (2.6), (2.7) á � = chV ,
{ = �he�h, f = �h�h(Dbuh)2 + fh � 0, b = �kh�hDbuh, v0 = �0;h. �ç¨âë¢ ï, çâ® kbkQ � K1, N�1 �
�0;h, ¯à¨å®¤¨¬ ¢ á¨«ã «¥¬¬ë 2.5 ª ­¥à ¢¥­áâ¢ã K�1 � �h. �¥®à¥¬  3.1 ¯®«­®áâìî ¤®ª § ­ .

5. �å®¤¨¬®áâì ¯à¨¡«¨¦¥­­ëå à¥è¥­¨©

�ë¯®«­¨¬ ¯à¥¤¥«ì­ë© ¯¥à¥å®¤ ¢ § ¤ ç¥ Ph
m (m = 1; 3) ¯à¨ h ! 0. �ãáâì � = �(h) ! 0 ¯à¨

h! 0.
� á¨«ã â¥®à¥¬ë 3.1 áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì zh = (�h; uh; �h; xhe ) à¥è¥­¨© § ¤ ç¨

Ph
m, ã¤®¢«¥â¢®àïîé ï à ¢­®¬¥à­ë¬ ¯® h ®æ¥­ª ¬ (3.10){(3.12). �®íâ®¬ã áãé¥áâ¢ãîâ ¢¥ªâ®à-

äã­ªæ¨ï z = (�; u; �; xe) 2 N (Q) � V2(Q) � V1(Q) � S1;1
2 W (Q), äã­ªæ¨¨ � 2 L2(Q), $ 2 L1(Q) ¨

¯®¤¯®á«¥¤®¢ â¥«ì­®áâì (§  ª®â®à®© á®åà ­¨¬ ¯à¥¦­¥¥ ®¡®§­ ç¥­¨¥ zh) â ª¨¥, çâ®

�h ! � � �á« ¡® ¢ L1(Q); Dt�
h ! Dt� á« ¡® ¢ L2(Q);

buh ! u ¢ L2(Q) ¨ � �c« ¡® ¢ L1(0; T ;L2(
));

Dbuh ! Du ¨ �h ! � c« ¡® ¢ L2(Q);b�h ! � ¢ Lq0;r0(Q); Db�h ! D� ¨ $h ! $ á« ¡® ¢ Lq1;r1(Q)

¤«ï ¢á¥å q0; r0 ¨ q1; r1, ãª § ­­ëå ¢ â¥®à¥¬¥ 1.1,

bxhe ! xe á« ¡® ¢ S1;1
2 W (Q) ¨ á¨«ì­® ¢ C(Q):

� ª ª ª kb�h � �hkL1;1(Q) � kDb�hkL2;1(Q)h
1=2 � Kh1=2, â® �h ! � ¢ L1;1(Q). �®áª®«ìªã �h � 0,

â® ¨ � � 0. �§ ®æ¥­®ª k�hkL1;1(Q) � K, k ln �hkL1;1(Q) � K ¨ â¥®à¥¬ë � âã á«¥¤ãîâ ®æ¥­ª¨
k�kL1;1(Q) � K, k ln �kL1;1(Q) � K. �®á«¥¤­ïï ¨§ ­¨å £ à ­â¨àã¥â á¢®©áâ¢® � > 0 ¯. ¢. ¢ Q. �

á¨«ã ­¥à ¢¥­áâ¢  kD dln �hkQh � K, ¯®«®¦¨¢ dln �h��
x=0

= ln �h
��
x=0

¨ dln �h��
x=X

= ln �h
��
x=X

, ¬®¦­®

áç¨â âì, çâ® D dln �h ! D ln � á« ¡® ¢ L2(Q).
�á­®, çâ® ¢¥ªâ®à-äã­ªæ¨ï z ã¤®¢«¥â¢®àï¥â ®æ¥­ª ¬ (1.13){(1.15).

�¥¬¬  5.1. �¯à ¢¥¤«¨¢ë á¢®©áâ¢  Itb�h ! It� ¢ C(Q), It�h ! It� ¢ C([0; T ];L1(
)).

�®ª § â¥«ìáâ¢®. �à¨¬¥­ïï ®¯¥à â®à It ª ãà ¢­¥­¨î (3.2), ¨¬¥¥¬ DItb�h = uhg , ®âªã¤ 
kDItb�hkL2;1(Q) � kuhkL2;1(Q) + ku0;hk
 + kgkL2;1(Q) � K.

�®«®¦¨¬ e�h = b�h ­  Qh ¨ e�h = �h ­  Q nQh. �¥âàã¤­® ¢¨¤¥âì, çâ®

kIte�hkW (Q) � cT k�hkQ + kDItb�hkL2;1(Q) � K1:

� á¨«ã íâ®© ®æ¥­ª¨ ¯®á«¥¤®¢ â¥«ì­®áâì Ite�h ®â­®á¨â¥«ì­® ª®¬¯ ªâ­  ¢ C(Q). �áâ «®áì § ¬¥-
â¨âì, çâ® It�h ! It� á« ¡® ¢ L2(Q) ¨ ¢¥à­  ®æ¥­ª  kIte�h� Itb�hkC(Q)+ kIt�h� Ite�hkC([0;T ];L1(
)) �
2kDItb�hkL2;1(Q)h

1=2.
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�¡à â¨¬áï ª ä®à¬ã«¥ (4.10). � ¬¥â¨¬, çâ® �0;h ! �0, 1=�h ! 1=�, kh=�h ! k=� ¢ Lq(
) ¤«ï
¢á¥å q 2 [1;1), �h ! � ¢ L1;1(Q). � ãç¥â®¬ íâ¨å á¢®©áâ¢ ¨ «¥¬¬ë 5.1 ¨§ (4.10) á«¥¤ã¥â

�h ! �; �h ! �; e�h ! � ¢ C([0; T ];Lq(
)) 8q 2 [1;1); (5.1)

¯à¨ç¥¬ ¢¥à­  ä®à¬ã«  � = a f�0 + It ((1=a)(k=�)�)g, £¤¥ a = exp [(1=�)It�].
�¡¥¤¨¬áï ¢ â®¬, çâ® ¢¥ªâ®à-äã­ªæ¨ï z ï¢«ï¥âáï ®¡®¡é¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ Pm. �á­®,

çâ® ãà ¢­¥­¨ï (1.1) ¨ (1.4) ã¤®¢«¥â¢®àïîâáï ¢ L2(Q); ªà®¬¥ â®£®, ¢ë¯®«­¥­ë ­ ç «ì­ë¥ ãá«®¢¨ï
�jt=0 = �0 ¨ xejt=0 = x0e.

�¥¬¬  5.2. �¥à­ë ä®à¬ã«ë � = ��Du� p, p = k�� ¨ $ = ��D�.

�®ª § â¥«ìáâ¢®. �«ï ®¡®á­®¢ ­¨ï ãª § ­­ëå ä®à¬ã« ¤®áâ â®ç­® ¯¥à¥©â¨ ª á« ¡®¬ã ¯à¥-
¤¥«ã ¢ L1(Q) ¢ à ¢¥­áâ¢ å �h = �h�hDbuh � ph, ph = kh�h�h ¨ $h = �he�hDb�h. �à¨ íâ®¬ á«¥¤ã¥â
¢®á¯®«ì§®¢ âìáï â¥¬, çâ® �h ! �, �h ! �, kh ! k ¢ L4(
), á¢®©áâ¢ ¬¨ (5.1) c q = 4,   â ª¦¥ â¥¬,
çâ® Dbuh ! Du á« ¡® ¢ L2(Q), �h ! � ¢ L2;1(Q) ¨ Db�h ! Db� á« ¡® ¢ L2;1(Q).

�¥¬¬  5.3. �ã­ªæ¨ï u ã¤®¢«¥â¢®àï¥â â®¦¤¥áâ¢ã (1.10) ¨ ªà ¥¢ë¬ ãá«®¢¨ï¬ (1.12). �à®¬¥
â®£®, á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®

�(1
2
u2;Dt )Q + (�;D(u ))Q = (

1
2
(u0)2;  0)
 + (g[xe]u;  )Q �

�(S)
Z T

0
(It�)jx=X d(uX X)� (pX ; ujx=X X)(0;T ) +

+(S)
Z T

0

(It�)jx=0 d(u0 0) + (p0; ujx=0 0)(0;T ) 8 2 �

C1(Q;ST3 ); (5.2)

£¤¥ ¨­â¥£à «ë á á¨¬¢®«®¬ (S) ¯®­¨¬ îâáï ¢ á¬ëá«¥ �¨¬ ­ -�â¨«âì¥á .

�®ª § â¥«ìáâ¢®. �ãáâì ' 2 �

C1(Q;STm) ¨ ¤®¯®«­¨â¥«ì­® DtD' 2 L1(Q). �¬­®¦¨¬ ãà ¢­¥-
­¨¥ (3.2) ­  ', ¯à®¨­â¥£à¨àã¥¬ ¯® Q ¨ ¯®á«¥ ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬ ¯®«ãç¨¬ à ¢¥­áâ¢®

�(uh; Dt')Q � (Itb�h; DtD')Q � (g[bxhe ]; �h')Q = (u0;h; '0)
 � (p(�)X ; 'X)(0;T ) + (p(�)0 ; '0)(0;T ):

�¥à¥å®¤ï ¢ ­¥¬ ª ¯à¥¤¥«ã ¯à¨ h ! 0 ¨ ãç¨âë¢ ï, çâ® �(It�;DtD')Q = (�;D')Q, ¢ë¢®¤¨¬
â®¦¤¥áâ¢® (1.10). �à¥¡®¢ ­¨¥DtD' 2 L1(Q) á­¨¬ ¥âáï ¯à¥¤¥«ì­ë¬ ¯¥à¥å®¤®¬ á ¨á¯®«ì§®¢ ­¨¥¬
ãáà¥¤­¥­¨© ' ¯® t.

� ª ª ª buh ! u ¢ L2(Q) ¨ Dbuh ! Du á« ¡® ¢ L2(Q), â® buhjx=0 ! ujx=0 ¨ buhjx=X ! ujx=X
á« ¡® ¢ L2(0; T ). � â® ¦¥ ¢à¥¬ï buhjx=0 = u

(�)
0 ! u0 ¢ L2(0; T ) ¯à¨ m = 1 ¨ buhjx=X = u

(�)
X ! uX ¢

L2(0; T ) ¯à¨ m = 1; 2. �«¥¤®¢ â¥«ì­®, ªà ¥¢ë¥ ãá«®¢¨ï (1.12) ¢ë¯®«­¥­ë.
�ã­ªæ¨î u ¬®¦­® à áá¬ âà¨¢ âì ª ª ®¡®¡é¥­­®¥ à¥è¥­¨¥ ¨§ V2(Q) «¨­¥©­®£® ¯ à ¡®«¨-

ç¥áª®£® ãà ¢­¥­¨ï Dtu = D({Du � e ) + eg; £¤¥ { = ��, e = p, eg = g[xe], á á®®â¢¥âáâ¢ãîé¨¬¨
­ ç «ì­ë¬¨ ¨ ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨. �®íâ®¬ã â®¦¤¥áâ¢® (5.2) ¢¥à­® ¢ á¨«ã ([19], ¯à¥¤«®¦¥­¨¥
2.3).

�¥¬¬  5.4. �¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®

� (
1
2
u2 + cV �;Dt )Q + (�u+$;D )Q = (

1
2
(u0)2 + cV �

0;  0)
 +

+ (g[xe]u+ f [xe];  )Q � (S)
Z T

0
(It�)jx=X d(uX X)� (pX ; ujx=X X)(0;T ) +

+ (S)
Z T

0

(It�)jx=0 d(u0 0) + (p0; ujx=0 0)(0;T ) �

� (�0�jx=0 � �0;  0)(0;T ) � (�X�jx=X � �X ;  X)(0;T ) 8 2 �

C1(Q;ST3 ): (5.3)
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�®ª § â¥«ìáâ¢®. �ãáâì  2
�

C1(Q;ST3 ),  
h = �h ,  0;h = �h 0,  h0 =  hjx=0,  hX =  hjx=X .

�à ¢­¥­¨¥ (3.2) ã¬­®¦¨¬ ­  uh h,   ãà ¢­¥­¨¥ (3.3) | ­  �h1=2 
h, ¯à®¨­â¥£à¨àã¥¬ ¯®Q ¨ á«®¦¨¬

à¥§ã«ìâ âë:

�
Dt

�1
2
(uh)2

�
;  h

�
Q
+
�
chVDt�

h; �h1=2 
h
�
Q
+ (�h;D([uh h))Q +

+($h; D(\�h1=2 
h))Qh = (�hDbuh + fh; �h1=2 

h)Q + (ghuh;  h)Q +

+(b�hjx=X ; uhjx=X hX)(0;T ) � (b�hjx=0; uhjx=0 h0 )(0;T ) +
+( b$hjx=X ; (�h1=2 h)jx=X)(0;T ) � ( b$hjx=0; (�h1=2 h)jx=0)(0;T ):

�à¥®¡à §ã¥¬ íâ® à ¢¥­áâ¢®, ¨á¯®«ì§ãï ¨­â¥£à¨à®¢ ­¨¥ ¯® ç áâï¬ ¯® t, ãç¨âë¢ ï ªà ¥¢ë¥ ãá«®-
¢¨ï (3.6), (3:7m), â®¦¤¥áâ¢  (2.3), (2.4) ¨ ä®à¬ã«ë D([uh h) = (�h1=2 

h)Dbuh + (�h1=2u
h)D b h ¢ Q,

D(\�h1=2 
h) = �h(D b h) ¢ Qh. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ à ¢¥­áâ¢®

��1
2
(uh)2 + chV �

h;Dt 
h
�
Q
+ (�huh;D b h)Q + ($h; D b h)Qh =

= (
1
2
(u0;h)2 + chV �

0;h;  0;h)
 + (g[bxhe ]uh;  h)Q + (f [bxhe ]; �h1=2 h)Q �
�(S)

Z T

0
(Itb�h)jx=X d(u(�)X  hX)� (p(�)X ; uhjx=X hX)(0;T ) +

+(S)
Z T

0

(Itb�h)jx=0 d(u(�)0  h0 ) + (p(�)0 ; uhjx=0 h0 )(0;T ) �
�(�0�hjx=0 � �0; (�h1=2 

h)jx=0)(0;T ) � (�X�hjx=X � �X ; (�h1=2 
h)x=X)(0;T ):

� ¬¥â¨¬, çâ®  h !  , �h1=2 
h !  , Dt 

h ! Dt , D b h ! D ¢ C([0; T ];L1(
));  ha !  a
¢ C1[0; T ] ¨ (�h1=2 

h)
��
x=a

!  a ¢ C[0; T ] ¤«ï a = 0;X. �à®¬¥ â®£®, chV ! cV ¯® ¬¥à¥ ­  
 ¨
0 � chV � N , g[bxhe ] ! g[xe] ¢ L2;1(Q), f [bxhe ] ! f [xe] ¢ L1(Q). �®á¯®«ì§ã¥¬áï â ª¦¥ â¥¬, çâ®,
¢®-¯¥à¢ëå, uh ! u ¢ L2(Q) ¨ �-á« ¡® ¢ L1(0; T ;L2(
)), �h ! � ¢ L1;1(Q), u0;h ! u0 ¢ L2(
),
�0;h ! �0 ¢ L1(
), �h ! � á« ¡® ¢ L2(Q), $h ! $ á« ¡® ¢ L1(Q). �®-¢â®àëå, ¤«ï a = 0;X
¨¬¥¥¬ (Itb�h)jx=a ! (It�)jx=a ¢ C[0; T ], u(�)a (t) ! ua(t + 0) ¤«ï ¢á¥å t 2 [0; T ], var

[0;T ]
u(�)a � var

[0;T ]
ua,

�h
��
x=a

! �
��
x=a

¢ Lr(0; T ) ¯à¨ ¢á¥å r 2 [1; 2). �¥à¥å®¤ï ¢ ¯®«ãç¥­­®¬ à ¢¥­áâ¢¥ ª ¯à¥¤¥«ã ¯à¨
h ! 0 á ¨á¯®«ì§®¢ ­¨¥¬ ¯¥à¥ç¨á«¥­­ëå á¢®©áâ¢, ¯à¨å®¤¨¬ ª â®¦¤¥áâ¢ã (5.3). �à¨ ¯à¥¤¥«ì­®¬
¯¥à¥å®¤¥ ¯®¤ §­ ª®¬ ¨­â¥£à «  �â¨«âì¥á  ¨á¯®«ì§®¢ ­  â¥®à¥¬  �¥««¨ ([20], £«. IX, x 7).

�«¥¤áâ¢¨¥ 5.1. �¯à ¢¥¤«¨¢® â®¦¤¥áâ¢® (1.11).

�«ï ¤®ª § â¥«ìáâ¢  ­ã¦­® ¨§ â®¦¤¥áâ¢  (5.3) ¢ëç¥áâì â®¦¤¥áâ¢® (5.2).
�§ ¯à¥¤«®¦¥­¨ï 4.5 «¥£ª® á«¥¤ã¥â

�¥¬¬  5.5. �á«¨ N�1 � �0 ­  
, â® K(N)�1 � � ¢ Q.

�¥¬ á ¬ë¬ â¥®à¥¬  1.1 ¤®ª § ­ .
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