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� áâ âì¥ ¨áá«¥¤ãîâáï á¢®©áâ¢ , á¢ï§ ­­ë¥ ¢ ®á­®¢­®¬ á® á¢®©áâ¢®¬ ¬¥âà¨ç¥áª®© ¢ë¯ãª«®áâ¨
¯à®áâà ­áâ¢  ¢á¥å 2-á¥â¥© á ¨­¤ãæ¨à®¢ ­­®© ¬¥âà¨ª®© � ãá¤®àä  ¯à®áâà ­áâ¢ , ã¤®¢«¥â¢®àï-
îé¥£® £«®¡ «ì­®¬ã ãá«®¢¨î ­¥¯®«®¦¨â¥«ì­®áâ¨ ªà¨¢¨§­ë ¢ á¬ëá«¥ �ã§¥¬ ­ .

1. O¯à¥¤¥«¥­¨ï ¨ â¥®à¥¬ë

�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:
R | ¬­®¦¥áâ¢® ¢á¥å ¢¥é¥áâ¢¥­­ëå ç¨á¥«;
B[X] | ¬­®¦¥áâ¢® ¢á¥å ­¥¯ãáâëå ®£à ­¨ç¥­­ëå § ¬ª­ãâëå ¬­®¦¥áâ¢ ¬¥âà¨ç¥áª®£® ¯à®-

áâà ­áâ¢  (X; �);
D[M;W ] = supf�[x; y] : x 2M , y 2Wg, D[M ] = D[M;M ] ¤«ï ¢á¥å M , W 2 B[X];
�[x;W ] = inf

y2W
�[x; y];

B�(x; r) | ®âªàëâë© è à á æ¥­âà®¬ ¢ â®çª¥ x 2 (X; �) à ¤¨ãá  r > 0;
� : B[X]�B[X]! R, �[M;W ] = maxf�[M;W ];�[W;M ]g| ¬¥âà¨ª  � ãá¤®àä  ­  ¬­®¦¥áâ¢¥

B[X], £¤¥ �[M;W ] = sup
x2M

�[x;W ] ([1], á. 223);

(�2(X); �) | ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® ®â­®á¨â¥«ì­® ¬¥âà¨ª¨ � ãá¤®àä  ­¥¯ãáâëå 2-á¥â¥©,
á®áâ®ïé¨å ¨§ ­¥ ¡®«¥¥ ç¥¬ ¤¢ãå â®ç¥ª ¯à®áâà ­áâ¢  X;

� = ffx; yg 2 �2(X) : x = yg, Z[S] = fS1 2 �2(X) : �[S; S1] = D[S; S1]g, £¤¥ S 2 �2(X).
�«ï S = fx; yg 2 �2(X) ¯®«®¦¨¬ S[x] = x ¯à¨ x = y ¨ S[x] = y ¯à¨ x 6= y. �¥âà¨ç¥áª®¥

¯à®áâà ­áâ¢® X ­ §ë¢ ¥âáï ¬¥âà¨ç¥áª¨ ¢ë¯ãª«ë¬, ¥á«¨ ¤«ï ¢á¥å x; y 2 X ![x; y] = fz 2 X :
2max[�[x; z]; �[z; y]] � �[x; y]g 6= ;. (�â® ç áâ­ë© á«ãç © ¢ë¯ãª«®áâ¨ ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢ 
¯® �¥­£¥àã ([2], á. 43). �á«¨ ¬¥âà¨ç¥áª¨ ¢ë¯ãª«®¥ ¯à®áâà ­áâ¢® X ¯®«­®¥, â® ®­® ­ §ë¢ ¥âáï
£¥®¤¥§¨ç¥áª¨¬ ¯à®áâà ­áâ¢®¬ [3].)

�¥¬¬  1 ¤ ¥â ¢®§¬®¦­®áâì ã¯à®áâ¨âì à ááã¦¤¥­¨ï ® á¢®©áâ¢ å ¯à®áâà ­áâ¢  (�2(X); �).

�¥¬¬  1. (i) �«ï ¢á¥å x; y; u; v2X �[fx; yg; fu; vg]= minfmax[�[x; u]; �[y; v]];max[�[x; v]; �[y; u]]g.
(ii) �à®áâà ­áâ¢® (�2(X); �) ¬¥âà¨ç¥áª¨ ¢ë¯ãª«® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯à®áâà ­-

áâ¢® (X; �) ¬¥âà¨ç¥áª¨ ¢ë¯ãª«®¥ (áà. [4], Corollary 1).

� ¤ «ì­¥©è¥¬ ­  ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® X ¡ã¤¥¬ ­ « £ âì

�á«®¢¨¥ 1. �«ï «î¡ëå p; x; y 2 X ¬­®¦¥áâ¢® ![p; x] ®¤­®â®ç¥ç­®¥ ¨ ¢ë¯®«­ï¥âáï ­¥à ¢¥­-
áâ¢®

2�[![p; x]; ![p; y]] � �[x; y]:

� G-¯à®áâà ­áâ¢¥ �ã§¥¬ ­  ãá«®¢¨¥ 1 ï¢«ï¥âáï £«®¡ «ì­ë¬ ãá«®¢¨¥¬ ­¥¯®«®¦¨â¥«ì­®áâ¨
ªà¨¢¨§­ë íâ®£® ¯à®áâà ­áâ¢  ([2], á. 304). �â¬¥â¨¬ â ª¦¥, çâ® ¢ å®à¤®¢®¬ ¯à®áâà ­áâ¢¥ ãá«®-
¢¨¥ 1 á®¢¯ ¤¥â á ãá«®¢¨¥¬ £«®¡ «ì­®© ­¥¯®«®¦¨â¥«ì­®áâ¨ ªà¨¢¨§­ë, ¥á«¨ ®¯à¥¤¥«¨âì ![p; x]
ª ª á¥à¥¤¨­ã ¥¤¨­áâ¢¥­­®© å®à¤ë á ª®­æ ¬¨ ¢ â®çª å p, x ([5], c. 63).

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ò 00-01-00308.
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�à®¬¥ â®£®, ¨­®£¤  ­  ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® X ¡ã¤¥¬ ­ « £ âì â ª¦¥

�á«®¢¨¥ 2. �«ï «î¡ëå à §«¨ç­ëå â®ç¥ª x; y 2 X ­ ©¤¥âáï â ª ï ¥¤¨­áâ¢¥­­ ï â®çª  z 2
X, çâ® y = ![x; z].

�¥¬¬  2. �ãáâì ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® X ã¤®¢«¥â¢®àï¥â ãá«®¢¨î 1. �®£¤  ®â®¡à -

¦¥­¨¥ � : (�2(X); �) ! (X; �), �[fx; yg] = ![x; y] ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

(i) ¤«ï «î¡ëå S; S1 2 �2(X) �[�[S]; �[S1]] � �[S; S1] � �[�[S]; �[S1]] + (D[S] +D[S1])=2;
(ii) ¤«ï «î¡ëå x; y 2 X inff�[S; S1] : S 2 ��1[x]; S1 2 ��1[y]g = �[x; y].

�ãáâì ¯à®áâà ­áâ¢®X ã¤®¢«¥â¢®àï¥â ãá«®¢¨î 1 ¨ S; S1 2 �2(X). �¢¥¤¥¬ ¬­®¦¥áâ¢® 
[S; S1] =
ff![x; S1[u]]; ![S[x]; u]g 2 �2(X) : x 2 S, u 2 S1, �[x; u] = D[S; S1]g.

�¥®à¥¬ . �«ï ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  X, ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î 1, ¢¥à­ë á«¥¤ã-

îé¨¥ á¢®©áâ¢ :

(i) eá«¨ S1 =2 Z[S] n�, â® áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï 2-á¥âì 
[S; S1] 2 �2(X);
(ii) S 2 �2(X) n�, S1 2 Z[S] n� â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¬­®¦¥áâ¢® 
[S; S1] � �2(X)

á®áâ®¨â ¨§ ¤¢ãå à §«¨ç­ëå 2-á¥â¥©;
(iii) eá«¨ ¯à®áâà ­áâ¢® X ã¤®¢«¥â¢®àï¥â ¨ ãá«®¢¨î 2, â® ¤«ï ª ¦¤®£® x 2 � ¨ ¤«ï ª ¦¤®£®

S 2 �2(X) n fxg áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï 2-á¥âì S1 2 �2(X) â ª ï, çâ® S = 
[x; S1];
(iv) eá«¨ ¯à®áâà ­áâ¢® X ã¤®¢«¥â¢®àï¥â â ª¦¥ ãá«®¢¨î 2, â® ¤«ï ª ¦¤ëå S 2 �2(X)n�

¨ S1 2 Z[S] ­¥ áãé¥áâ¢ã¥â 2-á¥â¨ S2 2 �2(X) n S1 â ª®©, çâ® S1 2 
[S; S2].

�«¥¤áâ¢¨¥. �ãáâì ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® X ã¤®¢«¥â¢®àï¥â ãá«®¢¨î 1. �®£¤  ¢¥à­ë á«¥-
¤ãîé¨¥ á¢®©áâ¢ :

(i) ¤«ï ª ¦¤®£® S 2 �2(X) ­ ©¤¥âáï â ª®¥ r = r[S] > 0, çâ® ¤«ï ª ¦¤®£® S1 2 B�(S; r[S])
áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï 2-á¥âì 
[S; S1] 2 B�(S; r[S]);

(ii) ¤«ï ª ¦¤®£® S 2 �2(X)n� ­ ©¤¥âáï â ª®¥ t = t[S] > 0, çâ® ¤«ï ¢á¥å S1; S2 2 B�(S; t[S])
áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï 2-á¥âì 
[S1; S2] 2 B�(S; t[S]):

�à¨¬¥àë.

1. �ãáâì ¯®«ã¯«®áª®áâì P = f(x; y) 2 R2 : x � yg ­ ¤¥«¥­  ¬¥âà¨ª®© d : P � P ! R,
d[(x; y); (u; v)] = max[jx� uj; jy � vj]. �®£¤  ®â®¡à ¦¥­¨¥ f : (P; d) ! (�2(R); �), f [(x; y)] = fx; yg
ï¢«ï¥âáï ¨§®¬¥âà¨¥©, ¯®áª®«ìªã ¤«ï ¢á¥å (x; y); (u; v) 2 P

min[max[jx� uj; jy � vj];max[jx� vj; jy � uj]] = max[jx� uj; jy � vj]:

�à¨ íâ®¬ f�1[
[S; S1]] ¨§®¡à ¦ ¥âáï á¥à¥¤¨­®© ®âà¥§ª  [f�1[S]; f�1[S1]], £¤¥ S; S1 2 �2(R).
2. �ãáâì S 2 ��1[x]. �®£¤  ¤«ï ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  (X; �)

�[S; ��1[y]] = �[x; y] ¤«ï ¢á¥å x; y 2 X:

3. �ãáâì ¢ ®âªàëâ®¬ è à¥ B(0; 1) ¢¥é¥áâ¢¥­­®£® £¨«ì¡¥àâ®¢®£® ¯à®áâà ­áâ¢  § ¤ ­  ¬¥âà¨ª 

�[x; y] = Arch
�

1� (x; y)
((1 � x2)(1� y2))1=2

�
;

£¤¥ (x; y) | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à®¢ x, y ¨§ B(0; 1). � ª¨¬ ®¡à §®¬, ¯®«ãç¨«¨ ¡¥á-
ª®­¥ç­®¬¥à­ë© ¢ à¨ ­â ¨§¢¥áâ­®© ¨­â¥à¯à¥â æ¨¨ �¥«ìâà ¬¨{�«¥©­  £¥®¬¥âà¨¨ �®¡ ç¥¢áª®£®
([6], á. 48). � ¯à®áâà ­áâ¢¥ (B(0; 1); �) à áá¬®âà¨¬ â ª¨¥ ­¥¢ëà®¦¤¥­­ë¥ ¯¥à¯¥­¤¨ªã«ïà­ë¥ ®â-
à¥§ª¨ [x; y], [a; b], çâ® x = ![a; b]. �®£¤ , ¨á¯®«ì§ãï á®®¡à ¦¥­¨ï á¨¬¬¥âà¨¨ ¨ âà¨£®­®¬¥âà¨î
¯«®áª®áâ¨ �®¡ ç¥¢áª®£®, ­¥âàã¤­® ¯®«ãç¨âì à ¢¥­áâ¢®

sh[�[fa; bg; ��1[y]]] = ch[�[a; b]=2] sh[�[x; y]]:

�«¥¤®¢ â¥«ì­®, ¢ íâ®¬ á«ãç ¥ �[fa; bg; ��1[y]] > �[x; y].
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2. �®ª § â¥«ìáâ¢  ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢

�®ª § â¥«ìáâ¢® «¥¬¬ë 1.
(i) �ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ �[x; u] = D[S; S1], S = fx; yg, S1 = fu; vg. �®£¤  �[fx; yg; fu; vg] =

maxfmax[�[x; v]; �[y; S1]];max[�[y; u]; �[v; S]]g. � áá¬®âà¨¬ ¤¢  á«ãç ï.
1. �á«¨ �[y; u]>�[y; v], â® �[fx; yg; fu; vg]= maxfmax[�[x; v]; �[y; v]]; �[y; u]g=max[�[x; v]; �[y; u]] =

minfmax[�[x; u]; �[y; v]];max[�[x; v]; �[y; u]]g.
2. �á«¨ �[y; u] � �[y; v], â® �[fx; yg; fu; vg] = maxfmax[�[x; v]; �[y; u]];max[�[y; u]; �[v; S]]g =

max[�[x; v]; �[y; u]] = minfmax[�[x; u]; �[y; v]];max[�[x; v]; �[y; u]]g.
(ii) �®ª § â¥«ìáâ¢® ­¥®¡å®¤¨¬®áâ¨ ®ç¥¢¨¤­®.
�®áâ â®ç­®áâì. �ãáâì ¯à®áâà ­áâ¢® X ¬¥âà¨ç¥áª¨ ¢ë¯ãª«®¥ ¨ ¤«ï ®¯à¥¤¥«¥­­®áâ¨ �[x; u] =

D[S; S1], S = fx; yg, S1 = fu; vg. �ë¡¥à¥¬ a 2 ![x; v], b 2 ![y; u], S� = fa; bg. �®£¤  �[S; S�] =
�[S�; S1] = �[S; S1]=2 ¨ ¯à®áâà ­áâ¢® (�2(X); �) ¬¥âà¨ç¥áª¨ ¢ë¯ãª«®¥. �

�®ª § â¥«ìáâ¢® «¥¬¬ë 2.
(i) �ãáâì �[x; u] = D[S; S1], S = fx; yg, S1 = fu; vg. �®£¤  ¢ á¨«ã ãá«®¢¨ï 1 ¨ ãâ¢¥à¦¤¥­¨ï (i)

«¥¬¬ë 1 ¯®«ãç¨¬ �[�[S]; �[S1]] = �[![x; y]; ![u; v]] � �[![x; y]; ![y; v]]+�[![y; v]; ![u; v]] � �[x; v]=2+
�[y; u]=2 � max[�[x; v]; �[y; u]] = minfmax[�[x; u]; �[y; v]];max[�[x; v]; �[y; u]]g = �[S; S1].

� ¤àã£®© áâ®à®­ë, �[S; S1] = minfmax[�[x; u]; �[y; v]];max[�[x; v]; �[y; u]]g = max[�[x; v]; �[y; u]] �
maxf�[x; �[fx; yg]] + �[�[fx; yg]; �[fu; vg]] + �[�[fu; vg]; v]; �[u; �[fu; vg]] + �[�[fu; vg]; �[fx; yg]] +
�[�[fx; yg]; y]g = �[�[S]; �[S1]] + (D[S] + D[S1])=2. �®ª § â¥«ìáâ¢® (ii) áà §ã á«¥¤ã¥â ¨§ (i). �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë.
(i) �ãáâì �[x; u] = D[S; S1] > �[S; S1], S = fx; yg, S1 = fu; vg. �®£¤  ¢ á¨«ã ãâ¢¥à¦¤¥­¨ï (i)

«¥¬¬ë 1 �[fx; yg; fu; vg] = max[�[x; v]; �[y; u]]. �«¥¤®¢ â¥«ì­®, 
[S; S1] = f![x; v]; ![y; u]g.
(ii) �ãáâì �[x; u] = �[S; S1] = D[S; S1], S = fx; yg, S1 = fu; vg. �®£¤  ¢ á¨«ã ãâ¢¥à¦¤¥­¨ï

(i) «¥¬¬ë 1 �[fx; yg; fu; vg] = max[�[x; v]; �[y; u]]. �«¥¤®¢ â¥«ì­®, 
[S; S1] = ff![x; v]; ![y; u]g,
f![x; u]; ![y; v]gg.

(iii) �ãáâì S = fu; vg. � á¨«ã ãá«®¢¨© 1, 2 ­ ©¤ãâáï ¥¤¨­áâ¢¥­­ë¥ â®çª¨ z 2 X ¨ w 2 X
â ª¨¥, çâ® u = ![x; z], v = ![x;w]. �«¥¤®¢ â¥«ì­®, S = 
[x; S1], £¤¥ S1 = fz; wg.

(iv) �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥. �®£¤  ­ ©¤¥âáï 2-á¥âì S2 2 �2(X)nS1 â ª ï, çâ® S1 2 
[S; S2].
�ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ �[x; u] = �[x; v] = �[S; S1] = D[S; S1], S = fx; yg, S1 = fu; vg,
S2 = fa; bg. �®£¤  ¢®§¬®¦­ë ¤¢  á«ãç ï.

�«ãç © 1. �[x; a] = �[x; b] = �[S; S2] = D[S; S2]. �«¥¤®¢ â¥«ì­®, �[x; a] = �[x; u] + �[S1; S2].
�ãáâì �[u; a] = �[S1; S2] (®áâ ¢è¨¥áï á«ãç ¨ á¢®¤ïâáï ª ¤ ­­®¬ã ¨§¬¥­¥­¨¥¬ ®¡®§­ ç¥­¨©). �®£¤ 
�[x; a] = �[x; u] + �[u; a]. �¤¥áì ¢®§¬®¦­ë ¤¢  ¢ à¨ ­â .

1a. �á«¨ �[v; a] � �[S1; S2], â® u = v. �® â®£¤  �[v; b] � �[S1; S2] ¨ a = b. �®«ãç¨«¨ ¯à®â¨¢®à¥-
ç¨¥ á ãá«®¢¨¥¬ 2.

1b. �á«¨ �[v; b] � �[S1; S2], â® �[v; b] = �[S1; S2]. �® â®£¤  ¨«¨ v = ![y; b], ¨«¨ u = ![y; a]. �
®¡®¨å ¢ë¢®¤ å x = y. �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥.

�«ãç © 2. �[y; a] = �[y; b] = �[S; S2] = D[S; S2]. �«¥¤®¢ â¥«ì­®, �[y; a] = �[x; u] + �[S1; S2].
�ãáâì �[u; a] = �[S1; S2]. �®£¤  �[y; a] = �[x; u] + �[u; a]. �¤¥áì ¢®§¬®¦­ë ¤¢  ¢ à¨ ­â .

2a. �á«¨ �[v; a] � �[S1; S2], â® u = v. �® â®£¤  �[v; b] � �[S1; S2] ¨ a = b. �®«ãç¨«¨ ¯à®â¨¢®à¥-
ç¨¥ á ãá«®¢¨¥¬ 2.

2b. �á«¨ �[v; b] � �[S1; S2], â® �[v; b] = �[S1; S2]. �® â®£¤  ¨«¨ v = ![x; b], ¨«¨ u = ![x; a]. �
®¡®¨å ¢ë¢®¤ å x = y. �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥. �

�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï.
(i) �¥âàã¤­® § ¬¥â¨âì, çâ® ¤«ï ª ¦¤®£® S 2 �2(X) �[S;Z[S]] � �[S; �[S]]. �ãáâì S1 2 Z[S],

S = fx; yg. �®£¤  ¨§ ãá«®¢¨ï 1 á«¥¤ã¥â �[S; �[S1]] � �[S; S1]. � á¨«ã ¯à®¨§¢®«ì­®áâ¨ ¢ë¡®à  S1 2
Z[S] �[S;Z[S]] � �[S; �[S]]. � ª¨¬ ®¡à §®¬, �[S;Z[S]] = �[S; �[S]] = D[S]=2. �«ï § ¢¥àè¥­¨ï
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¤®ª § â¥«ìáâ¢  ®áâ «®áì ¨á¯®«ì§®¢ âì á¢®©áâ¢® (i) ¨§ â¥®à¥¬ë ¨ ¯®«®¦¨âì

r[S] = D[S]=2 ¯à¨ S 2 �2(X)n�; r[S] =1 ¯à¨ S 2 �:

(ii) �®«®¦¨¬ t[S] = D[S]=4. �®£¤  �[S1; S2] < D[S]=2 < D[S1; S2] ¨ ®áâ «®áì ¨á¯®«ì§®¢ âì
á¢®©áâ¢® (i) â¥®à¥¬ë. �

�¨â¥à âãà 
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