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�à ¢­¥­¨ï ¢ á¢¥àâª å ­ å®¤ïâ è¨à®ª®¥ ¯à¨¬¥­¥­¨¥ ¢ ¬­®£®ç¨á«¥­­ëå § ¤ ç å ä¨§¨ª¨ ¨
â¥å­¨ª¨ [1]{[3]. �®¤à®¡­ë©  ­ «¨§ ¬¥â®¤®¢ à¥è¥­¨ï ãà ¢­¥­¨© ¢ á¢¥àâª å á®¤¥à¦¨âáï ¢ [1], [2].
�¨¦¥ ¯à¥¤« £ ¥âáï ­¥áª®«ìª® ¨â¥à æ¨®­­ëå ¬¥â®¤®¢.

� áá¬®âà¨¬ ãà ¢­¥­¨¥

�x(t) +
1p
2�

Z b

a
h(t� �)x(�)d� = f(t); a � t � b; (1)

£¤¥ h(t); f(t) 2 L2[a; b]; � � 0; �1 � a < b � 1:

�¡®§­ ç¨¬ ç¥à¥§ Pab ®¯¥à â®à, ®¯à¥¤¥«¥­­ë© ­  ç¨á«®¢®© ®á¨ ¨ ¤¥©áâ¢ãîé¨© ¯® ä®à¬ã«¥

Pabf =

(
f(t); t 2 [a; b];

0; t =2 [a; b]:

�®«ì§ãïáì ®¯¥à â®à®¬ Pab, à á¯à®áâà ­¨¬ ãà ¢­¥­¨¥ (1) ­  ç¨á«®¢ãî ®áì �1 < t <1

�x(t) + Pab

�
1p
2�

Z 1

�1

h(t� �)Pab[x(�)]d�
�
= f�(t); �1 � t � 1; (2)

£¤¥ f�(t) = f(t) ¯à¨ t 2 [a; b], f�(t) = 0 ¯à¨ t =2 [a; b].
�à®¤®«¦¨¬ äã­ªæ¨î h(t) á á¥£¬¥­â  [a�b; b�a] ­  ç¨á«®¢ãî ®áì ¨ ¯®«ãç¥­­ãî ¢ à¥§ã«ìâ â¥

äã­ªæ¨î ®¡®§­ ç¨¬ ç¥à¥§ h�(t).
�¡®§­ ç¨¬ ç¥à¥§ X(!), H�(!), F �(!) ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ äã­ªæ¨© x(t), h�(t), f�(t), ª®â®-

à®¥ ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

X(!) = V (x) =
1p
2�

Z 1

�1
x(t)ei!tdt:

�¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

x(t) = V �1(X(!)) =
1p
2�

Z 1

�1

X(!)e�i!td!:

�ã¤¥¬ £®¢®à¨âì, çâ® ¢ë¯®«­¥­® ãá«®¢¨¥ �, ¥á«¨ ­ ©¤¥âáï â ª®¥ ª®¬¯«¥ªá­®¥ ç¨á«® 
, çâ® j�+
H�(!)� 1



j � 1

j
j
. �âáî¤  á«¥¤ã¥â, çâ® q = sup

�1<!<1
j1�
(�+H�(!))j � 1. �®¤®¡­®¥ ãá«®¢¨¥ ¡ë«®

¨á¯®«ì§®¢ ­® ¢ [4] ¯à¨ ¨áá«¥¤®¢ ­¨¨ ªà ¥¢®© § ¤ ç¨ �¨¬ ­ .
�«ï à¥è¥­¨ï ãà ¢­¥­¨ï (1) ¢®á¯®«ì§ã¥¬áï ¨â¥à æ¨®­­ë¬¨ ¬¥â®¤ ¬¨

xn+1 = xn � 

�
�xn +

1p
2�

Z b

a

h(t� �)xn(�)d� � f(t)
�
; a � t � b; n = 0; 1; : : : ; (3)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©

(£p ­â 94-01-00653).
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¥á«¨ q < 1;

xn+1(t) = �nxn(t) + (1� �n)
�
xn(t)� 


�
�xn(t) +

+
1p
2�

Z b

a

h(t� �)xn(�)d� � f(t)
��
; a � t � b; n = 0; 1; : : : ; (4)

¥á«¨ q = 1.
� ¨â¥à æ¨®­­®¬ ¬¥â®¤¥ (4) ¯à¥¤¯®« £ ¥âáï ¢ë¯®«­¥­¨¥ ãá«®¢¨© 0 < � � �n � � < 1.

�¥®à¥¬  1. �ãáâì ¤«ï äã­ªæ¨¨ h� ¢ë¯®«­¥­® ãá«®¢¨¥ �, ¯à¨ç¥¬ q < 1. �®£¤  ¨â¥à æ¨-

®­­ë© ¯à®æ¥áá (3) áå®¤¨âáï ¯à¨ «î¡®¬ ­ ç «ì­®¬ ¯à¨¡«¨¦¥­¨¨ ª ¥¤¨­áâ¢¥­­®¬ã à¥è¥­¨î

ãà ¢­¥­¨ï (1) á® áª®à®áâìî Aqn.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ® ®¯¥à â®à

Kx � x� 

�
�x+

1p
2�

Z b

a

h(t� �)x(�)d�
�

ï¢«ï¥âáï ®¯¥à â®à®¬ á¦ â¨ï ¢ ¯à®áâà ­áâ¢¥ L2[a; b]. �¥à¥§ x�(t) ®¡®§­ ç¨¬ äã­ªæ¨î x�(t) = x(t)
¯à¨ t 2 [a; b], x�(t) = 0 ¯à¨ t =2 [a; b]. �¥à¥§ X�

ab(!) ®¡®§­ ç¨¬ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ äã­ªæ¨¨
x�(t). �§ ®¯à¥¤¥«¥­¨ï ®¯¥à â®à  Pab á«¥¤ã¥â, çâ® Pabx� = x� ¨ kPabkL2(�1;1) = 1. �§¢¥áâ­® â ª¦¥,
çâ® kV kL2(�1;1) = kV �1kL2(�1;1) = 1. �®£¤ 

kKxkL2[a;b] =



x(t)� 


�
�x(t) +

1p
2�

bZ
a

h(t� �)x(�)d�
�




L2[a;b]
=

=



Pabhx�(t)� 


�
�x�(t) +

1p
2�

Z 1

�1

h�(t� �)Pab[x�(�)]d�
�i




L2(�1;1)
�

�



Pab[x�(t)]� 


�
�Pab[x�(t)] +

1p
2�

Z 1

�1

h�(t� �)Pab[x�(�)]d�
�




L2(�1;1)
=

= kX�
ab(!)� 
(�X�

ab(!) +H�(!)X�
ab(!))kL2(�1;1) �

� sup
!
j1� 
(�+H�(!))j kX�

ab(!)kL2(�1;1) � qkX�
ab(!)kL2(�1;1) =

= qkPabx�(t)kL2(�1;1) = qkx(t)kL2 [a;b]:

�§ íâ®£® ­¥à ¢¥­áâ¢  ¨ â¥®à¥¬ë � ­ å  ® á¦ âëå ®â®¡à ¦¥­¨ïå á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì
â¥®à¥¬ë.

�¥®à¥¬  2. �ãáâì ãà ¢­¥­¨¥ (1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x�(t) ¨ ¤«ï h�(t) ¢ë¯®«­¥­®
ãá«®¢¨¥ A. �®£¤  ¨â¥à æ¨®­­ë© ¯à®æ¥áá (4) áå®¤¨âáï ª x�(t) ¢ ¬¥âà¨ª¥ ¯à®áâà ­áâ¢  L2[a; b].

�à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 2 ¨á¯®«ì§ã¥âáï

�¥®à¥¬  ([5], á. 420{421). �ãáâì U | «¨­¥©­ë© ®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¢ à¥ä«¥ªá¨¢­®¬

¯à®áâà ­áâ¢¥ E ¨ ®¡« ¤ îé¨© á¢®©áâ¢®¬: áãé¥áâ¢ã¥â â ª ï ¯®áâ®ï­­ ï C, çâ® kUnk � C,
n = 0; 1 : : : �®£¤  ¬¥â®¤ ¢¨¤ 

xn+1 = �nx
n + (1� �n)Uxn; 0 < �0 � �n � 1� �1 < 1; n = 0; 1; : : : ;

áå®¤¨âáï ª ­¥¯®¤¢¨¦­®© â®çª¥ ¯à¨ «î¡®¬ x0 2 E.
�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �®¢â®àïï ¢ëª« ¤ª¨, ¯à®¢¥¤¥­­ë¥ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥-

¬ë 1, ¨¬¥¥¬

kKxkL2[a;b] � sup
!
j1� 
(�+H�(!))j kxkL2 [a;b] � kxkL2[a;b]: (5)
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�§ ­¥à ¢¥­áâ¢  (5) á«¥¤ã¥â, çâ® kKkL2[a;b] = 1. �âáî¤  ¨ ¨§ ¯à®æ¨â¨à®¢ ­­®© â¥®à¥¬ë �.�.�¡-
«®¬áª®© á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì â¥®à¥¬ë 2.

� á«ãç ¥, ª®£¤  a = �1 ¨ b =1, ãá«®¢¨ï, ­ « £ ¥¬ë¥ ­  äã­ªæ¨î h(t), ¬®¦­® ®á« ¡¨âì.
� áá¬®âà¨¬ ãà ¢­¥­¨¥

�x(t) +
1p
2�

Z 1

�1

h(t� �)x(�)d� = f(t); � � 0: (6)

�ã¤¥¬ áç¨â âì, çâ® ãá«®¢¨¥ A ¤«ï äã­ªæ¨¨ h(t) ­¥ ¢ë¯®«­ï¥âáï. �ãáâì � + H(!) 6= 0.
�¡®§­ ç¨¬ ç¥à¥§ T0 ¨ TN ¤®áâ â®ç­® ¡®«ìè¨¥ ¯®  ¡á®«îâ­®© ¢¥«¨ç¨­¥ ç¨á« , ¢ë¡®à ª®â®àëå
®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬

� =
h Z T0

�1
jX(!)j2d! +

Z 1

TN

jX(!)j2d!
i1=2

:

�¢¥¤¥¬ á¥£¬¥­âë�k = [Tk�1; Tk], k = 1; 2; : : : ; N , £¤¥ T0 < T1 < � � � < TN , â ª¨¬ ®¡à §®¬, çâ®¡ë
¯à¨ ¨§¬¥­¥­¨¨ ! ¢ á¥£¬¥­â¥ �k (k = 1; 2; : : : ; N) ¯à¨à é¥­¨¥  à£ã¬¥­â  äã­ªæ¨¨ �+H(!) ¡ë«®
¬¥­ìè¥ �. � ¦¤®¬ã á¥£¬¥­âã �k (k = 1; 2; : : : ; N) ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ â ªãî ª®­áâ ­âã

k, ¯à¨ ª®â®à®© §­ ç¥­¨ï äã­ªæ¨© 
k(� + H(!)) ¯à¨ ! 2 �k «¥¦ â ¢­ãâà¨ ¥¤¨­¨ç­®£® ªàã£ 
á æ¥­âà®¬ ¢ â®çª¥ (1; 0). �¡®§­ ç¨¬ ç¥à¥§ Ej(!) (j = 1; 2; : : : ; N) å à ªâ¥à¨áâ¨ç¥áª¨¥ äã­ªæ¨¨
á¥£¬¥­â®¢ �j , j = 1; 2; : : : ; N ,   ç¥à¥§ x�j (t), xoj(t), fj(t) | ¯à®®¡à §ë äã­ªæ¨© Ej(!)X�(!),
Ej(!)X0(!), Ej(!)F (!) á®®â¢¥âáâ¢¥­­®.

�«ï ­ å®¦¤¥­¨ï äã­ªæ¨¨ x�(t) ¨á¯®«ì§ã¥¬ ¨â¥à æ¨®­­ë© ¯à®æ¥áá

xn+1;j(t) = xn;j(t)� 
j
�
�xn;j +

1p
2�

Z 1

�1

h(t� �)xn;j(�)d� � fj(t)
�
; (7)

j = 1; 2; : : : ; N , n = 0; 1; : : :
�¯à¥¤¥«¨¬ xn+1(t) ¨§ ¢ëà ¦¥­¨ï

xn+1(t) =
NX
j=1

xn+1;j(t): (8)

�¥®à¥¬  3. �ãáâì ãà ¢­¥­¨¥ (6) ¨¬¥¥â à¥è¥­¨¥ x�(t). �®£¤  ¯®á«¥¤®¢ â¥«ì­ë¥ ¯à¨¡«¨¦¥-

­¨ï xn+1(t) áå®¤ïâáï ¨ á¯à ¢¥¤«¨¢  ®æ¥­ª 

kx�(t)� xn+1(t)kL2
� A(qn) + �;

£¤¥ q = max qi, qi = sup
!2�i

j1� 
i(�+H(!))j, 1 � i � N .

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ áå®¤¨¬®áâì ¨â¥à æ¨®­­®£® ¯à®æ¥áá  (7){(8). � ª ª ª à¥è¥­¨¥
x�(t) ãà ¢­¥­¨ï (6) ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã L2, â® ¤«ï «î¡®£® � > 0 ­ ©¤¥âáï â ª ï ª®­áâ ­â 
T , ¯à¨ ª®â®à®© Z �T

�1

jX�(!)j2d! +
Z 1

T

jX�(!)j2d! < �2:

�®§ì¬¥¬ ¢ ª ç¥áâ¢¥ ­ ç «ì­®£® ¯à¨¡«¨¦¥­¨ï äã­ªæ¨î x0(t) á ä¨­¨â­ë¬ á¯¥ªâà®¬, á®áà¥¤®â®-
ç¥­­ë¬ ­  á¥£¬¥­â¥ [�T; T ].

�®¢â®àïï à ááã¦¤¥­¨ï, ¯à®¢¥¤¥­­ë¥ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, ã¡¥¦¤ ¥¬áï, çâ®
xn+1;j(t) ! x�j (t). � ª¨¬ ®¡à §®¬, ¯®á«¥¤®¢ â¥«ì­®áâì xn+1(t), ®¯à¥¤¥«ï¥¬ ï ¢ëà ¦¥­¨¥¬ (8),
áå®¤¨âáï ª äã­ªæ¨¨ x�(t) ¯à¨ n ! 1 ¨ T ! 1. �æ¥­ª  ¯®£à¥è­®áâ¨ ¨â¥à æ¨®­­®© áå¥¬ë
(7){(8) ¬®¦¥â ¡ëâì ¯®«ãç¥­  ¯®¢â®à¥­¨¥¬ ¢ëª« ¤®ª, ¯à®¢¥¤¥­­ëå ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥-
¬ë 1.
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�¡®á­®¢ ­¨¥ ¨§«®¦¥­­ëå ¢ëè¥ ¨â¥à æ¨®­­ëå ¬¥â®¤®¢ § ª«îç «®áì ¢ \¯¥à¥å®¤¥" ¢ á¯¥ª-
âà «ì­ãî ®¡« áâì. �¥â®¤, ®á­®¢ ­­ë© ­  ¢ë¯®«­¥­¨¨ ¨â¥à æ¨© ¢ á¯¥ªâà «ì­®© ®¡« áâ¨, ®ª -
§ë¢ ¥âáï çà¥§¢ëç ©­® íää¥ªâ¨¢­ë¬ ¨ ¯à®áâë¬ ¢ à¥ «¨§ æ¨¨.

� áá¬®âà¨¬ ãà ¢­¥­¨¥ (6). �à¨¬¥­¨¢ ª ­¥¬ã ¯à¥®¡à §®¢ ­¨¥ �ãàì¥, ¨¬¥¥¬

(�+H(!))X(!) = F (!):

�¢¥¤¥¬ á¥âªã ã§«®¢ !k = �A+kA=N , k = 0; 1; : : : ; 2N , £¤¥ A| ¤®áâ â®ç­® ¡®«ìè®¥ ç¨á«®. �ãáâì
�+H(!k) 6= 0, k = 0; 1; : : : ; 2N .

� áá¬®âà¨¬ ¨â¥à æ¨®­­ë© ¯à®æ¥áá

Xn+1(!k) = Xn(!k)� 
k((�+H(!k))Xn(!k)� F (!k)); (9)

k = 0; 1; : : : ; 2N , n = 0; 1; : : : , £¤¥ 
k ¯®¤¡¨à ¥âáï ¨§ âà¥¡®¢ ­¨ï, çâ®¡ë qk = j1� 
k(�+H(!k))j �
1=2, k = 0; 1; : : : ; 2N . �à¨ ­ « £ ¥¬ëå ­  äã­ªæ¨î �+H(!k) ãá«®¢¨ïå íâ® ¢á¥£¤  ¢®§¬®¦­®.

�¥âàã¤­® ¢¨¤¥âì, çâ® ¯à¨ ª ¦¤®¬ k (k = 0; 1; : : : ; 2N) ¨â¥à æ¨¨ (9) áå®¤ïâáï á® áª®à®áâìî
Aqnk . � â¥¬ ¯® ª¢ ¤à âãà­ë¬ ä®à¬ã« ¬ ¯à¥®¡à §®¢ ­¨ï �ãàì¥ ­ å®¤¨¬ äã­ªæ¨î x(t).

�áá«¥¤ã¥¬ ¯®£à¥è­®áâì, ª®â®à ï ¢®§­¨ª ¥â ¯à¨ ç¨á«¥­­®© à¥ «¨§ æ¨¨ ¯à¥¤«®¦¥­­ëå ¢ë-
ç¨á«¨â¥«ì­ëå áå¥¬.

�­ ç «¥ ®áâ ­®¢¨¬áï ­  à¥è¥­¨¨ ãà ¢­¥­¨ï (1) ¯® ¢ëç¨á«¨â¥«ì­®© áå¥¬¥ (3). �áá«¥¤ã¥¬

¢¥«¨ç¨­ã ¯®£à¥è­®áâ¨, ª®â®à ï ®¡ãá«®¢«¥­  ¤¨áªà¥â¨§ æ¨¥© ¨­â¥£à « 
bR
a

h(t � �)x(�)d� . �«ï

¯à®áâ®âë ¤ «ì­¥©è¨å ¢ëª« ¤®ª ¡ã¤¥¬ à áá¬ âà¨¢ âì ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥

Kx � �x(t) +
1p
2�

Z 1

�1

h(t� �)x(�)d� = f(t); �1 � t � 1; (10)

á ­¥¯à¥àë¢­®© äã­ªæ¨¥© h(t).
�ã¤¥¬ ¨áª âì ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (10) ¢ ¢¨¤¥ ¯®«¨­®¬ 

xn(t) =
nX

k=1

xk k(t);

£¤¥ xk | ­¥¨§¢¥áâ­ë¥ ª®íää¨æ¨¥­âë,    k(t) | äã­¤ ¬¥­â «ì­ë¥ ¯®«¨­®¬ë ¯® ã§« ¬ zk,
k = 1; 2; : : : ; n, ¯®«¨­®¬  �¥¦ ­¤à  Ln(t). �¡®§­ ç¨¬ ç¥à¥§ P t

n ®¯¥à â®à ¯à®¥ªâ¨à®¢ ­¨ï ­ 
¬­®¦¥áâ¢® ¨­â¥à¯®«ïæ¨®­­ëå ¯®«¨­®¬®¢ áâ¥¯¥­¨ n� 1 ¯® ã§« ¬ zk, k = 1; 2; : : : ; n, ¯® ¯¥à¥¬¥­-
­®© t.

�à ¢­¥­¨¥ (10)  ¯¯à®ªá¨¬¨àã¥âáï á¨áâ¥¬®© «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

�xk +
1p
2�

nX
l=1

anlhn(zk � zl)xl = f(zk); (11)

k = 1; 2; : : : ; n, £¤¥

akl =
2

1� z2l

1
L0n(zl)2

; hn(t) = P t
nh(t):

� ®¯¥à â®à­®© ä®à¬¥ á¨áâ¥¬  ãà ¢­¥­¨© (11) ¨¬¥¥â ¢¨¤

Knxn = �xn +
1p
2�
P t
n

h Z 1

�1

P �
n [hn(t� �)xn(�)]d�

i
= P t

n[f(t)]: (12)

�à ¢­¥­¨¥ (12) íª¢¨¢ «¥­â­® á«¥¤ãîé¥¬ã

Knxn = �xn +
1p
2�

Z 1

�1

hn(t� �)xn(�)d� = fn(t); (13)

£¤¥ fn(t) = P t
n[f(t)].
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�ãáâì ¢ ¯à®áâà ­áâ¢¥ C[�1; 1] ­¥¯à¥àë¢­ëå äã­ªæ¨© á ­®à¬®© kx(t)k = max
�1�t�1

jx(t)j ®¯¥à â®à
K ­¥¯à¥àë¢­® ®¡à â¨¬. �ãáâì äã­ªæ¨¨ h(t) ¨ f(t) ¯à¨­ ¤«¥¦ â ¯à®áâà ­áâ¢ã W r(1), â.¥. ¨¬¥îâ
­¥¯à¥àë¢­ë¥ ¯à®¨§¢®¤­ë¥ ¤® r � 1 ¯®àï¤ª  ¨ ªãá®ç­®-­¥¯à¥àë¢­ãî ¯à®¨§¢®¤­ãî r ¯®àï¤ª , á
­®à¬®©, à ¢­®© ¥¤¨­¨æ¥. �§ ®¡é¥© â¥®à¨¨ ¯à¨¡«¨¦¥­­ëå ¬¥â®¤®¢  ­ «¨§  [6], [7] ¨ ª®­áâàãª-
â¨¢­®© â¥®à¨¨ äã­ªæ¨© [8] á«¥¤ã¥â, çâ® ¯à¨ n, ¤«ï ª®â®àëå q = AkK�1kn�r+1=2 < 1, á¨áâ¥¬ 
ãà ¢­¥­¨© (12) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x�n(t) ¨ á¯à ¢¥¤«¨¢  ®æ¥­ª 

kx� � x�n(t)k � AkK�1kn�r+1=2;
£¤¥ x� | à¥è¥­¨¥ ãà ¢­¥­¨ï (10), A | ¯®áâ®ï­­ ï, ­¥ § ¢¨áïé ï ®â n.

�¡®§­ ç¨¬ ç¥à¥§ h�n(t) äã­ªæ¨î, ï¢«ïîéãîáï ¯à®¤®«¦¥­¨¥¬ á á¥£¬¥­â  [�2; 2] ­  ç¨á«®¢ãî
®áì äã­ªæ¨¨ hn(t), ¯à¨ç¥¬ ¯à®¤®«¦¥­¨¥ ®áãé¥áâ¢«ï¥âáï â®ç­® ¯® â ª®¬ã ¦¥  «£®à¨â¬ã, ¯®
ª®â®à®¬ã à ­¥¥ äã­ªæ¨ï h(t) ¡ë«  ¯à®¤®«¦¥­  ¤® h�(t). (� ª ç¥áâ¢¥ ®¤­®£® ¨§ ¢ à¨ ­â®¢ ¬®¦­®
¯à¥¤¯®«®¦¨âì, çâ® äã­ªæ¨¨ h�(t) ¨ h�n(t) à ¢­ë ­ã«î ¢­¥ á¥£¬¥­â  [�2; 2].)

�¡®§­ ç¨¬ ç¥à¥§ H�
n(!) ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ äã­ªæ¨¨ h

�
n(t): �®£¤ 

jH�
n(!)�H�(!)j =

��� 1p
2�

Z 1

�1

(h�(t)� h�n(t))e
i!tdt

��� � An�r+1=2:

�®íâ®¬ã ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å n ¤«ï á¨áâ¥¬ë ãà ¢­¥­¨© (12) ¢ë¯®«­ï¥âáï ãá«®¢¨¥ � á ª®­-
áâ ­â®© q1, ã¤®¢«¥â¢®àïîé¥© ­¥à ¢¥­áâ¢ã jq1 � qj � An�r+1=2.

�â ª, à¥è ï á¨áâ¥¬ã (12) (¨«¨, çâ® íª¢¨¢ «¥­â­®, ãà ¢­¥­¨¥ (13)) ¨â¥à æ¨®­­ë¬ ¬¥â®¤®¬
(3) ¨ ®£à ­¨ç¨¢ ïáìm ¨â¥à æ¨ï¬¨, ¨¬¥¥¬ kx�(t)�xmn (t)k � A(n�r+1=2+qm1 ), £¤¥ x

�(t) | à¥è¥­¨¥
ãà ¢­¥­¨ï (10), xmn (t) | §­ ç¥­¨¥m-© ¨â¥à æ¨¨ à¥è¥­¨ï ãà ¢­¥­¨ï (13) ¯® ¨â¥à æ¨®­­®© áå¥¬¥
(3).

�áá«¥¤ã¥¬ â¥¯¥àì ¯®£à¥è­®áâì à¥ «¨§ æ¨¨ ¢ëç¨á«¨â¥«ì­®© áå¥¬ë (9). �â  ¯®£à¥è­®áâì ¨¬¥-
¥â âà¨ á®áâ ¢«ïîé¨¥: 1) ¯®£à¥è­®áâì ¢ëç¨á«¥­¨ï ¯àï¬®£® ¯à¥®¡à §®¢ ­¨ï �ãàì¥ äã­ªæ¨© h(t)
¨ f(t) ­  á¥âª¥ !k, k = 0; 1; : : : ;M ; 2) ¯®£à¥è­®áâì ¢ëç¨á«¥­¨© ¯® ¨â¥à æ¨®­­®© áå¥¬¥ (9); 3) ¯®-
£à¥è­®áâì ¢ëç¨á«¥­¨ï ®¡à â­®£® ¯à¥®¡à §®¢ ­¨ï �ãàì¥ äã­ªæ¨¨ Xn(!).

�æ¥­¨¬ ª ¦¤ãî ¨§ íâ¨å á®áâ ¢«ïîé¨å ¢ ®â¤¥«ì­®áâ¨. �£à ­¨ç¨¬áï á«ãç ¥¬, ª®£¤  äã­ªæ¨¨
h(t) ¨ f(t) ä¨­¨â­ë á ­®á¨â¥«¥¬ [�T; T ] ¨ ¯à¨­ ¤«¥¦ â ª« ááã W r(1). �® [9], [10] ¢ íâ®¬ á«ã-
ç ¥ ¢ëç¨á«¥­¨¥ ¯à¥®¡à §®¢ ­¨ï �ãàì¥ ¯® ª¢ ¤à âãà­ë¬ ä®à¬ã« ¬, ¨á¯®«ì§ãîé¨¬ §­ ç¥­¨ï
äã­ªæ¨© h(t) ¨ f(t) ¢ N â®çª å, ¨¬¥¥â ¯®£à¥è­®áâì AN�r.

�®£à¥è­®áâì ¢ëç¨á«¥­¨ï ¯® ¨â¥à æ¨®­­®© áå¥¬¥ (9) áª« ¤ë¢ ¥âáï ¨§ ¤¢ãå á®áâ ¢«ïîé¨å:
¯®£à¥è­®áâ¨, ®¡ãá«®¢«¥­­®© ¢ëå®¤®¬ ¨§ æ¨ª«  ­  n-© ¨â¥à æ¨¨, ¨ ¯®£à¥è­®áâ¨, ®¡ãá«®¢«¥­­®©
­¥â®ç­ë¬¨ §­ ç¥­¨ï¬¨ F (!k) ¨ H(!k). �ç¨âë¢ ï, çâ® ª®­áâ ­â  
k ¯à¨ ª ¦¤®¬ !k ¢ë¡à ­  â ª,
çâ® qk � 1=2,   §­ ç¥­¨ï F (!k) ¨ H(!k) ¢ëç¨á«¥­ë á â®ç­®áâìî AN�r, ã¡¥¦¤ ¥¬áï, ¨á¯®«ì§ãï
à¥§ã«ìâ âë ¨áá«¥¤®¢ ­¨ï áå®¤¨¬®áâ¨ ¨â¥à æ¨®­­ëå ¯à®æ¥áá®¢ á ­¥â®ç­® § ¤ ­­ë¬¨ ¯ à ¬¥-
âà ¬¨ [11], çâ® ¯®£à¥è­®áâì ­¥¯®áà¥¤áâ¢¥­­®© à¥ «¨§ æ¨¨ ¨â¥à æ¨© (9) ®æ¥­¨¢ ¥âáï ¢¥«¨ç¨­®©
�1 = A(N�r + 2�n), £¤¥ n | ­®¬¥à ¨â¥à æ¨¨, ¯à¨ ª®â®à®© ®áãé¥áâ¢«ï¥âáï ¢ëå®¤ ¨§ æ¨ª«  (9).

�®£à¥è­®áâì ¢®ááâ ­®¢«¥­¨ï à¥è¥­¨ï x(t) ¯® ¢ëç¨á«¥­­ë¬ §­ ç¥­¨ï¬Xn(!k) | íâ® ¯®£à¥è-
­®áâì ¢ëç¨á«¥­¨ï ®¡à â­®£® ¯à¥®¡à §®¢ ­¨ï �ãàì¥ ¯® ª¢ ¤à âãà­ë¬ ä®à¬ã« ¬, ¨á¯®«ì§ãîé¨¬
¢ëç¨á«¥­­ë¥ á â®ç­®áâìî �1 §­ ç¥­¨ï äã­ªæ¨¨ X(!) ¢ ã§« å !k.

�®§ì¬¥¬ ¢ ª ç¥áâ¢¥ ã§«®¢ !k, k = 1; 2; : : : ;M , ®¡à §ë ª®à­¥© ¯®«¨­®¬®¢ �¥¦ ­¤àa áâ¥¯¥­¨
M ¯à¨ «¨­¥©­®¬ ®â®¡à ¦¥­¨¨ á¥£¬¥­â  [�1; 1] ­  [�D;D], £¤¥ D | ¤®áâ â®ç­® ¡®«ìè®¥ ç¨á«®.

�®£à¥è­®áâì ¯à¨¬¥­¥­¨ï ®¡à â­®£® ¯à¥®¡à §®¢ ­¨ï �ãàì¥ ¯à¨ íâ¨å ãá«®¢¨ïå ®æ¥­¨¢ ¥âáï
¢¥«¨ç¨­®© �2 = (AN�r + 2�n)�M +AM�r, £¤¥ �M = AM 1=2 | ª®­áâ ­â  �¥¡¥£  ¤«ï ¯®«¨­®¬®¢
�¥¦ ­¤à .

�®¡¨à ï ¯®«ãç¥­­ë¥ ®æ¥­ª¨, ã¡¥¦¤ ¥¬áï, çâ® ¯®£à¥è­®áâì à¥è¥­¨ï ãà ¢­¥­¨ï ¢ á¢¥àâª å
¯® ¨â¥à æ¨®­­®© áå¥¬¥ (9) ­¥ ¯à¥¢®áå®¤¨â ¢¥«¨ç¨­ë A(N�rM 1=2 +M�r + 2�nM 1=2), £¤¥ N , M ,
n ®¯¨á ­ë ¢ëè¥.
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� ¬¥ç ­¨¥. �à¨¢¥¤¥­­ë¥ ¢ëè¥ ¨â¥à æ¨®­­ë¥ áå¥¬ë ¯à¨¬¥­¨¬ë ª ¯à¨¡«¨¦¥­­®¬ã à¥è¥-
­¨î ãà ¢­¥­¨©, ã ª®â®àëå ¨§¢¥áâ­  «®ª «¨§ æ¨ï á¯¥ªâà . � ç áâ­®áâ¨, ®­¨ ¯à¨¬¥­¨¬ë ª ¤¨ä-
ä¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ ¨ ª á¨áâ¥¬ ¬ «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©.

� áá¬®âà¨¬ ­¥áª®«ìª® ¬®¤¥«ì­ëå ¯à¨¬¥à®¢, ¨««îáâà¨àãîé¨å íää¥ªâ¨¢­®áâì ¨§«®¦¥­­ëå
¢ëè¥ ¨â¥à æ¨®­­ëå áå¥¬. �à¥¦¤¥ ¢á¥£® ®â¬¥â¨¬, çâ®  ­ «¨§ ¨§¢¥áâ­ëå ¨â¥à æ¨®­­ëå ¬¥â®¤®¢
¯®ª §ë¢ ¥â, çâ® ª ¯à¥¤« £ ¥¬ë¬ ãà ¢­¥­¨ï¬, ª®â®àë¥ ¤«ï ªà âª®áâ¨ ®¡®§­ ç¨¬ Kx = f , ¯à¨-
¬¥­¨¬  «¨èì ¨â¥à æ¨®­­ ï áå¥¬  xn+1 = (1 + �)xn + �(K�Kxn �K�f), £¤¥ � ¨ � | ª®­áâ ­âë,
�; � > 0.

�à¨¬¥­¥­¨¥ íâ®© ¨â¥à æ¨®­­®© áå¥¬ë âà¥¡ã¥â ã¬­®¦¥­¨ï ­  á®¯àï¦¥­­ë© ®¯¥à â®à K�.
�à®¬¥ â®£®, ¢¢¥¤¥­¨¥ à¥£ã«ïà¨§ãîé¥£® ¯ à ¬¥âà  � ¢­®á¨â ¯®£à¥è­®áâì ¯®àï¤ª , ­¥ ¬¥­ìè¥£®
A�. �â¨ ®¡áâ®ïâ¥«ìáâ¢  ¤¥« îâ ¯à¥¤« £ ¥¬ë¥ ¢ à ¡®â¥ ¨â¥à æ¨®­­ë¥ áå¥¬ë ¡®«¥¥ ¯à¥¤¯®çâ¨-
â¥«ì­ë¬¨.

�à¨¬¥à 1. � áá¬®âà¨¬ ãà ¢­¥­¨¥

�x(t)� �

Z 1

�1

g(t� �)x(�)d� = f(t); (14)

£¤¥ 0 � � � 1,

g(t) =

8>><
>>:
t; 0 � t � 1;

2� t; 1 � t � 2;

0; t =2 [0; 2];

f(t) =

8>>>><
>>>>:

�� �t2=2; 0 � t � 1;

�t2 � 3�t+ 1; 5�; 0 � t � 2;

��t2=2 + 3t� � 4; 5�; 2 � t � 3;

0; t =2 [0; 3]:

�¥âàã¤­® ¢¨¤¥âì, çâ® à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï ¡ã¤¥â äã­ªæ¨ï

x(t) =

(
1; 0 � t � 1;

0; t =2 [0; 1]:

�à¥®¡à §®¢ ­¨¥ �ãàì¥ äã­ªæ¨¨ g(t) à ¢­®

G(!) =
1p
2�

sin!
!

� ip
2�

1
!
(cos! + 1);

¨, á«¥¤®¢ â¥«ì­®, äã­ªæ¨ï ���p2�G(!) ¯à¨ � > 0, � > � ¯à¨­¨¬ ¥â §­ ç¥­¨ï ¢® ¢á¥å ç¥âëà¥å
®ªâ ­â å, ¯à¨ç¥¬ ¯à¨ ¨§¬¥­¥­¨¨ ! ¢ ¯à¥¤¥« å ®â �1 ¤® 1 §­ ç¥­¨¥ äã­ªæ¨¨ � � �

p
2�G(!)

¡¥áª®­¥ç­®¥ ç¨á«® à § ¯à®¡¥£ ¥â ª ¦¤ë© ®ªâ ­â. �à¨¬¥­¥­¨¥ ¨â¥à æ¨®­­®© áå¥¬ë (7){(8) ª
¤ ­­®¬ã ¯à¨¬¥àã âà¥¡ã¥â ¢¢¥¤¥­¨ï ¡®«ìè®£® ç¨á«  á¥£¬¥­â®¢ �k, çâ® ãá«®¦­ï¥â ¯à®£à ¬¬ã.
�®íâ®¬ã ¤«ï à¥è¥­¨ï ¤ ­­®£® ãà ¢­¥­¨ï ¡®«¥¥ ¯à¥¤¯®çâ¨â¥«ì­®© ï¢«ï¥âáï ¨â¥à æ¨®­­ ï áå¥-
¬  (9). �¥§ã«ìâ âë ¢ëç¨á«¥­¨© ¯® ¨â¥à æ¨®­­®© áå¥¬¥ (9) ¯à¨¢¥¤¥­ë ¢ â ¡«¨æ¥. �®¤ áà¥¤­¥©
¯®£à¥è­®áâìî §¤¥áì ¯®­¨¬ ¥âáï

�áà =
1
N

NX
k=1

jx�(tk)� ~x(tk)j;

£¤¥ tk, k = 0; 1; : : : ; N; | ã§«ë ¤¨áªà¥â¨§ æ¨¨, x�(t) | â®ç­®¥ à¥è¥­¨¥ á®®â¢¥âáâ¢ãîé¥£® ãà ¢-
­¥­¨ï, ~x(t) | ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ íâ®£® ¦¥ ãà ¢­¥­¨ï, ¯®«ãç¥­­®¥ ¨â¥à æ¨®­­ë¬ ¬¥â®¤®¬.
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� ¡«¨æ 

�à ¢­¥­¨¥ �â¥à æ¨®­­ ï � � �¨á«® �¨á«® �à¥¤­ïï
áå¥¬  ¨â¥à æ¨© ã§«®¢ ¯®£à¥è­®áâì

14 (9) 0 10 10 60 0,091723
20 60 0,014428
50 60 0,008137

1 20 10 60 0,011856
20 60 0,009314
50 60 0,002017

15 (7){(8) 20 10 120 0,006805
20 120 0,001732
50 120 0,000806

�20 10 120 0,092216
20 120 0,050987
50 120 0,001630

15 (9) 20 10 120 0,003471
20 120 0,000984
50 120 0,000871

�20 10 120 0,069211
20 120 0,041729
50 120 0,000532

�à¨¬¥à 2. � áá¬®âà¨¬ ãà ¢­¥­¨¥

x(t) + �

Z 1

�1

e�jt�sjx(s)ds = f(t); �1 < t <1; (15)

£¤¥ f(t) = e�jtj + �f1(t),

f1(t) =

(
et � tet; �1 < t � 0;

e�t + te�t; 0 � t <1:

�à ¢­¥­¨¥ (15) ¨áá«¥¤®¢ «®áì ¢ ([1], á. 48{49). �¥è¥­¨¥¬ ãà ¢­¥­¨ï (15) ï¢«ï¥âáï äã­ªæ¨ï

x(t) = e�jtj. �à¥®¡à §®¢ ­¨¥ �ãàì¥ äã­ªæ¨¨ �e�jtj à ¢­® [1] �

r
2
�

1
!2 + 1

,   ¯à¥®¡à §®¢ ­¨¥ �ãàì¥

äã­ªæ¨¨ f(t) à ¢­®

F (!) =

r
2
�

!2 � a2

(!2 + 1)2
;

£¤¥ a2 = �1� 2�. �«¥¤®¢ â¥«ì­® [1], ãà ¢­¥­¨¥ (15) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ¯à¨ «î¡®¬ �.
�ãáâì ¢­ ç «¥ � 2 [�1=2; !). � íâ®¬ á«ãç ¥ äã­ªæ¨ï H(!) = (!2+1+2�)=(!2+1) ¯à¨ ¨§¬¥-

­¥­¨¨ §­ ç¥­¨© ! ¢ ¯à¥¤¥« å ®â �1 ¤® 1 ¯à¨­¨¬ ¥â ­¥®âà¨æ â¥«ì­ë¥ §­ ç¥­¨ï ¨§ ¨­â¥à¢ « 
(1; 1 + 2�).

�à¨¬¥­¨¬ ª à¥è¥­¨î ãà ¢­¥­¨ï (15) ¯à¨ � = 20 ¨â¥à æ¨®­­ãî áå¥¬ã (7){(8), £¤¥ 
 = 0; 04.
� â ¡«¨æ¥ ¯à¨¢¥¤¥­ë à¥§ã«ìâ âë áç¥â  ¨ à¥§ã«ìâ âë à¥è¥­¨ï ãà ¢­¥­¨ï (15) ¯® ¨â¥à æ¨®­­®©
áå¥¬¥ (9).

�ãáâì â¥¯¥àì � 2 (�1;�1=2). �®£¤  äã­ªæ¨ï H(!) ¯à¨­¨¬ ¥â §­ ç¥­¨ï ¨§ ç¥âëà¥å ®ªâ ­-
â®¢. �«ï à¥è¥­¨ï ãà ¢­¥­¨ï (15) ¯à¨ � = �20 ¢ íâ®¬ á«ãç ¥ ¯à¨¬¥­¨¬  ¨â¥à æ¨®­­ ï áå¥¬ 
(7){(8), £¤¥ �1 = [�20;�p39], �2 = [�p39; 0], �3 = [0;

p
39], �4 = [

p
39; 20], 
1 = 1, 
2 = �0; 04,


3 = �0; 04, 
4 = 1. � â ¡«¨æ¥ ¯à¨¢¥¤¥­ë à¥§ã«ìâ âë áç¥â  ¨ à¥§ã«ìâ âë à¥è¥­¨ï ãà ¢­¥­¨ï
(15) ¯® ¨â¥à æ¨®­­®© áå¥¬¥ (9).
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