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�ãâà¥¨© ª®ä®à¬ë© à ¤¨ãá R(D; b) ®¤®á¢ï§®© ®¡« áâ¨ D   ª®¬¯«¥ªá®© ¯«®áª®áâ¨
z ¢ â®çª¥ b 2 D ¯à¥¤áâ ¢«ï¥â á®¡®© à ¤¨ãá ªàã£ , ª®â®àë© ª®ä®à¬® íª¢¨¢ «¥â¥ ®¡« áâ¨ D
á ãá¨«¥¨¥¬ ®à¬¨à®¢ª¨ ¢ â¥®à¥¬¥ �¨¬  . �¬¥®, ®¡®§ ç¨¢ ®â®¡à ¦ îéãî äãªæ¨î ç¥à¥§
� = FR(z), ¡ã¤¥¬ ¨¬¥âì

FR(b) = 0; F 0

R(b) = 1; R(D; b) = jFR(t)j; t 2 @D:

�à¨ ®â®¡à ¦¥¨¨ � = F(z)   ¥¤¨¨çë© ªàã£ E = f� : j�j < 1g á ®¡ëç®© ®à¬¨à®¢ª®©
F(b) = 0, argF 0(b) = � ¬®¦® § ¯¨á âì R(D; b) = 1=jF 0(b)j, â. ª. FR(z) = F(z)=F 0(b), ¨ ¯®íâ®¬ã
jFR(t)j = jF(t)=F 0(b)j = 1=jF 0(b)j ¯à¨ t 2 @D. �¥à¥§ ®¡à âãî äãªæ¨î

z = F�1(�) = f

�
� + a

1 + a�

�
;

®â®¡à ¦ îéãî ªàã£ E   ®¡« áâì D â ª, çâ® 0 7! a 7! f(a) = b, ¯®«ãç¨¬

R(D; b) = jF 0(b)j�1 = j(F�1)0(0)j = jf 0(a)j(1 � jaj2) = R(f(E); f(a)); b = f(a); D = f(E):

� áâ âì¥ ¨§ãç¥® «®ª «ì®¥ ¯®¢¥¤¥¨¥ ¯®¢¥àå®áâ¨ ¢ãâà¥¥£® ª®ä®à¬®£® à ¤¨ãá   ¤
ªàã£®¬ ¨  ¤ ®¡« áâìî D ¨ á¤¥« ë ¢ë¢®¤ë ® áâàãªâãà¥ ¯®¢¥àå®áâ¨ ª®ä®à¬®£® à ¤¨ãá 
R(D; b) ¨ ¯®¢¥àå®áâ¨ ¤«ï ¯«®â®áâ¨ £¨¯¥à¡®«¨ç¥áª®© ¬¥âà¨ª¨ �(D; b) = 1=R(D; b) ¢ ¥ª®â®-
àëå ¯®¤ª« áá å ®¡« áâ¥© D. �¥®à¥¬ë 1{3 ¤®¯®«ïîâ ¨§¢¥áâë¥ íää¥ªâë¥ à¥§ã«ìâ âë ¨§ [1],
[2], [3] ® £«®¡ «ì®© áâàãªâãà¥ ¯®¢¥àå®áâ¨ ª®ä®à¬®£® à ¤¨ãá , áãé¥áâ¢® ª®â®àëå á®áâ®¨â ¢
á«¥¤ãîé¨å å à ªâ¥à¨§ æ¨ïå:

1�. ! = R(D; z) | ãà ¢¥¨¥ ¢ë¯ãª«®© ¢¢¥àå ¯®¢¥àå®áâ¨ (1 =2 D), D|¢ë¯ãª« ï ®¡« áâì;
2�. ! = R(D; z) | ãà ¢¥¨¥ ¢ë¯ãª«®© ¢¨§ ¯®¢¥àå®áâ¨ (1 2 D) , C n D | ¢ë¯ãª« ï

®¡« áâì.
�§ ¥áª®«ìª® ¨§¬¥¥®£® ®¡®á®¢ ¨ï å à ªâ¥à¨§ æ¨¨ 1� ¨§ [2] ¢ë¤¥«¥  ¢ â¥®à¥¬¥ 4 íª¢¨-

¢ «¥â®áâì âà¥å á®®â®è¥¨©:

Re �
f 00(�)
f 0(�)

� �1; � 2 E; (1.1)

1
2
(1� j�j2)2jff(�); �gj � 1�

1
4

����f 00(�)f 0(�)
(1� j�j2)� 2�

����
2

; � 2 E; (1.2)

¯®¢¥àå®áâì á ãà ¢¥¨¥¬ ! = R(f(E); z) ¢ë¯ãª«  ¢¢¥àå. (1.3)

�ë¯ãª«®áâì ¢¢¥àå ¯®¢¥àå®áâ¨ ª®ä®à¬®£® à ¤¨ãá  ! = R(f(E); f(�))  ¤ ªàã£®¬ E ¯à¨¢®¤¨â
ª ¢ë¯ãª«®áâ¨ ®¡« áâ¨ D = f(E) (â¥®à¥¬  5), å®âï ®¡à â®¥ ãâ¢¥à¦¤¥¨¥ ¥¢¥à®.
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1. � [4] ®¡®á®¢ ® «®ª «ì®¥ ¯®¢¥¤¥¨¥ ª®ä®à¬®£® à ¤¨ãá  ®¤®á¢ï§®© ®¡« áâ¨ f(E)
 ¤ ªàã£®¬ E. �¬¥®,

R(D; z) = R(f(E); f(�)) def= R1(�) = R1(a+ �ei�) = R1(a)(1 + b1�+ b2�
2 +O(�3)); (2)

£¤¥

b1 = ReB1; B1 =
�
f 00(a)
f 0(a)

�
2a

1� jaj2

�
ei�; (3)

b2 =
1
2
Re

��
f 000(a)
f 0(a)

�

�
f 00(a)
f 0(a)

�2�
ei2�

�
+

+
1
2

�
Re

�
f 00(a)
f 0(a)

ei�
��2

�Re
�
f 00(a)
f 0(a)

ei�
�
2Re(aei�)
1� jaj2

�
1

1� jaj2
: (4)

� à §«®¦¥¨î (2) ¬®¦® ¯à¨¤â¨ á ¯®¬®éìî ¯à¥¤áâ ¢«¥¨ï ¢ ªàã£¥ E

R1(�) = R1(a+�ei�) = R1(a)+
�
@R1

@�
ei�+

@R1

@�
e�i�

�����
�=a

�+
1
2

�
@2R1

@�2
ei2�+2

@2R1

@�@�
+
@2R1

@�
2 e�i2�

�����
�=a

�2+

+O(�3) = R1(a) + 2Re
�
@R1

@�
(a)ei�

�
�+

�
Re

�
@2R1

@�2
(a)ei2�

�
+

@2R1

@�@�
(a)

�
�2 +O(�3): (20)

�§ à §«®¦¥¨ï (2) «¥£ª® ¯®«ãç¨¬ ¯à¥¤áâ ¢«¥¨¥ ¤«ï ª®ä®à¬®£® à ¤¨ãá  ¢ áâ¥¯¥¨ (�1),
â. ¥.

1
R1(a+ �ei�)

=
1

R1(a)
(1� b1�+ (b21 � b2)�2 +O(�3)) def=

1
R1(a)

(1 + d1�+ d2�
2 +O(�3)): (5)

�à¥®¡à §ã¥¬ ¢ëà ¦¥¨¥ ¤«ï ª®íää¨æ¨¥â  d2 ¯à¨ �2 ¢ à §«®¦¥¨¨ (5). �ã¤¥¬ ¨¬¥âì, ¢¢¥¤ï ¢
íâ® ¢ëà ¦¥¨¥ è¢ àæ¨  ff; ag = f 000(a)

f 0(a)
� 3

2

� f 00(a)

f 0(a)

�2
,

d2 = �b2 + b21
(3); (4)
= �

1
2
Re

��
f 000(a)
f 0(a)

�
3
2

�
f 00(a)
f 0(a)

�2�
ei2�

�
�
1
4
Re

��
f 00(a)
f 0(a)

�2

ei2�
�
�

�
1
2

�
Re

�
f 00(a)
f 0(a)

ei�
��2

+Re
�
f 00(a)
f 0(a)

ei�
�
2Re(aei�)
1� jaj2

+
1

1� jaj2
+
�
Re

�
f 00(a)
f 0(a)

ei�
��2

�

� 2Re
�
f 00(a)
f 0(a)

ei�
�
2Re(aei�)
1� jaj2

+ 4
�
Re(aei�)
1� jaj2

�2
= �

1
2
Re[ff; agei2� ] +

+
1
4

�
Im

�
f 00(a)
f 0(a)

ei�
��2

+
1
4

�
Re

�
f 00(a)
f 0(a)

ei�
��2

�Re
�
f 00(a)
f 0(a)

ei�
�
2Re(aei�)
1� jaj2

+

+ 4
�
Re(aei�)
1� jaj2

�2
+

1
1� jaj2

= �
1
2
Re

�
ff; agei2� �

2
1� jaj2

�
+

+
1
4

�
Im

�
f 00(a)
f 0(a)

ei�
��2

+
�
Re

��
1
2
f 00(a)
f 0(a)

�
2a

1� jaj2

�
ei�
��2

:

�âáî¤  ¯®«ãç¨¬ ®æ¥ªã ¤«ï ª®íää¨æ¨¥â  d2 ¢ ¯à¥¤¯®«®¦¥¨¨, çâ® jff; agj � 2(1 � jaj2)�1

(� 2(1 � jaj2)�2),

d2 � �
1
2

�
Re(ff; agei2�)�

2
1� jaj2

�
� 0:

�â® § ç¨â, çâ® ¯®¢¥àå®áâì á ãà ¢¥¨¥¬ ! = 1=R1(�)  ¤ ªàã£®¬ E ¡ã¤¥â ¢ë¯ãª«®© ¢¨§. �¥¬
á ¬ë¬ ¤®ª §  
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�¥®à¥¬  1. �á«¨ à¥£ã«ïà ï äãªæ¨ï f(�) ã¤®¢«¥â¢®àï¥â ¢ ªàã£¥ E ãá«®¢¨î

jff(�); �gj � 2=(1 � j�j2); � 2 E; (6)

á® è¢ àæ¨ ®¬ (¯à®¨§¢®¤®© �¢ àæ ) ff(�); �g, â® ¯®¢¥àå®áâì ! = �(f(E); f(�)), ¯®áâà®¥ ï
 ¤ ªàã£®¬ E, ï¢«ï¥âáï ¢ë¯ãª«®© ¢¨§.

� ¬¥â¨¬, çâ® ¢ë¢®¤ ® § ª®¯®áâ®ïáâ¢¥ d2 á¤¥«  á § ¯ á®¬, ª®â®àë© ®¯à¥¤¥«ï¥âáï ¥®âà¨-
æ â¥«ì®áâìî ¢¥«¨ç¨

A1(a) =
�
Im

�
f 00(a)
f 0(a)

ei�
��2

=4 ¨ A2(a) =
�
Re

��
1
2
f 00(a)
f 0(a)

�
2a

1� jaj2

�
ei�
��2

:

�â¢¥à¦¤¥¨¥ â¥®à¥¬ë 1 ¡ã¤¥â á¯à ¢¥¤«¨¢® ¯à¨ ¡®«¥¥ á« ¡®¬ (® £à®¬®§¤ª®¬) ®£à ¨ç¥¨¨
  è¢ àæ¨  ¢ ä®à¬¥

jff(�); �gj � 2=(1 � j�j2) + 2A1(�) + 2A2(�):

�ãªæ¨¨ á ãá«®¢¨¥¬ (6) ¢å®¤ïâ ¢ ª« áá �¥å à¨ äãªæ¨©, ã¤®¢«¥â¢®àïîé¨å ¥à ¢¥áâ¢ã

jff(�); �gj � 2=(1 � j�j2)2; � 2 E: (7)

�«ï íâ®£® ª« áá  ¢ á«¥¤ãîé¥¬ ¯ãªâ¥ ¯®«ãç¨¬   «®£¨çë© â¥®à¥¬¥ 1, ® ¡®«¥¥ á« ¡ë© à¥-
§ã«ìâ â.

2. �¥®à¥¬  2. �®¢¥àå®áâì ¤«ï ¯«®â®áâ¨ £¨¯¥à¡®«¨ç¥áª®© ¬¥âà¨ª¨ �1(�) = 1=R1(�) á
ãà ¢¥¨¥¬

! = �1

�
� + a

1 + a�

�
= [jf 0(T (�))j(1 � jT (�)j2)]�1; T (�) =

� + a

1 + a�
;

 ¤ ®ªà¥áâ®áâìî â®çª¨ a 2 E ¢ë¯ãª«a ¢¨§ ¯à¨ ãá«®¢¨¨ (7).

�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï à §«®¦¥¨¥¬

f

�
� + a

1 + a�

�
= f(a) + f 0(a)(1 � jaj2)� +

1
2
[f 00(a)(1 � jaj2)2 � f 0(a)2a(1� jaj2)]�2 +

+
1
6
[f 000(a)(1� jaj2)3 � 6f 00(a)a(1� jaj2)2 + 6f 0(a)a2(1� jaj2)]�3 + � � � =

= f(a) + f 0(a)(1� jaj2)[� + a2�
2 + a3�

3 + � � � ]; (8)

£¤¥

a2 =
1
2

�
f 00(a)
f 0(a)

(1� jaj2)� 2a
�
; a3 =

1
6
f 000(a)
f 0(a)

(1� jaj2)2 �
f 00(a)
f 0(a)

a(1� jaj2) + a2; (9)

¨ ãçâ¥¬, çâ® jf 0(a)j(1 � jaj2) = R1(a). �®£¤  ¬®¦® ¢ëà §¨âì R1[T (�)] ¨ �1[T (�)] ç¥à¥§ a2 ¨ a3.
�¬¥®,

R1(T (�)) =
����f 0�

�
� + a

1 + a�

�����
���� dd�

�
� + a

1 + a�

�����
�1
j1 + a�j2 � j� + aj2

j1 + a�j2
=

=
����f 0�

�
� + a

1 + a�

�����1 + jaj2j�j2 � j�j2 � jaj21� jaj2
= R1(a)j1 + 2a2� + 3a3�2 + � � � j(1� j�j2):

�®« £ ï � = �ei�, ¯®á«¥ ¥á«®¦ëå ¢ëç¨á«¥¨© ¡ã¤¥¬ ¨¬¥âì

R1(T (�ei�))=R1(a) = [(1 + 2a2�ei� + 3a3�2ei2� + � � � )(1 + 2a2�e�i� + 3a3�2e�i2� + � � � )]1=2(1� �2) =

= [1 + 4Re(a2ei�)�+ 6Re(a3ei2�)�2 + 4ja2j2�2 + � � � ]1=2(1� �2) = 1 + c1�+ c2�
2 +O(�3);
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£¤¥ c1 = 2Re(a2ei�), c2 = 3Re(a3ei2�) + 2ja2j2 � 2[Re(a2ei�)]2 � 1. �¥¯¥àì ¥âàã¤® ¯®«ãç¨âì à §-
«®¦¥¨¥ ¤«ï �1[T (�)]. �¥©áâ¢¨â¥«ì®,

�1[T (�e
i�)]R1(a) =

R1(a)
R1(T (�ei�))

= [1 + c1�+c2�
2+O(�3)]�1 = 1�c1�+(c

2
1�c2)�

2+O(�3); (10)

¯à¨ç¥¬

c21 � c2 = 4[Re(a2ei�)]2 � 3Re(a3ei2�)� 2ja2j2 + 2[Re(a2ei�)]2 + 1 =

= �3Re[(a3 � a22)e
i2�]� 3Re(a2e

i�)2 + 6[Re(a2e
i�)]2 � 2ja2j

2 + 1 =

= �3Re[(a3 � a22)e
i2�] + ja2j

2 + 1:

�«ï ¯à¨¬¥¥¨ï ãá«®¢¨ï (7) ãçâ¥¬, çâ® ¢ á¨«ã (9)

a3 � a22 =
1
6
f 000(a)
f 0(a)

(1� jaj2)2 �
f 00(a)
f 0(a)

a(1� jaj2) + a2 �
1
4

�
f 00(a)
f 0(a)

�2

(1� jaj2)2 +

+ a(1� jaj2)
f 00(a)
f 0(a)

� a2 =
1
6

�
f 000(a)
f 0(a)

�
3
2

�
f 00(a)
f 0(a)

�2�
(1� jaj2)2 =

1
6
ff(a); ag(1 � jaj2)2 (11)

á® è¢ àæ¨ ®¬ ff(a); ag ¢ § ª«îç¨â¥«ì®¬ à ¢¥áâ¢¥. �®íâ®¬ã ¨§ ¯à¥¤áâ ¢«¥¨ï (10) ¨¬¥¥¬
¯à¨ ¢ë¯®«¥¨¨ (7)

R1(a)
@2�1[T (�ei�)]

@�2

����
�=0

= 2
�
�
1
2
Re(ff(a); agei2�)(1 � jaj2)2 + ja2j2 + 1

�
� 2ja2j2 � 0:

�â®£®¢®¥ à ¢¥áâ¢® ã«î ¢®§¬®¦® â®«ìª® ¯à¨

a2 = 0 ,
f 00(a)
f 0(a)

=
2a

1� jaj2
;

â. ¥. ª®£¤  â®çª  a ï¢«ï¥âáï ªà¨â¨ç¥áª®©. �á«¨ ¢ ¯à®ª®«®â®© ®ªà¥áâ®áâ¨ ªà¨â¨ç¥áª®© â®çª¨
¢ë¯®«ï¥âáï á®®â®è¥¨¥ f 00(�)=f 0(�) 6= 2�(1 � j�j2)�1, â® â®çª  a ¡ã¤¥â â®çª®© ¬¨¨¬ã¬ . �
¯à®â¨¢®¬ á«ãç ¥ â®çª  a ¡ã¤¥â ®â®á¨âìáï ª ª®â¨ãã¬ã ¬¨¨¬ã¬®¢. �® ¢á¥å ¯¥à¥ç¨á«¥ëå
á«ãç ïå ®¡®á®¢   «®ª «ì ï ¢ë¯ãª«®áâì ¢¨§ ¯®¢¥àå®áâ¨ ! = �1

�
�+a
1+a�

�
.

� ¬¥ç ¨¥. �®¦® ¯®ª § âì, çâ® ¥ ¬®£ãâ áãé¥áâ¢®¢ âì ¤¢¥ â®çª¨ ¬¨¨¬ã¬    ¯®¢¥àå®-
áâ¨ á ãà ¢¥¨¥¬ ! = �1[T (�)]. �«ï íâ®£® á ¯®¬®éìî ¤à®¡®-«¨¥©®© äãªæ¨¨ ã¦® ¯¥à¥¢¥áâ¨
â®çªã ¬¨¨¬ã¬  ¢  ç «® ª®®à¤¨ â ¨ ¯®ª § âì, çâ®   à ¤¨ãá å ¯à¨ � = c ¨ 0 < � < 1 ¡ã¤¥¬
¨¬¥âì Re(a2ei�) � 0 , @�1(�e

i�)

@�
� 0. �áª«îç¨â¥«ìë¬ á«ãç ¥¬ ®ª ¦¥âáï  «¨ç¨¥ ª®â¨ãã¬ 

¬¨¨¬ã¬®¢ ¤«ï ª®ä®à¬®£® à ¤¨ãá , á¢ï§ ®£® á ¯àï¬®«¨¥©®© ¯®«®á®©.

3. �¥®à¥¬  3. �à¨ ãá«®¢¨¨ (7) ¢ ¯¥à¥á¥ç¥¨ïå ¯®¢¥àå®áâ¨, ãà ¢¥¨¥¬ ª®â®à®© ï¢«ï¥âáï

! = �(D; b+ rei�) = [R(f(E); f(a) + rei�)]�1

¨ ª®â®à ï ¯®áâà®¥   ¤ ®¡« áâìî D, ¨ ¯«®áª®áâ¥©, ¯à®å®¤ïé¨å ç¥à¥§ â®çªã b ®àâ®£® «ì®

®¡« áâ¨ D,  ©¤ãâáï ªà¨¢ë¥, ¢ë¯ãª«ë¥ ¢¨§ ¢ ®ªà¥áâ®áâ¨ â®çª¨ (b; �(D; b)).

�®ª § â¥«ìáâ¢®. �®áâà®¨¬ à §«®¦¥¨¥ ª®ä®à¬®£® à ¤¨ãá   ¤ ®ªà¥áâ®áâìî â®çª¨ b =
f(a) ¢ ®¡« áâ¨ D = f(E). �®á¯®«ì§ã¥¬áï ¯à¥¤áâ ¢«¥¨¥¬ (8), (9), â. ¥.

F�1(�) = f

�
� + a

1 + a�

�
= f(a) + f 0(a)(1� jaj2)[� + a2�

2 + a3�
3 + � � � ];

¨  ©¤¥¬ à §«®¦¥¨¥ R2(b+ rei�) def= R(D; b+ rei�) ¯® áâ¥¯¥ï¬ r.
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� ¯¨è¥¬ ¯à¥¤áâ ¢«¥¨¥, á¢ï§ë¢ îé¥¥ ®ªà¥áâ®áâì â®çª¨ b ¨§ ®¡« áâ¨ D ¨ ®ªà¥áâ®áâì ã«ï
¨§ ªàã£  E,

b+ rei� = F�1(�r) = b+ f 0(a)(1 � jaj2)(�r + a2�
2
r + a3�

3
r + � � � );

rei�

f 0(a)(1� jaj2)
= �r + a2�

2
r + a3�

3
r + � � � ) �r =

rei�

f 0(a)(1 � jaj2)
� a2

�
rei�

f 0(a)(1 � jaj2)

�2

+ � � �

� «¥¥ ¯à¥¤áâ ¢¨¬ ¢ëà ¦¥¨¥ ¤«ï ª®ä®à¬®£® à ¤¨ãá  ¢ â®çª¥ �r, ª®â®à ï á®®â¢¥âáâ¢ã¥â â®çª¥
b+ rei� 2 D, ¨ ãçâ¥¬, çâ® (F�1)0(0) = f 0(a)(1 � jaj2) = R(D; b)e�i� . �ã¤¥¬ ¨¬¥âì

R2(b+ rei�) = j(F�1)0(�r)j(1� j�rj
2) = R(D; b)[(1 + 2a2�r + 3a3�

2
r + � � � )(1 + 2a2�r +

+ 3a3�
2

r + � � � )]
1=2(1� j�rj2) = R(D; b)

�
1 + 4Re

�
a2
rei(�+�)

R(D; b)

�
� 4Re

�
a22
r2ei2(�+�)

R2(D; b)

�
+

+ 4ja2j2
r2

R2(D; b)
+ 6Re

�
a3
r2ei2(�+�)

R2(D; b)

��1=2�
1�

r2

R2(D; b)

�
+O(r3) =

= R(D; b)
�
1 + 2Re

�
a2
rei(�+�)

R(D; b)

�
� 2Re

�
a22
r2ei2(�+�)

R2(D; b)

�
+ 2ja2j2

r2

R2(D; b)
+

+ 3Re
�
a3
r2ei2(�+�)

R2(D; b)

�
� 2

�
Re

�
a2
rei(�+�)

R(D; b)

��2
�

r2

R2(D; b)
+O(r3)

�
:

�ª®ç â¥«ì® ¯®«ãç¨¬ à §«®¦¥¨¥

R2(b+ rei�) = R(D; b)
�
1 + c1

r

R(D; b)
+ c2

r2

R2(D; b)
+O(r3)

�
; (12)

£¤¥

c1 = 2Re(a2ei(�+�));

c2 = 3Re[(a3 � a22)e
i2(�+�)]� ja2j2 + 2ja2j2 � 1 = 3Re[(a3 � a22)e

i2(�+�)] + ja2j2 � 1:
(13)

� à §«®¦¥¨î (12) ¬®¦® ¯à¨¤â¨ á ¯®¬®éìî ¯à¥¤áâ ¢«¥¨ï ¢ ®¡« áâ¨ D = f(E), b = f(a),

R2(z) = R2(b+ rei�) = R2(b) + 2Re
�
@R2

@z
(b)ei�

�
r +

+
�
Re

�
@2R2

@z2
(b)ei2�

�
+

@2R2

@z@z
(b)

�
r2 +O(r3); (120)

ª®â®à®¥   «®£¨ç® (20).
�¥¯¥àì «¥£ª® ¯®«ãç¨âì ¯à¥¤áâ ¢«¥¨¥ ¤«ï 1=R2(b+ rei�). �¥©áâ¢¨â¥«ì®,

R(D; b)�2(b+ rei�) def= R(D; b)=R2(b+ rei�) = 1� c1
r

R(D; b)
+ (c21 � c2)

r2

R2(D; b)
+O(r3);

¯à¨ç¥¬ C2
def= c21 � c2 = �3Re[(a3 � a22)e

i2(�+�)]� ja2j2 + 1 + 4[Re(a2ei(�+�))]2.
�à¨ ãá«®¢¨¨ (7) ®æ¥ª  ¤«ï C2 ¯®«ãç¨âáï ¢ ¢¨¤¥

C2 � 4[Re(a2e
i(�+�))]2 � ja2j

2;

â. ª. �3Re[(a3 � a22)e
i2(�+�)] = � 1

2
Re[ff(a); agei2(�+�)](1� jaj2)2 � �1. �âáî¤  C2 � 0 ¯à¨ � = �0 �

�� � arg a2 ¨«¨ ¯à¨ � = �0 + �. �¤®«ì íâ¨å  ¯à ¢«¥¨© ¨¬¥¥¬

(�2)
00

r2(b� rei�0) =
d2�(D; b� rei�0)

dr2

����
r=0

� 0:
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�¥¬ á ¬ë¬  ©¤¥ë  ¯à ¢«¥¨ï, ¯® ª®â®àë¬ «¨¨ï áà¥§  ¯®¢¥àå®áâ¨ ï¢«ï¥âáï ¢ë¯ãª«®©
ªà¨¢®© ¢ ®ªà¥áâ®áâ¨ ª ¦¤®© â®çª¨ (b; �(D; b)).

4. �®à¬  (13) ¤«ï ª®íää¨æ¨¥â  c2 ¨§ à §«®¦¥¨ï (12) ¤ ¥â ¢®§¬®¦®áâì ®¡®á®¢ âì á«¥-
¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥.

�¥®à¥¬  4 ([2]). �¯à ¢¥¤«¨¢ë íª¢¨¢ «¥â®áâ¨ (1:1), (1:2), (1:3).

�®ª § â¥«ìáâ¢® ¯® áà ¢¥¨î á [2] ¡ã¤¥â ¨§¬¥¥®.
(1:1)) (1:2). � ª ª ª f(�) | ¢ë¯ãª« ï äãªæ¨ï, â® ¢ë¯ãª«®© ï¢«ï¥âáï ¨ äãªæ¨ï

�(!) =
�
f

�
! + �

1 + �!

�
� f(�)

�.
[f 0(�)(1 � j�j2)] = ! + a2!

2 + a3!
3 + � � � ; (14)

ª®íää¨æ¨¥âë ª®â®à®© ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (9) ¯à¨ a = �. �çâ¥¬, çâ® ¨§ (14) á«¥¤ã¥â
à §«®¦¥¨¥

!�00(!)
�0(!)

+ 1 = 1 + 2a2! + (6a3 � 4a22)!
2 + � � � (15)

�ãªæ¨ï 
(w), ¯¥à¥¢®¤ïé ï ¯à ¢ãî ¯®«ã¯«®áª®áâì ¢ á¥¡ï á á®®â¢¥âáâ¢¨¥¬ â®ç¥ª �1 7! �1,
1 7! 1+ei�

1�ei�
= i ctg �

2
(â. ¥. 
(1)�1


(1)+1
= ei�), ¨¬¥¥â ¢¨¤


� 1

 + 1

= ei�
w � 1
w + 1

) 
(w) =
(1 + ei�)w + 1� ei�

(1� ei�)w + 1 + ei�
=
�
1 +

1 + ei�

2
(w � 1)

��
1 +

1� ei�

2
(w � 1)

��1
:

�¥£ª® § ¯¨è¥âáï à §«®¦¥¨¥ äãªæ¨¨ 
(w) ¯® áâ¥¯¥ï¬ w � 1


(w) = 1 + ei�(w � 1)�
ei�(1� ei�)

2
(w � 1)2 + � � � (16)

�«¥¤ãï [5], ¯®áâà®¨¬ à §«®¦¥¨¥ ¤«ï áã¯¥à¯®§¨æ¨¨ äãªæ¨© (16) ¨ (15)



�
!
�00(!)
�0(!)

+ 1
�
= 1 + ei�!

�00(!)
�0(!)

�
ei�(1� ei�)

2

�
!
�00(!)
�0(!)

�2

+ � � � = 1 + ei�2a2! +

+ ei�(6a3 + 4a22)!
2 �

ei�(1� ei�)
2

4a22!
2 + � � � = 1 + 2a2ei�ei'� +A2�

2 + � � � ;

£¤¥ � = e�i'!, A2 = 2[3(a3 � a22) + a22e
i�]ei�ei2'.

� ª ª ª ¤«ï ª®íää¨æ¨¥â®¢ äãªæ¨¨ á ¯®«®¦¨â¥«ì®© ¤¥©áâ¢¨â¥«ì®© ç áâìî ¢ ªàã£¥ E
¨¬¥¥¬ ®æ¥ªã jA2j � 2 ([6], á. 199), â® ¨§ ¢ëà ¦¥¨ï ¤«ï ª®íää¨æ¨¥â  A2 ¯®«ãç¨¬

jA2j=2 = j3(a3 � a22)e
i + a22e

i(�+)j � 1; £¤¥  = 2'+ �:

�¢®¡®¤ë¬¨ ¢¥é¥áâ¢¥ë¬¨ ¯ à ¬¥âà ¬¨ à á¯®àï¤¨¬áï â ª, çâ®¡ë

 = � arg(a3 � a22); � = � arg a22 � :

�®£¤  ¯à¥¤ë¤ãé¥¥ ¥à ¢¥áâ¢® § ¯¨è¥âáï ¢ ¢¨¤¥ 3ja3�a22j+ ja2j
2 � 1 ¨ á ãç¥â®¬ ¢ëà ¦¥¨© (9),

(11) ¯¥à¥©¤¥â ¢ (1.2).
�®áâà®¨¬ ¤¢¥ íªáâà¥¬ «ìë¥ äãªæ¨¨, ¤«ï ª®â®àëå ¢ë¯®«ï¥âáï § ª à ¢¥áâ¢  ¢ (1.2).
�¥à¢ ï äãªæ¨ï ¡ã¤¥â ã¤®¢«¥â¢®àïâì ãà ¢¥¨î

�
f 00(�)
f 0(�)

+ 1 =
1 + �ei�

1� �ei�
; � = const 2 R; ) f 0(�) =

c1
(1� �ei�)2

;

f(�) =
c1e

�i�

1� �ei�
+ c2 ) f0(�)

def=
a� + b

1� �ei�
:
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�à¨ íâ®¬ a2(�) ¤«ï äãªæ¨¨ f0
�
!+�

1+�!

�
¨¬¥¥â ¢¨¤ 1

2

�
2ei�

1��ei�
(1� j�j2)� 2�

�
¨ ¯®íâ®¬ã

ja2(�)j2 =
���� 1� j�j21� �ei�

� �e�i�
����
2

=
����1� �e�i�

1� �ei�

���� = 1;

â. ¥. ¥à ¢¥áâ¢® (1.2) ¯à¥¢à é ¥âáï ¢ à ¢¥áâ¢®. �«¥¢  ¢ (1.2) ¤«ï ¤à®¡®-«¨¥©®© äãªæ¨¨
f0
�
!+�

1+�!

�
¡ã¤¥â áâ®ïâì ã«ì.

�â®à ï äãªæ¨ï ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î

�
f 00(�)
f 0(�)

+ 1 =
1 + �2ei2�

1� �2ei2�
) f 0(�) =

2c1ei�

1� �2ei2�
) f1(�)

def= c1 ln
1 + �ei�

1� �ei�
+ c2:

�«ï äãªæ¨¨ f1
�
!+�

1+�!

�
¯à¥®¡à §ã¥¬ ¢ëà ¦¥¨¥

a2(�) =
1
2

�
2�ei2�

1� �2ei2�
(1� j�j2)� 2�

�
= ei�

�ei� � �e�i�

1� �2ei2�
:

� ¤àã£®© áâ®à®ë,

�
f1

�
! + �

1 + �!

�
;
! + �

1 + �!

�����
!=0

= ff1(�); �g =
�

2�ei2�

1� �2ei2�

�0
�
1
2

4�2ei4�

(1� �2ei2�)2
=

2ei2�

(1� �2ei2�)2
:

� ª¨¬ ®¡à §®¬,

1
2
(1� j�j2)2jff1(�); �gj =

(1� j�j2)2

j1� �2ei2�j2
= 1�

j�ei� � �e�i�j2

j1� �2ei2�j2
= 1� ja2(�)j

2;

¨ ¢ (1.2) ¤®áâ¨£ ¥âáï § ª à ¢¥áâ¢  ¯à¨ ¢á¥å � 2 E.
(1:2)) (1:1). �à¨ ¢ë¯®«¥¨¨ (1.2) ¯®«ãç¨¬ â ª¨¥ ¨¬¯«¨ª æ¨¨ ¢ ªàã£¥ E

����f 00(�)f 0(�)
(1 � j�j2)� 2�

����
2

� 4 )

����f 00(�)f 0(�)

����
2

(1� j�j2)2 � 4Re
�
�
f 00(�)
f 0(�)

�
(1� j�j2) + 4j�j2 � 4 )

) Re
�
�
f 00(�)
f 0(�)

+ 1
�
�
1
4

����f 00(�)f 0(�)

����
2

(1� j�j2) � 0 ) (1:1):

(1:2)) (1:3). �çâ¥¬ ä®à¬ã (13) ¤«ï ª®íää¨æ¨¥â  c2 ¨§ à §«®¦¥¨ï (12). � á¨«ã (11) ¨ (9)
¨¬¥¥¬

a3 � a22 =
1
6
ff(a); ag(1 � jaj2)2; a2 =

1
2

�
f 00(a)
f 0(a)

(1� jaj2)� 2a
�
:

�®íâ®¬ã ¨§ (12), (13) ¨ (1.2) ¯®«ãç¨¬ ¥à ¢¥áâ¢®

@2R2(b+ rei�)
@r2

����
r=0

=
2c2

R(D; b)
� (1� ja2j

2 + ja2j
2 � 1)

2
R(D; b)

= 0;

£ à â¨àãîé¥¥ ¢ë¯ãª«®áâì ¢¢¥àå ¯®¢¥àå®áâ¨ ! = R(D; b)  ¤ ª ¦¤®© â®çª®© b 2 D.
(1:3) ) (1:2). �á«®¢¨¥ ¢ë¯ãª«®áâ¨ ¢¢¥àå ¯®¢¥àå®áâ¨ ª®ä®à¬®£® à ¤¨ãá  § ¯¨è¥¬ á ãç¥-

â®¬ à §«®¦¥¨ï (120) ¢ ä®à¬¥

Re
�
@2R

@z2
ei2�

�
� �

@2R

@z@z
; 0 � � � 2�; ,

����@2R@z2

���� � � @2R

@z@z
:
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�à¨¢¥¤¥¬ à¥§ã«ìâ âë ¥âàã¤ëå ¢ëª« ¤®ª ¤«ï R(f(E); z) = jf 0(�)j(1 � j�j2) ¨ z = f(�),
� = f�1(z). �ã¤¥¬ ¨¬¥âì

@R

@z
=

@R

@�

1
f 0(�)

=

s
f 0(�)
f 0(�)

�
f 00(�)
2f 0(�)

(1� j�j2)� �

�
; R

����@2R@z2

���� = 1
2
jff(�); �gj(1 � j�j2)2;

R
@2R

@z@z
=
1
4

����f 00(�)f 0(�)

����
2

(1� j�j2)2 � (1� j�j2)
�
Re

�
�
f 00(�)
f 0(�)

�
+ 1

�
=
���� f 00(�)2f 0(�)

(1� j�j2)� �

����
2

� 1:

�®£¤ 

R

����@2R@z2

���� � �R @2R

@z@z
,

1
2
jff(�); �gj(1 � j�j2)2 � 1�

���� f 00(�)2f 0(�)
(1� j�j2)� �

����
2

;

â. ¥. ¯®«ãç¥® ¥à ¢¥áâ¢® (1.2). �

�¥®à¥¬  5. �á«¨ ¯®¢¥àå®áâì ª®ä®à¬®£® à ¤¨ãá  R(f(E); f(�)), ¯®áâà®¥ ï  ¤ ªàã£®¬
E, ¢ë¯ãª«  ¢¢¥àå, â® ®¡« áâì D = f(E) ï¢«ï¥âáï ¢ë¯ãª«®©. �¡à â®¥ ãâ¢¥à¦¤¥¨¥ ¢ ®¡é¥¬

á«ãç ¥ ¥¢¥à®.

�®ª § â¥«ìáâ¢®. �®¤áç¨â ¥¬ ¯à®¨§¢®¤ë¥, ¢å®¤ïé¨¥ ¢ ãá«®¢¨¥ ¢ë¯ãª«®áâ¨ ¢¢¥àå ¯®¢¥àå-
®áâ¨ á ãà ¢¥¨¥¬ ! = jf 0(�)j(1 � j�j2). �â® ãá«®¢¨¥ ¯®«ãç ¥âáï ¨§ ¯à¥¤áâ ¢«¥¨ï (20) ¨ ¨¬¥¥â
¢¨¤ (  «®£¨çë© b2 � 0 ¨§ (4))

Re
�
@2R

@�2
ei2�

�
+

@2R

@�@�
� 0; 0 � � � 2�; ,

����@2R@�2

���� � � @2R

@�@�
:

�®«ãç¨¬ ¯®á«¥¤®¢ â¥«ì®

@R

@�
= jf 0(�)j

�
1
2
f 00(�)
f 0(�)

(1� j�j2)� �

�
;

@2R

@�2
= jf 0(�)j

�
1
2

��
f 00(�)
f 0(�)

�0
+
1
2

�
f 00(�)
f 0(�)

�2�
(1� j�j2)� �

f 00(�)
f 0(�)

�
;

@2R

@�@�
= jf 0(�)j

�
1
4

����f 00(�)f 0(�)

����
2

(1� j�j2)�
1
2

�
f 00(�)
f 0(�)

�
� �

1
2
f 00(�)
f 0(�)

� � 1
�
=

=
jf 0(�)j
1� j�j2

�����12 f
00(�)
f 0(�)

(1� j�j2)� �

����
2

� 1
�
:

�®íâ®¬ã ¥à ¢¥áâ¢®
1� j�j2

jf 0(�)j

����@2R@�2

���� � �1� j�j2jf 0(�)j
@2R

@�@�
¯¥à¥¯¨è¥âáï ¢ íª¢¨¢ «¥â®¬ ¢¨¤¥

(1� j�j2)
����12
��

f 00(�)
f 0(�)

�0
+
1
2

�
f 00(�)
f 0(�)

�2�
(1� j�j2)� �

f 00(�)
f 0(�)

���� � 1�
����12 f

00(�)
f 0(�)

(1� j�j2)� �

����
2

:

�à¨ ¥£® ¢ë¯®«¥¨¨ ¡ã¤¥¬ ¨¬¥âì (á¬. ¯¥à¥å®¤ (1:2)) (1:1))����12 f
00(�)
f 0(�)

(1� j�j2)� �

����
2

� 1 , Re
�
�
f 00(�)
f 0(�)

�
� �1;

â. ¥. ¢ë¯ãª«®áâì äãªæ¨¨ f(�) ¨ ¢ë¯ãª«®áâì ®¡« áâ¨ f(E) = D ®¡¥á¯¥ç¥ë.
�¡à âë© ¯¥à¥å®¤ ®â ¢ë¯ãª«®áâ¨ ®¡« áâ¨ D = f(E) ª ¢ë¯ãª«®áâ¨ ¢¢¥àå ¯®¢¥àå®áâ¨ á ãà ¢-

¥¨¥¬ ! = R(f(E); f(�))  ¤ ªàã£®¬ E ¢ ®¡é¥¬ á«ãç ¥ ¥ ®áãé¥áâ¢¨âáï. �®áâ â®ç® ã¡¥¤¨âìáï
¢ íâ®¬   ¯à¨¬¥à¥ ®¡« áâ¨ fr(E) á fr(�) =

1+r�
1�r�

, 0 < r � 1. �¡« áâì fr(E) ¡ã¤¥â ªàã£®¬ ¨§
¯à ¢®© ¯®«ã¯«®áª®áâ¨, ª®â®à ï ï¢«ï¥âáï ¯à¥¤¥«ìë¬ ¯®«®¦¥¨¥¬ íâ®£® ªàã£  ¯à¨ r ! 1. � 
¯à¥¤¥«ì®© ¯®¢¥àå®áâ¨ ª®ä®à¬®£® à ¤¨ãá  ¡ã¤¥â «¥¦ âì 1  ¤ â®çª®© � = 1. �¨¨ï áà¥§ 
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íâ®© ¯®¢¥àå®áâ¨ ¢¤®«ì ¢¥é¥áâ¢¥®£® ¤¨ ¬¥âà  ï¢«ï¥âáï £à ä¨ª®¬ äãªæ¨¨, ¢ë¯ãª«®© ¢¨§,
â. ª.

jf 01(�)j(1� �2) =
2(1 � �2)
(1� �)2

=
2(1 + �)
1� �

= !; !0 =
4

(1� �)2
;

¨ ¯®íâ®¬ã !00 = 8=(1 � �)2 > 0, � 2 [�1; 1). �à¨ r, ¡«¨§ª¨å ª ¥¤¨¨æ¥, ¨¬¥¥¬

! = jf 0r(�)j(1 � �2) =
2r(1� �2)
(1� r�)2

; !0 =
4r(r � �)
(1� r�)3

; !00 =
4r(3r2 � 1� 2r�)

(1� r�)4
;

¨ ¢â®à ï ¯à®¨§¢®¤ ï ¡ã¤¥â ¬¥ïâì § ª á (+) ¯à¨ � 2 [�1; (3r2 � 1)(2r)�1)   (�) ¯à¨ � 2
((3r2 � 1)(2r)�1; 1], â. ¥. ¢ë¯ãª«®áâ¨ ¥â. �®¥çë© ¬ ªá¨¬ã¬ ª®ä®à¬®£® à ¤¨ãá , à ¢ë©
2r(1� r2)�1, à á¯®«®¦¥  ¤ â®çª®© � = r.

5. � § ª«îç¨â¥«ì®© ç áâ¨ áâ âì¨ ¤ ¤¨¬ £¥®¬¥âà¨ç¥áª®¥ ¨áâ®«ª®¢ ¨¥ ¥à ¢¥áâ¢ã

����f 00(�)f 0(�)

���� < 2j�j
1� j�j2

; � 2 E; (17)

ª®â®à®¥ ¢«¥ç¥â ¥¤¨áâ¢¥®áâì ª®àï � = 0 ãà ¢¥¨ï

f 00(�)
f 0(�)

=
2�

1� j�j2

¢ ¯à¥¤¯®«®¦¥¨¨, çâ® f 00(0) = 0. �¥à ¢¥áâ¢® (17) ç áâ® ¨á¯®«ì§ã¥âáï ¯à¨ ®¡®á®¢ ¨¨ â¥®à¥¬
¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï ¢¥è¥© ®¡à â®© ªà ¥¢®© § ¤ ç¨ [7]{[9].

�«ï ¨áâ®«ª®¢ ¨ï (17) ¢á¯®¬¨¬ ¢ëà ¦¥¨¥ (3) ¤«ï ª®íää¨æ¨¥â  b1 ¢ à §«®¦¥¨¨ (2) ¨
ãçâ¥¬, çâ®

1
R1(a)

@R(f(E); f(a+ �ei�))
@�

����
�=0

= b1 = Re
��

f 00(a)
f 0(a)

�
2a

1� jaj2

�
ei�
�
:

�®«®¦¨¬ � = arg a. �®£¤  ¬®¦® § ¯¨á âì

b1 = Re
�
f 00(a)
f 0(a)

ei arg a
�
�

2jaj
1� jaj2

;

®âªã¤  ¢ á¨«ã (17) ¯®«ãç¨¬ b1 < 0. �â® ¡ã¤¥â ®§ ç âì, çâ® «¨¨ï, ª®â®à ï ï¢«ï¥âáï ¯¥à¥á¥-
ç¥¨¥¬ ¯®¢¥àå®áâ¨ ª®ä®à¬®£® à ¤¨ãá  á ¯«®áª®áâìî, ¯à®å®¤ïé¥© ¯¥à¯¥¤¨ªã«ïà® ªàã£ã
¢¤®«ì «î¡®£® «ãç , ¡ã¤¥â £à ä¨ª®¬ áâà®£® ã¡ë¢ îé¥© äãªæ¨¨. �á¥ íâ¨ «¨¨¨ á¨¦ îâáï ¨§
â®çª¨ ¬ ªá¨¬ã¬   ¤ � = 0 ¢ â®çªã £à ¨ç®© ®ªàã¦®áâ¨. �àã£¨¬¨ á«®¢ ¬¨, «ãç¥¢ë¬¨ áà¥-
§ ¬¨ ¯®¢¥àå®áâ¨ ª®ä®à¬®£® à ¤¨ãá  ®¡à §ãîâáï ¬®®â®ë¥ «¨¨¨. � ª ªà¨¢¨§ë   íâ¨å
«¨¨ïå ¬®¦¥â ¬¥ïâìáï. �  â ª®© ¯®¢¥àå®áâ¨ ¬®£ãâ ¡ëâì ¨ ¢ë¥¬ª¨.

�®«¥¥ á«®¦®¥ á¥¬¥©áâ¢® «¨¨© á¢ï§ ® á â¥®à¥¬®© 3. � ¬ ¯®«ãç îâáï ãà ¢¥¨ï «¨¨© á
¯®«®¦¨â¥«ìë¬ ª®íää¨æ¨¥â®¬ ¯à¨ r, ®   ¯®¢¥àå®áâ¨ ¤«ï ¯«®â®áâ¨ £¨¯¥à¡®«¨ç¥áª®© ¬¥-
âà¨ª¨ (â. ¥. ¤«ï ¯¥à¥¢¥àãâ®£® ª®ä®à¬®£® à ¤¨ãá )  ¤ ®¡« áâìî f(E). �ãé¥áâ¢®¢ ¨¥ â ª¨å
«¨¨© ¯à¨¢®¤¨â ª ¥¤¨áâ¢¥®áâ¨ ªà¨â¨ç¥áª®© â®çª¨ äãªæ¨¨ �(f(E); z) = 1=R(f(E); z) ¯à¨
ãá«®¢¨¨ (7). �®£¤  ¡ã¤¥â ¥¤¨áâ¢¥®© ªà¨â¨ç¥áª ï â®çª  ª®ä®à¬®£® à ¤¨ãá  R(f(E); z):
ãà ¢¥¨ï ¤«ï ªà¨â¨ç¥áª¨å â®ç¥ª ¯®¢¥àå®áâ¥© ! = R(D; f(�)) ¨ ! = 1=R(D; f(�)) ®â«¨ç îâáï
§ ª®¬ ¢ «¥¢®© ç áâ¨ (b1 = 0 ¨§ (2), (3) , �b1 = 0 ¨§ (5)).
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