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��������������� ��������� ������� ������� ��� t!1

�¢¥¤¥­¨¥

�ãáâì 
 | ¯à®¨§¢®«ì­ ï ­¥®£à ­¨ç¥­­ ï ®¡« áâì ¯®«ã¯à®áâà ­áâ¢  R
n
+ , n � 2, x =

(x1; x2; : : : ; xn) 2 R
n , x1 > 0. � áá¬®âà¨¬ ¢ æ¨«¨­¤à¨ç¥áª®© ®¡« áâ¨ D = ft > 0g � 
 «¨­¥©-

­®¥ ¯ à ¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª 

ut =
nX

i;j=1

(aij(t; x)uxi)xj : (1)

�®íää¨æ¨¥­âë ãà ¢­¥­¨ï aij(t; x) | ¨§¬¥à¨¬ë¥ äã­ªæ¨¨, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î à ¢­®-
¬¥à­®© í««¨¯â¨ç­®áâ¨ c ¯®áâ®ï­­ë¬¨ 
, �.

� à ¡®â¥ ¨§ãç ¥âáï áª®à®áâì ã¡ë¢ ­¨ï ¯à¨ t ! 1 à¥è¥­¨ï ¯¥à¢®© á¬¥è ­­®© § ¤ ç¨ ¤«ï
ãà ¢­¥­¨ï (1) c ­ ç «ì­®-ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨

u(t; x)jx2@
 = 0; (2)

u(0; x) = '(x); '(x) 2 L2(
): (3)

�áá«¥¤®¢ ­¨ï § ¢¨á¨¬®áâ¨ áª®à®áâ¨ ã¡ë¢ ­¨ï à¥è¥­¨© á¬¥è ­­ëå § ¤ ç ¤«ï ¯ à ¡®«¨ç¥-
áª®£® ãà ¢­¥­¨ï ®â £¥®¬¥âà¨ç¥áª¨å å à ªâ¥à¨áâ¨ª ­¥®£à ­¨ç¥­­®© ®¡« áâ¨ ­ ç «¨áì ¢ à ¡®â å
[1]{[3]. � ­¨å ¯à¨ ®¯à¥¤¥«¥­­ëå ãá«®¢¨ïå ¨§®¯¥à¨¬¥âà¨ç¥áª®£® å à ªâ¥à  ­  ®¡« áâì ¯®«ãç¥­ 
â®ç­ ï ®æ¥­ª  ¤«ï à¥è¥­¨ï ¢â®à®© á¬¥è ­­®© § ¤ ç¨

sup
x2


ju(t; x)j � Ck'kL1(
)=v(
p
t); v(r) = mes fx 2 


�� jxj < rg:

�â¨ ¨áá«¥¤®¢ ­¨ï ¡ë«¨ ¯à®¤®«¦¥­ë ¢ à ¡®â å [4], [5] ¤«ï ¢â®à®© á¬¥è ­­®© § ¤ ç¨ ¨ ¢ [6], [7]
| ¤«ï ¯¥à¢®© á¬¥è ­­®© § ¤ ç¨. �§¢¥áâ­ë â ª¦¥ à¥§ã«ìâ âë ¤«ï ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨©
¢ëá®ª®£® ¯®àï¤ª  [8], [9].

� à ¡®â å [6], [7] ® áª®à®áâ¨ ã¡ë¢ ­¨ï à¥è¥­¨ï ¯¥à¢®© á¬¥è ­­®© § ¤ ç¨ (1){(2) ­ ª« ¤ë¢ -
¥âáï àï¤ â¥å­¨ç¥áª¨å âà¥¡®¢ ­¨© ª ª ¯à¨ ¯®«ãç¥­¨¨ ®æ¥­ª¨ á¢¥àåã, â ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥
â®ç­®áâ¨ íâ®© ®æ¥­ª¨. � ç áâ­®áâ¨, ¢ à ¡®â¥ [7] ¤«ï âàã¡ç âëå ®¡« áâ¥© ¢¨¤ 


(f) = fx 2 Rn; x = (x1; x0)
�� jx0j < f(x1)g

íâ¨ ãá«®¢¨ï â ª®¢ë

lim
r!1 f(r) =1; lim

r!1 r=f(r) =1; lim
r!1

1
ln r

Z r

1

ds

f(s)
=1: (4)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

ª®­ªãàá \�£¨¤¥«ì", £à ­â ò05-01-97912.
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�à¥¤¯®« £ ¥âáï â ª¦¥ áãé¥áâ¢®¢ ­¨¥ ¯®áâ®ï­­®© A > 0 â ª®©, çâ® ¤«ï ¢á¥å ¤®áâ â®ç­® ã¤ -
«¥­­ëå â®ç¥ª (z; 0) ®á¨ Ox1 ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

A

Z z+r=2

z�r=2

ds

f(s)
� 1; r(z) = dist (@
; (z; 0)); z � R0: (5)

�à¨ íâ¨å ãá«®¢¨ïå ãáâ ­®¢«¥­ë ®æ¥­ª¨ à¥è¥­¨ï á ­¥®âà¨æ â¥«ì­®© ­ ç «ì­®© äã­ªæ¨¥© ' 6� 0

m1 exp
�
�K1

Z �(t)

1

ds=f(s)
�
� sup

x
u(t; x) �M1 exp

�
� k1

Z �(t)

1

ds=f(s)
�
: (6)

�¤¥áì äã­ªæ¨ï �(t) ®¯à¥¤¥«¥­  à ¢¥­áâ¢®¬ �2m(�)
�R
1

ds
f(s)

= t, £¤¥ �m(z) | à ¤¨ãá ­ ¨¡®«ìè¥£®

è à , ¯®¬¥é îé¥£®áï ¢ 
 \ fx1 < zg. �®áâ®ï­­ë¥ m1, M1, K1, k ¯®«®¦¨â¥«ì­ë.
� ¤ ­­®© à ¡®â¥ ­ ª« ¤ë¢ ¥âáï «¨èì ®¤­® ãá«®¢¨¥ ­  ®¡« áâì, ®¡¥á¯¥ç¨¢ îé¥¥ â®ç­ë¥

®æ¥­ª¨ á¢¥àåã ¨ á­¨§ã áª®à®áâ¨ ã¡ë¢ ­¨ï à¥è¥­¨ï ¯à¨ ¢®§à áâ ­¨¨ ¢à¥¬¥­¨. �« áá ®¡« áâ¥©,
ã¤®¢«¥â¢®àïîé¨å íâ®¬ã ãá«®¢¨î, è¨à¥, ç¥¬ ª« ááë ®¡« áâ¥© ¨§ à ¡®â [6], [7], ¤«ï ª®â®àëå
¤®ª § ­ë â®ç­ë¥ ®æ¥­ª¨.

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï


b
a = fx 2 
 j a < x1 < bg; Sz = fx 2 
 j x1 = zg;

¯à¨ç¥¬ ¯ à ¬¥âàë a = 0 ¨ b =1 ¬®£ãâ ¡ëâì ®¯ãé¥­ë.
�®«é¨­®© d(S; l) ¬­®¦¥áâ¢  S � R

n�1 ¢¤®«ì ¯àï¬®© l � R
n�1 ­ §®¢¥¬ ¤¨ ¬¥âà ®àâ®£®­ «ì-

­®© ¯à®¥ªæ¨¨ ¬­®¦¥áâ¢  ­  íâã ¯àï¬ãî. � ç áâ­®áâ¨, d(Rn�1 ; l) =1. �¨­¨¬ «ì­®© â®«é¨­®©
¬­®¦¥áâ¢  S ­ §®¢¥¬ ¢¥«¨ç¨­ã d(S) = inf

l
d(S; l), £¤¥ ­¨¦­ïï £à ­ì ¡¥à¥âáï ¯® ¢á¥¬ ¯àï¬ë¬.

�¯à¥¤¥«¨¬ äã­ªæ¨î h(z) = d(Sz), ¯à¨­¨¬ îéãî §­ ç¥­¨ï ¨§ ¨­â¥à¢ «  (0;1].
�  ®¡« áâì ­ ª« ¤ë¢ ¥âáï «¨èì ®¤­®

�á«®¢¨¥ B: áãé¥áâ¢ã¥â � > 0 â ª®¥, çâ® ¤«ï «î¡®£® z > y0 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

inf
[z�s;z+s]

h(t) � �r(z); s = r(z)=2:

�¥£ª® ¢¨¤¥âì, çâ® ãá«®¢¨¥ (5) ¤®áâ â®ç­® ¤«ï ¢ë¯®«­¥­¨ï íâ®£® ­¥à ¢¥­áâ¢ .
�ãáâì yi, i = 0;1, | ¯®á«¥¤®¢ â¥«ì­®áâì ç¨á¥«, ®¯à¥¤¥«ï¥¬ ï à ¢¥­áâ¢ ¬¨ yi+1 = yi +

r(yi+yi+1
2

). �®«®¦¨¬ y(N) = maxfy0; y1� y0; : : : ; yN � yN�1g ¨ ¯ãáâì N(t) = maxfN j Ny2(N) � tg.
�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ­ ç «ì­ ï äã­ªæ¨ï '(x) ¨¬¥¥â ®£à ­¨ç¥­­ë© ­®á¨â¥«ì. �­ ç¥, ª ª

¯®ª § ­® ¢ ([10], á. 67), ­¥«ì§ï ¯®«ãç¨âì ®æ¥­ªã à¥è¥­¨ï ¡®«¥¥ á¨«ì­ãî, ç¥¬ ®æ¥­ª  �íè  [11]
¤«ï § ¤ ç¨ �®è¨

ju(t; x)j � Ct�
n
4 kukL2(
) (7)

á ¯®áâ®ï­­®© C, § ¢¨áïé¥© â®«ìª® ®â n, � ¨ 
.
�¤¢¨£ ï, ¥á«¨ ­ã¦­®, ­ã¬¥à æ¨î yN = yN+k, áç¨â ¥¬, çâ® supp'(x) � 
y0 .
�á­®¢­ë¬ à¥§ã«ìâ â®¬ ¤ ­­®© à ¡®âë ï¢«ï¥âáï

�¥®à¥¬  1. �ãáâì ®¡« áâì 
 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î B. �®£¤  ­ ©¤ãâáï ¯®«®¦¨â¥«ì­ë¥

ç¨á«  k ¨ M , § ¢¨áïé¨¥ â®«ìª® ®â 
, �, �, n ¨ â ª¨¥, çâ® à¥è¥­¨¥ § ¤ ç¨ (1){(3) á ­ ç «ì­®©
äã­ªæ¨¥© '(x) (supp'(x) � 
y0) ¯à¨ ¢á¥å t � 2y2(2), x 2 
, ã¤®¢«¥â¢®àï¥â ®æ¥­ª¥

ju(t; x)j �Mt�
n
4 exp(�kN(t))kukL2(
): (8)

�á«¨ ­ ç «ì­ ï äã­ªæ¨ï ­¥®âà¨æ â¥«ì­  ¨ ' 6� 0, â® ­ ©¤ãâáï ¯®«®¦¨â¥«ì­ë¥ ç¨á«  K, M1

¨ ¢®§à áâ îé ï ª ¡¥áª®­¥ç­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâì tm â ª ï, çâ®

sup
x2


u(tm; x) �M1 exp(�KN(tm)); m = 1;1: (9)
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�ë¢¥¤¥¬ ¨§ â¥®à¥¬ë 1 ¤«ï ®¡« áâ¨, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î (5), ­¥à ¢¥­áâ¢  (6). �¥¬
á ¬ë¬ ¯®ª ¦¥¬, çâ® ¨§«¨è­¨¬¨ ï¢«ïîâáï ãá«®¢¨ï (4).

�®«ì§ãïáì (5), ãáâ ­®¢¨¬ ­¥à ¢¥­áâ¢ 
p
3
2

Z yN

y0

ds

f(s)
� N � A

Z yN

y0

ds

f(s)
: (10)

�ç¥¢¨¤­®, 1 � A
yi+1R
yi

ds
f(s)

. �ª« ¤ë¢ ï ¯® i, ãáâ ­ ¢«¨¢ ¥¬ ¯à ¢®¥ ­¥à ¢¥­áâ¢® (10). � «¥¥, ¯®-

áª®«ìªã r(z) = yi+1 � yi = dist (@
; (z; 0)), z = (yi + yi+1)=2, â® min
[yi;yi+1]

f(s) �
p
3
2
r(z). �®íâ®¬ã

Z yi+1

yi

ds

f(s)
� yi+1 � yi

min
[yi;yi+1]

f(s)
� 2p

3
;

®âªã¤  á«¥¤ã¥â «¥¢ ï ç áâì (10).
�à¨ y(N) > y0 «¥£ª® ãáâ ­®¢¨âì ­¥à ¢¥­áâ¢ 

y(N)
2

� �m(yN) � 2y(N): (11)

�«¥¤áâ¢¨¥¬ (10) ¨ (11) ï¢«ï¥âáï á®®â­®è¥­¨¥

"

Z �(t)

y0

ds

f(s)
� N(t) � "�1

Z �(t)

y0

ds

f(s)
: (12)

� ª ã¦¥ ®â¬¥ç «®áì, ãá«®¢¨¥ (5) ¢«¥ç¥â ãá«®¢¨¥ B, ¨ ¤«ï â ª®© âàã¡ç â®© ®¡« áâ¨ á¯à ¢¥¤-
«¨¢ë ®æ¥­ª¨ â¥®à¥¬ë 1, ¨§ ª®â®àëå ¯à¨ ¯®¬®é¨ (12) ¢ë¢®¤¨¬ (6).

�¥âàã¤­® ¯à¨¢¥áâ¨ ¯à¨¬¥àë ®¡« áâ¥©, ¤«ï ª®â®àëå ãá«®¢¨¥ (5) ­¥ ¢ë¯®«­¥­®,   ãá«®¢¨¥
B ¢ë¯®«­¥­®. �®¦­®, ­ ¯à¨¬¥à, ¯®«®¦¨âì f(i) = i�, � 2 (0; 1), ¨ f(s) = 1 ¯à¨ s 6= i, i =
1;1. �®£¤  ¢¥àå­ïï ®æ¥­ª  (6) áâ ­®¢¨âáï âà¨¢¨ «ì­®©,   ­¨¦­ïï ®æ¥­ª  (6) ­¥ á¯à ¢¥¤«¨¢ .
�¥®à¥¬  1 ¤ ¥â â®ç­ãî ®æ¥­ªã ¤«ï íâ®© ®¡« áâ¨.

1. �á¯®¬®£ â¥«ì­ë¥ ãâ¢¥à¦¤¥­¨ï

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï Db
a = (a; b) � 
, DT = DT

0 . �¥à¥§ kukDT ¡ã¤¥¬ ®¡®§­ ç âì ­®à¬ã ¢

L2(DT ). �¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®
�
W 1;1

2 (DT ) ®¯à¥¤¥«¨¬ ª ª ¯®¯®«­¥­¨¥ ¬­®¦¥áâ¢  ¢á¥å £« ¤ª¨å
¢ DT äã­ªæ¨© á ®£à ­¨ç¥­­ë¬ ­®á¨â¥«¥¬, à ¢­ëå ­ã«î ¢ ®ªà¥áâ­®áâ¨ ¡®ª®¢®© ¯®¢¥àå­®áâ¨
(0; T )� @
, ¯® ­®à¬¥

kuk2�
W 1;1

2
(DT )

= kuk2DT + kruk2DT + kutk2DT ;

£¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®
�
W 0;1

2 (DT ) | ª ª ¯®¯®«­¥­¨¥ â®£® ¦¥ ¬­®¦¥áâ¢  äã­ªæ¨© ¯® ­®à¬¥

kuk2�
W 0;1

2
(DT )

= kuk2DT + kruk2DT :

�¯à¥¤¥«¥­¨¥. �¡®¡é¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (1){(3) ¢ ®¡« áâ¨ DT ¡ã¤¥¬ ­ §ë¢ âì äã­ª-

æ¨î u(t; x) 2
�
W 0;1

2 (DT ), ã¤®¢«¥â¢®àïîéãî ¨­â¥£à «ì­®¬ã â®¦¤¥áâ¢ã
Z
DT

�
� uvt +

nX
i;j=1

aij(t; x)uxivxj

�
dx dt =

Z



'(x)v(0; x)dx (13)

¤«ï «î¡®© äã­ªæ¨¨ v(t; x) 2
�
W 1;1

2 (DT ) â ª®©, çâ® v(T; x) = 0.

�ã­ªæ¨ï u(t; x) | à¥è¥­¨¥ § ¤ ç¨ (1){(3) ¢ D, ¥á«¨ ¯à¨ ¢á¥å T > 0 ®­  ï¢«ï¥âáï à¥è¥­¨¥¬
§ ¤ ç¨ (1){(3) ¢ DT .
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�¥è¥­¨¥ § ¤ ç¨ (1){(3) áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­®. �ãé¥áâ¢®¢ ­¨¥ ¤®ª §ë¢ ¥âáï ¬¥â®¤®¬
� «�¥àª¨­ .

� à¨ ­â ­¥à ¢¥­áâ¢  �â¥ª«®¢ {�à¨¤à¨åá  ãáâ ­ ¢«¨¢ ¥â

�¥¬¬  1. �ãáâì u(x) 2 C1
0 (
) ¨ ¯à¨ ­¥ª®â®à®¬ � > 0 ¢ë¯®«­¥­® ãá«®¢¨¥

min
[y;z]

h(t) � �(z � y); z > y:

�®£¤  á¯à ¢¥¤«¨¢  ®æ¥­ª 

Z

zy

u2dx � (3 + 4�2)(z � y)2
Z

zy

jruj2dx: (14)

�®ª § â¥«ìáâ¢®. �§¢¥áâ­® ­¥à ¢¥­áâ¢® �â¥ª«®¢ {�à¨¤à¨åá  ¤«ï äã­ªæ¨¨ g 2 C1[0; l],
g(0) = 0,

Z l

0

g2(x)dx � l2
Z l

0

(g0(x))2dx: (15)

�«ï g 2 C1[�l; l] á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®
Z l

0

g2(x)dx � 2
Z 0

�l
g2(x)dx+ 4l2

Z l

�l
(g0(x))2dx: (16)

�¥©áâ¢¨â¥«ì­®, ¨§ à ¢¥­áâ¢ 

g(x) = g(y) +
Z x

y

g0(t)dt

¢ëâ¥ª ¥â

g2(x) � 2g2(y) + 2
�Z x

y

g0(t)dt
�2

� 2g2(y) + 2
Z x

y

12dt
Z x

y

(g0(t))2dt � 2g2(y) + 4l
Z l

�l
(g0(t))2dt:

�âáî¤  ¨­â¥£à¨à®¢ ­¨¥¬ ¯® x ¨ y ¢ë¢®¤¨¬ (16).
�¡®§­ ç¨¬ ç¥à¥§ r� â®çªã, ¢ ª®â®à®© h(r�) = min

x12[y;z]
h(x1). �ãáâì ®áì Ox2 ¢ë¡à ­  ¢ ­ ¯à ¢«¥-

­¨¨, ¢ ª®â®à®¬ á¥ç¥­¨¥ Sr� = 
 \ fx1 = r�g ¨¬¥¥â ¬¨­¨¬ «ì­ãî â®«é¨­ã. � áá¬®âà¨¬ ®¡« áâ¨

Q1 = fx 2 Rn j r� < x1 < z; jx2j > h(r�)g;
Q2 = fx 2 Rn j y < x1 < r�; jx2j > h(r�)g;
Q+

3 = fx 2 Rn j y < x1 < z; 0 < x2 < h(r�)g;
Q�

3 = fx 2 Rn j y < x1 < z; �h(r�) < x2 < 0g:

�­®¦¥áâ¢® S = fx 2 R
n : x1 = r�, jx2j > h(r�)g à á¯®«®¦¥­® ¢­¥ 
, ¨ ­  ­¥¬ u = 0. �®íâ®¬ã,

¨á¯®«ì§ãï ­¥à ¢¥­áâ¢® (15), ¯®«ãç¨¬

Z
Q1

u2dx =
Z 1

�1
dxn : : : dx3

Z
jx2j>h(r�)

dx2

Z z

r�
u2dx1 �

� jz � r�j2
Z 1

�1
dxn : : : dx3

Z
jx2j>h(r�)

dx2

Z z

r�
jruj2dx1 � jz � yj2

Z
Q1

jruj2dx:

�«ï ®¡« áâ¨ Q2 ¨ ¤«ï Q1 [Q2 á¯à ¢¥¤«¨¢ë  ­ «®£¨ç­ë¥ ®æ¥­ª¨.
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�¥à¥§ Q+, Q� ¡ã¤¥¬ ®¡®§­ ç âì ç áâ¨ ®¡« áâ¨ Q, à á¯®«®¦¥­­ë¥ ¢ ¯®«ã¯à®áâà ­áâ¢ å
fx2>0g ¨ fx2 < 0g á®®â¢¥âáâ¢¥­­®. �¡®§­ ç ï h(r�) = l ¨ ¯à¨¬¥­ïï ­¥à ¢¥­áâ¢® (16), ¨¬¥¥¬

Z
Q�
3

u2dx =
Z 1

�1
dxn : : : dx3

Z z

y

dx1

Z 0

�l
u2dx2 � 2

Z 1

�1
dxn : : : dx3

Z z

y

dx1

Z �l

�2l
u2dx2 +

+ 4l2
Z 1

�1
dxn : : : dx3

Z z

y
dx1

Z 0

�2l
jruj2dx2 � 2

Z
(Q1[Q2)�

u2dx+ 4l2
Z
(
zy)

�

jruj2dx �

� 2jz � yj2
Z
(Q1[Q2)�

jruj2dx+ 4l2
Z
(
zy)

�

jruj2dx:

�«ï ®¡« áâ¨ Q+
3 ®æ¥­ª   ­ «®£¨ç­  ¯®«ãç¥­­®©. �âáî¤ 

R

zy

u2dx =
R

Q1[Q2[Q3

u2dx � 3jz � yj2 �
R

Q1[Q2

jruj2dx+ 4i2
R

zy

jruj2dx. �§ ¯®á«¥¤­¥£® ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª ¥â (14).

�â¢¥à¦¤¥­¨¥ 1. �«ï ®¡®¡é¥­­®£® à¥è¥­¨ï u(t; x) § ¤ ç¨ (1){(3) ¯à¨ ¢á¥å t � 0 á¯à ¢¥¤«¨¢®
à ¢¥­áâ¢®

Z



u2(t; x)dx =
Z



'2(x)dx� 2
Z t

0

Z



ru(�; x)A(�; x)ru(�; x)dx d�: (17)

�®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥­¨ï 1 ¤«ï ®¡é¥£® «¨­¥©­®£® ãà ¢­¥­¨ï ¯à¨¢¥¤¥­® ¢ ([12], á. 509) ¢
á«ãç ¥ ®£à ­¨ç¥­­®© ®¡« áâ¨. �«ï ­¥®£à ­¨ç¥­­®© ®¡« áâ¨ ®­® ¯à®¢®¤¨âáï ¡¥§ áãé¥áâ¢¥­­ëå
¨§¬¥­¥­¨©.

�â¢¥à¦¤¥­¨¥ 2 ([12]). �ãáâì 
0 � 
00 ¨ ­¥®âà¨æ â¥«ì­ë¥ ­ ç «ì­ë¥ äã­ªæ¨¨ '1(x),
'2(x) ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ã '1(x) � '2(x) ¤«ï ¯®çâ¨ ¢á¥å x 2 
. �®£¤  à¥è¥­¨ï u1(t; x)
¨ u2(t; x) á®®â¢¥âáâ¢ãîé¨å § ¤ ç (1){(3) ã¤®¢«¥â¢®àïîâ ¤«ï ¢á¥å t > 0 ¨ x 2 
0 ­¥à ¢¥­áâ¢ã
u1(t; x) � u2(t; x).

�§ ­¥à ¢¥­áâ¢  (15) áà §ã á«¥¤ã¥â

Z

y0

v2dx � y20

Z

y0

jrvj2dx; v 2 C1
0 (
): (18)

�¥¬¬  2. �ãáâì � | ¯®áâ®ï­­ ï ¨§ ãá«®¢¨ï B. �«ï «î¡®© äã­ªæ¨¨ v 2 C1
0 (
) á¯à ¢¥¤«¨¢®

­¥à ¢¥­áâ¢®

Z

yN

v2(x)dx � C(�)y2(N)
Z

yN

jrvj2(x)dx; N = 0;1:

�®ª § â¥«ìáâ¢®. �« £®¤ àï ãá«®¢¨î B, ¯à¨ ª ¦¤®¬ i = 0;1 ¤«ï ®¡« áâ¨ 
yi+1
yi

¯à¨¬¥­¨¬ 
«¥¬¬  1. �¬¥¥¬ ®æ¥­ªã

Z


yi+1
yi

v2(x)dx � C(�)(yi+1 � yi)2
Z


yi+1
yi

jrvj2(x)dx: (19)

�ã¬¬¨àãï ­¥à ¢¥­áâ¢  (18), (19) ¨ ¯®«ì§ãïáì â¥¬, çâ® (yi+1 � yi) � y(N), ¯®«ãç¨¬ ãâ¢¥à¦¤¥­¨¥
«¥¬¬ë 2.
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2. �æ¥­ª  á¢¥àåã

�­ ç «  ¤®ª ¦¥¬ ãâ¢¥à¦¤¥­¨¥ ® ¯®¢¥¤¥­¨¨ à¥è¥­¨ï ¯à¨ ¡®«ìè®¬ x.

�â¢¥à¦¤¥­¨¥ 3. �«ï ®¡®¡é¥­­®£® à¥è¥­¨ï u(t; x) § ¤ ç¨ (1){(2) ¢ ®¡« áâ¨ 
, ã¤®¢«¥â¢®-
àïîé¥© ãá«®¢¨î B, ¯à¨ ¢á¥å t � 0, N � 2 á¯à ¢¥¤«¨¢  ®æ¥­ª Z


yN

u2(t)dx � ke�
N
k k'k2;

£¤¥ ¯®áâ®ï­­ ï k > 0 § ¢¨á¨â â®«ìª® ®â 
;�; �.

�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ ç¨á«® k > 1 â ª, çâ®¡ë ¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢®

�
p
C(�)e

1
k

k
� 
: (20)

� áá¬®âà¨¬ ­¥®âà¨æ â¥«ì­ãî ­¥¯à¥àë¢­ãî ­¥ã¡ë¢ îéãî äã­ªæ¨î, à ¢­ãî ­ã«î ¯à¨ x1 � y0
¨ ¥¤¨­¨æ¥ ¯à¨ x1 > yN ,   ¢ ®áâ «ì­®¬ ®¯à¥¤¥«¥­­ãî ä®à¬ã«®©

�(x1) =

8<
:
ax1 + b; ¥á«¨ y0 < x1 � y1;

exp
�
i�N+x1�yi
k(yi+1�yi)

�
; ¥á«¨ yi < x1 � yi+1; i = 1; N � 1:

�¥âàã¤­® ãáâ ­®¢¨âì á«¥¤ãîé¨¥ á®®â­®è¥­¨ï:

�x1 =
�

k(yi+1 � yi)
; x1 2 [yi; yi+1]; i = 1; N � 1;

�x1 =
e
1�N

k

y1 � y0
; x1 2 [y0; y1]; (21)

�(yi+1)
�(yi)

= e
1
k ; i = 1; N � 1; �(y1) = e

1�N

k :

�áà¥¤­¥­¨¥¬ �â¥ª«®¢  äã­ªæ¨¨ v(t; x) ï¢«ï¥âáï

vh(t; x) =
1
h

Z t+h

t

v(�; x)d�:

� ¨­â¥£à «ì­®¬ â®¦¤¥áâ¢¥ (13) ¯®«®¦¨¬ v = !�h, h � �, £¤¥ !(�; x) 2
�
W 0;1

2 (Dt) ¨ ¯à®¤®«¦¥­ 
­ã«¥¬ ¢­¥ ¨­â¥à¢ «  (0; t) � (0; T � �). � à¥§ã«ìâ â¥ ­¥á«®¦­ëå ¯à¥®¡à §®¢ ­¨© ¯®«ãç¨¬
à ¢¥­áâ¢®

Z
Dt

�
(uh)�! +

� nX
i;j=1

aijuxi

�
h

!xj

�
dx d� = 0:

�®¤áâ ¢¨¬ ¢ ­¥£® ! = uh(�; x)�(x1)

1
2

Z



u2h�

�����
�=t

�=0

dx+
Z
Dt

�� nX
i;j=1

aijuxi

�
h

(uh�)xj

�
dx d� = 0:

�§ ¯à¨­ ¤«¥¦­®áâ¨ äã­ªæ¨¨ u ¯à®áâà ­áâ¢ã
�
W 0;1

2 (DT ) ¯® «¥¬¬¥ ¨§ ([12], á. 101) á«¥¤ã¥â, çâ®

¥¥ ®áà¥¤­¥­¨¥ �â¥ª«®¢  áå®¤¨âáï ª á ¬®© äã­ªæ¨¨ ¢ DT�� ¯® ­®à¬¥ ¯à®áâà ­áâ¢ 
�
W 0;1

2 (DT��).
�¥à¥©¤ï ¢ ¯®á«¥¤­¥¬ à ¢¥­áâ¢¥ ª ¯à¥¤¥«ã ¯à¨ h! 0, ¯®«ãç¨¬

1
2

Z


u2�

����=t
�=0

dx+
Z
Dt

�� nX
i;j=1

aijuxi

�
(u�)xj

�
dx d� = 0:
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�á¯®«ì§ãï ãá«®¢¨¥ à ¢­®¬¥à­®© í««¨¯â¨ç­®áâ¨, ãáâ ­ ¢«¨¢ ¥¬

1
2

Z



u2�
����=t
�=0

dx+ 


Z
Dt

�jruj2dx d� � �
Z
Dt

juj jrujjr�jdx d�: (22)

� áá¬®âà¨¬ ¯à ¢ãî ç áâì ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢ 

�
Z
Dt

juj jruj�x1dx d� =
Z t

0

Z


y1
y0

�juj jruj�x1dx d� +
N�1X
i=1

Z t

0

Z


yi+1
yi

�juj jruj �(x1)
k(yi+1 � yi)

dx d�:

�¡®§­ ç ï ¯¥à¢®¥ á« £ ¥¬®¥ ¯à ¢®© ç áâ¨ ç¥à¥§ I1 ¨ ¯à¥®¡à §ãï ¢â®à®¥ á« £ ¥¬®¥, ¯®«ãç¨¬

Z
Dt

�juj jruj�x1dxd� � I1 +
N�1X
i=1

�
k

Z t

0

Z


yi+1
yi

�

� jruj2pC(�)
2

+
u2

2
p
C(�)(yi+1 � yi)2

�
dx d�: (23)

�®«ì§ãïáì (19), ®æ¥­¨¬ ¨­â¥£à «
Z


yi+1
yi

�u2dx � �(yi+1)
Z


yi+1
yi

u2dx � C(�)(yi+1 � yi)
2�(yi+1)

Z


yi+1
yi

jruj2dx �

� C(�)(yi+1 � yi)2
�(yi+1)
�(yi)

Z


yi+1
yi

�jruj2dx � C(�)(yi+1 � yi)2e
1
k

Z


yi+1
yi

�jruj2dx:

�®£¤  ¨§ (23), ãç¨âë¢ ï ¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¨ (20), ¯®«ãç¨¬
Z
Dt

�juj jruj�x1dx d� � I1 +
Z t

0

Z


yN
y1

�
jruj2dx d�:

�âáî¤ , ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ (22), ¨¬¥¥¬

1
2

Z


u2�

����=t
�=0

dx+ 


Z t

0

Z

1yN

�jruj2dx d� � I1: (24)

�æ¥­¨¬ I1. �¢¨¤ã (21) ¨¬¥¥¬

I1 =
Z t

0

Z


y1
y0

�juj jruj e
1�N
k

y1 � y0
dx d�:

�®«®¦¨¬ " =
p
C(�)(y1 � y0). �ç¨âë¢ ï, çâ® á®£« á­® (19)

Z


y1
y0

juj jrujdx �
Z


y1
y0

� jruj2"
2

+
juj2
2"

�
dx �

Z


y1
y0

"jruj2dx;

¡ã¤¥¬ ¨¬¥âì

I1 �
Z t

0

Z


y1
y0

�e
1�N
k

q
C(�)jruj2dx:

�¥¯¥àì, ¯®«ì§ãïáì ãâ¢¥à¦¤¥­¨¥¬ 1, ¯®«ãç¨¬

I1 � �
2


e
1�N
k

q
C(�)k'k2:

� ª®­¥æ, ¨§ (24) ¨ à ¢¥­áâ¢  u2�jt=0 = 0 ¨¬¥¥¬

1
2

Z

1yN

u2dx � �
2


e
1�N

k

q
C(�)k'k2:

�â¢¥à¦¤¥­¨¥ 3 á«¥¤ã¥â ¨§ (20).
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�®ª § â¥«ìáâ¢® ®æ¥­ª¨ (8). �«ï «î¡®£® t � 2y2(2) ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® N(t) � 2.
� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­®¥ t � 2y0 ¨ N � 2. �®£« á­® ãâ¢¥à¦¤¥­¨î 3 ¯®«ãç¨¬Z


N
u2(t)dx � ke�

N
k k'k2:

�¢¥¤¥¬ ®¡®§­ ç¥­¨¥ "(N) = k(e�
N
k )k'k2. �®£¤  ¯à¨ ¢á¥å � > 0 ¨¬¥¥¬Z



u2(�; x)dx � "(N) +

Z

yN

u2(�; x)dx: (25)

�®«®¦¨¬ � = (C(�)y2(N))�1. �¬­®¦ ï ®¡¥ ç áâ¨ ­¥à ¢¥­áâ¢  (25) ­  �, ¯® «¥¬¬¥ 2 ¯®«ãç¨¬

�

�Z


u2(�; x)dx � "(N)

�
�
Z

N
jruj2dx; � > 0:

� «¥¥

�

�Z


u2(�; x)dx � "(N)

�
� 
�1

Z


ruA(t; x)rudx; � > 0: (26)

�¢®¤ï ®¡®§­ ç¥­¨¥ E(t) =
R



u2(t; x)dx ¨ ¤¨ää¥à¥­æ¨àãï (17) ¯® t, ¨¬¥¥¬

dE(t)
dt

= �2
Z



ru(t; x)A(t; x)ru(t; x)dx:

�ç¨âë¢ ï ¯®á«¥¤­¥¥, ¨§ (26) ¯®«ãç¨¬

dE(�)
d�

� �2
�(E(�) � "(N)); � > 0:

�âáî¤ 

E(�) � "(N) +E(0)e�2
�� ; � > 0:

�§ï¢ � = t
2
¨ § ¬¥â¨¢, çâ® E(0) = k'k2, ¯®«ãç¨¬

E

�
t

2

�
� ke�

N
k k'k2 + e�
�tk'k2:

�ë¡à ¢ N = N(t), ãáâ ­ ¢«¨¢ ¥¬ ­¥à ¢¥­áâ¢® E( t
2
) � (k + 1) exp(�2�N(t))k'k2, £¤¥ � =

min
�
1
2k
; 

2C(�)

�
. �§ ­¥à ¢¥­áâ¢  �íè  (7) ¨ ãâ¢¥à¦¤¥­¨ï 2 á«¥¤ã¥â ®æ¥­ª , § ¢¥àè îé ï ¤®-

ª § â¥«ìáâ¢® ®æ¥­ª¨ (8),

ju(t; x)j � c1

�
t

2

��n
4p

k + 1 exp(��N(t))k'k: �

3. �æ¥­ª  á­¨§ã

� íâ®¬ à §¤¥«¥ â®çª¨ ¯à®áâà ­áâ¢  Rn ¡ã¤¥¬ ¢ë¤¥«ïâì ¦¨à­ë¬ èà¨äâ®¬.
�®ª ¦¥¬ á®®â­®è¥­¨¥ (9) â¥®à¥¬ë 1.
� ¯®¬­¨¬ ­¥à ¢¥­áâ¢® � à­ ª , ãáâ ­®¢«¥­­®¥ �.�®§¥à®¬. �ä®à¬ã«¨àã¥¬ ¥£® ¢ ã¤®¡­®¬

¤«ï ­ á ¢¨¤¥. �¡®§­ ç¨¬ ç¥à¥§ B(�;y) = fx 2 R
n
�� jx � yj � �g è à à ¤¨ãá  � á æ¥­âà®¬ ¢

â®çª¥ y 2 Rn . �«ï ­¥®âà¨æ â¥«ì­®£® ¢ æ¨«¨­¤à¥ Q = B(2�; z) � [0; 9�2] à¥è¥­¨ï ãà ¢­¥­¨ï (1)
á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥

max
Q�

u(t;x) � Hmin
Q+

u(t;x);

¢ ª®â®à®¬ ¯®áâ®ï­­ ï H � 1 § ¢¨á¨â «¨èì ®â 
, �, n ¨

Q+ = B(�; z) � [8�2; 9�2]; Q� = B(�; z) � [�2; 2�2]:

42



�§ ­¥à ¢¥­áâ¢  � à­ ª  ¢ëâ¥ª ¥â

�¥¬¬  3. �ãáâì â®çª¨ (t0;x0); (t1;x1) 2 D, z = (z; 0) 2 
 ¨ ç¨á«® � â ª®¢ë, çâ®

jxi � (z; 0)j � � � r(z)=2; i = 0; 1; t0 = t1 � 8�2 � �2:

�®£¤  ­¥®âà¨æ â¥«ì­®¥ ¢ D à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã

u(t0;x0) � Hu(t1;x1):

�¥©áâ¢¨â¥«ì­®, ¢ á¨«ã ãá«®¢¨ï «¥¬¬ë ¤«ï â®ç¥ª (t0;x0), (t1;x1) áãé¥áâ¢ã¥â æ¨«¨­¤à Q =
B(2�; z) � [0; 9�2], á®¤¥à¦ é¨©áï ¢ D ¨ â ª®©, çâ® (t0;x0) 2 Q� ¨ (t1;x1) 2 Q+. �®£¤  á®£« á­®
­¥à ¢¥­áâ¢ã � à­ ª  ¨¬¥¥¬

u(t0;x
0) � max

Q�
u(t;x) � Hmin

Q+
u(t;x) � Hu(t1;x

1):

�®«®¦¨¬ x0 = (y0;0), x1 = (y1;0), �0 = (y1 � y0)=2, t0 = �20, t1 = t0 + 8�20. �®£¤  ¤«ï ¯ à
(t0;x0), (t1;x1) ¯à¨ z = ((y0 + y1)=2;0) ¢ë¯®«­¥­ë ãá«®¢¨ï «¥¬¬ë 3, ¯®áª®«ìªã

B(2�0; (z;0)) = B(r(z); z) � 
:

� ä¨ªá¨àã¥¬ ­¥ª®â®à®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«® t > t0. � «¥¥ ¯®«®¦¨¬

�j = (yj+1 � yj)=2; tj+1 = tj + 8�2j ; wi = ((yj + yj+1)=2;0); j = 0;1:

�§ ®¯à¥¤¥«¥­¨ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ fyjg á«¥¤ãîâ ­¥à ¢¥­áâ¢ 
�j+1 � 3�j ; j = 0;1; (27)

¨­ ç¥ ­¥à ¢¥­áâ¢® �i+1 > 3�i ¢«¥ç¥â B(2�i;wi) � B(2�i+1;wi+1), çâ® ­¥¢®§¬®¦­®.
�­¤ãªæ¨¥© ¯® j ãáâ ­®¢¨¬

tj � �2j ; j = 0;1: (28)

�¥©áâ¢¨â¥«ì­®, ¯® ¢ë¡®àã t0 = �20 ¨ ¯à¥¤¯®«®¦¥­¨î ¨­¤ãªæ¨¨, ¢ á¨«ã (27)

tj+1 = tj + 8�2j � 9�2j � �2j+1:

�à¨¬¥­ïï (28) ¨ ®¯à¥¤¥«¥­¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fyjg, § ª«îç ¥¬, çâ® ¯ àë (tj ;xj), (tj+1;x
j+1),

j = 0;1, ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ «¥¬¬ë 3, ¨ â®£¤  á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

u(tj ;xj) � Hu(tj+1;x
j+1); j = 0;1: (29)

� ä¨ªá¨àã¥¬ m � 2. �à¥¤¯®«®¦¨¬ á­ ç « , çâ® N(tm) � m � 1. �®£¤  ¨§ (29) ¯®«ãç ¥¬
­¥à ¢¥­áâ¢ 

u(tm;xm) � H�mu(t0;x0) �M0H
�N(tm):

�ãáâì â¥¯¥àì N(tm) < m ¨ q � N(tm)+1 | ¯¥à¢ë© ­®¬¥à, ¤«ï ª®â®à®£® y(N +1) = yq+1�yq.
�á«¨ y(N + 1) = y0, â® ¯®« £ ¥¬ q = 0. � íâ®£® ­®¬¥à  ¢­¥á¥¬ ¨§¬¥­¥­¨ï ¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨
�j , xj , tj , ¯®« £ ï �j = �q, xj = xq, t0j = tq + 8�2q(j � q), j = q + 1;1. �ç¥¢¨¤­®, ¯® «¥¬¬¥ 3
¨§¬¥­¥­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì â ª¦¥ ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ ¬ (29). �ãáâì k | ¯¥à¢ë©
­®¬¥à, ¤«ï ª®â®à®£® t0k � tm. �®¦­® áç¨â âì, çâ® t0k = tm, ã¬¥­ìè¨¢, ¢ á«ãç ¥ ­¥®¡å®¤¨¬®áâ¨,
�k â ª, çâ®¡ë t0k = t0k�1 + 8�2k = tm. �®£« á­® (29)

u(tm;x
q) = u(t0k;x

k) � H�ku(t0;x
0):

�§ ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ N(t), á«¥¤ã¥â ­¥à ¢¥­áâ¢® tm
y2(N+1)

� N+1. � ¬¥â¨¬, çâ® ¢ á«ãç ¥ q � 1
¨¬¥¥¬ 2�q = yq+1 � yq = y(N + 1) ¨

k = q + (k � q) � N + 1 +
t

8�2q
= N + 1 +

tm
2y2(N + 1)

� 2(N + 1):
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�á«¨ ¦¥ y(N + 1) = y0, â® 2�q = y1 � y0 =
y1�y0
y0

y(N + 1), ¨

k � N + 1 +
tm
8�2q

= N + 1 +
1
2

�
y0

y1 � y0

�2
tm

y2(N + 1)
� (N + 1)

�
1 +

1
2

�
y0

y1 � y0

�2�
:

� ª¨¬ ®¡à §®¬, ¢á¥£¤ 
max
x

u(tm;x
m) � H�K(N(tm)+1)M0:

�¥à ¢¥­áâ¢® (9) â¥®à¥¬ë ¤®ª § ­®.

�¨â¥à âãà 
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