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� ¤ ­­®© à ¡®â¥ ¯à¥¤«®¦¥­ ­¥ï¢­ë© ¬¥â®¤ à¥è¥­¨ï, ®¡« ¤ îé¨© á¢®©áâ¢®¬ á­¨¦¥­¨ï à §-
¬¥à­®áâ¨ § ¤ ç¨ ­  ¥¤¨­¨æã. �à¨ íâ®¬ ãá«®¦­¥­¨¥ ¢ëç¨á«¥­¨© ¯® áà ¢­¥­¨î á ¬¥â®¤ ¬¨, ¨á-
¯®«ì§ãîé¨¬¨ ï¢­ë¥ áå¥¬ë, ­¥áãé¥áâ¢¥­­®. �á¥ à ááã¦¤¥­¨ï ¯à®¨§¢®¤ïâáï ­  ¯à¨¬¥à¥ ªà ¥¢®©
§ ¤ ç¨ ¤«ï ¡ à®âà®¯­®£® ¤¢¨¦¥­¨ï á¦¨¬ ¥¬®£® ­¥¢ï§ª®£® £ § . � ª ¯®ª § ­® ¢ [1], ¬®¦­® à á-
á¬ âà¨¢ âì íâã ªà ¥¢ãî § ¤ çã â®«ìª® ¤«ï ¯àï¬®ã£®«ì­®© ®¡« áâ¨ 
 = [0; a] � [0; b].

�ãáâì ¢ 
 ¨¬¥¥¬ ¢ ®¡é¥¯à¨­ïâëå ®¡®§­ ç¥­¨ïå ¢ ¤¥ª àâ®¢®© á¨áâ¥¬¥ ª®®à¤¨­ â x; y á¨áâ¥¬ã
ãà ¢­¥­¨© £¨¤à®¤¨­ ¬¨ª¨, § ¯¨á ­­ãî ¢ ª®­á¥à¢ â¨¢­®© ä®à¬¥,

(�u)x + (�v)y = 0; (�uv)x + (p+ �v2)y = 0;

(p+ �u2)x + (�uv)y = 0; p = p(�):
(1)

�  @
 § ¤ ¤¨¬ ªà ¥¢ë¥ ãá«®¢¨ï

�u = RU(y); �v = RV (y) ¯à¨ x = 0; �v=�u = �1(y) ¯à¨ x = a;

�v=�u = �2(x) ¯à¨ y = 0; �v=�u = �3(x) ¯à¨ y = b:
(2)

� ¤ ç  (1), (2) ª®àà¥ªâ­  ([2], [3]).
�¢¥¤¥¬ ®¡®§­ ç¥­¨ï á ¯®¬®éìî á¨áâ¥¬ë

�u = F (1); �v = F (2); p+ �u2 = F (3);

�uv = F (4); �vu = F (5); p+ �v2 = F (6)
(3)

¨ ¯¥à¥¯¨è¥¬ (1) ¢ ¢¨¤¥

F (n)x + F (n+ 1)y = 0; n = 1; 3; 5: (4)

�  á¥â®ç­®© ®¡« áâ¨ G = f(i; jg, i = 1; Ni, j = 1; Nj , á¨áâ¥¬ã (4) ¨ ãá«®¢¨ï (2) á® ¢â®àë¬
¯®àï¤ª®¬ â®ç­®áâ¨ § ¬¥­¨¬ á¨áâ¥¬®© à §­®áâ­ëå ãà ¢­¥­¨© ®â­®á¨â¥«ì­® á¥â®ç­®© äã­ªæ¨¨
F , á®®â¢¥âáâ¢ãîé¥© á¥â®ç­ë¬ è ¡«®­ ¬ ¤«ï ¢­ãâà¥­­¨å ¨ £à ­¨ç­ëå ã§«®¢ á ­ã¬¥à æ¨¥© ã§«®¢
¢®ªàã£ æ¥­âà «ì­®© â®çª¨ (i; j),

F (n)i+1 j � F (n)i�1 j + F (n+ 1)i j+1 � F (n+ 1)i j�1 = 0; (5)

n = 1; 3; 5; j = 2; Nj � 1; i = 2; Ni � 1:
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�â  á¨áâ¥¬  ¤®¯®«­ï¥âáï ãá«®¢¨ï¬¨ ¢ £à ­¨ç­ëå ã§« å M 2 @G

F (1)1;j = RU(h(j � 1)) = RU(1; j); (F (2)=F (1))Ni;j = �1(Ni; j);

F (2)1;j = RV (1; j); (6)

(F (2)=F (1))i;1 = �2(i; 1); (F (2)=F (1))i;Nj = �3(i;Nj):

�«ï ¤®®¯à¥¤¥«¥­¨ï á¨áâ¥¬ë (5) ®â­®á¨â¥«ì­® F (n) ¨«¨ F (n + 1) ¢¢¥¤¥¬ ¢ è ¡«®­  ) æ¥­-
âà «ì­ãî â®çªã (i; j). �«ï íâ®£® á ¯®¬®éìî à áé¥¯«¥­¨ï § ¤ ç¨ ¯® ª®®à¤¨­ â­ë¬ ­ ¯à ¢«¥-
­¨ï¬ ¨á¯®«ì§ã¥¬ ¯® ­ ¯à ¢«¥­¨î x áå¥¬ã

F (n)i;j � F (n)i�1;j + (F (n+ 1)i;j+1 � F (n+ 1)i;j�1)=2 = 0; i = 2; Ni:

�¤­ ª® íâ¨ ãà ¢­¥­¨ï ¨¬¥îâ 1-© ¯®àï¤®ª  ¯¯à®ªá¨¬ æ¨¨ ¯® x ¨ ¢ ®¡é¥¬ á«ãç ¥ ­¥ ®¡¥á¯¥ç¨¢ îâ
¢ë¯®«­¥­¨ï £à ­¨ç­®£® ãá«®¢¨ï ­  á«®¥ i = Ni. �®áâ ¢¨¬ «¨­¥©­ë¥ ª®¬¡¨­ æ¨¨ ãà ¢­¥­¨©,
ª®â®àë¥ ¢ ã§« å (i; j) ®¡à §ãîâ ãà ¢­¥­¨ï ¢¨¤ 

F (n)i�1;j � 2F (n)i;j + F (n)i+1;j + 0:25�(F (n+ 1)i+1;j+1 � F (n+ 1)i�1;j+1 �

� F (n+ 1)i+1;j�1 + F (n+ 1)i�1;j�1) = 0; j = 2; Nj � 1; i = 2; Ni� 1; n = 1; 3; 5: (7 )

�®«ãç¥­­ãî â ª¨¬ ®¡à §®¬ á¨áâ¥¬ã ãà ¢­¥­¨© ¤®¯®«­¨¬ ­¥¤®áâ îé¨¬¨ ãà ¢­¥­¨ï¬¨ ­  á«®ïå
i = 1 ¨ i = Ni (è ¡«®­ å ¢) ¨ ¦) ) ¤«ï j = 2; Nj � 1.

�®áâã¯ ï  ­ «®£¨ç­® ¢ ­ ¯à ¢«¥­¨¨ y, ¯®«ãç¨¬ ãà ¢­¥­¨ï ¢¨¤ 

F (n+ 1)i;j�1 � 2F (n+ 1)i;j + F (n+ 1)i;j+1 + 0:25�(F (n)i+1;j+1 �

� F (n)i�1;j+1 � F (n)i+1;j�1 + F (n)i�1;j�1) = 0 8(i; j) 2 G: (7¡)

�à ¢­¥­¨ï (7 ) (7¡), ãá«®¢¨ï (6) ¨ á¨áâ¥¬  à §­®áâ­ëå ãà ¢­¥­¨©,  ¯¯à®ªá¨¬¨àãîé¨å ãà ¢-
­¥­¨ï (4) ­  á¥â®ç­ëå è ¡«®­ å ¡){¨), á®áâ ¢«ïîâ § ¤ çã �1.

�à ¢­¥­¨ï, § ¯¨á ­­ë¥ ¤«ï ¢­ãâà¥­­¨å ã§«®¢ á¥â®ç­®© ®¡« áâ¨ á® ¢â®àë¬ ¯®àï¤ª®¬ â®ç­®-
áâ¨ ®â­®á¨â¥«ì­® h,  ¯¯à®ªá¨¬¨àãîâ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï

F (n)xx + F (n+ 1)xy = 0; F (n+ 1)yy + F (n)xy = 0; (8)

ª®â®àë¥ ¯®«ãç îâáï ¤¨ää¥à¥­æ¨à®¢ ­¨¥¬ ¨áå®¤­ëå ãà ¢­¥­¨© (4) ¯® ­¥§ ¢¨á¨¬ë¬ ¯¥à¥¬¥­-
­ë¬. �á«¥¤áâ¢¨¨ íâ®£® ¬®¦­® ãâ¢¥à¦¤ âì, çâ® § ¤ ç  �1 ¥áâì à §­®áâ­ ï § ¤ ç , á®®â¢¥âáâ¢ã-
îé ï ­  ®¡« áâ¨ 
 § ¤ ç¥ �2, ª®â®à ï ®¡à §®¢ ­  á¨áâ¥¬®© ãà ¢­¥­¨© (8) ¤«ï â®ç¥ª ¢­ãâà¨
®¡« áâ¨, £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ (2) ¨ ãá«®¢¨ï¬¨ (4).

�¢¥¤¥¬ X = fF (n); F (n + 1)gi;j , i = 2; Ni � 1, j = 2; Nj � 1, n = 1; 3; 5 | ¢¥ªâ®à ­¥¨§¢¥áâ­ëå
ª®¬¯«¥ªá®¢ ¢® ¢­ãâà¥­­¨å ã§« å,X@G | ¢¥ªâ®à ¨å £à ­¨ç­ëå §­ ç¥­¨©. �®£¤  § ¤ çã �2 ¬®¦­®
§ ¯¨á âì ¢ ®¯¥à â®à­®© ä®à¬¥ LX = BX@G.

�¯¥à â®à L «¨­¥©­ë©, ­¥¢ëà®¦¤¥­­ë© ¨ § ¢¨á¨â «¨èì ®â ¢ë¡à ­­®© à §­®áâ­®© á¥âª¨.
�¡à â­ãî ¬ âà¨æã L�1 ¬®¦­® ¢ëç¨á«¨âì ¨ § ¯¨á âì ¢ ¯ ¬ïâì ���. �®áª®«ìªã íâ  ¬ âà¨æ 
¨¬¥¥â ¡«®ç­®-á¨¬¬¥âà¨ç­ãî áâàãªâãàã, â® ¯à®¡«¥¬ ¥¥ åà ­¥­¨ï ­¥ ¢®§­¨ª ¥â.

�â¥à æ¨®­­ë© ¯à®æ¥áá à¥è¥­¨ï § ¤ ç¨ �2 áâà®¨âáï á«¥¤ãîé¨¬ ®¡à §®¬.
�ãáâì ­  ¨â¥à æ¨®­­®¬ á«®¥ á ­®¬¥à®¬ r ¢¥ªâ®àë X ¨ X@G ¨§¢¥áâ­ë ¨ ®¡®§­ ç¥­ë X

r
¨

X
r

@G. �®£¤ 

X
r+1

= �L�1BX
r

@G(X
r
) + (1� �)X

r
; 0 < � < 1; r = 0; 1; : : : ; (9)

£¤¥ X
r

@G ­ å®¤¨âáï ¢ § ¢¨á¨¬®áâ¨ ®â X
r
.

� ª¨¬ ®¡à §®¬, ¯® áãé¥áâ¢ã ¨â¥à æ¨¨ ¯à®¢®¤ïâáï «¨èì ­  £à ­¨æ¥ @G,   ¢ëç¨á«ïâì F ­ã¦­®
¢ ¤¢ãå ¯à¨£à ­¨ç­ëå á«®ïå á¥âª¨. � ¬¥â¨¬, çâ® áå®¤¨¬®áâì ¯à®æ¥áá  (9) ¬®¦¥â à¥£ã«¨à®¢ âìáï
§  áç¥â ¯®¤¡®à  ¬­®¦¨â¥«ï �.
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�à®æ¥áá (9) ¬®¦¥â ¡ëâì ®áãé¥áâ¢«¥­ ¨ á ¯®¬®éìî ¬¥â®¤  ¯à®¤®«ì­®-¯®¯¥à¥ç­®© ¯à®£®­ª¨.
�à¨ íâ®¬ ¯à®£®­®ç­ë¥ ª®íää¨æ¨¥­âë, ª ª ¨ ®¡à â­ë¥ ¬ âà¨æë, ­ å®¤ïâáï «¨èì ®¤­ ¦¤ë ¤«ï
¡®«ìè®£® ª« áá  § ¤ ç.

�ëç¨á«¥­¨¥ á¥â®ç­®© äã­ªæ¨¨ _W (x; y) ¤«ï W = (�; u; v) ¯à®¨§¢®¤¨âáï ¯à¨ ­¥®¡å®¤¨¬®áâ¨
¯®á«¥ ®ª®­ç ­¨ï ¢ëç¨á«¥­¨© ¯ãâ¥¬ à¥è¥­¨ï á¨áâ¥¬ë ãà ¢­¥­¨© (3) á ¨á¯®«ì§®¢ ­¨¥¬ ¯à®æ¥-
¤ãàë «¨­¥ à¨§ æ¨¨ ¬¥â®¤  �ìîâ®­  ¨ ¬¥â®¤  ­ ¨¬¥­ìè¨å ª¢ ¤à â®¢. �å®¤¨¬®áâì _W (x; y) ª
W (x; y) ®¡¥á¯¥ç¨¢ ¥âáï ¯®¤¡®à®¬ ¬­®¦¨â¥«ï �.

� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® ¨¤¥¨ ¬¥â®¤  ¯à¨¬¥­¨¬ë ¤«ï ®¡« áâ¥©, à §¬¥à­®áâì ª®â®àëå
¡®«¥¥ ¤¢ãå,   â ª¦¥ ¤«ï â¥ç¥­¨© £ §  á à §«¨ç­ë¬¨ ¢®§¤¥©áâ¢¨ï¬¨.
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