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1. �¢¥¤¥¨¥

�ãáâì U | ¢¥é¥áâ¢¥®¥ £¨«ì¡¥àâ®¢®,   V | ¢¥é¥áâ¢¥®¥ ª®¥ç®¬¥à®¥ ¥¢ª«¨¤®¢® ¯à®-
áâà áâ¢ , Q| ¢ë¯ãª«®¥, § ¬ªãâ®¥ ¨ ¥¯ãáâ®¥ ¬®¦¥áâ¢® â®ç¥ª ¢ ¯à®áâà áâ¢¥ U , G : Q! U
¨ h : Q ! V | ¥ª®â®àë¥ ®¤®§ çë¥ ®¯¥à â®àë. �à¥¤¯®«®¦¨¬ â ª¦¥, çâ® ¯à®áâà áâ¢®
V ç áâ¨ç® ã¯®àï¤®ç¥® á ¯®¬®éìî ¢ë¯ãª«®£®, § ¬ªãâ®£® ¨ § ®áâà¥®£® ª®ãá  C, â. ¥. ¤«ï
«î¡ëå í«¥¬¥â®¢ v0; v00 2 V á¯à ¢¥¤«¨¢®

v0 � v00 () v0 � v00 2 C; v0 > v00 () v0 � v00 2 intC:

�ãáâì â ª¦¥ h | ¢ë¯ãª«ë© ¯® ª®ãáã C ®¯¥à â®à, â. ¥. ¤«ï «î¡ëå u0; u00 2 U ¨ ¢á¥å � 2 [0; 1]
¢ë¯®«ï¥âáï

h(�u0 + (1� �)u00) � �h(u0) + (1� �)h(u00):

�®£¤  ¬®¦¥áâ¢®


 = fu 2 Q j h(u) � 0g (1)

¡ã¤¥â ¢ë¯ãª«ë¬ ¨ ¬®¦® ®¯à¥¤¥«¨âì ¢ à¨ æ¨®®¥ ¥à ¢¥áâ¢® ª ª § ¤ çã  å®¦¤¥¨ï â®çª¨
u� 2 
 â ª®©, çâ®

hG(u�); u� u�i � 0 8u 2 
: (2)

�®¦¥áâ¢® à¥è¥¨© íâ®© § ¤ ç¨ ®¡®§ ç¨¬ 
�.
� à¨ æ¨®ë¥ ¥à ¢¥áâ¢  è¨à®ª® ¨á¯®«ì§ãîâáï ¤«ï ¬®¤¥«¨à®¢ ¨ï ¨ ¨áá«¥¤®¢ ¨ï à §-

«¨çëå § ¤ ç à ¢®¢¥á®£® â¨¯ , ª ¨¬ á¢®¤ïâáï ¬®£¨¥ ®¡é¨¥ § ¤ ç¨ ¥«¨¥©®£®   «¨§ ,
â ª¨¥ ª ª § ¤ ç¨ ® ¥¯®¤¢¨¦®© â®çª¥, ®¯â¨¬¨§ æ¨¨ ¨ à ¢®¢¥á¨ï. �à¨ íâ®¬ ¢ ¡®«ìè¨áâ¢¥ à -
¡®â à áá¬ âà¨¢ îâáï ¢ à¨ æ¨®ë¥ ¥à ¢¥áâ¢  á ¯à®áâë¬¨ ®£à ¨ç¥¨ï¬¨, â®£¤  ª ª ¢® ¬®-
£¨å ¯à¨ª« ¤ëå § ¤ ç å ®£à ¨ç¥¨ï § ¤ îâáï á ¯®¬®éìî ¥«¨¥©ëå äãªæ¨©, â. ¥. ¨¬¥îâ
¢¨¤ (1) ( ¯à., [1], [2]). �¤¨¬ ¨§ ®á®¢ëå ¯®¤å®¤®¢ ª à¥è¥¨î § ¤ ç ®¯â¨¬¨§ æ¨¨ á äãªæ¨-
® «ìë¬¨ ®£à ¨ç¥¨ï¬¨ ï¢«ï¥âáï ¯à¥®¡à §®¢ ¨¥ ª § ¤ ç¥ ¯®¨áª  á¥¤«®¢®© â®çª¨ äãªæ¨¨
� £à ¦    ®á®¢¥ ¨§¢¥áâ®© â¥®à¥¬ë �ã {� ªª¥à , çâ® ¯®§¢®«ï¥â ¨§¡ ¢¨âìáï ®â á«®¦ëå
®£à ¨ç¥¨© §  áç¥â ¢¢¥¤¥¨ï ¤®¯®«¨â¥«ìëå ¤¢®©áâ¢¥ëå ¯¥à¥¬¥ëå. � §ã¬¥¥âáï, ¤ ë©
¯®¤å®¤ ¬®¦¥â ¡ëâì ¯à¨¬¥¥ ¨ ¤«ï ¡®«¥¥ ®¡é¨å ª« áá®¢ § ¤ ç, ¢ ç áâ®áâ¨, ¤«ï § ¤ ç ® á¥¤-
«®¢®© â®çª¥ [3] ¨ ® à ¢®¢¥á¨¨ [4]. �«ï á«ãç ï ¢ à¨ æ¨®ëå ¥à ¢¥áâ¢ ® ¨§ãç «áï ¬®£¨¬¨
 ¢â®à ¬¨ ( ¯à., [5]{[7]).

� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ¯®«ãç¥®¥ ¯®á«¥ ¯à¥®¡à §®¢ ¨ï ¯àï¬®-¤¢®©áâ¢¥®¥ ¢ -
à¨ æ¨®®¥ ¥à ¢¥áâ¢® á¬¥è ®£® â¨¯ , ¯à¥¤áâ ¢«ïîé¥¥ á®¡®©   «®£ ãá«®¢¨© ®¯â¨¬ «ì®-
áâ¨ ¢ â¥®à¥¬¥ �ã {� ªª¥à  ® á¥¤«®¢®© â®çª¥ ¤«ï á«ãç ï ¢ à¨ æ¨®ëå ¥à ¢¥áâ¢. � «¥¥,
¢ á«ãç ¥ § ¤ ç¨ ®¯â¨¬¨§ æ¨¨ ¯®«ãç¥ ï ¯à¥®¡à §®¢  ï § ¤ ç  ®¡ëç® à¥è ¥âáï ¬¥â®¤ ¬¨

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâ ò98-01-00200) ¨ �ª ¤¥¬¨¨  ãª ��.
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¯à®ªá¨¬ «ì®£® â¨¯  ( ¯à., [2], [4]). � ¤ ëå ãá«®¢¨ïå ¯à¨¬¥¥¨¥ ¯®¤®¡ëå ¬¥â®¤®¢ ®£à -
¨ç¥® ¨§-§  ¡®«ìè®© ¢ëç¨á«¨â¥«ì®© á«®¦®áâ¨ ¨å à¥ «¨§ æ¨¨. �®íâ®¬ã ¢  áâ®ïé¥© à ¡®â¥
¯à¥¤«®¦¥ë ¥ª®â®àë¥ ¯®¤å®¤ë ª ¯®áâà®¥¨î ¤®áâ â®ç® ¯à®áâëå ¬¥â®¤®¢, áå®¤ïé¨åáï ¯à¨
ãá«®¢¨¨ (á¨«ì®©) ¬®®â®®áâ¨ ®¯¥à â®à  G ¨ ®á®¢ ëå   ª®¬¡¨¨à®¢ ¨¨ ¨¤¥© à¥£ã«ï-
à¨§ æ¨¨ ¨ ¤¢®©áâ¢¥®áâ¨. �«ï ®¡¥á¯¥ç¥¨ï ¤®áâ â®ç®© â®ç®áâ¨ à¥è¥¨ï ¢á¯®¬®£ â¥«ìëå
§ ¤ ç ¯à¥¤« £ ¥âáï ¨á¯®«ì§®¢ âì ¯à¨¡«¨¦¥ãî ®¯â¨¬¨§ æ¨î ®æ¥®çëå äãªæ¨© ¤«ï á®®â-
¢¥âáâ¢ãîé¥© á¬¥è ®© § ¤ ç¨.

2. �á¯®¬®£ â¥«ìë¥ à¥§ã«ìâ âë

� ç «¥ ¯®«ãç¨¬ ãá«®¢¨ï íª¢¨¢ «¥â®áâ¨ § ¤ ç¨ (1), (2) ¯àï¬®-¤¢®©áâ¢¥®¬ã ¢ à¨ æ¨-
®®¬ã ¥à ¢¥áâ¢ã   ®á®¢¥ á®®â¢¥âáâ¢ãîé¥© â¥®à¥¬ë �ã {� ªª¥à . � ¬¥â¨¬, çâ® ¨§¢¥áâ-
ë¥ ¢ à¨ âë ãá«®¢¨© ®¯â¨¬ «ì®áâ¨ ¤«ï ¢ à¨ æ¨®ëå ¥à ¢¥áâ¢ ®¡ëç® ä®à¬ã«¨àãîâáï
¢ (áã¡)¤¨ää¥à¥æ¨ «ì®© ä®à¬¥ ( ¯à., [5], ¯à¥¤«®¦¥¨¥ 2.2; [6], «¥¬¬  3.6). � ¤ ®¬ á«ã-
ç ¥ ¡ã¤¥â ¨á¯®«ì§®¢ âìáï   «®£ ãá«®¢¨ï ®¯â¨¬ «ì®áâ¨ ¢ ä®à¬¥ á¥¤«®¢®© â®çª¨. �«ï íâ®£®
à áá¬®âà¨¬ § ¤ çã  å®¦¤¥¨ï â ª®© â®çª¨ w� = (u�; v�) 2 Q� C�, çâ®

hG(u�); u� u�i+ hv�; h(u)i � hv; h(u�)i � 0 8u 2 Q;8v 2 C�; (3)

£¤¥ C� = fq 2 V j hq; pi � 0 8p 2 Cg | á®¯àï¦¥ë© ª®ãá ª ª®ãáã C, ª®â®àë© ¯à¨ á¤¥« -
ëå ¯à¥¤¯®«®¦¥¨ïå á®¤¥à¦¨â ¥ã«¥¢ë¥ í«¥¬¥âë. �®¦¥áâ¢® à¥è¥¨© § ¤ ç¨ (3) ®¡®§ ç¨¬
ç¥à¥§ W �. �ç¥¢¨¤®, W � = Q��P �, £¤¥ Q� � U , P � � V . �à¥¤¢ à¨â¥«ì® ¤®ª ¦¥¬ íª¢¨¢ «¥â-
®áâì á¬¥è ®£® ¢ à¨ æ¨®®£® ¥à ¢¥áâ¢  (3) á¨áâ¥¬¥ á¬¥è ëå ¢ à¨ æ¨®ëå ¥à ¢¥áâ¢
¡®«¥¥ áâ ¤ àâ®£® ¢¨¤ .

�¥¬¬  1. � ¤ ç  (3) íª¢¨¢ «¥â  § ¤ ç¥  å®¦¤¥¨ï â ª®£® í«¥¬¥â  w� = (u�; v�) 2
Q� C�, çâ®

hG(u�); u� u�i+ hv�; h(u) � h(u�)i � 0 8u 2 Q; (4)

hh(u�); v� � vi � 0 8v 2 C�: (5)

�®ª § â¥«ìáâ¢®. �á«¨ w� = (u�; v�) | à¥è¥¨¥ (3), â® ¯à¨ v = v� ¢ (3) ¯®«ãç ¥¬ (4),  
¯à¨ u = u� ¢ (3) ¯®«ãç ¥¬ (5). �¡à â®, ¥á«¨ w� = (u�; v�) { à¥è¥¨¥ (4), (5), â® á«®¦¥¨¥ íâ¨å
¥à ¢¥áâ¢ ¤ ¥â (3), çâ® ¨ âà¥¡®¢ «®áì.

�à¥¤«®¦¥¨¥ 1. a) �á«¨ w� = (u�; v�) | à¥è¥¨¥ § ¤ ç¨ (3), â® u� | à¥è¥¨¥ § ¤ ç¨ (2).
b) �á«¨ u� | à¥è¥¨¥ § ¤ ç¨ (2), ¨ áãé¥áâ¢ã¥â â ª ï â®çª  u0 2 Q, çâ® h(u0) < 0, â®

 ©¤¥âáï â ª ï â®çª  v� 2 C�, çâ® w� = (u�; v�) | à¥è¥¨¥ § ¤ ç¨ (3).

�®ª § â¥«ìáâ¢®. �ãáâì w� = (u�; v�) | à¥è¥¨¥ (3). �®£¤  á®£« á® «¥¬¬¥ 1 ¢ë¯®«ïîâáï
á®®â®è¥¨ï (4), (5). �ë¡¥à¥¬ ¯à®¨§¢®«ì® v0 2 C�, â®£¤  v = v� + v0 2 C� ¨ ¨§ (5) á«¥¤ã¥â

hh(u�); v0i � 0 8v0 2 C�;
¯®íâ®¬ã h(u�) � 0, â. ¥. u� 2 
. �âáî¤  ¨¬¥¥¬ hh(u�); v�i � 0. �á«¨ ¯à¥¤¯®«®¦¨âì, çâ®
hh(u�); v�i < 0, â® v� 6= 0 ¨ v = �v� 2 C� ¯à¨ � 2 (0; 1). �à¨¬¥¥¨¥ (5) ¯à¨¢®¤¨â â¥¯¥àì ª
¯à®â¨¢®à¥ç¨î

0 > (1� �)hh(u�); v�i � 0:

�®íâ®¬ã hh(u�); v�i = 0. �á¯®«ì§ãï íâ® á®®â®è¥¨¥ ¢ (4), ¯®«ãç ¥¬ (2), â. ¥. u� 2 
�.
�¡à â®, ¯ãáâì u� 2 
�. �®£¤  u� | à¥è¥¨¥ § ¤ ç¨ ®¯â¨¬¨§ æ¨¨

min
u2


! hG(u�); ui:
�à¨¬¥ïï ª íâ®© § ¤ ç¥ â¥®à¥¬ã �ã {� ªª¥à  ® á¥¤«®¢®© â®çª¥ ([8], £«. 4, â¥®à¥¬  5.3.1), ã¡¥-
¤¨¬áï, çâ®  ©¤¥âáï í«¥¬¥â v� 2 C�, ¤«ï ª®â®à®£® ¢ë¯®«ïîâáï á®®â®è¥¨ï

hG(u�); ui + hv�; h(u�)i � hG(u�); u�i+ hv; h(u�)i 8u 2 Q; 8v 2 C�;

56



â. ¥. w� = (u�; v�) 2W �, çâ® ¨ âà¥¡®¢ «®áì.

� ¬¥ç ¨¥ 1. �â¢¥à¦¤¥¨¥  ) ¯à¥¤«®¦¥¨ï 1 á¯à ¢¥¤«¨¢® ¡¥§ ¯à¥¤¯®«®¦¥¨ï ® ¢ë¯ãª«®-
áâ¨ ®¯¥à â®à  h.

� ¬¥ç ¨¥ 2. �à¥¤«®¦¥¨¥ 1 ¬®¦¥â ¡ëâì à á¯à®áâà ¥®   ¡®«¥¥ ®¡é¨© á«ãç © «¨¥©ëå
â®¯®«®£¨ç¥áª¨å ¯à®áâà áâ¢ U ¨ V ,   â ª¦¥ ¬®¤¨ä¨æ¨à®¢ ® ¯à¨ «¨¥©®¬ ®¯¥à â®à¥ h «¨¡®
¯à¨ «¨¥©ëå ®£à ¨ç¥¨ïå-à ¢¥áâ¢ å ¡¥§ ¤®¯®«¨â¥«ìëå ãá«®¢¨© à¥£ã«ïà®áâ¨   ®á®¢¥
á®®â¢¥âáâ¢ãîé¨å ¢¥àá¨© â¥®à¥¬ë �ã {� ªª¥à  ¨§ [8]{[10].

� ¬¥ç ¨¥ 3. �â¢¥à¦¤¥¨¥ ¯à¥¤«®¦¥¨ï 1 á¯à ¢¥¤«¨¢® ¢ á«ãç ¥ ¬®£®§ ç®£® ®¯¥à â®-
à  G, â®£¤  ¢ëà ¦¥¨ï (2), (3) ¨ (4) á«¥¤ã¥â ¯®¨¬ âì ¢ á¬ëá«¥ áãé¥áâ¢®¢ ¨ï í«¥¬¥â  ¨§
G(u�), ã¤®¢«¥â¢®àïîé¥£® íâ¨¬ ¥à ¢¥áâ¢ ¬. �á«¨ ¤®¯®«¨â¥«ì® ¯à¥¤¯®«®¦¨âì, çâ® ®¯¥à â®à
h ¨¬¥¥â áã¡¤¨ää¥à¥æ¨ « ¢ ª ¦¤®© â®çª¥ u 2 Q, â. ¥. ¬®¦¥áâ¢®

@h(u) = fg 2 L(U; V ) j h(u0)� h(u) � g(u0 � u) 8u0 2 Ug
¥¯ãáâ®, â® ¥à ¢¥áâ¢® (4) íª¢¨¢ «¥â®

hG(u�); u� u�i+ hv�; @h(u�)(u� u�)i � 0 8u 2 Q (40)

¨ á¨áâ¥¬  (40), (5), â ª¨¬ ®¡à §®¬, íª¢¨¢ «¥â  (3). �¤¥áì L(U; V ) | ¯à®áâà áâ¢® «¨¥©ëå
¥¯à¥àë¢ëå ®¯¥à â®à®¢ ¨§ U ¢ V . � íâ¨å ãá«®¢¨ïå ¯à¥¤«®¦¥¨¥ 1 ï¢«ï¥âáï ¥ª®â®àë¬ ®¡®¡-
é¥¨¥¬ «¥¬¬ë 3.6 ¨§ [6], ¯®áª®«ìªã ¥ âà¥¡ã¥â áã¡¤¨ää¥à¥æ¨àã¥¬®áâ¨ ®¯¥à â®à  h.

�«ï ®¡®á®¢ ¨ï áå®¤¨¬®áâ¨ à áá¬ âà¨¢ ¥¬ëå ¤ «¥¥ ¬¥â®¤®¢ ¯®âà¥¡ã¥âáï ãâ®ç¥¨¥ à¥-
§ã«ìâ â®¢ ® áå®¤¨¬®áâ¨ ¨â¥à æ¨®ëå ¯à®æ¥áá®¢ ¢ ãá«®¢¨ïå ®¡à â®© á¨«ì®© ¬®®â®®áâ¨
®á®¢®£® ®¯¥à â®à . �ãáâì H | ¢¥é¥áâ¢¥®¥ £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢®. �® ®¯à¥¤¥«¥¨î
( ¯à., [2], cc. 221, 242) ®¯¥à â®à T : H ! H  §ë¢ ¥âáï

 ) ®¡à â® á¨«ì® ¬®®â®ë¬   ¬®¦¥áâ¢¥ D � H á ª®áâ â®©  > 0, ¥á«¨

hT (x)� T (x0); x� x0i � kT (x) � T (x0)k2 8x; x0 2 D;
b) á¨«ì® ¬®®â®ë¬   ¬®¦¥áâ¢¥ D á ª®áâ â®© � > 0, ¥á«¨

hT (x)� T (x0); x� x0i � �kx� x0k2 8x; x0 2 D:
�ç¥¢¨¤®, «î¡®© «¨¯è¨æ¥¢ë© ¨ á¨«ì® ¬®®â®ë© ®¯¥à â®à ï¢«ï¥âáï ®¡à â® á¨«ì® ¬®®-
â®ë¬, ® ®¡à â®¥ ãâ¢¥à¦¤¥¨¥, ¢®®¡é¥ £®¢®àï, ¥á¯à ¢¥¤«¨¢®.

� áá¬®âà¨¬   «®£ ¨â¥à æ¨®®£® ¯à®æ¥áá  (1.5) ¨§ ([2], £«. 5) ¤«ï à¥è¥¨ï ãà ¢¥¨ï
T (x)=0:

xk+1 = xk � �kt
k; ktk � Tk(xk)k � "k;

1X
k=0

"k <1: (6)

�à¥¤«®¦¥¨¥ 2. �ãáâì ®¯¥à â®àë T ¨ Tk ¨¬¥îâ ¥¯ãáâ®¥ ¨ á®¢¯ ¤ îé¥¥ ¬®¦¥áâ¢®

ª®à¥© Z�, ®¯¥à â®àë Tk ã¤®¢«¥â¢®àïîâ ãá«®¢¨î ®¡à â®© á¨«ì®© ¬®®â®®áâ¨ á ª®áâ -

â ¬¨ k �  > 0, ¯®á«¥¤®¢ â¥«ì®áâì fxkg ¯®áâà®¥  ¯® ¯à ¢¨« ¬ (6) ¨ ¢ë¯®«ïîâáï ãá«®¢¨ï

a) 0 < �0 � �k � �00 < 2;
b) ¤«ï «î¡®£® x 2 H áãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®¢ â¥«ì®áâì ¨¤¥ªá®¢ fksg, çâ®

lim
s!1

Tks(x) = d(x); kd(x)k <1;

c) ¤«ï «î¡®£® x =2 Z� ¢ë¯®«ï¥âáï inf
k�0

kTk(x)k > 0.

�®£¤  ¯®á«¥¤®¢ â¥«ì®áâì fxkg á« ¡® áå®¤¨âáï ª ¥ª®â®à®© â®çª¥ x� 2 Z�.
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�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ ¯à®¨§¢®«ìë© í«¥¬¥â ex 2 Z�. �á¯®«ì§ãï «¥¬¬ã 1.1 ¨§ ([2],
£«. 5), ¯®«ãç¨¬ á®®â®è¥¨ï

lim
k!1

kxk � exk = � <1 (7)

¨
1X
k=0

kTk(xk)k2 <1: (8)

�®£« á® (7) ¯®á«¥¤®¢ â¥«ì®áâì fxkg ®£à ¨ç¥ , ¯®íâ®¬ã ®  ¨¬¥¥â á« ¡® ¯à¥¤¥«ìë¥ â®çª¨.
�ãáâì ¯®¤¯®á«¥¤®¢ â¥«ì®áâì fxklg á« ¡® áå®¤¨âáï ª x0, â®£¤  ¨¬¥¥¬

klkTkl(x0)� Tkl(x
kl)k2 � hTkl(x0); x0 � xkli � hTkl(xkl); x0 � xkli:

�§ ãá«®¢¨© b), c) ¨ á¢®©áâ¢ (7), (8) ¯®«ãç ¥¬, ¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, çâ® ¢ë¯®«ï¥âáï á®®â-
®è¥¨¥ lim

l!1
kTkl(x0)� Tkl(x

kl)k = 0. �â® á ãç¥â®¬ (8) ¤ ¥â

lim
l!1

kTkl(x0)k = 0:

�¥¯¥àì ãá«®¢¨¥ c) ¯à¨¢®¤¨â ª x0 2 Z�. � ª¨¬ ®¡à §®¬, ¢á¥ á« ¡® ¯à¥¤¥«ìë¥ â®çª¨ fxkg  å®-
¤ïâáï ¢ Z�. �¤¨áâ¢¥®áâì á« ¡®© ¯à¥¤¥«ì®© â®çª¨ ¤«ï fxkg ¯®ª §ë¢ ¥âáï á ãç¥â®¬ (7) â ª
¦¥, ª ª ¨ ¢ â¥®à¥¬¥ 1 ¨§ [11].

� ¬¥ç ¨¥ 4. �à¥¤«®¦¥¨¥ 2 ¯à¥¤áâ ¢«ï¥â á®¡®© ¥ª®â®àãî ¬®¤¨ä¨ª æ¨î ¨ ®¡®¡é¥¨¥
â¥®à¥¬ë 1.1 ¨§ ([2], £«. 5).

�ãáâì D | ¥¯ãáâ®¥, ¢ë¯ãª«®¥ ¨ § ¬ªãâ®¥ ¬®¦¥áâ¢® ¢ ¯à®áâà áâ¢¥ H. �®£¤  ¤«ï «î¡®©
â®çª¨ x 2 H áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ ï ¯à®¥ªæ¨ï   D, ª®â®àãî ®¡®§ ç¨¬ ç¥à¥§ �D(x). �«ï
§ ¤ ®£® ®¯¥à â®à  T : H ! H ¨ ç¨á«  � > 0 ®¯à¥¤¥«¨¬ ®¯¥à â®à ST;� : H ! H ¯® ä®à¬ã«¥

ST;�(x) = x� �D(x� �T (x)): (9)

�¥¬¬  2 ([2], £«. 5, «¥¬¬  1.4). �á«¨ ®¯¥à â®à T ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ®¡à â®© á¨«ì-

®© ¬®®â®®áâ¨   H á ª®áâ â®© e > 0, â® ®¯¥à â®à ST;� ¨§ (9) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

®¡à â®© á¨«ì®© ¬®®â®®áâ¨   D á ª®áâ â®©  = 1� �=(4e), £¤¥ 0 � � < 4e.
� ®¥ á¢®©áâ¢® ¯®§¢®«ï¥â ¨á¯®«ì§®¢ âì ¯à¥¤«®¦¥¨¥ 2 ¤«ï ®¡®á®¢ ¨ï áå®¤¨¬®áâ¨ ¬¥â®-

¤®¢ ¢ § ¤ ç å á ®£à ¨ç¥¨ï¬¨.

3. �à¨¡«¨¦¥ë© ¬¥â®¤ â¨¯  �¤§ ¢ë ¤«ï ¯àï¬®-¤¢®©áâ¢¥ëå
¢ à¨ æ¨®ëå ¥à ¢¥áâ¢

� ¤ ®¬ à §¤¥«¥ à áá¬ âà¨¢ ¥âáï ¯®«ãç¥®¥ ¯®á«¥ ¯à¥®¡à §®¢ ¨ï § ¤ ç¨ (2), (1) ¯àï¬®-
¤¢®©áâ¢¥®¥ á¬¥è ®¥ ¢ à¨ æ¨®®¥ ¥à ¢¥áâ¢® (3) ¨«¨, çâ® íª¢¨¢ «¥â®, á¨áâ¥¬  (4), (5)
¯à¨ á¤¥« ëå ¢ à §¤¥«¥ 1 ®¡é¨å ¯à¥¤¯®«®¦¥¨ïå ¨ ¤®¯®«¨â¥«ì®¬ ãá«®¢¨¨ W � 6= ;.

� ç «¥ ®¯à¥¤¥«¨¬ ®¯¥à â®à F : C� ! �(V ) ¯® ä®à¬ã«¥

F (v) = ff 2 V j f = �h(u); u 2 Q(v)g; (10)

£¤¥

Q(v) = feu 2 Q j hG(eu); u� eui+ hv; h(u) � h(eu)i � 0 8u 2 Qg (11)

| ¬®¦¥áâ¢® à¥è¥¨© § ¤ ç¨ (4) ¯à¨ ä¨ªá¨à®¢ ®¬ v 2 C�. �¤¥áì �(V ) ®¡®§ ç ¥â á®¢®ªã¯-
®áâì ¢á¥å ¯®¤¬®¦¥áâ¢ ¯à®áâà áâ¢  V .
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�à¥¤«®¦¥¨¥ 3. �ãáâì ¬®¦¥áâ¢® Q(v) ¥¯ãáâ® ¤«ï «î¡®£® v 2 C�. �®£¤  ¤«ï «î¡ëå

v0; v00 2 C� ¨ ¢á¥å f 0 2 F (v0), f 00 2 F (v00) ¢ë¯®«ï¥âáï
hf 0 � f 00; v0 � v00i � hG(u0)�G(u00); u0 � u00i; (12)

£¤¥ u0 2 Q(v0) ¨ u00 2 Q(v00) â ª®¢ë, çâ® f 0 = �h(u0); f 00 = �h(u00).
�®ª § â¥«ìáâ¢®. �á¯®«ì§ãï ®¯à¥¤¥«¥¨ï u0, u00, f 0, f 00, ¨¬¥¥¬

hG(u0); u00 � u0i+ hv0; h(u00)� h(u0)i � 0

¨

hG(u00); u0 � u00i+ hv00; h(u0)� h(u00)i � 0:

�«®¦¥¨¥ íâ¨å ¥à ¢¥áâ¢ ¤ ¥â

hv0 � v00; h(u00)� h(u0)i � hG(u0)�G(u00); u0 � u00i;
®âáî¤  á«¥¤ã¥â

hf 0 � f 00; v0 � v00i � hG(u0)�G(u00); u0 � u00i;
â. ¥. (12) ¢ë¯®«ï¥âáï.

�«¥¤áâ¢¨¥ 1. a) �á«¨ ®¯¥à â®à G ¬®®â®ë© ¨ ¬®¦¥áâ¢®Q(v) ¥¯ãáâ® ¤«ï «î¡®£® v 2 C�,
â® ®¯¥à â®à F ¨§ (10), (11) ¬®®â®ë©.

b) �á«¨ ®¯¥à â®à h ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  á ª®áâ â®© Lh,   ®¯¥à â®à G á¨«ì-
® ¬®®â®ë© á ª®áâ â®© � > 0, â® ®¯¥à â®à F ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ®¡à â®© á¨«ì®©
¬®®â®®áâ¨ á ª®áâ â®©  = �=L2

h.
c) �á«¨ ®¯¥à â®à G áâà®£® «¨¡® á¨«ì® ¬®®â®ë©, â® ®¯¥à â®à F ®¤®§ çë©.

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥¨¥ c) ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â ¨§ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï § -
¤ ç¨ (4) ¢ íâ¨å ãá«®¢¨ïå. �â¢¥à¦¤¥¨¥ a) á«¥¤ã¥â ¨§ (12). � á«ãç ¥ b) ¬®¦¥áâ¢® Q(v) ¢á¥£¤ 
¥¯ãáâ® ¨ á®áâ®¨â ¨§ ®¤®© â®çª¨. �á¯®«ì§ãï ãá«®¢¨¥ �¨¯è¨æ  ¨ (12), ¯®«ãç ¥¬

hF (v0)� F (v00); v0 � v00i � hG(u0)�G(u00); u0 � u00i � �ku0 � u00k2 �
� (�=L2

h)kh(u0)� h(u00)k2 = (�=L2
h)kF (u0)� F (u00)k2;

â. ¥. F ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ®¡à â®© á¨«ì®© ¬®®â®®áâ¨ á ª®áâ â®© �=L2
h.

�®«ãç¥ë¥ à¥§ã«ìâ âë ¤ îâ ¢®§¬®¦®áâì ¯à¨¬¥¨âì ¬¥â®¤ â¨¯  �¤§ ¢ë ([8], £«. 10; [1],
£«. 7, x 1) ¤«ï à¥è¥¨ï á¨áâ¥¬ë (4), (5). � ¨¬¥®, à áá¬®âà¨¬ ¢ ¯à¥¤¯®«®¦¥¨¨ á¨«ì®© ¬®®-
â®®áâ¨ G ¨â¥à æ¨®ãî áå¥¬ã

vk+1 = �C� [vk + �kh(uk)]; kuk �Q(vk)k � �k; uk 2 Q; (13)
1X
k=0

�k <1; �k > 0: (14)

�å®¤¨¬®áâì íâ®£® ¬¥â®¤  ¬®¦® ãáâ ®¢¨âì   ®á®¢¥ ¯à¥¤«®¦¥¨ï 2 ¨ «¥¬¬ë 2.

�¥®à¥¬  1. �ãáâì ®¯¥à â®à G á¨«ì® ¬®®â®ë© á ª®áâ â®© � > 0,   ®¯¥à â®à h
ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  á ª®áâ â®© Lh. �á«¨ ¯®á«¥¤®¢ â¥«ì®áâì fvkg ¯®áâà®¥ 
¯® ¯à ¢¨« ¬ (13), (14), £¤¥

0 < �0 � �k � �00 < 2�=L2
h; (15)

â® fvkg áå®¤¨âáï ª â ª®© â®çª¥ v� 2 C�, çâ® w� = (Q(v�); v�) 2W �.
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�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® á®®â®è¥¨ï (13) ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

vk+1 = vk � sk; ksk � SF;�k
(vk)k � "k; SF;�(v) = v � �C� [v � �F (v)]; (16)

£¤¥ ®¯¥à â®à F ®¯à¥¤¥«¥ ¢ (10), (11), â. ¥. à¥ «¨§®¢  ¯à®æ¥áá ¢¨¤  (6) á �k = 1. �æ¥¨¬ ¢¥«¨ç¨ã
"k. �á¯®«ì§ãï ¥à áâï£¨¢ îé¥¥ á¢®©áâ¢® ¯à®¥ªæ¨¨ ¨ ãá«®¢¨ï â¥®à¥¬ë, ¨¬¥¥¬

ksk � SF;�k
(vk)k = k(vk � �C� [vk + �kh(u

k)])� (vk � �C�[vk � �kF (v
k)])k �

� k�C� [vk + �kh(u
k)]� �C�[vk + �kh(Q(v

k))]k �
� �kkh(uk)� h(Q(vk))k � �00Lhkuk �Q(vk)k � �00Lh�k;

â. ¥. ¬®¦® ¯®«®¦¨âì "k = �00Lh�k, ¨ ¨§ (14) á«¥¤ã¥â ¢ë¯®«¥¨¥ âà¥âì¥£® á®®â®è¥¨ï ¢ (6).
�®ª ¦¥¬, çâ® ¢ë¯®«ïîâáï ®áâ «ìë¥ ãá«®¢¨ï ¯à¥¤«®¦¥¨ï 2. � á ¬®¬ ¤¥«¥, á®£« á® á«¥¤-
áâ¢¨î 1, ¯. b) ®¯¥à â®à F ¨§ (10), (11) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ®¡à â®© á¨«ì®© ¬®®â®®áâ¨ á
ª®áâ â®© e = �=L2

h, ¯®íâ®¬ã ¯® «¥¬¬¥ 2 ®¯¥à â®à SF;�k
ã¤®¢«¥â¢®àï¥â   C� ãá«®¢¨î ®¡à â®©

á¨«ì®© ¬®®â®®áâ¨ á ª®áâ â®© k = 1 � �k=(4e), ¯®áª®«ìªã ¢ á¨«ã (15) 0 � �k < 2e < 4e.
� «¥¥, ¨§ (15) ¨¬¥¥¬

2k = 2(1 � �k=(4e)) � 2(1� �00=(4e)) = 1 + (1� �00=(2e)) > 1 = �00 = �k > 0;

â. ¥. ãá«®¢¨¥ a) ¯à¥¤«®¦¥¨ï 2 ¢ë¯®«ï¥âáï ¯à¨  = 1��00=(4e). �§ ®¯à¥¤¥«¥¨ï ®¯¥à â®à  SF;�
¢ (16) ¨ ®£à ¨ç¥®áâ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ f�kg á«¥¤ã¥â, çâ® ¢ë¯®«ï¥âáï ãá«®¢¨¥ b) ¯à¥¤«®-
¦¥¨ï 2. � «¥¥, ¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç®¥ ãá«®¢¨¥ ®¯â¨¬ «ì®áâ¨ ¢ § ¤ ç¥ (5) á u� = Q(v�)
¨¬¥¥â ¢¨¤ SF;�(v�) = 0 ¤«ï ¥ª®â®à®£® � > 0 ( ¯à., [2], £«. 5, «¥¬¬  1.5). �âáî¤  á«¥¤ã¥â, çâ®
¢ë¯®«ï¥âáï ãá«®¢¨¥ c) ¯à¥¤«®¦¥¨ï 2 ¨ ¢ á¨«ã ª®¥ç®¬¥à®áâ¨ ¯à®áâà áâ¢  V ¯®á«¥¤®¢ -
â¥«ì®áâì fvkg áå®¤¨âáï ª â ª®© â®çª¥ v� 2 C�, çâ® SF;�(v�) = 0 ¤«ï ¥ª®â®à®£® � > 0, ¨«¨
w� = (Q(v�); v�) 2W �.

�¥®à¥¬  2. �ãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï â¥®à¥¬ë 1. �®£¤  ¯®á«¥¤®¢ â¥«ì®áâì fvkg áå®-
¤¨âáï ª â®çª¥ v� 2 C�, ¯®á«¥¤®¢ â¥«ì®áâì fukg á¨«ì® áå®¤¨âáï ª â ª®© â®çª¥ u� 2 Q, çâ®
(u�; v�) 2W �, ¯à¨ íâ®¬ W � = fu�g � P �; P � � C�.

�®ª § â¥«ìáâ¢®. �¥à¢®¥ ãâ¢¥à¦¤¥¨¥ ãáâ ®¢«¥® ¢ â¥®à¥¬¥ 1. �¡®§ ç¨¬ ¤«ï ªà âª®áâ¨
euk = Q(vk), evk+1 = �C� [vk + �kh(euk)], ¢ë¡¥à¥¬ ¯à®¨§¢®«ì® â®çªã w0 = (u0; v0) 2 W �, â®£¤  v0 =
�C�[v0+�kh(u0)]. �á¯®«ì§ãï ¥à áâï£¨¢ îé¥¥ á¢®©áâ¢® ¯à®¥ªæ¨¨, ¯à¥¤«®¦¥¨¥ 3 ¨ ®¯à¥¤¥«¥¨ïeuk, evk, ¨¬¥¥¬

kevk+1 � v0k2 = k�C�[vk + �kh(euk)]� �C� [v0 + �kh(u0)]k2 �
� k(vk � v0) + �k(h(euk)� h(u0))k2 = kvk � v0k2 +
+ 2�khh(euk)� h(u0); vk � v0i+ �2kkh(euk)� h(u0)k2 �
� kvk � v0k2 � 2�k�keuk � u0k2 + �2kL

2
hkeuk � u0k2 �

� kvk � v0k2 � �k(2� � �kL
2
h)keuk � u0k2 �

� kvk � v0k2 � �0(2� � �00L2
h)keuk � u0k2:

� ¤àã£®© áâ®à®ë, ¨¬¥¥¬

kevk+1 � vk+1k = k�C� [vk + �kh(euk)]� �C�[vk + �kh(u
k)]k �

� �kkh(euk)� h(uk)k � �kLhkeuk � ukk � �0Lh�k = "k:
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�®áª®«ìªã ¯®á«¥¤®¢ â¥«ì®áâì fvkg áå®¤¨âáï ª v�, â® ®  ®£à ¨ç¥ , á«¥¤®¢ â¥«ì®, kevk+1 �
v0k � �0 <1. � ãç¥â®¬ íâ¨å á®®â®è¥¨© ¯®«ãç ¥¬

kvk+1 � v0k2 � kevk+1 � v0k2 + 2kevk+1 � v0k kevk+1 � vk+1k+ kevk+1 � vk+1k2 �
� kvk � v0k2 + 2�0"k + "2k � �0(2� � �00L2

h)keuk � u0k2:
� á¨«ã (14) â¥¯¥àì ¤®«¦® ¢ë¯®«ïâìáï á®®â®è¥¨¥

1X
k=0

keuk � u0k2 <1;

®âáî¤  ¯®«ãç ¥¬ lim
k!1

euk = u0. � á¨«ã ¯à®¨§¢®«ì®áâ¨ ¢ë¡®à  (u0; v0) 2W � ¬®¦¥áâ¢® W � ¨¬¥¥â

¢¨¤ fu�g � P �, £¤¥ P � � C�, â. ¥. ¬®¦® ®¯à¥¤¥«¨âì u0 = u�. �¥¯¥àì ¨§ (13) á«¥¤ã¥â lim
k!1

uk = u�,

çâ® ¨ âà¥¡®¢ «®áì.

�â¬¥â¨¬, çâ® ¥¤¨áâ¢¥®áâì ¯à®¥ªæ¨¨ ¬®¦¥áâ¢  W �   ¯à®áâà áâ¢® U á«¥¤ã¥â â ª¦¥ ¨§
¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï § ¤ ç¨ (1), (2) ¯à¨ á¨«ì®© ¬®®â®®áâ¨ G ¨ ¯à¥¤«®¦¥¨ï 1, ¯. b).

� ¬¥ç ¨¥ 5. �¥§ã«ìâ âë â¥®à¥¬ 1 ¨ 2 ®áâ ãâáï á¯à ¢¥¤«¨¢ë¬¨, ¥á«¨ V | ¢¥é¥áâ¢¥®¥
£¨«ì¡¥àâ®¢® ¯à®áâà áâ¢®,   ª®ãá C� á®¤¥à¦¨â ¥ã«¥¢ë¥ í«¥¬¥âë. �à¨ íâ®¬, ®¤ ª®, ¯®á«¥-
¤®¢ â¥«ì®áâì fvkg ¢ ®¡¥¨å â¥®à¥¬ å, ª ª á«¥¤ã¥â ¨§ ¯à¥¤«®¦¥¨ï 2, á« ¡® áå®¤¨âáï ª â®çª¥
v� 2 C�.

�®áª®«ìªã ¬¥â®¤ (13){(15) ¢ª«îç ¥â à¥è¥¨¥ á¬¥è ®£® ¢ à¨ æ¨®®£® ¥à ¢¥áâ¢  (4)
á § ¤ ®© â®ç®áâìî �k ¯® à ááâ®ï¨î, â® ¤«ï à¥ «¨§ æ¨¨ ¬¥â®¤  âà¥¡ã¥âáï ãª § âì á¯®á®¡
 å®¦¤¥¨ï ®ç¥à¥¤®© â®çª¨ uk. �«ï íâ®© æ¥«¨ ¯à¥¤« £ ¥âáï ¨á¯®«ì§®¢ âì  ¯¯ à â ®æ¥®çëå
(¨ ç¥ ¨â¥à¢ «ìëå) äãªæ¨© ([12], [13], [7]).

� ¨¬¥®, ¯ãáâì v | ä¨ªá¨à®¢ ë© í«¥¬¥â ¨§ C�, ®¯¥à â®à G á¨«ì® ¬®®â®ë© á ª®-
áâ â®© � > 0 ¨ ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë©. �«ï ä¨ªá¨à®¢ ®£® ç¨á«  � > 0 à áá¬®âà¨¬
äãªæ¨î

e'�(u) = max
z2Q

e��(u; z); (17)

£¤¥

e��(u; z) = hG(u); u� zi � 0:5�ku� zk2 � hv; h(u) � h(z)i: (18)

�â¬¥â¨¬, çâ® äãªæ¨ï e��(u; �) ¯à¨ á¤¥« ëå ¯à¥¤¯®«®¦¥¨ïå á¨«ì® ¢®£ãâ , ¯®íâ®¬ã ¬ ª-
á¨¬ã¬ ¢ (17) ¤®áâ¨£ ¥âáï, â. ¥. áãé¥áâ¢ã¥â â ª®© í«¥¬¥â z�(u) 2 Q, çâ® e��(u; z�(u)) = e'�(u).
�§¢¥áâ® ([7], £«. 4), çâ® áâ æ¨® à ï â®çª  § ¤ ç¨

min
u2Q

! e'�(u); (19)

®¯à¥¤¥«ï¥¬ ï ãá«®¢¨¥¬

e'0�(eu; u� eu) � 0 8u 2 Q;
á®¢¯ ¤ ¥â á Q(v), ¯à¨ íâ®¬ e'�(u) � 0 ¤«ï ¢á¥å u 2 Q ¨ e'�(u0) = 0 () u0 2 Q(v). �®«¥¥ â®£®, á
¯®¬®éìî äãªæ¨¨ e'� ¬®¦® ¯®«ãç¨âì ®æ¥ªã ¯®£à¥è®áâ¨ ¯® à ááâ®ï¨î.

�¥¬¬  3 ([7], ¯à¥¤«®¦¥¨¥ 4.12). �á«¨ � < � , â® ¤«ï «î¡®£® u 2 Q á¯à ¢¥¤«¨¢®

e'�(u) � (� � �=2)ku � u�k2; (20)

£¤¥ u� = Q(v).
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�®áª®«ìªã á®£« á® (13), (14) ¤«ï áå®¤¨¬®áâ¨ âà¥¡ã¥âáï «¨èì ®¯à¥¤¥«¥ë© ¯®àï¤®ª ã¡ë-
¢ ¨ï ¢¥«¨ç¨ �k,   ¥ ¨å § ç¥¨ï, â® á®£« á® (20) ãá«®¢¨ï (13), (14)   ¢ë¡®à uk ¡ã¤ãâ
¢ë¯®«¥ë, ¥á«¨ ¢ë¡à âì â ªãî ¯®á«¥¤®¢ â¥«ì®áâì fe�kg, çâ®

e�k > 0;
1X
k=0

e�k <1; (21)

¨  å®¤¨âì uk 2 Q ¨§ ãá«®¢¨ï qe'�(uk) < e�k: (22)

�«ï ¯à¨¡«¨¦¥®£® à¥è¥¨ï § ¤ ç¨ (19) ¬®¦® ¨á¯®«ì§®¢ âì à §«¨çë¥  «£®à¨â¬ë £à ¤¨¥â-
®£® ¨ ìîâ®®¢áª®£® â¨¯  ([12]; [7], £«. 4, 5). � «®£¨çë¬ ®¡à §®¬ ¤«ï  å®¦¤¥¨ï â®çª¨ uk

¬®¦® ¨á¯®«ì§®¢ âì ¯à¨¡«¨¦¥ãî ¬¨¨¬¨§ æ¨î D-¨â¥à¢ «ìëå äãªæ¨© ¡¥§ ®£à ¨ç¥¨©
[13], ª®â®àë¥ ª â®¬ã ¦¥ ï¢«ïîâáï ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë¬¨ ¯à¨ ¥¯à¥àë¢®© ¤¨ää¥-
à¥æ¨àã¥¬®áâ¨ G.

4. �à¨¡«¨¦¥ë© ¬¥â®¤ â¨¯  �¤§ ¢ë á ç áâ¨ç®© à¥£ã«ïà¨§ æ¨¥©

� ª ¯®ª § ® ¢ ¯à¥¤ë¤ãé¥¬ à §¤¥«¥, á ¯®¬®éìî ¬¥â®¤  â¨¯  �¤§ ¢ë ¬®¦®  ©â¨ à¥è¥¨¥
á¬¥è ®£® ¢ à¨ æ¨®®£® ¥à ¢¥áâ¢  (3) (¨«¨ á¨áâ¥¬ë (4), (5)) ¢ ãá«®¢¨ïå, ª®£¤  ®¯¥à â®à G
¨áå®¤®£® ¢ à¨ æ¨®®£® ¥à ¢¥áâ¢  á¨«ì® ¬®®â®ë©. � ¤ ®¬ à §¤¥«¥ à áá¬®âà¨¬ ¢®§-
¬®¦®áâì ¯à¨¬¥¥¨ï ¬¥â®¤  â¨¯  �¤§ ¢ë ¯à¨ á¤¥« ëå ¢ à §¤¥«¥ 1 ®¡é¨å ¯à¥¤¯®«®¦¥¨ïå
¨ ¯à¨ á«¥¤ãîé¨å ¤®¯®«¨â¥«ìëå ãá«®¢¨ïå:

a) ®¯¥à â®à h : Q ! V ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  á ª®áâ â®© Lh, áãé¥áâ¢ã¥â
â ª ï â®çª  u0 2 Q, çâ® h(u0) < 0;

b) ®¯¥à â®à G : Q! U ¬®®â®ë©,   â ª¦¥ ¥¯à¥àë¢ë© ¢¤®«ì «î¡®£® «¨¥©®£® á¥£¬¥-

â  ¢ U ;
c) ¬®¦¥áâ¢® à¥è¥¨© § ¤ ç¨ (2) ¥¯ãáâ®.
�«ï â®£® çâ®¡ë ¯à¨¬¥¨âì ¬¥â®¤ â¨¯  �¤§ ¢ë, ¨á¯®«ì§ã¥¬ à¥£ã«ïà¨§ æ¨î ¨áå®¤®© § ¤ ç¨

(2) ¯® �à ã¤¥àã{�¨å®®¢ã,   ¨¬¥®, à áá¬®âà¨¬ ¤«ï ¯ à ¬¥âà  � > 0 § ¤ çã  å®¦¤¥¨ï
â ª®£® í«¥¬¥â  u� 2 
, çâ®

hG(u�) + �u�; u� u�i � 0 8u 2 
; (23)

£¤¥ ¬®¦¥áâ¢® 
 ®¯à¥¤¥«¥® ¢ (1). �â¬¥â¨¬, çâ® ¯à¨ á¤¥« ëå ¯à¥¤¯®«®¦¥¨ïå § ¤ ç  (23)
¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥, ¯®áª®«ìªã ¥¥ ®á®¢®© ®¯¥à â®à G� = G+ �I á¨«ì® ¬®®â®ë©
á ª®áâ â®© �. � áá¬®âà¨¬ â¥¯¥àì § ¤ çã  å®¦¤¥¨ï â ª®£® í«¥¬¥â  w0� = (u0�; v

0
�) 2 Q� C�,

çâ®

hG�(u
0
�); u� u0�i+ hv0�; h(u)� h(u0�)i � 0 8u 2 Q; (24)

hh(u0�); v0� � vi � 0 8v 2 C�; (25)

¬®¦¥áâ¢® à¥è¥¨© ª®â®à®© W �
� ¥¯ãáâ® ¤«ï «î¡®£® � > 0 ¢ á¨«ã ¯à¥¤«®¦¥¨ï 1 ¨ ¨¬¥¥â ¢¨¤

W �
� = fu�g � P �, £¤¥ P � � C�. �®áª®«ìªã ®¯¥à â®à G� á¨«ì® ¬®®â®ë©, â® ¤«ï  å®¦¤¥¨ï

à¥è¥¨ï § ¤ ç¨ (24), (25) ¬®¦® ¯à¨¬¥¨âì ¬¥â®¤ (13){(15) . � ¨¬¥®, ¤«ï § ¤ ®£® ç¨á« 
� > 0 à áá¬®âà¨¬ ¨â¥à æ¨®ãî áå¥¬ã

vk+1 = �C� [vk + �kh(uk)]; kuk � euk�k � �k; uk 2 Q; (26)
1X
k=0

�k <1; 0 < �0 � �k � �00 < 2�=L2
h; (27)

£¤¥ euk� 2 Q | ¥¤¨áâ¢¥®¥ à¥è¥¨¥ § ¤ ç¨

hG�(euk�); u� euk�i+ hvk; h(u) � h(euk�)i � 0 8u 2 Q: (28)
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�®£¤  ¨§ â¥®à¥¬ë 2 ¯®«ãç¨¬

�à¥¤«®¦¥¨¥ 4. �ãáâì � 2 (0;1) | ä¨ªá¨à®¢ ®¥ ç¨á«®. �®£¤  ¤«ï «î¡®£® " > 0  ©-

¤¥âáï â ª®© ®¬¥à k0, çâ®

kuk � u�k � �" 8k � k0: (29)

� ¤àã£®© áâ®à®ë, á®£« á® ®¯à¥¤¥«¥¨î â®çª  u� ï¢«ï¥âáï ¥¤¨áâ¢¥ë¬ à¥è¥¨¥¬ § ¤ ç¨
(23), ¯®íâ®¬ã ¯®á«¥¤®¢ â¥«ì®áâì fu�g á¨«ì® áå®¤¨âáï ª ®¤®¬ã ¨§ à¥è¥¨© § ¤ ç¨ (2). �®«¥¥
â®ç®, á¯à ¢¥¤«¨¢®

�à¥¤«®¦¥¨¥ 5 ([6], «¥¬¬  3.7). �®á«¥¤®¢ â¥«ì®áâì fu�g á¨«ì® áå®¤¨âáï ¯à¨ � ! 0 ª

â®çª¥ eu, ¨¬¥îé¥©  ¨¬¥ìèãî ®à¬ã áà¥¤¨ ¢á¥å â®ç¥ª ¬®¦¥áâ¢  
�.

�  ®á®¢¥ ¯®«ãç¥ëå á¢®©áâ¢ ¬®¦® ¯à¥¤«®¦¨âì á«¥¤ãîé¨© ¯®¤å®¤ ª ¯®áâà®¥¨î áå®¤ï-
é¥©áï ¨â¥à æ¨®®© ¯®á«¥¤®¢ â¥«ì®áâ¨ ¯à¨ á¤¥« ëå ¯à¥¤¯®«®¦¥¨ïå. �ë¡¥à¥¬ ¯à®¨§¢®«ì-
® ¯®á«¥¤®¢ â¥«ì®áâ¨ ç¨á¥« f"lg & 0, f�lg & 0 ¨ ¤«ï ª ¦¤®£® ®¬¥à  l = 0; 1; : : : ¯à¨¬¥¨¬
¬¥â®¤ (26), (27) á " = "l, � = �l, ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï (29) ®¡®§ ç¨¬ yl = uk ¨ ¯¥à¥©¤¥¬ ª
á«¥¤ãîé¥¬ã l = l + 1 ¨ â. ¤.

�¥®à¥¬  3. �®á«¥¤®¢ â¥«ì®áâì fylg á¨«ì® áå®¤¨âáï ª â®çª¥ eu, ¨¬¥îé¥©  ¨¬¥ìèãî

®à¬ã áà¥¤¨ ¢á¥å â®ç¥ª ¬®¦¥áâ¢  
�.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã kyl � u�lk � �"l, â®

kyl � euk � ku�l � euk+ �"l ! 0 ¯à¨ l!1
á®£« á® ¯à¥¤«®¦¥¨î 5, çâ® ¨ âà¥¡®¢ «®áì.

�«ï ®¡¥á¯¥ç¥¨ï à¥ «¨§ã¥¬®áâ¨ ®¯¨á ®£® ¢ëè¥ ¬¥â®¤  ¥®¡å®¤¨¬® ãª § âì á¯®á®¡  å®-
¦¤¥¨ï â®çª¨ uk, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î (26),   â ª¦¥ á¯®á®¡ ¯à®¢¥àª¨ ªà¨â¥à¨ï (29). �«ï
íâ®© æ¥«¨, ª ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ à §¤¥«¥, ¯à¥¤« £ ¥âáï ¨á¯®«ì§®¢ âì ®æ¥®çë¥ (¨â¥à¢ «ìë¥)
äãªæ¨¨, ¬®¤¨ä¨æ¨à®¢ ë¥ á ãç¥â®¬ ãá«®¢¨© § ¤ ç¨.

� áá¬®âà¨¬ ¢ ç «¥ ãá«®¢¨¥ (26) ®¯à¥¤¥«¥¨ï â®çª¨ uk. �«ï íâ®£® ¯® ®¯à¥¤¥«¥¨î âà¥¡ã¥âáï
¯à¨¡«¨¦¥® à¥è¨âì á¬¥è ®¥ ¢ à¨ æ¨®®¥ ¥à ¢¥áâ¢® (28). �á¯®«ì§ãï ®¯à¥¤¥«¥¨¥ G�,
§ ¯¨è¥¬ § ¤ çã (28) ¢ íª¢¨¢ «¥â®¬ ¢¨¤¥:  ©â¨ â ª®© í«¥¬¥â euk� 2 Q, çâ®

hG(euk�); u� euk�i+ 0:5�[kuk2 � keuk�k2] + hvk; h(u) � h(euk�)i � 0 8u 2 Q: (30)

�ª¢¨¢ «¥â®áâì (28) ¨ (30) á«¥¤ã¥â,  ¯à¨¬¥à, ¨§ ¯à¥¤«®¦¥¨ï 1.3 ¢ [7] (á¬. â ª¦¥ [1], £«. 2,
¯à¥¤«®¦¥¨¥ 2.2). �¥¯¥àì ¢¬¥áâ® ®¡ëç®© ¨â¥à¢ «ì®© äãªæ¨¨ (17), (18) ¤«ï § ¤ ç¨ (28)
¨á¯®«ì§ã¥¬ ¯àï¬ãî ¨â¥à¢ «ìãî äãªæ¨î ¤«ï § ¤ ç¨ (30) ¢¨¤ 

'(k)� (u) = max
z2Q

�(k)
� (u; z); (31)

£¤¥

�(k)
� (u; z) = hG(u); u � zi+ 0:5�[kuk2 � kzk2] + hvk; h(u)� h(z)i: (32)

�® ®¯à¥¤¥«¥¨î äãªæ¨ï �(k)
� (u; �) á¨«ì® ¢®£ãâ , ¯®íâ®¬ã ¬ ªá¨¬ã¬ ¢ (31) ¤®áâ¨£ ¥âáï, â. ¥.

áãé¥áâ¢ã¥â â ª®© í«¥¬¥â z�(u) 2 Q, çâ® '(k)� (u) = �(k)
� (u; z�(u)). � ¤àã£®© áâ®à®ë, äãªæ¨ï

'(k)� ¬®¦¥â ¡ëâì ¨â¥à¯à¥â¨à®¢   ¨ ª ª ¨â¥à¢ «ì ï äãªæ¨ï ¤«ï § ¤ ç¨ (28), ® á ¨®©
¢á¯®¬®£ â¥«ì®© äãªæ¨¥©  ¤¤¨â¨¢®£® â¨¯ 

�(k)
� (u; z) = hG�(u); u � zi+ hvk; h(u) � h(z)i + �(u)� �(z)� h�0(u); u� zi (33)

([7], à §¤¥« 4.2), £¤¥ �(u) = 0:5�kuk2. �¥¯¥àì, ¨á¯®«ì§ãï á¢®©áâ¢   ¤¤¨â¨¢ëå ¢á¯®¬®£ â¥«ìëå
äãªæ¨© ¨§ ([12]; [7], £«. 4), ¯®«ãç ¥¬
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�à¥¤«®¦¥¨¥ 6. a) �ãªæ¨ï '(k)� , ®¯à¥¤¥«¥ ï ¢ (31), (32), ï¢«ï¥âáï ¨â¥à¢ «ì®© ¤«ï

§ ¤ ç¨ (30) (¨«¨ (28)), â. ¥. '(k)� (u) � 0 ¤«ï ¢á¥å u 2 Q,

u0 = z�(u
0)() '(k)� (u0) = 0() u0 = euk�;

b) áâ æ¨® àë¥ â®çª¨ § ¤ ç¨

min
u2Q

! '(k)� (u) (34)

á®¢¯ ¤ îâ á à¥è¥¨¥¬ § ¤ ç¨ (30) (¨«¨ (28));
c) ¢ë¯®«ï¥âáï á®®â®è¥¨¥

'(k)� (u) � 0:5�ku � euk�k2 8u 2 Q: (35)

�®íâ®¬ã ¤«ï  å®¦¤¥¨ï âà¥¡ã¥¬®© ¢ (26) â®çª¨ uk ¬®¦® ¨á¯®«ì§®¢ âì ¬¨¨¬¨§ æ¨î
äãªæ¨¨ '(k)�   ¬®¦¥áâ¢¥ Q, â. ¥. ¯®   «®£¨¨ á (21), (22) ¢ë¡à âì ¯®á«¥¤®¢ â¥«ì®áâì fe�kg
á®£« á® (21) ¨  å®¤¨âì uk 2 Q ¨§ ãá«®¢¨ï

q
'(k)� (uk) � e�k; (36)

®¡¥á¯¥ç¨¢ ï â¥¬ á ¬ë¬ ¢ë¯®«¥¨¥ ãá«®¢¨© (26) á®£« á® (35), (36). �«ï ¯à¨¡«¨¦¥®£® à¥è¥-
¨ï § ¤ ç¨ (34) ¬®¦® ¨á¯®«ì§®¢ âì ¬¥â®¤ë £à ¤¨¥â®£® ¨ ìîâ®®¢áª®£® â¨¯®¢ ([7], à §¤¥«ë
3.1, 4.5, 6.1). � ª¨¬ ®¡à §®¬, ¯®áª®«ìªã ®¯â¨¬ «ì®¥ § ç¥¨¥ äãªæ¨¨ '(k)� ¢ § ¤ ç¥ (34) ¨§-
¢¥áâ®, â® âà¥¡ã¥¬ ï ¯® ãá«®¢¨î (36) â®çª  uk ¡ã¤¥â  ©¤¥  §  ª®¥ç®¥ ç¨á«® ¨â¥à æ¨© ¯à¨
«î¡®¬ � > 0, ®¡¥á¯¥ç¨¢ ï à¥ «¨§ã¥¬®áâì ¬¥â®¤  ¯à¨ ä¨ªá¨à®¢ ®¬ k.

� ¬¥ç ¨¥ 6. �¡ëç ï ¯àï¬ ï ¨â¥à¢ «ì ï äãªæ¨ï ¤«ï § ¤ ç¨ (28) ¨¬¥¥â ¢¨¤

'(k)(u) = max
z2Q

fhG�(u); u � zi+ hvk; h(u)� h(z)ig

¨, á«¥¤®¢ â¥«ì®, ¥ ï¢«ï¥âáï ¤¨ää¥à¥æ¨àã¥¬®© ¤ ¦¥ ¯à¨ ¤¨ää¥à¥æ¨àã¥¬®áâ¨ ®¯¥à â®à®¢ G
¨ h. �®íâ®¬ã  ¨¡®«¥¥ à á¯à®áâà ¥ë à¥£ã«ïà¨§®¢ ë¥ ¨â¥à¢ «ìë¥ äãªæ¨¨ â¨¯  (17), (18)
¨«¨ (31), (33), ª®â®àë¥ ï¢«ïîâáï ¤¨ää¥à¥æ¨àã¥¬ë¬¨. � á«ãç ¥ (31), (32) à¥£ã«ïà¨§¨àã¥âáï
¥ äãªæ¨ï,   ¨áå®¤ ï § ¤ ç  §  áç¥â á« £ ¥¬®£® ¢¨¤  "heu; u � eui,   § â¥¬ ã¦¥ ª à¥£ã«ïà¨-
§¨à®¢ ®© § ¤ ç¥ ¯à¨¬¥ï¥âáï ®¡ëç ï ¯àï¬ ï ¨â¥à¢ «ì ï äãªæ¨ï. � á«ãç ¥ ®¡ëç®£®
¢ à¨ æ¨®®£® ¥à ¢¥áâ¢  (23) â ª®© ¯®¤å®¤ ¯à¨¢®¤¨â ª § ¬¥¥ ¥£®   ¥«¨¥©®¥ (á¬¥è -
®¥) ¢ à¨ æ¨®®¥ ¥à ¢¥áâ¢® ¨ ¯®íâ®¬ã ¬®¦¥â ¡ëâì  §¢  ¥«¨¥©ë¬ á£« ¦¨¢ ¨¥¬. �ç¥-
¢¨¤®, ¤ ë© ¯®¤å®¤ ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢  ¤«ï ®¡¥á¯¥ç¥¨ï § ¤ ®© â®ç®áâ¨ à¥è¥¨ï
¢á¯®¬®£ â¥«ìëå § ¤ ç ¨ ¢ ¤àã£¨å ¬¥â®¤ å à¥£ã«ïà¨§ æ¨¨ [6],   â ª¦¥ à áé¥¯«¥¨ï [14], [15] ¨
¯à®ªá¨¬ «ì®© â®çª¨ [11], [2].

�¥¯¥àì ¤«ï ®¡¥á¯¥ç¥¨ï ¯®«®© à¥ «¨§ã¥¬®áâ¨ ¬¥â®¤  âà¥¡ã¥âáï ãª § âì á¯®á®¡ ¢ë¯®«¥¨ï
ªà¨â¥à¨ï (29). �¯à¥¤¥«¨¬ ¨â¥à¢ «ìãî äãªæ¨î ¢¨¤  (17), (18) ¤«ï § ¤ ç¨ (23)

e'�;�(u) = max
z2


e��;�(u; z); (37)

£¤¥
e��;�(u; z) = hG(u); u � zi+ �hu; u � zi � 0:5�ku � zk2:

�¥¯¥àì ¬®¦® ®¯à¥¤¥«¨âì D-¨â¥à¢ «ìãî äãªæ¨î

 �(u) = e'�;�(u)� e'2�;�(u); (38)

¤«ï ª®â®à®© ¡ã¤ãâ á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ á¢®©áâ¢  (á¬. [13]).
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�à¥¤«®¦¥¨¥ 7. a) �ãªæ¨ï  � ¨§ (38) ï¢«ï¥âáï ¨â¥à¢ «ì®© ¤«ï § ¤ ç¨ (23)   Q, â. ¥.
 �(u) � 0 ¤«ï ¢á¥å u 2 Q,

 �(u) = 0() u = u�;

b) ¢ë¯®«ï¥âáï á®®â®è¥¨¥

q
2 �(u)=� � �ku� u�k=(2� + LG) 8u 2 Q; (39)

£¤¥ LG | ª®áâ â  �¨¯è¨æ  ¤«ï ®¯¥à â®à  G+ �I.

� ¬¥ç ¨¥ 7. �á«¨ ®¯¥à â®à G ®¯à¥¤¥«¥   ¢á¥¬ ¯à®áâà áâ¢¥ U , â® ¢ ¯à¥¤«®¦¥¨¨ 7
¬®¦¥áâ¢® Q ¬®¦® § ¬¥¨âì   U .

�®íâ®¬ã ¯à¨ ä¨ªá¨à®¢ ëå " ¨ � ¯à®æ¥áá (26), (27) á«¥¤ã¥â ®áâ ®¢¨âì, ª ª â®«ìª® ¢ë¯®«-
¨âáï ãá«®¢¨¥

 �(u
k) � �3"2: (40)

�®£¤  ¨§ (39) ¨¬¥¥¬

kuk � u�k �
p
2(2� + LG)" � �";

â. ¥. á®®â®è¥¨¥ (29) ¢ë¯®«ï¥âáï. �â¬¥â¨¬, çâ® ¤«ï ¢ëç¨á«¥¨ï § ç¥¨ï äãªæ¨¨  � ¥®¡-
å®¤¨¬® à¥è¨âì ¤¢¥ § ¤ ç¨ (37) ¬ ªá¨¬¨§ æ¨¨ á¨«ì® ¢®£ãâ®© ª¢ ¤à â¨ç®© äãªæ¨¨ e��;�(u; �)
  
. �â¨ § ¤ ç¨ â ª¦¥ ¬®£ãâ à¥è âìáï ¯à¨¡«¨¦¥® ¢ à ¬ª å § ¤ ®© ¢ (40) â®ç®áâ¨.

� áá¬®âà¥ë¥ ¢ ¤ ®© à ¡®â¥ ¬¥â®¤ë ¢ª«îç îâ ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ á¬¥è ®£® ¢ -
à¨ æ¨®®£® ¥à ¢¥áâ¢  (4) («¨¡® (24)). �«ï â®£® çâ®¡ë ®¡¥á¯¥ç¨âì áå®¤¨¬®áâì ª à¥è¥¨î
á ¯®¬®éìî ¡®«¥¥ ¯à®áâëå ¬¥â®¤®¢ â¨¯  �àà®ã{�ãà¢¨æ , ¬®¦® â ª¦¥ ¨á¯®«ì§®¢ âì ¯à¥¤¢ -
à¨â¥«ìãî à¥£ã«ïà¨§ æ¨î § ¤ ç¨ (3), çâ®¡ë ¡ë«  á¨«ì ï ¬®®â®®áâì ®á®¢®£® ®¯¥à â®à 
§ ¤ ç¨ (3). �â¬¥â¨¬, çâ® ¢ á«ãç ¥ á¨«ì® ¬®®â®®£® ®¯¥à â®à  G ¤®áâ â®ç® ¯à®¢¥áâ¨ à¥£ã«ï-
à¨§ æ¨î § ¤ ç¨ â®«ìª® ¯® v. �®£¤  ¯®á«¥¤®¢ â¥«ì®áâì à¥è¥¨© à¥£ã«ïà¨§®¢ ëå § ¤ ç ¡ã¤¥â
á¨«ì® áå®¤¨âìáï ª à¥è¥¨î ¨áå®¤®© § ¤ ç¨ (3) (á¬. ¯à¥¤«®¦¥¨¥ 5),   à¥è¥¨¥ ª ¦¤®© à¥£ã-
«ïà¨§®¢ ®© § ¤ ç¨ ¬®¦®  å®¤¨âì ¯à¨¡«¨¦¥® á ¯®¬®éìî ®¡ëç®£® ¯à®¥ªâ¨¢®£® ¬¥â®¤ 
( ¯à., [5], [7], [16]). �à®¬¥ íâ®£®, á« ¡ãî áå®¤¨¬®áâì ª à¥è¥¨î ¬®¦® ®¡¥á¯¥ç¨âì, ¨á¯®«ì§ãï
íªáâà £à ¤¨¥âë© ¬¥â®¤ [4],   â ª¦¥ ®¤¨ ¨§ ª®¬¡¨¨à®¢ ëå à¥« ªá æ¨®ëå ¬¥â®¤®¢ [16],
[17]. �â¨ ¬¥â®¤ë ®¡¥á¯¥ç¨¢ îâ áå®¤¨¬®áâì ¡¥§ ¤®¯®«¨â¥«ìëå ¯à¥¤¯®«®¦¥¨© â¨¯  á¨«ì®©
¬®®â®®áâ¨.

�¢â®à ¡« £®¤ à¥ à¥æ¥§¥âã §  àï¤ § ¬¥ç ¨©, ¯®§¢®«¨¢è¨å á¤¥« âì ¨§«®¦¥¨¥ ¡®«¥¥ ç¥â-
ª¨¬.
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