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�â âìï ¯®á¢ïé¥  ¨áá«¥¤®¢ ¨î ãáâ®©ç¨¢®áâ¨ ¨§¢¥áâëå ¨ ®¢ëå  «£®à¨â¬®¢ ¡¥§ãá«®¢®©
¬¨¨¬¨§ æ¨¨ ¯á¥¢¤®¢ë¯ãª«ëå äãªæ¨© ª ®è¨¡ª ¬ ¢ëç¨á«¥¨ï £à ¤¨¥â®¢. �®¯à®áë ãáâ®©ç¨-
¢®áâ¨ ¬¥â®¤®¢ ¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ¨ï ®¡áã¦¤ îâáï ¢® ¬®£¨å à ¡®â å ( ¯à., [1]{[5]).
�á¯®«ì§ã¥¬ë¥ ¢ ¨å ¯®¤å®¤ë, ª ª ¯à ¢¨«®, áãé¥áâ¢¥® ®¯¨à îâáï   â®, çâ® ¨áá«¥¤ã¥¬ë¥
¬¥â®¤ë ¯à¨¬¥ïîâáï ¤«ï ¬¨¨¬¨§ æ¨¨ ¢ë¯ãª«ëå,   ¥ ¯á¥¢¤®¢ë¯ãª«ëå äãªæ¨©. � áâ âì¥
¯à¥¤« £ ¥âáï ®¤¨ á¯®á®¡ ¨áá«¥¤®¢ ¨ï ãáâ®©ç¨¢®áâ¨ ¤®¢®«ì® ¡®«ìè®© £àã¯¯ë  «£®à¨â¬®¢,
¯à¨£®¤ëå ¤«ï ¬¨¨¬¨§ æ¨¨ ¯á¥¢¤®¢ë¯ãª«ëå äãªæ¨©. �¯®á®¡ ®á®¢    à §à ¡®â ®© ®¡-
é¥© áå¥¬¥ ¯®áâà®¥¨ï  «£®à¨â¬®¢ ¬¨¨¬¨§ æ¨¨ ¯á¥¢¤®¢ë¯ãª«ëå äãªæ¨©, ¢ ª®â®à®¬ § «®¦¥ 
¢®§¬®¦®áâì ¥â®ç®£® ¢ëç¨á«¥¨ï £à ¤¨¥â  ¢ ¨â¥à æ¨®ëå â®çª å. � íâ®© áå¥¬¥ ¯¥à¥å®¤ ®â
®¤®© â®çª¨ ª ¤àã£®© ¯à®¨áå®¤¨â ¢ ¥ª®â®àëå «¨¥©ëå ¬®£®®¡à §¨ïå ¯à®¨§¢®«ì®© à §¬¥à®-
áâ¨. �  áç¥â ¡®«ìè®© á¢®¡®¤ë ¢ ¢ë¡®à¥ ¬®£®®¡à §¨© áå¥¬  ¤®¯ãáª ¥â à §«¨çë¥ à¥ «¨§ æ¨¨,
áà¥¤¨ ª®â®àëå ¥áâì ª ª ¨§¢¥áâë¥, â ª ¨ ®¢ë¥  «£®à¨â¬ë. �®áª®«ìªã áå®¤¨¬®áâì ¨ ®æ¥ª¨
áª®à®áâ¨ áå®¤¨¬®áâ¨ ®¡é¥© áå¥¬ë ¤®ª §ë¢ îâáï á ãç¥â®¬ ¥â®ç®£® ¢ëç¨á«¥¨ï £à ¤¨¥â®¢,
â® â¥¬ á ¬ë¬ ¨áá«¥¤ã¥âáï ¢«¨ï¨¥ ¯®¬¥å ¨   áå®¤¨¬®áâì  «£®à¨â¬®¢, ª®â®àë¥ ¢ª« ¤ë¢ îâ-
áï ¢ ®¡éãî áå¥¬ã. �à¨¢®¤ïâáï ¯à¨¬¥àë ¨á¯®«ì§®¢ ¨ï ¯à¥¤« £ ¥¬®£® ¯®¤å®¤  ª ¨áá«¥¤®¢ ¨î
ãáâ®©ç¨¢®áâ¨ ¨§¢¥áâëå ¨ ®¢ëå ®¤®è £®¢ëå ¨ ¬®£®è £®¢ëå  «£®à¨â¬®¢ ¬¨¨¬¨§ æ¨¨ £« ¤-
ª¨å ¯á¥¢¤®¢ë¯ãª«ëå äãªæ¨©.

�¥è ¥âáï § ¤ ç 

min
x2Rn

f(x); (1)

£¤¥ f(x) | ¤®áâ¨£ îé ï á¢®¥£® ¬¨¨¬ «ì®£® § ç¥¨ï ¢ n-¬¥à®¬ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥
Rn ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ ï ¯á¥¢¤®¢ë¯ãª« ï äãªæ¨ï.

�®«®¦¨¬ f� = min
x2Rn

f(x), X� = fx 2 Rn : f(x) = f�g, K = f0; 1; : : :g, H = f1; : : : ; ng, f 0(x)
| £à ¤¨¥â äãªæ¨¨ f(x) ¢ â®çª¥ x = (�1; : : : ; �n). � ¯®¬¨¬, çâ® äãªæ¨ï f(x)  §ë¢ ¥âáï
¯á¥¢¤®¢ë¯ãª«®© ¢ Rn, ¥á«¨ ¤«ï «î¡ëå x; y 2 Rn ¢ë¯®«ï¥âáï ¨¬¯«¨ª æ¨ï hf 0(x); y � xi � 0 )
f(y) � f(x) ( ¯à., [6], á. 522).

�¯¨è¥¬ á ç «  ®¡éãî áå¥¬ã à¥è¥¨ï § ¤ ç¨ (1), ª®â®à ï ¢ëà ¡ âë¢ ¥â ¯®á«¥¤®¢ â¥«ì-
®áâì ¯à¨¡«¨¦¥¨© xk, k 2 K. �à¨ íâ®¬ ¡ã¤¥¬ áç¨â âì, çâ® £à ¤¨¥â ¢ â®çª¥ xk ®âëáª¨¢ ¥âáï
á ¥ª®â®à®© ¯®£à¥è®áâìî rk 2 Rn, â. ¥.   k-¬ è £¥ ¢ëç¨á«ï¥âáï ¢¥ªâ®à ef 0(xk) = f 0(xk) + rk
¢¬¥áâ® f 0(xk). �¥ªâ®àë rk  §¢ ë ¢ ([5], c. 96) ¤¥â¥à¬¨¨à®¢ ë¬¨ ¯®¬¥å ¬¨ ¢ ¢ëç¨á«¥¨¨
£à ¤¨¥â , ¯à¨ç¥¬  ¡á®«îâë¬¨, ¥á«¨ krkk � ", " � 0, ¨ ®â®á¨â¥«ìë¬¨, ¥á«¨ krkk � "kf 0(xk)k.
� ¬ ¦¥ ¨,  ¯à¨¬¥à, ¢ ([7], c. 92) ®¡áã¦¤ îâáï ¯à¨ç¨ë ¢®§¨ª®¢¥¨ï íâ¨å ¢¨¤®¢ ¯®¬¥å.

�à¥¤« £ ¥¬ ï áå¥¬  à¥è¥¨ï § ¤ ç¨ (1) § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬. �ë¡¨à ¥âáï â®çª  x0 2
Rn  ç «ì®£® ¯à¨¡«¨¦¥¨ï ¨ ç¨á«  0 < �0 � �00 <1. �ãáâì ¯®áâà®¥  â®çª  xk =2 X�, k 2 K.

1. �ëç¨á«ï¥âáï ef 0(xk). �ë¡¨à îâáï ç¨á«®
�0 � �k � �00 (2)

¨ ¢¥ªâ®à pk 2 Rn â ª, çâ®¡ë gk , �k ef 0(xk) + pk 6= 0.
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2. � ¤ ¥âáï ¬®¦¥áâ¢® ¨¤¥ªá®¢ Hk � H, ¢ë¡¨à îâáï ¢¥ªâ®àë hki , i 2 Hk, â ª, çâ®¡ë ¢¥ªâ®à
gk ¡ë« ¨å «¨¥©®© ª®¬¡¨ æ¨¥©, ¨ áâà®¨âáï «¨¥©®¥ ¬®£®®¡à §¨¥

M(xk) =
�
x 2 Rn : x = xk +

X
i2Hk

�ih
k
i ; �i 2 R1

�
:

3. �âëáª¨¢ ¥âáï â ª ï â®çª  yk 2M(xk), çâ®

f(yk) � f�k + �k; �k � 0; (3)

«¨¡®

f(yk) � (1� �k)f(xk) + �kf
�
k ; 0 < � � �k � 1; (4)

£¤¥ f�k = min
x2U(xk)

f(x), U(xk) = fx 2 Rn : x = xk + �gk; � 2 R1g.
4. �à¨¡«¨¦¥¨¥ xk+1 2 Rn ¢ë¡¨à ¥âáï ¨§ ãá«®¢¨ï

f(xk+1) � f(yk): (5)

�¨¦¥ ¤«ï ®¡¥á¯¥ç¥¨ï áå®¤¨¬®áâ¨ ¡ã¤ãâ ¢¢¥¤¥ë ¤®¯®«¨â¥«ìë¥ ãá«®¢¨ï   ¢ë¡®à ç¨á¥«
�k, ¢¥ªâ®à  pk ¨ ¢¥«¨ç¨ã ¯®£à¥è®áâ¨ krkk.

� á«ãç ¥ M(xk) = Rn ¯¥à¥å®¤ ®â â®çª¨ xk ª â®çª¥ xk+1 ¬®¦® ®áãé¥áâ¢¨âì á«¥¤ãîé¨¬
®¡à §®¬. �î¡ë¬ ¨§¢¥áâë¬  «£®à¨â¬®¬ áâà®¨âáï ¬¨¨¬¨§¨àãîé ï ¯®á«¥¤®¢ â¥«ì®áâì fzsg
¯à¨ z0 = xk. �®« £ ¥âáï yk = zs, ¥á«¨ ¤«ï zs ¢ë¯®«ï¥âáï ãá«®¢¨¥ (3) ¨«¨ (4). �â® § ¬¥ç ¨¥
¯®§¢®«ï¥â   ®á®¢¥ ®¡é¥© áå¥¬ë ¯à¨ ãá«®¢¨¨ ¥¥ áå®¤¨¬®áâ¨ áâà®¨âì á¬¥è ë¥  «£®à¨â¬ë, ¢
ª®â®àëå ¬®¦® ®â è £  ª è £ã ¬¥ïâì á¯®á®¡ë ¯®áâà®¥¨ï  ¯à ¢«¥¨© ¨ è £®¢ëå ¬®¦¨â¥«¥©.

�¡à â¨¬ ¢¨¬ ¨¥   â®, çâ® ¢ (3), (4) ¨á¯®«ì§®¢ ® § ç¥¨¥ f�k ¬¨¨¬ã¬  äãªæ¨¨ f(x)
  ¯àï¬®© U(xk),   ¥   ¬®£®®¡à §¨¨ M(xk). � ç¨â, áå¥¬  ¯®§¢®«ï¥â ®¤®¢à¥¬¥®  å®¤¨âì
¯à¨¡«¨¦¥®¥ ¬¨¨¬ «ì®¥ § ç¥¨¥ äãªæ¨¨ f(x)   ¯àï¬®© ¨ «î¡ë¬ ¨§¢¥áâë¬ ¬¥â®¤®¬
¯à®¢®¤¨âì á¯ãáª ¨§ â®çª¨ xk ¢ ¬®£®®¡à §¨¨ M(xk) ¤® ¢ë¯®«¥¨ï ¥à ¢¥áâ¢ (3) ¨«¨ (4).
�®¤ç¥àª¥¬, çâ® â®çª  xk+1 ¬®¦¥â ¨ ¥ ¯à¨ ¤«¥¦ âì ¬®£®®¡à §¨î M(xk).

�¨¦¥, ¥á«¨ á¯¥æ¨ «ì® ¥ ®£®¢ à¨¢ ¥âáï, ¡ã¤¥¬ áç¨â âì, çâ® ¯®á«¥¤®¢ â¥«ì®áâì fxkg ¯®-
áâà®¥  ¯® ¯à¥¤«®¦¥®© áå¥¬¥, ¨ f 0(xk) 6= 0 8k 2 K.

�¥¬¬  1. �ãáâì ¯à¨ ¥ª®â®à®¬ k 2 K ¢¥ªâ®à rk ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã

hf 0(xk); rki � �kkf 0(xk)k2; (6)

£¤¥ 0 � k �  < 1,   ¢¥ªâ®à pk | ¥à ¢¥áâ¢ã

hf 0(xk); pki � ��kkf 0(xk)k2; (7)

£¤¥ 0 � �k � � < �0(1� ). �®£¤ 

hf 0(xk); gki � (�0(1� )� �)kf 0(xk)k2:
�®ª § â¥«ìáâ¢® ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â ¨§ à ¢¥áâ¢  hf 0(xk); gki = �kkf 0(xk)k2 +

�khf 0(xk); rki+ hf 0(xk); pki ¨ ãá«®¢¨© (6), (7), (2).
� ¬¥â¨¬, çâ® ¥á«¨ ¢ «¥¬¬¥ 1 ãá«®¢¨¥ (7) § ¬¥¨âì,  ¯à¨¬¥à, ãá«®¢¨¥¬

h ef 0(xk); pki � krkk kpkk � �kkf 0(xk)k2;
â® ãâ¢¥à¦¤¥¨¥ ¥¥ ®áâ ¥âáï á¯à ¢¥¤«¨¢ë¬, ¯®áª®«ìªã ¨§ íâ®£® ¥à ¢¥áâ¢  á«¥¤ã¥â h ef 0(xk); pki+
hrk; pki � krkk kpkk � �kkf 0(xk)k2,   § ç¨â, ¨ (7). �â¢¥à¦¤¥¨¥ «¥¬¬ë â ª¦¥ ®áâ ¥âáï ¢ á¨«¥,
¥á«¨ (7) § ¬¥¨âì ãá«®¢¨¥¬ h ef 0(xk); pki � �kkrkk kpkk, �k � 1.

�¥¬¬  2. �ãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï «¥¬¬ë 1. �®£¤  â®çªã yk 2M(xk) ¬®¦® ¢ë¡à âì

â ª, çâ® ¢¬¥áâ¥ á ãá«®¢¨¥¬ (3) ¨«¨ (4) ¢ë¯®«¨âáï ¥à ¢¥áâ¢®

f(yk) < f(xk): (8)
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�®ª § â¥«ìáâ¢®. �ãáâì â®çª  x�k 2 M(xk) â ª®¢ , çâ® f(x�k) = mk = min
x2M(xk)

f(x). � ç¨â,

f(x�k) � f(xk). �®¯ãáâ¨¬, çâ® ¯®á«¥¤¥¥ á®®â®è¥¨¥ ¢ë¯®«ï¥âáï ª ª à ¢¥áâ¢®. �®£¤  ¢ á¨«ã
¢ë¡®à  x�k

f(xk) � f

�
xk +

X
i2Hk

�ih
k
i

�
8�i 2 R1; i 2 Hk: (9)

�®áª®«ìªã f 0(xk) 6= 0, â® ¯® «¥¬¬¥ 1 ¢¥ªâ®à �gk ï¢«ï¥âáï  ¯à ¢«¥¨¥¬ á¯ãáª  ¤«ï äãª-
æ¨¨ f(x) ¢ â®çª¥ xk, ¨  ©¤¥âáï â ª®¥ ç¨á«® � < 0, çâ® f(xk + �gk) < f(xk). �® ãá«®¢¨î
¢ë¡®à  ¢¥ªâ®à®¢ hki áãé¥áâ¢ãîâ â ª¨¥ ç¨á«  �ki , i 2 Hk, çâ® gk =

P
i2Hk

�ki h
k
i . �«¥¤®¢ â¥«ì®,

f(xk +
P
i2Hk

�ki h
k
i ) < f(xk), £¤¥ �ki = ��ki . �â® ¥à ¢¥áâ¢® ¯à®â¨¢®à¥ç¨â ãâ¢¥à¦¤¥¨î (9). � -

ª¨¬ ®¡à §®¬, f(x�k) < f(xk),   ¯®áª®«ìªã mk � f�k , â® ¢ ª ç¥áâ¢¥ â®çª¨ yk, ã¤®¢«¥â¢®àïîé¥©
ãá«®¢¨ï¬ (3), (8) ¨«¨ (4), (8), ¬®¦® ¢§ïâì â®çªã x�k.

� ª ¯®ª § ® ¢ «¥¬¬¥ 2, ¯®á«¥¤®¢ â¥«ì®áâì ff(xk)g ¬®¦¥â ¡ëâì ¯®áâà®¥  á ãá«®¢¨¥¬ à¥-
« ªá æ¨¨. �áá«¥¤ã¥¬ á ç «  áå®¤¨¬®áâì à¥« ªá æ¨®®£® ¢ à¨ â  áå¥¬ë.

�¥®à¥¬  1. �ãáâì ¬®¦¥áâ¢® X0 = fx 2 Rn : f(x) � f(x0)g ®£à ¨ç¥®, ¢¥ªâ®àë rk, pk
ã¤®¢«¥â¢®àïîâ ¥à ¢¥áâ¢ ¬ (6), (7),

krkk � c1 <1; kpkk � c2 <1 8k 2 K; (10)

�k ! 0; k !1; (11)

¨ â®çª¨ yk ¤«ï ¢á¥å k 2 K ¢ë¡à ë á®£« á® (3), (8) ¨«¨ (4), (8). �®£¤  ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨
fxkg á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

lim
k!1

f(xk) = f�: (12)

�®ª § â¥«ìáâ¢®. � ª ª ª á®£« á® (5), (8) ¯®á«¥¤®¢ â¥«ì®áâì ff(xk)g ¬®®â®® ã¡ë¢ ¥â
¨ ¯® ãá«®¢¨î f� > �1, â® áãé¥áâ¢ã¥â

lim
k!1

f(xk) � f�; (13)

¨, § ç¨â,

lim
k!1

(f(xk+1)� f(xk)) = 0: (14)

�®¯ãáâ¨¬, çâ® ¥à ¢¥áâ¢® (13) ¢ë¯®«ï¥âáï ª ª áâà®£®¥, â. ¥. ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë ¥¢¥à®.
�®£« á® ¥à ¢¥áâ¢ ¬ (2) ¨ ãá«®¢¨ï¬ â¥®à¥¬ë ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg, frkg, fpkg, f�kg, k 2
K, ®£à ¨ç¥ë. �«¥¤®¢ â¥«ì®, ¬®¦® ¢ë¤¥«¨âì â ªãî ¯®¤¯®á«¥¤®¢ â¥«ì®áâì K1 � K, çâ®
¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg, frkg, fpkg, f�kg, k 2 K1, ¡ã¤ãâ áå®¤ïé¨¬¨áï. �ãáâì x, r, p, �
| á®®â¢¥âáâ¢¥® ¨å ¯à¥¤¥«ìë¥ â®çª¨. �®«®¦¨¬ g = �(f 0(x) + r) + p. �®áª®«ìªã f 0(x) 6= 0 ¨
äãªæ¨ï f(x) ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ , â® ¯® «¥¬¬¥ 1 hf 0(x); gi � (�0(1�)��)kf 0(x)k2 > 0,
¨�g ï¢«ï¥âáï  ¯à ¢«¥¨¥¬ á¯ãáª  ¤«ï äãªæ¨¨ f(x) ¢ â®çª¥ x. � ç¨â, áãé¥áâ¢ã¥â â ª®¥ ç¨á«®
� < 0, çâ® f(x + �g) � f(x) = � < 0. �ë¡¥à¥¬ â ª¨¥ ®ªà¥áâ®áâ¨ !1, !2, !3, !4 â®ç¥ª x, r, p ¨
ç¨á«  � á®®â¢¥âáâ¢¥®, çâ®

f(x+ �(�(f 0(x) + r) + p))� f(x) � �=2 8x 2 !1; r 2 !2; p 2 !3; � 2 !4:

�®£¤   ©¤¥âáï â ª®© ®¬¥à N , çâ® f(xk + �(�k(f 0(xk) + rk) + pk)) � f(xk) � �=2 8k � N ,
k 2 K1,   ¯®áª®«ìªã f�k � f(xk + �gk), â® f�k � f(xk) � �=2 8k � N , k 2 K1. �®£« á® (3){
(5) f(xk+1) � �k � f�k ¨«¨ (f(xk+1) � f(xk))=�k + f(xk) � f�k 8k 2 K. �«¥¤®¢ â¥«ì®, ¤«ï ¢á¥å
k � N , k 2 K1, ¢ë¯®«ïîâáï ¥à ¢¥áâ¢  f(xk+1)� f(xk)� �k � �=2 ¨«¨ f(xk+1)� f(xk) � ��=2,
ª®â®àë¥ ¢ á¨«ã (14), (11) ¨ ãá«®¢¨ï � < 0 ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å § ç¥¨ïå k 2 K1 áâ ®¢ïâáï
¯à®â¨¢®à¥ç¨¢ë¬¨.
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�áá«¥¤ã¥¬ áå®¤¨¬®áâì ¥à¥« ªá æ¨®®£® ¢ à¨ â  áå¥¬ë á ¢ë¡®à®¬ â®ç¥ª yk á®£« á® ãá«®-
¢¨î (3).

�¥¬¬  3. �ãáâì f 0(x) ã¤®¢«¥â¢®àï¥â ¢ Rn ãá«®¢¨î �¨¯è¨æ  á ª®áâ â®© L, ¯®¤¬®-
¦¥áâ¢  K 0 � K ¨ K 00 � K â ª®¢ë, çâ® â®çª¨ yk ¯à¨ ¯®áâà®¥¨¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg
¢ë¡¨à îâáï ¤«ï ¢á¥å k 2 K 0 á®£« á® (3),   ¤«ï ¢á¥å k 2 K 00 | á®£« á® (4). �®£¤ 

f(xk)� f(xk+1) � �hf 0(xk); gki � (L�2=2)kgkk2 � �k 8� 2 R1; k 2 K 0; (15)

f(xk)� f(xk+1) � �k�hf 0(xk); gki � (L�2=2)kgkk2 8� 2 R1; k 2 K 00: (16)

�â¢¥à¦¤¥¨ï «¥¬¬ë 3 ¥ á¢ï§ ë á ãá«®¢¨ï¬¨ (6), (7) § ¤ ¨ï ¢¥ªâ®à®¢ rk, pk ¢ áå¥¬¥,
¯®íâ®¬ã ¥¥ ¤®ª § â¥«ìáâ¢® ¯®«®áâìî ¯®¢â®àï¥â ®¡®á®¢ ¨¥   «®£¨ç®© «¥¬¬ë ¨§ [8].

�¥®à¥¬  2. �ãáâì ¤«ï ¢á¥å k 2 K ¢¥ªâ®àë rk, pk ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (6), (7), (10),
â®çª¨ yk ¯à¨ ¯®áâà®¥¨¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg ¢ë¡à ë á®£« á® (3),   ç¨á«  �k, k 2 K,

â ª®¢ë, çâ®
1P
k=0

�k = � <1. �á«¨ ¬®¦¥áâ¢®

X0
� = fx 2 Rn : f(x) � f(x0) + �g

®£à ¨ç¥®, f 0(x) ã¤®¢«¥â¢®àï¥â ¢ Rn ãá«®¢¨î �¨¯è¨æ  c ª®áâ â®© L, â® á¯à ¢¥¤«¨¢® à -
¢¥áâ¢® (12).

�®ª § â¥«ìáâ¢®. �§ (15) ¨ «¥¬¬ë 1 á«¥¤ã¥â ¥à ¢¥áâ¢® f(xk) � f(xk+1) � �(�0(1 � ) �
�)kf 0(xk)k2 � (L�2=2)kgkk2 � �k 8� � 0, k 2 K. � ç¨â,

f(xk)� f(xk+1) � max
��0

(�(�0(1� )� �)kf 0(xk)k2 � (L�2=2)kgkk2)� �k =

= (�0(1� )� �)2kf 0(xk)k4=(2Lkgkk2)� �k; k 2 K: (17)

� «¥¥, ª ª ¨ ¢ [8], ¨á¯®«ì§ãï ¬¥â®¤¨ªã �.�. � á¨«ì¥¢  ([9], cc. 93, 265), ¥âàã¤® ¯®ª § âì áã-
é¥áâ¢®¢ ¨¥ ¯à¥¤¥«  (13) ¨ à ¢¥áâ¢® (14),   â ª¦¥ ®£à ¨ç¥®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ fkgkkg.
�®£¤  ¨§ (17), (14) á ãç¥â®¬ ¢ë¡®à  ç¨á¥« �k á«¥¤ã¥â à ¢¥áâ¢® lim

k!1
f 0(xk) = 0,   § ç¨â, ¨

(12).

�â¬¥â¨¬, çâ® áå®¤¨¬®áâì áå¥¬ë ®¡®á®¢   ¢ â¥®à¥¬ å 1, 2 ¡¥§ ¯à¥¤¯®«®¦¥¨ï ® áâà¥¬«¥¨¨
ª ã«î ¯®á«¥¤®¢ â¥«ì®áâ¨ fkrkkg.

�®«ãç¨¬ ®æ¥ª¨ áª®à®áâ¨ áå®¤¨¬®áâ¨ áå¥¬ë. �ãáâì ¯®£à¥è®áâ¨ rk ¢ëç¨á«¥¨ï £à ¤¨¥â 
ã¤®¢«¥â¢®àïîâ ãá«®¢¨î

krkk � "kf 0(xk)k; (18)

£¤¥ 0 � " < 1,   ¢¥ªâ®àë pk | ãá«®¢¨î

kpkk � �kf 0(xk)k; (19)

£¤¥ 0 � � < �0(1� "), «¨¡®

kpkk � �0k ef 0(xk)k; 0 � �0 < �0(1� ")=(1 + "): (20)

� ¬¥â¨¬, çâ® ãá«®¢¨¥ (18) ¬®¦® § ¬¥¨âì ¨ ¤àã£¨¬¨   «®£¨çë¬¨ âà¥¡®¢ ¨ï¬¨,  ¯à¨-
¬¥à,

krkk � "0k ef 0(xk)k; 0 � "0 < 1=2: (21)

�¤ ª®, ¢ â ª®¬ á«ãç ¥ k ef 0(xk)k � kf 0(xk)k + "0k ef 0(xk)k ¨«¨ k ef 0(xk)k � (1=(1 � "0))kf 0(xk)k,
¨ ¨§ (21) á«¥¤ã¥â (18) ¯à¨ " = "0=(1 � "0). �á«¨ ¤«ï ¢¥ªâ®à®¢ rk, pk ¢ë¯®«ïîâáï (18), (20), â®
kpkk � �0(1+")kf 0(xk)k,   § ç¨â, á¯à ¢¥¤«¨¢® (19), ¨ ãá«®¢¨ï (18), (19) ï¢«ïîâáï ¡®«¥¥ ®¡é¨¬¨,
ç¥¬ (18), (20).

�®«®¦¨¬ (f(xk)� f�)=kf 0(xk)k = �(x) 8x =2 X�.
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�¥®à¥¬  3. �ãáâì äãªæ¨ï f(x) â ª®¢ , çâ®

�(x) � � <1 8x 2 X0
� nX�; (22)

f 0(x) ã¤®¢«¥â¢®àï¥â ¢ Rn ãá«®¢¨î �¨¯è¨æ  á ª®áâ â®© L, ¯à¨ ¯®áâà®¥¨¨ ¯®á«¥¤®¢ â¥«ì-

®áâ¨ fxkg â®çª¨ yk  å®¤ïâáï ¤«ï ¢á¥å k 2 K â®«ìª® ¨§ ãá«®¢¨ï (3), ¯à¨ç¥¬ 0 � �k � �k�2,
� > 0, k = 1; 2; : : : , «¨¡® â®«ìª® ¨§ ãá«®¢¨ï (4),   ¢¥ªâ®àë rk, pk ¢ë¡¨à îâáï á®£« á® (18), (19).
�®£¤  á¯à ¢¥¤«¨¢  ®æ¥ª 

0 � ak = f(xk)� f� � c=k; c > 0; k = 1; 2; : : : (23)

�®ª § â¥«ìáâ¢®. � ª ª ª hf 0(xk); gki = �khf 0(xk); f 0(xk) + rki + hf 0(xk); pki � �kkf 0(xk)k2 �
�kkf 0(xk)k krkk � kf 0(xk)k kpkk, k 2 K, â® ¨§ (18), (19), (2) á«¥¤ã¥â, çâ®

hf 0(xk); gki � (�0(1� ")��)kf 0(xk)k2 > 0 8k 2 K: (24)

�à®¬¥ â®£®, ¨§ (18), (19), (2) ¨ ¥à ¢¥áâ¢  kgkk � �kk ef 0(xk)k+ kpkk «¥£ª® ¯®«ãç ¥âáï ®æ¥ª 
kgkk � (�00(1 + ") + �)kf 0(xk)k 8k 2 K: (25)

�®ª ¦¥¬ (23), áç¨â ï á ç « , çâ® â®çª¨ yk  å®¤ïâáï ¯à¨ ¢á¥å k 2 K á®£« á® (3). �§ (15),
(24), (25) ¤«ï ¢á¥å � � 0; k 2 K á«¥¤ã¥â ¥à ¢¥áâ¢® f(xk)�f(xk+1) � �(�0(1�")��)kf 0(xk)k2�
�2(L(�00(1 + ") + �)2=2)kf 0(xk)k2 � �k. �âáî¤ 

ak � ak+1 = f(xk)� f(xk+1) � max
��0

(�(�0(1� ")��)� �2L(�00(1 + ") + �)2=2)kf 0(xk)k2 �
� �k = (�0(1� ")��)2kf 0(xk)k2=(2L(�00(1 + ") + �)2)� �k 8k 2 K; (26)

  § ç¨â, ¤«ï ¢á¥å k 2 K ¢ë¯®«ïîâáï ¥à ¢¥áâ¢  f(xk+1) � f(xk) + �k. �ã¬¬¨àãï ¨å ¯® k ®â
0 ¤® m � 1, £¤¥ m 2 K n f0g, ¯®«ãç¨¬ f(xm) � f(x0) + �, m = 1; 2; : : : � ª¨¬ ®¡à §®¬, xk 2 X0

�

8k 2 K, ¨ á®£« á® (22)

ak � �kf 0(xk)k 8k 2 K: (27)

�®£¤  ¨§ (26), (27) ¨¬¥¥¬ ak�ak+1 � a2k(�
0(1�")��)2=(2L�2(�00(1+")+�)2)��k�2, k = 1; 2; : : : � -

ç¨â, ak+1 � ak�a2k=�
0+ �0k�2, k = 1; 2; : : : , £¤¥ �0 = maxf�; 2L�2(�00(1 + ") + �)2=(�0(1� ")��)2g.

�§ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ¨ «¥¬¬ë 2.3.5 ([9], á. 95) á«¥¤ã¥â (23).
�ãáâì â¥¯¥àì â®çª¨ yk ¢ë¡¨à îâáï ¤«ï ¢á¥å k 2 K á®£« á® (4). �§ (16), (24), (25), (4) ¤«ï

¢á¥å � � 0, k 2 K á«¥¤ã¥â ®æ¥ª  f(xk) � f(xk+1) � ��(�0(1� ") ��)kf 0(xk)k2 � (L�2=2)(�00(1 +
") +�)2kf 0(xk)k2. �âáî¤  ak � ak+1 = f(xk)� f(xk+1) � max

��0
(��(�0(1� ")��)� �2L(�00(1 + ") +

�)2=2)kf 0(xk)k2 = �2(�0(1�")��)2kf 0(xk)k2=(2L(�00(1+")+�)2) > 0 8k 2 K. �®áª®«ìªã xk 2 X0

8k 2 K, â® á¯à ¢¥¤«¨¢® (27). �®£¤  ¨§ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ¨ «¥¬¬ë 2.3.4 ([9], c. 94) á ãç¥â®¬
(27) á«¥¤ã¥â ®æ¥ª  (23).

�â¬¥â¨¬, çâ® ¢ë¡®à ª®áâ âë � ¢ ¥à ¢¥áâ¢¥ (22) ¤«ï ¢ë¯ãª«®© ¨ á¨«ì® ¢ë¯ãª«®© äãª-
æ¨¨ f(x) ®¡áã¦¤ ¥âáï ¢ [8].

�¥®à¥¬  4. �ãáâì äãªæ¨ï f(x) ¤¢ ¦¤ë ¤¨ää¥à¥æ¨àã¥¬ , f 0(x) ã¤®¢«¥â¢®àï¥â ¢ Rn

ãá«®¢¨î �¨¯è¨æ  á ª®áâ â®© L, áãé¥áâ¢ã¥â â ª®¥ ç¨á«® � > 0, çâ®

hf 00(x)�; �i � �k�k2 8x; � 2 Rn; (28)

£¤¥ f 00(x) | ¬ âà¨æ  ¢â®àëå ¯à®¨§¢®¤ëå äãªæ¨¨ f(x) ¢ â®çª¥ x. �ãáâì ¢¥ªâ®àë rk, pk
ã¤o¢«¥â¢®àïîâ ãá«®¢¨ï¬ (18), (19), â®çª¨ yk ¢ë¡¨à îâáï á®£« á® (3) ¨«¨ (4), ¯à¨ç¥¬ �k = 0,
�k = � = 1 8k 2 K. �®£¤  ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg á¯à ¢¥¤«¨¢ë ®æ¥ª¨

0 � ak � a0q
k; kxk � x�k2 � (2=�)a0q

k 8k 2 K; (29)

£¤¥ 0 < q = 1� �(�0(1� ")��)2=(L(�00(1 + ") + �)2) < 1, x� | à¥è¥¨¥ § ¤ ç¨ (1).
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�®ª § â¥«ìáâ¢® â¥®à¥¬ë ®¯¨à ¥âáï   ¬¥â®¤¨ªã à ¡®âë ([9], c. 267) ¨ ¯®çâ¨ ¯®«®áâìî
¯®¢â®àï¥â ®¡®á®¢ ¨¥   «®£¨çëå ®æ¥®ª ¨§ [8].

� ¬¥â¨¬, çâ® â¥®à¥¬  4 á¯à ¢¥¤«¨¢  ¥ ¤«ï ¯á¥¢¤®¢ë¯ãª«ëå,   ¤«ï ¢ë¯ãª«ëå ¨ á¨«ì®
¢ë¯ãª«ëå äãªæ¨©, ã¤®¢«¥â¢®àïîé¨å (28).

�¥®à¥¬  5. �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì fxkg, ¯®áâà®¥ ï ¯® ¯à¥¤«®¦¥®© áå¥¬¥, à¥« ª-

á æ¨® , ¯®£à¥è®áâ¨ rk ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (6) ¨«¨ (18), ak � a,   ç¨á«  �k â ª®¢ë, çâ®

0 < �k � k ef 0(xk)k=a ¤«ï ¢á¥å k 2 K. �®£¤  á¯à ¢¥¤«¨¢  ®æ¥ª 

f(xm)� f� � a0

�
1 + a0

m�1X
k=0

�2k(f(xk)� f(xk+1))

k ef 0(xk)k2
��1

; m = 1; 2; : : :

�®ª § â¥«ìáâ¢®. �®£« á® (6), (18) rk 6= �f 0(xk), â. ¥. k ef 0(xk)k > 0 ¨ ãª §  ï ¢ ãá«®¢¨ïå
â¥®à¥¬ë ¯®á«¥¤®¢ â¥«ì®áâì f�kg áãé¥áâ¢ã¥â. �ç¥¢¨¤®, �kak � k ef 0(xk)k 8k 2 K. � ç¨â, ak �
ak+1 = f(xk)�f(xk+1) =

f(xk)�f(xk+1)

kef 0(xk)k2
k ef 0(xk)k2 � �2k(f(xk)�f(xk+1))

kef 0(xk)k2
a2k. �âáî¤  ¨ ¨§ «¥¬¬ë 9.2.14 ([10],

c. 170) á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë.

� ¬¥â¨¬, çâ® ¢ ãá«®¢¨ïå â¥®à¥¬ë ¬®¦® ¯®«®¦¨âì,  ¯à¨¬¥à, a = a0. �¥ª®â®àë¥ ®æ¥-
ª¨ ¤«ï  «£®à¨â¬®¢ ¯á¥¢¤®¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ¨ï ¯®«ãç¥ë á ¨á¯®«ì§®¢ ¨¥¬ ¬¥â®¤¨ª¨
�.�.� à¬ ®¢  ¢ [11]. �à¨ ®¡áã¦¤¥¨¨ ¨¦¥ ãáâ®©ç¨¢®áâ¨ ª®ªà¥âëå  «£®à¨â¬®¢ ¯® ¤®¡ïâáï
á«¥¤ãîé¨¥ ¢á¯®¬®£ â¥«ìë¥ ãâ¢¥à¦¤¥¨ï.

�¥¬¬  4. �ãáâì ¢¥ªâ®à rk ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã (18), £¤¥ " � 0. �®£¤  ¢ë¯®«ï¥âáï
ãá«®¢¨¥ (6) ¯à¨ k = (1 + "2)=2.

�®ª § â¥«ìáâ¢®. � ª ª ª k ef 0(xk)k2 = kf 0(xk)k2 + 2hf 0(xk); rki + krkk2 � 0, â® hf 0(xk); rki �
�(1=2)kf 0(xk)k2 � (1=2)krkk2, ¨ ¢ á¨«ã (18) hf 0(xk); rki � �(1=2)(kf 0(xk)k2 + "2kf 0(xk)k2) = �((1 +
"2)=2)kf 0(xk)k2.

�¥¬¬  5. �ãáâì ¢¥ªâ®àë rk, pk â ª®¢ë, çâ® ¢ë¯®«ïîâáï ¥à ¢¥áâ¢  (18), (19), £¤¥
" � 0, � � 0, ¨, ªà®¬¥ â®£®,

h ef 0(xk); pki � �e�kk ef 0(xk)k2; e�k � 0:

�®£¤  á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® (7), £¤¥ �k = "�+ (1 + ")2e�k.
�®ª § â¥«ìáâ¢®. �® ãá«®¢¨î hf 0(xk); pki + hrk; pki � �e�kkf 0(xk) + rkk2. �âáî¤  á ãç¥â®¬

(18), (19) á«¥¤ãîâ ®æ¥ª¨ hf 0(xk); pki � �krkk kpkk � e�k(kf 0(xk)k2 + 2hf 0(xk); rki + krkk2) �
�"�kf 0(xk)k2 � e�k(kf 0(xk)k2 + 2"kf 0(xk)k2 + "2kf 0(xk)k2) = �("�+ e�k(1 + 2"+ "2))kf 0(xk)k2.

�¥¬¬  6. �ãáâì xk =2 X�, ¢¥ªâ®à rk ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã (18), £¤¥ 0 � " < 1. �®£¤ 
� ef 0(xk) |  ¯à ¢«¥¨¥ á¯ãáª  ¤«ï äãªæ¨¨ f(x) ¢ â®çª¥ xk.

�®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥¨ï á«¥¤ã¥â ¨§ à ¢¥áâ¢  hf 0(xk); ef 0(xk)i = kf 0(xk)k2+ hf 0(xk); rki
¨ «¥¬¬ë 4.

�  áç¥â ¡®«ìè®© á¢®¡®¤ë ¢ ¢ë¡®à¥ ¢¥ªâ®à®¢ rk, pk, ¬®£®®¡à §¨© M(xk) ¨ â®ç¥ª yk, xk+1
¯à¥¤«®¦¥ ï áå¥¬  ¤®¯ãáª ¥â ¬®£® à §«¨çëå à¥ «¨§ æ¨©. �à¥¤¨ ¨å ¥áâì ª ª ¨§¢¥áâë¥
¬¥â®¤ë, â ª ¨ ®¢ë¥  «£®à¨â¬ë. �®áª®«ìªã ¢ áå¥¬¥ § «®¦¥  ¢®§¬®¦®áâì ¯à¨¡«¨¦¥®£®
¢ëç¨á«¥¨ï ¢¥ªâ®à®¢ f 0(xk), â® íâ® ¯®§¢®«ï¥â ¨áá«¥¤®¢ âì ãáâ®©ç¨¢®áâì ®¡áã¦¤ ¥¬ëå ¨¦¥
à¥ «¨§ æ¨© áå¥¬ë ª ®è¨¡ª ¬ ¢ëç¨á«¥¨ï £à ¤¨¥â . �à¨¢¥¤¥¬ á ç «  ¯à¨¬¥àë ¨áá«¥¤®¢ ¨ï
ãáâ®©ç¨¢®áâ¨ ¨§¢¥áâëå ®¤®è £®¢ëå ¬¥â®¤®¢.

� [12] ¯à¥¤«®¦¥ ¨  §¢  ¥«¨¥©ë¬ ®¤¨ ¬¥â®¤ à¥è¥¨ï § ¤ ç¨ (1) á ¢ë¯ãª«®© äãªæ¨¥©
f(x), £à ¤¨¥â ª®â®à®© ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ . �  k�¬ è £¥ íâ®£® ¬¥â®¤  ¢ë¡¨à -
îâáï ¢¥ªâ®àë dk1 , d

k
2 â ª, çâ®¡ë kdki k = 1, hf 0(xk); dki i � tki kf 0(xk)k, tki 2 (0; 1], i = 1; 2, ¯à¨ç¥¬

¤«ï ª®íää¨æ¨¥â®¢ tki ¤®«¦® ¢ë¯®«ïâìáï å®âï ¡ë ®¤® ¨§ á®®â®è¥¨©: tk1 � t1 > 0 ¨«¨
tk2 � t2 > 0. � â¥¬ ¯®« £ ¥âáï xk+1 = xk � �k1d

k
1 � �k2d

k
2 , £¤¥ ç¨á«  �ki ®âëáª¨¢ îâáï ¨§ ãá«®¢¨ï
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à¥« ªá æ¨®®áâ¨ ¯à®æ¥áá . �à¨ ¢ë¡®à¥ § ç¥¨© �k1 , �
k
2 ¢ [12] ¨á¯®«ì§ã¥âáï ª®áâ â  �¨¯è¨-

æ , çâ® ¥ ¢á¥£¤  ã¤®¡® ¤«ï ¯à ªâ¨ç¥áª®£® ¯à¨¬¥¥¨ï ¬¥â®¤ . �®ª ¦¥¬,çâ®, ¢®-¯¥à¢ëå, ç¨á« 
�ki ¬®¦® ¢ë¡¨à âì ¡¥§ ¨á¯®«ì§®¢ ¨ï ª®áâ âë L, ¢®-¢â®àëå, ¬®¦® à áè¨à¨âì ¢®§¬®¦®-
áâ¨ ¢ë¡®à  ç¨á¥« tki ¨ ¢¥ªâ®à®¢ dki ¢ ¥«¨¥©®¬ ¬¥â®¤¥, ¢-âà¥âì¨å, ¥£® ¬®¦® ¯à¨¬¥ïâì ¤«ï
¬¨¨¬¨§ æ¨¨ ¯á¥¢¤®¢ë¯ãª«ëå äãªæ¨©, ¨, ¢-ç¥â¢¥àâëå, ¬¥â®¤ [12] ãáâ®©ç¨¢ ª ®è¨¡ª ¬ ¢ëç¨-
á«¥¨ï £à ¤¨¥â . �«ï íâ®£® ¯à¨¢¥¤¥¬ ¨¦¥ ®¤¨  «£®à¨â¬ ®¡é¥© áå¥¬ë, ª®â®àë© ®¡®¡é ¥â
¥«¨¥©ë© ¬¥â®¤, ¨ ¤®ª ¦¥¬ ¥£® áå®¤¨¬®áâì.

�ãáâì ¯®áâà®¥  â®çª  xk =2 X�, ¢ëç¨á«¥ ¢¥ªâ®à ef 0(xk) = f 0(xk) + rk, ¨ ¯®£à¥è®áâì rk
ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã (18). �®«®¦¨¬

�k = �0 = �00 = 1; pk = k ef 0(xk)k X
i2Hk

dki � ef 0(xk); (30)

£¤¥ Hk | ª®¥ç®¥ ¬®¦¥áâ¢® ¨¤¥ªá®¢,   ¢¥ªâ®àë dki ¢ë¡à ë â ª, çâ®X
i2Hk

dki

 � b <1; h ef 0(xk); dki i � tki k ef 0(xk)k; i 2 Hk; (31)

0 < t �
X
i2Hk

tki : (32)

�®«®¦¨¬ ¤ «¥¥ hki = dki 8i 2 Hk, ¬®¦¥áâ¢® M(xk) ¨ â®çª¨ yk, xk+1 ¢ë¡¥à¥¬ á®£« á® ®¡é¥©
áå¥¬¥. �«£®à¨â¬ ®¯¨á .

� á¨«ã (30)
gk = ef 0(xk) + pk = k ef 0(xk)k X

i2Hk

dki ;

â. ¥. ¢¥ªâ®à gk ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© ¢¥ªâ®à®¢ hki , i 2 Hk, ª ª íâ® âà¥¡ã¥âáï ¢ ®¡é¥©
áå¥¬¥. �®ª ¦¥¬, çâ® ãá«®¢¨¥

gk 6= 0; (33)

§ «®¦¥®¥ ¢ ¯. 1 áå¥¬ë, â ª¦¥ ¢ë¯®«ï¥âáï. �®¯ãáâ¨¬, çâ® gk = 0. �®£¤ 
P
i2Hk

dki = 0, â. ª.

c®£« á® (18) rk 6= �f 0(xk) ¨, § ç¨â, k ef 0(xk)k 6= 0. �«¥¤®¢ â¥«ì®, dki0 = � P
i2Hknfi0g

dki , £¤¥ i0 |

¯à®¨§¢®«ìë© ¨¤¥ªá ¨§ Hk, ¨ h ef 0(xk); dki0i = � P
i2Hknfi0g

h ef 0(xk); dki i � tki0k ef 0(xk)k. �à®¬¥ â®£®, ¢ á¨-
«ã (31)

P
i2Hknfi0g

h ef 0(xk); dki i � k ef 0(xk)k P
i2Hknfi0g

tki . �ª« ¤ë¢ ï ¤¢  ¯®á«¥¤¨å ¥à ¢¥áâ¢ , ¯®«ãç¨¬

k ef 0(xk)k P
i2Hk

tki � 0, çâ® ¯à®â¨¢®à¥ç¨â (32). � ª¨¬ ®¡à §®¬, ãá«®¢¨¥ (33) ¤®ª § ®, ¨ âà¥¡®¢ ¨ï

ª ¢¥ªâ®à ¬ gk, hki ¢ ¤ ®¬  «£®à¨â¬¥ ¢ë¯®«¥ë.
�®ª ¦¥¬, çâ® ¢ á«ãç ¥ ®£à ¨ç¥®áâ¨ ¬®¦¥áâ¢ X0 ¨«¨ X0

� ¤«ï  «£®à¨â¬  (30){(32) ¡ã¤ãâ
á¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥¨ï â¥®à¥¬ 1, 2. �«ï íâ®£® ¯à®¢¥à¨¬ á ç « , çâ® ¯à¨ á®£« á®¢ ®¬
¢ë¡®à¥ § ç¥¨© " ¨ t ¢ ¥à ¢¥áâ¢ å (18), (32) ¢¥ªâ®àë rk, pk ã¤®¢«¥â¢®àïîâ á®®â¢¥âáâ¢¥®
ãá«®¢¨ï¬ (6), (7).

�ãáâì ç¨á«  ", t â ª®¢ë,çâ®

0 � " < 1; 0 < t � 1; (b+ 1)" + (1� t)(1 + ") < (1� ")=2: (34)

�® «¥¬¬¥ 4 ¤«ï ¢¥ªâ®à  rk ¢ë¯®«ï¥âáï ãá«®¢¨¥ (6) ¯à¨

k =  = (1 + "2)=2: (35)

�®£« á® (30), (32) h ef 0(xk); pki = k ef 0(xk)k P
i2Hk

h ef 0(xk); dki i � k ef 0(xk)k2 � �
�
1 � P

i2Hk

tki

�
k ef 0(xk)k2 �

�(1�t)k ef 0(xk)k2. �à®¬¥ â®£®, kpkk � (b+1)k ef 0(xk)k � (b+1)(kf 0(xk)k+krkk) � (b+1)(1+")kf 0(xk)k,
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â. ¥. ¢¥ªâ®à pk ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã (19) ¯à¨ � = b0(1 + "), £¤¥ b0 = b + 1. �«¥¤®¢ â¥«ì®,
¯® «¥¬¬¥ 5 ¢ë¯®«ï¥âáï (7), £¤¥ �k = � = (1 + ")(b0" + (1 � t)(1 + ")), ¯à¨ç¥¬ ¢ á¨«ã (34), (35)
� < �0(1 � ) = (1� ) = (1 � "2)=2. �â ª, ¯à¨ ãá«®¢¨ïå (34) âà¥¡®¢ ¨ï (6), (7) ª ¢¥ªâ®à ¬ rk,
pk ¢ë¯®«¥ë. �à §ã ®â¬¥â¨¬, çâ® ¤«ï ¢ë¯®«¥¨ï ¥à ¢¥áâ¢ (34) ¤®áâ â®ç® § ç¥¨ï " ¨ t
¢ë¡à âì,  ¯à¨¬¥à, ¨§ ãá«®¢¨©

1=2 � t � 1; 0 � " < (2t� 1)=(2b + 5� 2t)

¨«¨
0 � " < 1=(2b + 3); ((2b+ 5)"+ 1)=(2(1 + ")) < t � 1:

� «¥¥, ¯®áª®«ìªã xk 2 X0 ¨«¨ xk 2 X0
� ¢ § ¢¨á¨¬®áâ¨ ®â á¯®á®¡  ¢ë¡®à  â®çª¨ yk, â®

kf 0(xk)k � c3 < 1 8k 2 K,   § ç¨â, ¤«ï ¢¥ªâ®à®¢ rk, pk á¯à ¢¥¤«¨¢ë â ª¦¥ ¥à ¢¥áâ¢  (10).
� ª¨¬ ®¡à §®¬, ¯®ª § ®, çâ®, ¥á«¨ ¯®£à¥è®áâì rk ã¤®¢«¥â¢®àï¥â ¤«ï ¢á¥å k 2 K ãá«®¢¨î
(18) ¨ § ç¥¨ï ¯ à ¬¥âà®¢ " ¨ t á®£« á®¢ ë, â® ¯® â¥®à¥¬ ¬ 1, 2  «£®à¨â¬ (30){(32) ï¢«ï¥âáï
áå®¤ïé¨¬áï.

� ¬¥â¨¬, çâ® ¢  «£®à¨â¬¥ (30){(32) ¥ª®â®àë¥ ¨§ ª®íää¨æ¨¥â®¢ tki ¬®£ãâ ¡ëâì ¥¯®«®¦¨-
â¥«ìë¬¨,   ç áâì ¢¥ªâ®à®¢ dki | ã«¥¢ë¬¨. �  ª ¦¤®© ¨â¥à æ¨¨  «£®à¨â¬  ¬®¦® á®£« á®-
¢ë¢ âì § ç¥¨ï "k = krkk=kf 0(xk)k ¨ tk =

P
i2Hk

tki   «®£¨ç® â®¬ã, ª ª á®£« á®¢ë¢ «¨áì ¢ëè¥

§ ç¥¨ï " ¨ t. �à®¬¥ â®£®, ¢  «£®à¨â¬¥ ç¨á«  �k ¬®¦® ¢ë¡¨à âì ¨§ ®¡é¥£® ãá«®¢¨ï (2). �®£¤ 
¢ (30) ã¦® ¯®«®¦¨âì pk = k ef 0(xk)k P

i2Hk

dki � �k ef 0(xk),   ¤«ï £ à â¨¨ ¢ë¯®«¥¨ï ¥à ¢¥áâ¢ 
(7) á«¥¤ã¥â á®£« á®¢ë¢ âì § ç¥¨¥ " ¥ â®«ìª® á® § ç¥¨¥¬ t, ® ¨ á ç¨á« ¬¨ �0, �00. � ª ª ª
¢¥ªâ®àë rk, pk ã¤®¢«¥â¢®àïîâ (6), (7), â® ¯® «¥¬¬¥ 2 ¢ ¬®£®®¡à §¨¨ M(xk) ¬®¦® ¯à®¨§¢¥áâ¨
¯¥à¥å®¤ ª â®çª¥ xk+1 á ãá«®¢¨¥¬ à¥« ªá æ¨¨.

�¥à¥¬áï ª ®¡áã¦¤¥¨î ®¯¨á ®£® ¢ëè¥ ¥«¨¥©®£® ¬¥â®¤  ¨§ à ¡®âë [12]. �ç¥¢¨¤®, çâ®
 «£®à¨â¬ (30){(32) ®¡®¡é ¥â ¥«¨¥©ë© ¬¥â®¤ ¨ ¨¬¥¥â ¯® áà ¢¥¨î á ¯®á«¥¤¨¬ ¡®«¥¥ è¨-
à®ª¨¥ ¢®§¬®¦®áâ¨ ¤«ï ¢ë¡®à    k-¬ è £¥ ¢¥ªâ®à®¢ dki , ç¨á¥« tki ¨ â®ç¥ª xk+1. �«¥¤®¢ â¥«ì®,
§ ¬¥ç ¨ï, ¯à¨¢¥¤¥ë¥ ¢ëè¥ ¤«ï ¬¥â®¤  [12] ®â®á¨â¥«ì® ¢®§¬®¦®áâ¨ ¨á¯®«ì§®¢ ¨ï ¥£®
¤«ï § ¤ ç¨ (1) á ¯á¥¢¤®¢ë¯ãª«®© äãªæ¨¥©,   â ª¦¥ § ¤ ¨ï ¢¥ªâ®à®¢ dk1 , d

k
2 , ç¨á¥« tk1, t

k
2 ¨ ¢ë-

¡®à  è £®¢ëå ¬®¦¨â¥«¥© �k1 , �
k
2 , ®¡®á®¢ ë. � ¯à¨¬¥à, ¤«ï ª ¦¤®£® k 2 K ®¤® ¨§ § ç¥¨©

tk1 ¨«¨ tk2 ¬®¦¥â ¡ëâì ¥¯®«®¦¨â¥«ìë¬,   ®¤¨ ¨§ ¢¥ªâ®à®¢ dk1 ¨«¨ dk2 ¬®¦¥â ¡ëâì ã«¥¢ë¬.
� ª®¥æ, ¯®áª®«ìªã ¢  «£®à¨â¬¥ (30){(32) § «®¦¥  ¢®§¬®¦®áâì ¥â®ç®£® ¢ëç¨á«¥¨ï ¢¥ª-
â®à®¢ f 0(xk), â® ¤®ª §   ãáâ®©ç¨¢®áâì ¨ ¥«¨¥©®£® ¬¥â®¤  [12] ¯® ®â®è¥¨î ª ®è¨¡ª ¬
¢ëç¨á«¥¨ï £à ¤¨¥â®¢.

�¡®áã¥¬ ¤ «¥¥ ãáâ®©ç¨¢®áâì ¨§¢¥áâ®£® ¬¥â®¤  ¯®ª®®à¤¨ â®£® á¯ãáª  ([10], á. 206), áç¨-
â ï, çâ® ¤«ï ¢á¥å k 2 K ¢¬¥áâ® ¢¥ªâ®à  f 0(xk) ¢ëç¨á«ï¥âáï ¢¥ªâ®à

ef 0(xk) = �
@ ef(xk)
@�1

; : : : ;
@ ef(xk)
@�n

�
;

¨ kf 0(xk)� ef 0(xk)k ã¤®¢«¥â¢®àï¥â (18). �  k-¬ è £¥ íâ®£® ¬¥â®¤  ®âëáª¨¢ ¥âáï ®¬¥à

ik = arg max
1�i�n

����@ ef(xk)@�i

����; (36)

¨ xk+1 ¢ëç¨á«ï¥âáï ª ª â®çª  ¯à¨¡«¨¦¥®£® ¬¨¨¬ã¬  äãªæ¨¨ f(x)   ¯àï¬®© xk + �eik ,
� 2 R1. �«ï ¤®ª § â¥«ìáâ¢  ãáâ®©ç¨¢®áâ¨ ¬¥â®¤  ¯®ª ¦¥¬, çâ® ® ï¢«ï¥âáï ç áâë¬ á«ãç ¥¬
 «£®à¨â¬  (30){(32), ãáâ®©ç¨¢®áâì ª®â®à®£® ¨áá«¥¤®¢   ¢ëè¥.

�ãáâì ¢  «£®à¨â¬¥ (30){(32) Hk = f1g, xk+1 = yk, â®çª  yk  å®¤¨âáï ¨§ ãá«®¢¨ï (4), ¨ ¢¥ªâ®à
dk1 = (�k1 ; : : : ; �

k
n) ¢ë¡à  â ª, çâ®

�kik = n

�
@ ef(xk)
@�ik

�
=k ef 0(xk)k; �ki = 0 8i 6= ik;
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£¤¥ ¨¤¥ªá ik ®¯à¥¤¥«¥ á®£« á® (36). �à®¢¥à¨¬, çâ® ¢¥ªâ®à dk1 ã¤®¢«¥â¢®àï¥â âà¥¡®¢ ¨ï¬ (31),

(32)  «£®à¨â¬ . �¥©áâ¢¨â¥«ì®, kdk1k2=n2
�
@ef(xk)
@�ik

�2
=k ef 0(xk)k2�n2� nP

i=1

�
@ef(xk)
@�i

�2�
=k ef 0(xk)k2=n2, ¨,

ªà®¬¥ â®£®, ¯®áª®«ìªã k ef 0(xk)k2= nP
i=1

�
@ef(xk)
@�i

�2
�n

�
@ef(xk)
@�ik

�2
, â® h ef 0(xk); dk1i=n�@ef(xk)@�ik

�2
=k ef 0(xk)k �

k ef 0(xk)k. � ç¨â, ¥à ¢¥áâ¢  (31) ¢ë¯®«ïîâáï ¯à¨ b = n, tk1 = t = 1. � ª ¯®ª § ® ¢ëè¥, ¯à¨
ãá«®¢¨ïå (34) ¢¥ªâ®àë rk ¨ pk = k ef 0(xk)kdk1 � ef 0(xk) ã¤®¢«¥â¢®àïîâ (6), (7),   § ç¨â, ¯® «¥¬¬¥ 2
¢ ¬®£®®¡à §¨¨ M(xk) ¢®§¬®¦¥ à¥« ªá æ¨®ë© ¯¥à¥å®¤. � ª ª ª M(xk) | ®¤®¬¥à®¥ ¬®-
£®®¡à §¨¥, § ¤ îé¥¥áï ¢¥ªâ®à®¬ hk1 = dk1 ,   xk+1 | â®çª  ¯à¨¡«¨¦¥®£® ¬¨¨¬ã¬  äãªæ¨¨
f(x)   ¯àï¬®© M(xk), â® ¯à¨¢¥¤¥ë©  «£®à¨â¬ á®¢¯ ¤ ¥â á ¬¥â®¤®¬ ¯®ª®®à¤¨ â®£® á¯ãá-
ª . �«ï áå®¤¨¬®áâ¨ íâ®£®  «£®à¨â¬ ,   § ç¨â, ¨ ¬¥â®¤  ¯®ª®®à¤¨ â®£® á¯ãáª  á ¥â®çë¬
¢ëç¨á«¥¨¥¬ £à ¤¨¥â®¢ ¥®¡å®¤¨¬®, ª ª ¨ ¢ëè¥, á®£« á®¢ âì § ¤ ¨¥ ç¨á«  " ¢ (18) á® § -
ç¥¨¥¬ ¯ à ¬¥âà  t. �®áª®«ìªã ¢  «£®à¨â¬¥ t = 1, â® ¥à ¢¥áâ¢  (34) ¡ã¤ãâ ¢ë¯®«ïâìáï ¯à¨
0 � " < 1=(2n+3). � ª¨¬ ®¡à §®¬, ¥á«¨ " ¢ ãá«®¢¨¨ (18) ¢ë¡à ® ãª § ë¬ á¯®á®¡®¬, â® ¬¥â®¤
¯®ª®®à¤¨ â®£® á¯ãáª  ¤«ï ¬¨¨¬¨§ æ¨¨ ¯á¥¢¤®¢ë¯ãª«ëå äãªæ¨© ¡ã¤¥â ãáâ®©ç¨¢ ª ®è¨¡ª ¬
¢ëç¨á«¥¨ï £à ¤¨¥â®¢. �®áª®«ìªã ¢ ¬¥â®¤¥ æ¨ª«¨ç¥áª®£® ¯®ª®®à¤¨ â®£® á¯ãáª  ¥ âà¥¡ã¥â-
áï ¢ëç¨á«¥¨ï £à ¤¨¥â®¢, â® ¥£® ãáâ®©ç¨¢®áâì ¢ ãª § ®¬ á¬ëá«¥ §¤¥áì ¥ ®¡áã¦¤ ¥âáï.

�¤¥©® ¡«¨§ª¨¬ ª ¬¥â®¤ã ¯®ª®®à¤¨ â®£® á¯ãáª  ï¢«ï¥âáï ¨§¢¥áâë©  «£®à¨â¬ £à ¤¨¥â-
®£® á¯ãáª  ¯® ¡ëáâàë¬ ¯¥à¥¬¥ë¬ ¤«ï ¬¨¨¬¨§ æ¨¨ ¢ë¯ãª«ëå äãªæ¨© ([13], á. 179). � 
ª ¦¤®¬ è £¥ íâ®£® ¬¥â®¤  ¯à®¨§¢®¤¨âáï á¯ãáª ¥ ¯® ¢á¥¬ ¯¥à¥¬¥ë¬ �1; : : : ; �n § ¤ ç¨,   «¨èì
¯® â ª  §ë¢ ¥¬ë¬ ¡ëáâàë¬ ¯¥à¥¬¥ë¬ �j , ¤«ï ª®â®àëå����@f(xk)@�j

���� � �k > 0:

�áá«¥¤ã¥¬ ãáâ®©ç¨¢®áâì íâ®£® ¬¥â®¤ , áç¨â ï, çâ® äãªæ¨ï f(x) ¯á¥¢¤®¢ë¯ãª« ,   ¯®£à¥è®-
áâ¨ ¢ëç¨á«¥¨ï £à ¤¨¥â®¢ ¢ ¨â¥à æ¨®ëå â®çª å ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (18). �«ï íâ®£®
¯®ª ¦¥¬, çâ® ® ¢ª« ¤ë¢ ¥âáï ¢ áå¥¬ã (30){(32).

�®«®¦¨¬ ¢  «£®à¨â¬¥ (30){(32) Hk=
n
j : 1�j�n;

���@ef(xk)
@�j

�����k>0o, dki=�n�@ef(xk)@�i

�
=k ef 0(xk)k�ei

8i 2 Hk. �à®¢¥à¨¬, çâ® ¢ë¯®«ïîâáï ãá«®¢¨ï (31), (32). � ª ª ª kdki k2 = n2
�
@ef(xk)
@�i

�2
=k ef 0(xk)k2 �

n2
� nP
j=1

�
@ef(xk)
@�j

�2�
=k ef 0(xk)k2 = n2 8i 2 Hk, â®

 P
i2Hk

dki

 � P
i2Hk

kdki k �
P
i2Hk

n = nlk � n2, £¤¥ lk |

ª®«¨ç¥áâ¢® ¨¤¥ªá®¢ ¢ ¬®¦¥áâ¢¥Hk. � «¥¥, ¯ãáâì tki = n
�
@ef(xk)
@�i

�2
=k ef 0(xk)k2. �®£¤  h ef 0(xk); dki i =

n
�
@ef(xk)
@�i

�2
=k ef 0(xk)k = tki k ef 0(xk)k 8i 2 Hk, ¯à¨ç¥¬

X
i2Hk

tki = n

�X
i2Hk

�
@ ef(xk)
@�i

�2�
=k ef 0(xk)k2 =

= n

�X
i2Hk

�
@ ef(xk)
@�i

�2�
=

� nX
i=1

�
@ ef(xk)
@�i

�2�
� n

�
@ef(xk)
@�ik

�2
+

P
i2Hknfikg

�
@ef(xk)
@�i

�2
n
�
@ef(xk)
@�ik

�2 � 1;

£¤¥ ¨¤¥ªá ik ®¯à¥¤¥«¥ ¢ (36). � ª¨¬ ®¡à §®¬, ¢¥ªâ®àë dki ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (31), (32)
¯à¨ b = n2, t = 1. �á«¨ § ç¥¨ï ", t ¢ë¡à ë á®£« á® (34), â® ¢ë¯®«ïîâáï (6), (7), ¨ ¯® «¥¬¬¥ 2
¢ ¬®£®®¡à §¨¨M(xk) ¢®§¬®¦¥ ¯¥à¥å®¤ á ãá«®¢¨¥¬ (8). � ª ª ªM(xk) á®¢¯ ¤ ¥â á ¬®¦¥áâ¢®¬,
¢ ª®â®à®¬ ¯à®¨áå®¤¨â á¯ãáª   k-¬ è £¥ ¬¥â®¤  [13], â® ¯à¨¢¥¤¥ë©  «£®à¨â¬ ï¢«ï¥âáï ¬¥â®¤®¬
£à ¤¨¥â®£® á¯ãáª  ¯® ¡ëáâàë¬ ¯¥à¥¬¥ë¬, ¨ ¯®á«¥¤¨© ãáâ®©ç¨¢ ª ®è¨¡ª ¬ ¢ëç¨á«¥¨ï
£à ¤¨¥â®¢.

41



�¥âàã¤® ¯à®¢¥à¨âì, çâ® ç áâë¬ á«ãç ¥¬  «£®à¨â¬  (30){(32) ï¢«ï¥âáï £à ¤¨¥âë© ¬¥â®¤
¯à¨  «¨ç¨¨ ¯®¬¥å. �«ï íâ®£® ¢  «£®à¨â¬¥ (30){(32) ¤®áâ â®ç® ¯®«®¦¨âì Hk = f1g, xk+1 = yk,
dk1 = ef 0(xk)=k ef 0(xk)k. �ç¥¢¨¤®, çâ® ãá«®¢¨ï (31) ¢ë¯®«ïîâáï ¯à¨ b = 1, tk1 = t = 1. � ç¨â, ®¯¨-
á  ï ¬¥â®¤¨ª  ¯à¨¬¥¨¬  ¤«ï ¨áá«¥¤®¢ ¨ï ãáâ®©ç¨¢®áâ¨ £à ¤¨¥â®£® ¬¥â®¤ . �®«¥¥ â®£®,
¯®ª ¦¥¬, çâ® £à ¤¨¥âë© ¬¥â®¤ ¯à¨  «¨ç¨¨ ¯®¬¥å ¤«ï ¯á¥¢¤®¢ë¯ãª«ëå äãªæ¨© ¨¬¥¥â âã
¦¥ áª®à®áâì áå®¤¨¬®áâ¨, çâ® ¨ ¬¥â®¤ á â®çë¬ ¢ëç¨á«¥¨¥¬ £à ¤¨¥â . �®«®¦¨¬ ¢ ®¡é¥© áå¥¬¥
�k = 1, pk = 0, Hk = f1g, hk1 = gk, xk+1 = yk 8k 2 K. �®£¤  xk+1 | â®çª  ¯à¨¡«¨¦¥®£® ¬¨¨-
¬ã¬  äãªæ¨¨ f(x)   ¯àï¬®© M(xk), § ¤ ®© ¢¥ªâ®à®¬ gk = ef 0(xk), ¨  «£®à¨â¬ ¯à¥¤áâ ¢«ï¥â
á®¡®© £à ¤¨¥âë© ¬¥â®¤ ¯à¨  «¨ç¨¨ ¯®¬¥å. �ãáâì ¯®£à¥è®áâ¨ rk ¢ëç¨á«¥¨ï £à ¤¨¥â®¢ ¢
íâ®¬ ¬¥â®¤¥ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (18). �®áª®«ìªã ¤«ï ¢¥ªâ®à  pk = 0 ¢ë¯®«ï¥âáï (19), â®
®æ¥ª¨ (23), (29) áª®à®áâ¨ áå®¤¨¬®áâ¨ £à ¤¨¥â®£® ¬¥â®¤  ¯à¨  «¨ç¨¨ ¯®¬¥å ®áâ îâáï â ª¨¬¨
¦¥, ª ª ¨ ¤«ï ¬¥â®¤  á â®çë¬ ¢ëç¨á«¥¨¥¬ £à ¤¨¥â  ( ¯à., [9], c. 266). �â¬¥â¨¬, çâ® ¢ ([5],
c. 98) ¯à¨ ãá«®¢¨¨ (18) ¨áá«¥¤®¢   ãáâ®©ç¨¢®áâì £à ¤¨¥â®£® ¬¥â®¤  á ¯®áâ®ïë¬ è £®¬ ¤«ï
¬¨¨¬¨§ æ¨¨ á¨«ì® ¢ë¯ãª«ëå äãªæ¨©. � [3] ®¡®á®¢   ¥£® ãáâ®©ç¨¢®áâì ¢ á«ãç ¥, ª®£¤  f(x)
¢ë¯ãª« , è £®¢ë¥ ¬®¦¨â¥«¨ �k ¢ë¡¨à îâáï ¨§ ãá«®¢¨ï 0 < �0 � �k � �00 < 2=L,   ¯®£à¥è®áâì

rk â ª®¢ , çâ® krkk � "k,
1P
k=1

"k <1. � [4] ¤«ï á¨«ì® ¢ë¯ãª«®© äãªæ¨¨ f(x) ¨áá«¥¤®¢ ® ¢«¨ï-

¨¥ ¯®¬¥å vk   áå®¤¨¬®áâì ¢®§¬ãé¥®£® ¯à®æ¥áá   ¨áª®à¥©è¥£® á¯ãáª  xk+1 = xk�kf
0(xk)+vk.

�¡áã¤¨¬ ãáâ®©ç¨¢®áâì ®¡®¡é¥®£® ¬¥â®¤  £à ¤¨¥â®£® á¯ãáª  ([10], c. 189; [14], c. 61)

xk+1 = xk � �kGk
ef 0(xk); k 2 K; (37)

£¤¥ Gk | á¨¬¬¥âà¨ç ï ¬ âà¨æ ,

kGkk � c4; hGkx; xi � e�kxk2; e� > 0; 8x 2 Rn; (38)

  è £ �k > 0 ¢ë¡¨à ¥âáï ¡«¨§ª¨¬ ª ¯®«®¬ã. �â¬¥â¨¬, çâ® ¢ ®â«¨ç¨¥ ®â [10], [14] £à ¤¨¥âë ¢
(37) ¢ëç¨á«ïîâáï á ¯®£à¥è®áâï¬¨. �®ª ¦¥¬, çâ® ¥á«¨ ¯®£à¥è®áâ¨ rk ã¤®¢«¥â¢®àïîâ (18),  
§ ç¥¨¥ " á®£« á®¢ ® á ¯ à ¬¥âà®¬ e�, â® ¬¥â®¤ (37) ¢ª« ¤ë¢ ¥âáï ¢ áå¥¬ã (30){(32),   § ç¨â,
ï¢«ï¥âáï ãáâ®©ç¨¢ë¬ ¢ ¯à¨ïâ®¬ á¬ëá«¥.

�ãáâì ¢  «£®à¨â¬¥ (30){(32)

Hk = f1g; xk+1 = yk; dk1 = Gk
ef 0(xk)=k ef 0(xk)k; (39)

â. ¥. pk = Gk
ef 0(xk) � ef 0(xk), gk = Gk

ef 0(xk), M(xk) = U(xk). �¡¥¤¨¬áï, çâ® ¢¥ªâ®à dk1 ã¤®¢«¥â¢®-
àï¥â ãá«®¢¨ï¬ (31), (32). �¥©áâ¢¨â¥«ì®, ¯¥à¢®¥ ¨§ ¥à ¢¥áâ¢ (31) ¢ë¯®«ï¥âáï á®£« á® (38)
¯à¨ b = c4. �à®¬¥ â®£®, â ª¦¥ ¢ á¨«ã (38) h ef 0(xk); dk1i = h ef 0(xk); Gk

ef 0(xk)i=k ef 0(xk)k � e�k ef 0(xk)k.
�«¥¤®¢ â¥«ì®, ¢â®à®¥ ¨§ ãá«®¢¨© (31) ¢ë¯®«ï¥âáï ¯à¨ tk1 = e�,   ¢ ¥à ¢¥áâ¢¥ (32) ¬®¦®
¯®«®¦¨âì t = �0 � minf1; e�g. � ª¨¬ ®¡à §®¬, âà¥¡®¢ ¨ï (31), (32) ª ¢¥ªâ®àã dk1 ¢ë¯®«¥ë. �®-
£¤ , ª ª ¯®ª § ® ¢ëè¥, ¯à¨ ¢ë¡®à¥ " á®£« á® (34) ¢¥ªâ®àë rk, pk ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (6),
(7), (10), ¨ ¯® «¥¬¬¥ 1 gk |  ¯à ¢«¥¨¥ á¯ãáª  ¤«ï äãªæ¨¨ f(x) ¢ â®çª¥ xk. �«¥¤®¢ â¥«ì®,
 «£®à¨â¬ (30){(32), (39) ¨¬¥¥â ¢¨¤ (37), ¨ ¤«ï ®¡®¡é¥®£® ¬¥â®¤  £à ¤¨¥â®£® á¯ãáª  ¢ë¯®«-
ïîâáï ãâ¢¥à¦¤¥¨ï â¥®à¥¬ 1, 2. �á«¨ ¬ âà¨æë Gk ¢ (39) â ª®¢ë, çâ® kGk �Ek � � < 1 � "
8k 2 K, â® ¢¥ªâ®àë pk ã¤®¢«¥â¢®àïîâ (19). �®£¤  ¤«ï  «£®à¨â¬  (30){(32), (39),   § ç¨â, ¨ ¤«ï
¬¥â®¤  (37) ¯à¨ á®®â¢¥âáâ¢ãîé¨å ¯à¥¤¯®«®¦¥¨ïå â¥®à¥¬ 3, 4 á¯à ¢¥¤«¨¢ë ®æ¥ª¨ áª®à®áâ¨
áå®¤¨¬®áâ¨ (23), (29).

� áå¥¬ã (37) ¢ª« ¤ë¢ îâáï ¬®£¨¥ ¨§¢¥áâë¥ ¬¥â®¤ë ¬¨¨¬¨§ æ¨¨ ¢ë¯ãª«ëå äãªæ¨©,
 ¯à¨¬¥à, £à ¤¨¥âë©  «£®à¨â¬ (Gk = E), ¬¥â®¤ ¨§¬¥¥¨ï ¬ áèâ ¡®¢ ([10], c. 190), ¬¥â®¤
�ìîâ®  á à¥£ã«¨à®¢ª®© è £  ([14], c. 68), £¤¥ Gk = (f 00(xk))�1 ã¤®¢«¥â¢®àï¥â (38) ¯à¨ ¤®¯®«-
¨â¥«ìëå ãá«®¢¨ïå ([14], c. 27)   f(x), ¢ à¨ â ¬¥â®¤  �ìîâ® , £¤¥ Gk = (f 00(x0))�1 8k 2 K
([14], c. 73), ¥ª®â®àë¥ ª¢ §¨£à ¤¨¥âë¥  «£®à¨â¬ë ( ¯à., [10], c. 191{193), ¢ ª®â®àëå ¬ âà¨æë
Gk ã¤®¢«¥â¢®àïîâ (38). � ç¨â, ¥á«¨ ¢ ã¯®¬ïãâëå ¬¥â®¤ å £à ¤¨¥â ¢ëç¨á«ï¥âáï ¥â®ç®,  
¯ à ¬¥âàë "; e� á®£« á®¢ ë, â® ¬¥â®¤ë ãáâ®©ç¨¢ë ¢ ¯à¨ïâ®¬ á¬ëá«¥.
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�®«®¦¨¬ ¢ ®¡é¥© áå¥¬¥

�k = 1; pk = Gk
ef 0(xk); Hk = f1g; hk1 = �gk; (40)

£¤¥ ¬ âà¨æë Gk á¨¬¬¥âà¨çë ¨ ¢ë¡à ë á®£« á® (38),   ¯®£à¥è®áâ¨ rk ¢ëç¨á«¥¨ï £à ¤¨¥â 
ã¤®¢«¥â¢®àïîâ (18), ¯à¨ç¥¬ 0 � " < minf1; e�=c4g. �®£¤  ¯® «¥¬¬¥ 4 ¤«ï ¢¥ªâ®à®¢ rk ¢ë¯®«ï¥âáï
(6) ¯à¨ k =  = (1 + "2)=2 < 1, ¨, ªà®¬¥ â®£®, hf 0(xk); pki = hf 0(xk); Gkf

0(xk)i + hf 0(xk); Gkrki �e�kf 0(xk)k2 � kf 0(xk)k kGkrkk � (e�� c4")kf 0(xk)k2 � 0. �«¥¤®¢ â¥«ì®, ¯® â¥®à¥¬ ¬ 1, 2  «£®à¨â¬
(40) ï¢«ï¥âáï áå®¤ïé¨¬áï. �â¬¥â¨¬, çâ® ¥á«¨ ¢ ãá«®¢¨ïå (38), (18) c4<1, 0�"<(1� á4)=(1 + c4),
â® kpkk = kGk

ef 0(xk)k � c4(1 + ")kf 0(xk)k; c4(1 + ") < 1 � ",   § ç¨â, ¢¥ªâ®àë pk ã¤®¢«¥â¢®àïîâ
(19), ¨ ¤«ï  «£®à¨â¬  (40) á¯à ¢¥¤«¨¢ë ®æ¥ª¨ â¥®à¥¬ 3, 4.

� ([4], c. 94) ¨áá«¥¤®¢   á«¥¤ãîé ï ¯à®æ¥¤ãà  à¥è¥¨ï § ¤ ç¨ (1) á ¢ë¯ãª«®© äãªæ¨¥©
f(x) ¨ â®çë¬ ¢ëç¨á«¥¨¥¬ £à ¤¨¥â . �  k-¬ è £¥ ¥¥ ¢ë¡¨à ¥âáï â ª®¥ ¯®¤¯à®áâà áâ¢® Vk
¯à®¨§¢®«ì®© à §¬¥à®áâ¨ lk, çâ® ¯à®¥ªæ¨ï Pkf 0(xk) ¢¥ªâ®à  f 0(xk)   íâ® ¯®¤¯à®áâà áâ¢® ã¤®-
¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã kPkf 0(xk)k � �kf 0(xk)k, £¤¥ 0 < � < 1. � â¥¬ ¢ ª ç¥áâ¢¥ xk+1 ¢ë¡¨à ¥âáï
â®çª  ¯à¨¡«¨¦¥®£® ¬¨¨¬ã¬  äãªæ¨¨ f(x)   ¬®£®®¡à §¨¨ xk + Vk.

�ãáâì ¢ íâ®© ¯à®æ¥¤ãà¥ ¤«ï ¢á¥å k 2 K ¢¥ªâ®à f 0(xk) ¢ëç¨á«ï¥âáï á ¯®£à¥è®áâìî rk,
ã¤®¢«¥â¢®àïîé¥© (18), ãá«®¢¨¥ ¢ë¡®à  ¯®¤¯à®áâà áâ¢  Vk ¨¬¥¥â ¢¨¤

kPk ef 0(xk)k � �k ef 0(xk)k; (41)

  â®çª¨ xk+1 2 xk + Vk ¢ë¡¨à îâáï á®£« á® (3) ¨«¨ (4), £¤¥ yk = xk+1. �®ª ¦¥¬, çâ® â®£¤  ¯à¨
á®£« á®¢ ®¬ § ¤ ¨¨ ¯ à ¬¥âà®¢ � ¨ " ¯à®æ¥¤ãà  [4], ¯à¨¬¥¥ ï ¤«ï ¬¨¨¬¨§ æ¨¨ ¯á¥¢¤®-
¢ë¯ãª«®© äãªæ¨¨, ¡ã¤¥â ãáâ®©ç¨¢®© ª ®è¨¡ª ¬ ¢ëç¨á«¥¨ï £à ¤¨¥â®¢. �«ï íâ®£® ¤®áâ â®ç®
¯®ª § âì, çâ® ®  ¢ª« ¤ë¢ ¥âáï ¢ áå¥¬ã (30){(32). �ãáâì ¢ (30){(32) Hk = f1; : : : ; lkg, £¤¥ lk |
à §¬¥à®áâì ¯®¤¯à®áâà áâ¢  Vk, ¢ë¡¨à ¥¬®£® á®£« á® (41). �®«®¦¨¬ dk1 = Pk ef 0(xk)=k ef 0(xk)k,
  ¢¥ªâ®àë dk2 ; : : : ; d

k
lk
2 Vk § ¤ ¤¨¬ â ª, çâ®¡ë ®¨ ¢¬¥áâ¥ á dk1 á®áâ ¢«ï«¨ ¡ §¨á ¯®¤¯à®áâà áâ¢ 

Vk ¨, ªà®¬¥ â®£®, ã¤®¢«¥â¢®àï«¨ á®®â®è¥¨ï¬ kdki k = 1, h ef 0(xk); dki i � 0 8i = 2; : : : ; lk. �®ª ¦¥¬,
çâ® ¤«ï ¢¥ªâ®à®¢ dki , i 2 Hk, ¢ë¯®«ïîâáï ãá«®¢¨ï (31), (32). � ª ª ª 0 2 Vk, â® ¯® ¨§¢¥áâ®¬ã
á¢®©áâ¢ã ¯à®¥ªæ¨¨ hPk ef 0(xk); ef 0(xk)� Pk ef 0(xk)i � 0. �âáî¤ 

h ef 0(xk); Pk ef 0(xk)i � kPk ef 0(xk)k2; (42)

  § ç¨â, k ef 0(xk)k � kPk ef 0(xk)k. �®£¤  kdk1k � 1, ¨ ¯¥à¢®¥ ¨§ ¥à ¢¥áâ¢ (31) ¢ë¯®«ï¥âáï ¯à¨
b = n. � á¨«ã (41), (42)

h ef 0(xk); dk1i � kPk ef 0(xk)k2=k ef 0(xk)k � � 2k ef 0(xk)k:
�«¥¤®¢ â¥«ì®, ¢â®à®¥ ¨§ ãá«®¢¨© (31) á¯à ¢¥¤«¨¢® ¯à¨ tk1 = � 2, tk2 = � � � = tklk = 0,   ¢ (32) ¬®¦®
¯®«®¦¨âì t = � 2. � ª¨¬ ®¡à §®¬, âà¥¡®¢ ¨ï (31), (32) ª ¢¥ªâ®à ¬ dki ¢ë¯®«ïîâáï, ¯à®æ¥¤ãà 
¨§ à ¡®âë [4] ¤¥©áâ¢¨â¥«ì® ¢ª« ¤ë¢ ¥âáï ¢  «£®à¨â¬ (30){(32), ¨ ¥¥ ¬®¦® ¨á¯®«ì§®¢ âì ¯à¨
¬¨¨¬¨§ æ¨¨ ¯á¥¢¤®¢ë¯ãª«®© äãªæ¨¨, ¢ëç¨á«ïï ¢¥ªâ®àë f 0(xk) ¯à¨¡«¨¦¥®. �à¨ íâ®¬ á®-
£« á® (34) § ç¥¨ï "; � ¬®¦® ¢ë¡¨à âì,  ¯à¨¬¥à, ¨§ ãá«®¢¨© 0 � " < (2� 2�1)=(2(n�� 2)+5),
1=
p
2 � � < 1.
� [15] ¯à¥¤«®¦¥ á«¥¤ãîé¨© ¬¥â®¤ à¥è¥¨ï § ¤ ç¨ (1). �  k-¬ è £¥ ¢ë¡¨à îâáï § ¬ªãâ®¥

¬®¦¥áâ¢® Qk â ª®¥, çâ® kxk � c, c > 0, 8x 2 Qk, ¨ â®çª  zk, á®¤¥à¦ é ïáï ¢ Qk ¢¬¥áâ¥ á® á¢®¥©
t-®ªà¥áâ®áâìî !k. � ª ç¥áâ¢¥  ¯à ¢«¥¨ï á¯ãáª  ¢ â®çª¥ xk § ¤ ¥âáï ¢¥ªâ®à sk = zk � zk,
£¤¥ zk 2 Qk ¨ hf 0(xk); zk � zki = min

x2Qk

hf 0(xk); x� zki. �  «ãç¥ xk + �sk, � > 0, ¢ë¡¨à ¥âáï â®çª 

xk+1 = yk á®£« á® (3) ¨«¨ (4), £¤¥ gk = sk.
�¡®áã¥¬ ãáâ®©ç¨¢®áâì íâ®£® ¬¥â®¤  ¢ ¯à¨ïâ®¬ á¬ëá«¥, áç¨â ï, çâ® ¯®£à¥è®áâì rk ¢ë-

ç¨á«¥¨ï £à ¤¨¥â  ã¤®¢«¥â¢®àï¥â (18). �«ï íâ®£® ¯®ª ¦¥¬, çâ® ¬¥â®¤ ¢ª« ¤ë¢ ¥âáï ¢ áå¥¬ã
(30){(32). �®«®¦¨¬ ¢ (30){(32) Hk = f1g, xk+1 = yk, dk1 = zk � zk, ¨ ¯à®¢¥à¨¬, çâ® ¢¥ªâ®à dk1
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ã¤®¢«¥â¢®àï¥â âà¥¡®¢ ¨ï¬ (31), (32). �ç¥¢¨¤®, çâ® ¯¥à¢®¥ ¨§ ãá«®¢¨© (31) ¢ë¯®«ï¥âáï ¯à¨
b = 2c. � «¥¥, ¯ãáâì ezk = zk � �k ef 0(xk)=k ef 0(xk)k;
£¤¥ ç¨á«® �k > 0 â ª®¢®, çâ® ezk 2 Qk � �

!k. � ª ª ª á ãç¥â®¬ ¥â®ç®£® ¢ëç¨á«¥¨ï £à ¤¨¥â 
ãá«®¢¨¥ ¢ë¡®à   ¯à ¢«¥¨ï á¯ãáª  ¨¬¥¥â ¢¨¤ h ef 0(xk); ski = min

x2Qk

h ef 0(xk); x� zki, â®

h ef 0(xk); zk � zki � h ef 0(xk); ezk � zki = ��kk ef 0(xk)k:
�«¥¤®¢ â¥«ì®, h ef 0(xk); dk1i � �kk ef 0(xk)k, ¨ ¢â®à®¥ ¨§ ãá«®¢¨© (31) ¢ë¯®«ï¥âáï ¯à¨ tk1 = �k. �®-
áª®«ìªã ezk =2 �

!k, â® kzk � ezkk = �k � t,   § ç¨â, tk1 � t > 0, ¨ ãá«®¢¨¥ (32) â ª¦¥ ¢ë¯®«ï¥âáï.
� ª¨¬ ®¡à §®¬, ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg, ¯®áâà®¥®© ®¯¨á ë¬ ¬¥â®¤®¬ á ¥â®çë¬ ¢ë-
ç¨á«¥¨¥¬ £à ¤¨¥â , ¯à¨ ¢ë¡®à¥ ¢¥«¨ç¨ t, " á®£« á® (34) á¯à ¢¥¤«¨¢ë â¥®à¥¬ë áå®¤¨¬®áâ¨
1, 2.

�¥à¥©¤¥¬ ª ¨áá«¥¤®¢ ¨î ãáâ®©ç¨¢®áâ¨ ¥é¥ ®¤®£® ª« áá  ¬¥â®¤®¢ à¥è¥¨ï § ¤ ç¨ (1).
�«ï íâ®£® á ç «  ®¡áã¤¨¬ á«¥¤ãîé¨©  «£®à¨â¬ ®¡é¥© áå¥¬ë. �ãáâì ¤«ï ¢á¥å k 2 K ¢ áå¥¬¥
¯®« £ ¥âáï

Hk = f1; : : : ; lkg; 1 � lk � n; �k = 1; pk = 0; xk+1 = yk; hk1 = � ef 0(xk); (43)

  ¢¥ªâ®àë hk2 ; : : : ; h
k
lk
¢ë¡¨à îâáï ¯à®¨§¢®«ì®. �®áª®«ìªã lk-¬¥à®¥ ¬®£®®¡à §¨¥M(xk) á®¤¥à-

¦¨â ¢¥ªâ®à xk + gk,   pk ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (7), (10), (19), â® ¤«ï  «£®à¨â¬  (43) á¯à -
¢¥¤«¨¢ë ãâ¢¥à¦¤¥¨ï â¥®à¥¬ 1, 2 ¨ ®æ¥ª¨ â¥®à¥¬ 3{5, ¥á«¨ ¤«ï ¯®£à¥è®áâ¥© rk ¢ë¯®«ïîâáï
âà¥¡®¢ ¨ï (6) ¨«¨ (18),   ¬®¦¥áâ¢  X0 ¨«¨ X0

� ®£à ¨ç¥ë. �  áç¥â ¡®«ìè®© á¢®¡®¤ë ¢ ¢ë¡®à¥
ç¨á¥« lk ¨ ¢¥ªâ®à®¢ hki  «£®à¨â¬ (43) ¤®¯ãáª ¥â ¬®£® à¥ «¨§ æ¨©.

�ãáâì,  ¯à¨¬¥à, ¢  «£®à¨â¬¥ (43) lk = 2,   ¢¥ªâ®àë hk2 , k 2 K, â ª®¢ë, çâ®

h02 = 0; hk2 = xk � xk�1 8k = 1; 2; : : : (44)

�®£¤  ¯à¨ k � 1 ¯¥à¥å®¤ ®â â®çª¨ xk ª â®çª¥ xk+1 ¯à®¨áå®¤¨â ¢ ¤¢ã¬¥à®¬ «¨¥©®¬ ¬®£®®¡à -
§¨¨ M(xk), § ¤ ®¬ ¢¥ªâ®à ¬¨ ef 0(xk) ¨ xk � xk�1, ¨  «£®à¨â¬ ¯à¥¤áâ ¢«ï¥â á®¡®© ¨§¢¥áâë©
¢ à¨ â ¬¥â®¤  á®¯àï¦¥ëå £à ¤¨¥â®¢ ( ¯à., [5], á. 70). �à¨ íâ®¬ ¢ ®â«¨ç¨¥ ®â [5] £à ¤¨¥â
¢  «£®à¨â¬¥ ¬®¦¥â ¢ëç¨á«ïâìáï ¥â®ç® ¨ ¤«ï ¢ë¡®à  xk+1 2 M(xk) ¨¬¥îâáï ¡®«¥¥ è¨à®ª¨¥
¢®§¬®¦®áâ¨ (á¬. (3), (4)). � ª ®â¬¥ç¥® ¢ëè¥,  «£®à¨â¬ (43) ãáâ®©ç¨¢ ª ®è¨¡ª ¬ ¢ëç¨á«¥¨ï
£à ¤¨¥â . �«¥¤®¢ â¥«ì®, ã¯®¬ïãâë© ¢ à¨ â ¬¥â®¤  á®¯àï¦¥ëå £à ¤¨¥â®¢ ¤«ï ¬¨¨¬¨-
§ æ¨¨ ¯á¥¢¤®¢ë¯ãª«ëå äãªæ¨© â ª¦¥ ï¢«ï¥âáï ãáâ®©ç¨¢ë¬ ¢ ¯à¨ïâ®¬ á¬ëá«¥.

�ãáâì ¢ (43) lk = l, 2 � l � n, yk | â®çª  ¯à¨¡«¨¦¥®£® ¬¨¨¬ã¬  f(x)   M(xk), ¨ ¤«ï
¢á¥å i = 2; : : : ; l ¯®« £ ¥âáï hki = 0, ¥á«¨ 0 � k � l � 2, ¨ hki = xk�i+2 � xk�i+1, ¥á«¨ k � l � 1, â. ¥.
   ç «ìëå è £ å á¯ãáª ¯à®¨§¢®¤¨âáï ¯®  â¨£à ¤¨¥âã,   § â¥¬ | ¢ l-¬¥àëå ¬®£®®¡à §¨-
ïå, § ¤ ¢ ¥¬ëå ¢¥ªâ®à ¬¨ ef 0(xk) ¨ xk�i+2 � xk�i+1, i = 2; : : : ; l. � ª®©  «£®à¨â¬ ¤«ï ¢ë¯ãª«ëå
äãªæ¨© á â®çë¬ ¢ëç¨á«¥¨¥¬ £à ¤¨¥â  ®¯¨á  ¢ ([16], á. 116) ¨  §¢  ¬¥â®¤®¬ ¬®£®¯ à -
¬¥âà¨ç¥áª®£® ¯®¨áª . � ª ª ª  «£®à¨â¬ (43) ãáâ®©ç¨¢ ª ®è¨¡ª ¬ ¢ëç¨á«¥¨ï ¢¥ªâ®à®¢ f 0(xk),
â® ãáâ®©ç¨¢ë¬ ï¢«ï¥âáï ¨ ¬¥â®¤ ¬®£®¯ à ¬¥âà¨ç¥áª®£® ¯®¨áª .

�®áª®«ìªã ¢ (43) ¢¥ªâ®àë hki , i = 2; : : : ; lk, ¢ë¡¨à îâáï ¯à®¨§¢®«ì®, â® ¢  «£®à¨â¬ (43), (44)
¨ ¬¥â®¤ ¬®£®¯ à ¬¥âà¨ç¥áª®£® ¯®¨áª  ¬®¦® ¢ª«îç âì à §«¨çë¥ ¯à®æ¥¤ãàë ®¡®¢«¥¨ï,
¯®« £ ï   ¥ª®â®àëå ¨â¥à æ¨ïå hki = 0, i = 2; : : : ; lk, â. ¥. ¤¥« ï ¯¥à¥å®¤, ª ª ¨ ¢  ç «ì®©
â®çª¥, ¯®  â¨£à ¤¨¥âã. �à¨ íâ®¬ áå®¤¨¬®áâì  «£®à¨â¬®¢ á «î¡ë¬¨ ¯à®æ¥¤ãà ¬¨ ®¡®¢«¥¨ï
¡ã¤¥â á®åà ¥ , ¨ ¬¥â®¤ë ®áâ ãâáï ãáâ®©ç¨¢ë¬¨. �®«¥§®áâì ¢ª«îç¥¨ï ¯à®æ¥¤ãà ®¡®¢«¥¨ï
¢ â ª¨å  «£®à¨â¬ å ®¡áã¦¤ ¥âáï,  ¯à¨¬¥à, ¢ ([2], c. 326; [5], c. 73).

�â¬¥â¨¬, çâ® ®¤¨ ¨§ ¯®¤å®¤®¢ ª ¨áá«¥¤®¢ ¨î ãáâ®©ç¨¢®áâ¨ âà ¤¨æ¨®®£® ¬¥â®¤  á®¯àï-
¦¥ëå £à ¤¨¥â®¢ ª ®è¨¡ª ¬ ¢ëç¨á«¥¨ï ¯à®¨§¢®¤ëå ¯à¥¤«®¦¥ ¢ [17].

�¥â®¤ë á®¯àï¦¥ëå £à ¤¨¥â®¢ ¨ ¬®£®¯ à ¬¥âà¨ç¥áª®£® ¯®¨áª  ®â®áïâáï ª ª« ááã â ª
 §ë¢ ¥¬ëå ¬®£®è £®¢ëå  «£®à¨â¬®¢, â. ª. ¢ ¨å ¯à¨ ¯®áâà®¥¨¨ ®ç¥à¥¤®£® ¯à¨¡«¨¦¥¨ï
¨á¯®«ì§ã¥âáï ¨ä®à¬ æ¨ï á ¯à¥¤ë¤ãé¨å ¨â¥à æ¨©. �¡ëç® ( ¯à., [5], c. 68) ¬¥â®¤  §ë¢ îâ
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N -è £®¢ë¬, N � 1, ¥á«¨ ¢ ¥¬ ¨â¥à æ¨®ë¥ â®çª¨ xk ¤«ï k � N áâà®ïâáï á ¨á¯®«ì§®¢ ¨¥¬ N
¯à¥¤ë¤ãé¨å â®ç¥ª xk�1; : : : ; xk�N . �®-¢¨¤¨¬®¬ã, ª N -è £®¢ë¬ á«¥¤ã¥â ®â¥áâ¨ ¨ â¥  «£®à¨â¬ë,
¢ ª®â®àëå ¯à¨ ¯®áâà®¥¨¨ k-£® ¯à¨¡«¨¦¥¨ï ¨á¯®«ì§ã¥âáï ¨ä®à¬ æ¨ï â®«ìª® á (k�1)-£® ¨ (k�
N)-£® è £®¢,   ¥ á® ¢á¥å N ¯à¥¤ë¤ãé¨å ¨â¥à æ¨©. �à®¢¥¤¥¬ ¨¦¥ ¨áá«¥¤®¢ ¨¥ ãáâ®©ç¨¢®áâ¨
¥é¥ ¥áª®«ìª¨å  «£®à¨â¬®¢ ¨§ ª« áá  ¬®£®è £®¢ëå ¬¥â®¤®¢.

�®«®¦¨¬ ¢ ®¡é¥© áå¥¬¥

Hk = f1g; hk1 = gk; xk+1 = yk; pk = �k( ef 0(xk)� ef 0(xk�1)) 8k 2 K; (45)

£¤¥ ç¨á«  �k â ª®¢ë, çâ® �0 = 0, 0 � j�kj � �0k ef 0(xk)k=bk, k = 1; 2; : : : , bk � k ef 0(xk)� ef 0(xk�1)k,
  § ç¥¨¥ �0 ®¯à¥¤¥«¥® ¢ (20). �ã¤¥¬ áç¨â âì, çâ® rk ã¤®¢«¥â¢®àï¥â (18). �®áª®«ìªã kpkk �
�0k ef 0(xk)k k ef 0(xk)� ef 0(xk�1)k=bk � �0k ef 0(xk)k, â® ¤«ï ¢¥ªâ®à®¢ pk ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® (20),
  § ç¨â, ¨ ãá«®¢¨¥ (19) ¯à¨ � = �0(1 + "). �«¥¤®¢ â¥«ì®, ¤«ï íâ®£®  «£®à¨â¬  á¯à ¢¥¤«¨¢ë
â¥®à¥¬ë 3, 4.

�¢ãåè £®¢ë©  «£®à¨â¬ (45) ¬®¦® ®¡®¡é¨âì, ¯®«®¦¨¢

pk = �1
k( ef 0(xk)� ef 0(xk�1)) + � � �+ �N�1k ( ef 0(xk�N+2)� ef 0(xk�N+1));

N � 2, ¨ ¢ë¡à ¢ § ç¥¨ï �ik á«¥¤ãîé¨¬ ®¡à §®¬:

�ik = 0 8k = 0; : : : ; N � 2; 0 � j�ikj � �0k ef 0(xk)k=(bik(N � 1)) 8k � N � 1;

bik � k ef 0(xk�i+1)� ef 0(xk�i)k; i = 1; : : : ; N � 1:

�®£¤ , ª ª ¨ ¢ëè¥, ¯à¨ ãá«®¢¨¨ (18) «¥£ª® ¯®ª § âì, çâ® ¢¥ªâ®àë pk ã¤®¢«¥â¢®àïîâ ¥à ¢¥áâ¢ã
(19), â. ¥. ¤«ï N -è £®¢®£® ¢ à¨ â  â ª¦¥ á¯à ¢¥¤«¨¢ë â¥®à¥¬ë 3, 4. �â¬¥â¨¬, çâ® íâ®â ¢ à¨ â
¡«¨§®ª ª ¬®£®è £®¢®¬ã  «£®à¨â¬ã [18] á â®çë¬ ¢ëç¨á«¥¨¥¬ £à ¤¨¥â®¢, £¤¥ ç¨á«  �k, �ik
¢ë¡¨à îâáï á ¨á¯®«ì§®¢ ¨¥¬ ª®áâ âë �¨¯è¨æ .

�ãáâì ¢ (45) pk = �k(xk � zk), £¤¥ �k â ª®¢®, çâ® 0 � j�kj � �0k ef 0(xk)k=kxk � zkk,   zk |
«î¡ ï â®çª , ®â«¨ç ï ®â xk. �ç¥¢¨¤®, çâ® pk ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã (20). �«¥¤®¢ â¥«ì®,
¯à¨ ãá«®¢¨¨ (18) ¢ë¯®«ï¥âáï (19), ¨ ¤«ï íâ®£®  «£®à¨â¬  á¯à ¢¥¤«¨¢ë â¥®à¥¬ë 3, 4. � ¬¥â¨¬,
çâ® ¯à¨ k � 1 ¢ ª ç¥áâ¢¥ zk ¬®¦® ¢ë¡¨à âì «î¡ãî ¨§ ¯à¥¤ë¤ãé¨å ¨â¥à æ¨®ëå â®ç¥ª ®â
x0 ¤® xk�1. �¥¬ á ¬ë¬ ¡ã¤ãâ ¯®«ãç âìáï à §«¨çë¥ ¬®£®è £®¢ë¥ à¥ «¨§ æ¨¨, ãáâ®©ç¨¢ë¥ ª
®è¨¡ª ¬ ¢ëç¨á«¥¨ï £à ¤¨¥â®¢. �á«¨ zk = xk�1 ¨ �k � 0, â®  «£®à¨â¬ ¡«¨§®ª ª ¬¥â®¤ã âï¦¥-
«®£® è à¨ª  ([5], c. 68),   ¥á«¨ ª â®¬ã ¦¥ �k = 1, â® | ª âà ¤¨æ¨®®¬ã ¬¥â®¤ã á®¯àï¦¥ëå
£à ¤¨¥â®¢ ( ¯à., [5], c. 73; [9], c. 320). �¯¨á ë©  «£®à¨â¬ ¬®¦® ®¡®¡é¨âì, ¯®«®¦¨¢ ¢ (45)

pk = �1
k(xk � z1k) + � � �+ �N�1k (xk�N+2 � zN�1k );

£¤¥ N � 2, �ik = 0 8k = 0; : : : ; N � 2, 0 � j�ikj � �0k ef 0(xk)k=(kxk�i+1 � zikk(N � 1)) 8k � N � 1,
i = 1; : : : ; N � 1. �à¨ ãá«®¢¨¨ (18) ¤«ï íâ®£® ¢ à¨ â  â ª¦¥ á¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥¨ï â¥®à¥¬
3, 4, ¯®áª®«ìªã ¢¥ªâ®àë pk ã¤®¢«¥â¢®àïîâ (19). �¥âàã¤® ¢¨¤¥âì, çâ® ¯à¨ ¯®áâà®¥¨¨ pk ¢ (45)
¬®¦® ®¤®¢à¥¬¥® ¨á¯®«ì§®¢ âì ¯à¥¤ë¤ãé¨¥ ¨â¥à æ¨®ë¥ â®çª¨ ¨ £à ¤¨¥âë äãªæ¨¨ ¢
íâ¨å â®çª å,  ¯à¨¬¥à, pk = �1

k(xk�xk�1)+�2
k( ef 0(xk)� ef 0(xk�1)). �à¨ íâ®¬ § ç¥¨ï �1

k, �
2
k, ª ª

¨ ¢ëè¥, ã¦® ¢ë¡à âì â ª, çâ®¡ë ¢¥ªâ®àë pk ã¤®¢«¥â¢®àï«¨ ãá«®¢¨î (20).
�áâ ®¢¨¬áï ¯®¤à®¡¥¥   ¤¢ãåè £®¢®¬  «£®à¨â¬¥ áå¥¬ë, ª®â®àë© ®â«¨ç ¥âáï ®â ã¯®¬ïã-

â®£® ¬¥â®¤  á®¯àï¦¥ëå £à ¤¨¥â®¢ á¯®á®¡®¬ § ¤ ¨ï ª®íää¨æ¨¥â®¢ ¯à¨ ¢¥ªâ®à å xk�xk�1.
�ãáâì ¢ ®¡é¥© áå¥¬¥ Hk = f1g, hk1 = gk, �k = 1, k 2 K, p0 = 0, pk = �k(xk � xk�1), k = 1; 2; : : : ,
0 � j�kj � �. �á«¨ ¯à¨ íâ®¬ ¯®«®¦¨âì xk+1 = yk = arg min

x2U(xk)
f(x), â®  «£®à¨â¬ ¬®¦® § ¯¨á âì

¢ ¢¨¤¥

xk+1 = xk � �kgk; �k = argmin
�

f(xk � �gk); k 2 K; (46)

£¤¥ g0 = ef 0(xk), gk = ef 0(xk) + �k(xk � xk�1), k � 1. �ã¤¥¬ ¯®-¯à¥¦¥¬ã áç¨â âì, çâ® ¯®£à¥è-
®áâ¨ rk ¢ëç¨á«¥¨ï £à ¤¨¥â®¢ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (18). �®£¤  ¯® «¥¬¬¥ 4 hf 0(xk); rki �
�(1 + "2)kf 0(xk)k2=2. �âáî¤  á ãç¥â®¬ à ¢¥áâ¢  hf 0(xk); xk � xk�1i = 0, k = 1; 2; : : : , á«¥¤ã¥â,
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çâ® hf 0(xk); gki = hf 0(xk); ef 0(xk)i = kf 0(xk)k2 + hf 0(xk); rki � (1� "2)kf 0(xk)k2=2 > 0, ¨ ¢¥ªâ®à �gk
¤«ï ¢á¥å k 2 K, ¥§ ¢¨á¨¬® ®â § ª  ç¨á«  �k, ï¢«ï¥âáï  ¯à ¢«¥¨¥¬ á¯ãáª  ¤«ï äãªæ¨¨
f(x) ¢ â®çª¥ xk. � ç¨â, ®¯¨á ë© ¯à®æ¥áá à¥« ªá æ¨®¥, �k > 0, ¨ xk 2 X0 8k 2 K. �á«¨
diamX0 = d0 < 1, â® ¯®á«¥¤®¢ â¥«ì®áâì fkf 0(xk)kg ®£à ¨ç¥ , kpkk � �d0, k 2 K, ¨ ãá«®¢¨ï
(10) ¤«ï ¢¥ªâ®à®¢ rk, pk ¢ë¯®«ïîâáï. �à®¬¥ â®£®, ª ª ã¦¥ ®â¬¥ç¥®, ¤«ï rk á¯à ¢¥¤«¨¢® ¥-
à ¢¥áâ¢® (6),   ¯®áª®«ìªã hf 0(xk); pki = 0, â® ¢ë¯®«ï¥âáï ¨ ãá«®¢¨¥ (7). � ª¨¬ ®¡à §®¬, ¤«ï
 «£®à¨â¬  (46) ®áâ îâáï ¢ á¨«¥ â¥®à¥¬ë áå®¤¨¬®áâ¨ 1, 2, ¨ ãáâ®©ç¨¢®áâì â ª®£® ¢ à¨ â  ¬¥â®¤ 
á®¯àï¦¥ëå £à ¤¨¥â®¢ ®¡®á®¢  . �â¬¥â¨¬, çâ® ¢ (46) §  áç¥â ¢ë¡®à  § ç¥¨© �k ¨¬¥îâáï
¡®«¥¥ è¨à®ª¨¥ ¢®§¬®¦®áâ¨ ¤«ï ¯®áâà®¥¨ï  ¯à ¢«¥¨© á¯ãáª  ¯® áà ¢¥¨î á âà ¤¨æ¨®ë¬
 «£®à¨â¬®¬. �à®¬¥ â®£®, ¢ (46) ¯à¨¡«¨¦¥¨¥ xk+1 2 U(xk) ¥ ®¡ï§ â¥«ì® ¨áª âì ¨§ ãá«®¢¨ï
â®ç®£® ¬¨¨¬ã¬  äãªæ¨¨ f(x). �®áâ â®ç®, çâ®¡ë â®çª  xk+1 = yk ã¤®¢«¥â¢®àï«  (4) ¨ ¯à¨
íâ®¬

�k+1hf 0(xk+1); xk+1 � xki � 0: (47)

�®£¤  hf 0(xk); gki > 0, hf 0(xk); pki � 0, k 2 K, ¨ ¤«ï ¢¥ªâ®à®¢ rk, pk c¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 
(10), (6), (7), ¢ë¯®«¥¨¥ ª®â®àëå âà¥¡ã¥âáï ¢ â¥®à¥¬ å 1, 2. �«ï ®¡¥á¯¥ç¥¨ï ãá«®¢¨ï (47)
¤®áâ â®ç® á®£« á®¢ë¢ âì § ª¨ ç¨á«  �k+1 ¨ ¯à®¨§¢¥¤¥¨ï hf 0(xk+1); xk+1 � xki. �á«¨ ª k-¬ã
è £ã �k+1 ã¦¥ § ¤ ®, â® ¤«ï ¢ë¯®«¥¨ï (47) è £ �k ¢ (46) á«¥¤ã¥â ¢ë¡¨à âì ¡®«ìè¨¬ ¨«¨
¬¥ìè¨¬ ¯®«®£® ¢ § ¢¨á¨¬®áâ¨ ®â § ª  ç¨á«  �k+1. � ¬¥â¨¬ â ª¦¥, çâ® ¢® ¢á¥å ®¡áã¦¤¥ëå
¢ à¨ â å  «£®à¨â¬®¢ (45) ¨ (46) ¤®¯ãáª ¥âáï § ¤ ¨¥ �k = 0 (�ik = 0). �¥¬ á ¬ë¬ ¢  «£®à¨â¬ å
¯à¥¤ãá¬ âà¨¢ ¥âáï ¢ª«îç¥¨¥ ¢á¥¢®§¬®¦ëå ¯à®æ¥¤ãà ®¡®¢«¥¨ï ¡¥§ ãé¥à¡  ¨å áå®¤¨¬®áâ¨
¨ ãáâ®©ç¨¢®áâ¨.

� ¬®£®è £®¢ë¬ ¬®¦® ®â¥áâ¨ â ª  §ë¢ ¥¬ë© ãáª®à¥ë© ¬¥â®¤ £à ¤¨¥â®£® á¯ãáª 
¯®àï¤ª  N ([19], c. 99), £¤¥ N 2 K, N � 2, ª®â®àë© ¯à¨¬¥ï¥âáï ¯à¨ ¬¨¨¬¨§ æ¨¨ \®¢à ¦ëå"
äãªæ¨© ¨ § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬. �ãáâì ¯®áâà®¥  â®çª  xk, k 2 K. �§ ¥¥ ®áãé¥áâ¢«ï-
¥âáï N è £®¢ ¬¥â®¤®¬  ¨áª®à¥©è¥£® á¯ãáª  á â®ç®© ®¤®¬¥à®© ¬¨¨¬¨§ æ¨¥©. �à¨ íâ®¬
¯®«ãç îâáï ¯®á«¥¤®¢ â¥«ì® ¢á¯®¬®£ â¥«ìë¥ â®çª¨ y1k; : : : ; y

N
k ,   § â¥¬ ¯®« £ ¥âáï

xk+1 = xk + �ksk; (48)

£¤¥ sk = yNk � xk, �k | ¯®«ë© è £. �â¬¥â¨¬, çâ® ¥á«¨ ¢ª«îç¨âì ¢á¯®¬®£ â¥«ìë¥ â®çª¨ yik,
i = 1; : : : ; N , ¢ ç¨á«® ¨â¥à æ¨®ëå â®ç¥ª ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg, â. ¥. ¯®«®¦¨âì

xk+1 =

(
xk � �kf

0(xk); k 2 K nK0;
xk�N + �k(xk � xk�N ); k 2 K0;

£¤¥ K0 = fk 2 K : k = l(N + 1)� 1; l = 1; 2; : : :g, â® ¬¥â®¤ ¬®¦® áç¨â âì (N+1)-è £®¢ë¬. �
([16], c. 113)  «£®à¨â¬ (48) ®¯¨á  ¯à¨ N = n.

�®ª ¦¥¬, çâ® ¬¥â®¤ (48), ª ª ¨ £à ¤¨¥âë©, ï¢«ï¥âáï ãáâ®©ç¨¢ë¬ ¢ ¯à¨ïâ®¬ á¬ëá«¥,  
¯à¨ ¯®áâà®¥¨¨ â®ç¥ª yik ¨ xk+1 ¬®¦® ®âª § âìáï ®â ãá«®¢¨ï ¯®«®£® è £ . �ãáâì ¢ (48) £à -
¤¨¥âë ¢ ®á®¢ëå ¨ ¢á¯®¬®£ â¥«ìëå â®çª å ¢ëç¨á«ïîâáï ¯à¨¡«¨¦¥®. �ã¤¥¬ áç¨â âì, çâ®
¯®£à¥è®áâ¨ rk ¢ëç¨á«¥¨ï £à ¤¨¥â®¢ ¢ â®çª å xk ã¤®¢«¥â¢®àïîâ ¥à ¢¥áâ¢ã (18),   ¯®£à¥è-
®áâ¨ rik ¢ â®çª å y

i
k | ¥à ¢¥áâ¢ã krikk � "kf 0(yik)k. �®ª ¦¥¬, çâ® (48) ¢ª« ¤ë¢ ¥âáï ¢ ®¡éãî

áå¥¬ã. �ãáâì ¢ áå¥¬¥ �k = 1, pk = 0, Hk = f1g, hk1 = ef 0(xk),   â®çª¨ yk ¢ë¡¨à îâáï ¨§ ãá«®¢¨ï
(4). � ª ª ª ¢¥ªâ®àë � ef 0(xk) ¨ � ef 0(yik) ï¢«ïîâáï  ¯à ¢«¥¨ï¬¨ á¯ãáª  ¤«ï äãªæ¨¨ f(x) ¢
â®çª å xk ¨ yik á®®â¢¥âáâ¢¥®, â® ¬®¦® áç¨â âì, çâ® yk = y1k, ¨ ¤«ï â®çª¨ xk+1, ¯®«ãç¥®©
á®£« á® (48), á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

f(xk+1) < f(yNk ) < � � � < f(y1k) = f(yk) < f(xk): (49)

�®áª®«ìªã ãá«®¢¨ï (6), (7), (10), (18), (19) ¢ë¯®«ïîâáï, â® ¬¥â®¤ (48) á ¯®¬¥å ¬¨ ï¢«ï¥âáï
áå®¤ïé¨¬áï,   ®æ¥ª¨ ¥£® áª®à®áâ¨ áå®¤¨¬®áâ¨ ®áâ îâáï ¥ åã¦¥ ®æ¥®ª ¬¥â®¤  ¡¥§ ¯®¬¥å.
�â¬¥â¨¬, çâ® ¤«ï ¯®áâà®¥¨ï â®ç¥ª yik, i = 2; : : : ; N , ¬®¦® ¯à¨¬¥ïâì «î¡ë¥ à¥« ªá æ¨®ë¥
¯à®æ¥¤ãàë, ª®¬¡¨¨àãï ¨å ¬¥¦¤ã á®¡®©.
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�¤¥ï, § «®¦¥ ï ¢ ¬¥â®¤¥ (48), ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢   ¨ ¤«ï ¤àã£¨å ¨áá«¥¤®¢ ëå
¢ëè¥  «£®à¨â¬®¢ á ¥â®çë¬ ¢ëç¨á«¥¨¥¬ £à ¤¨¥â®¢. � ¯à¨¬¥à, ¤«ï ¬¥â®¤  á®¯àï¦¥ëå
£à ¤¨¥â®¢ ®  à¥ «¨§ã¥âáï á«¥¤ãîé¨¬ ®¡à §®¬. �§ â®çª¨ xk ¯à®¨§¢®¤¨¬ N è £®¢ ãª § ë¬
¬¥â®¤®¬, ¯®«ãç ï ¯®á«¥¤®¢ â¥«ì® â®çª¨ y1k; : : : ; y

N
k ,   § â¥¬ áâà®¨¬ â®çªã xk+1 á®£« á® (48).

�®áª®«ìªã y1k = argmin
��0

f(xk�� ef 0(xk)), â®, ¯®«®¦¨¢, ª ª ¨ ¢ëè¥, yk = y1k ¢ ®¡é¥© áå¥¬¥, ¯®«ãç¨¬

(49). � ç¨â, â ª®© ¢ à¨ â ¬¥â®¤  á®¯àï¦¥ëå £à ¤¨¥â®¢ ¢ª« ¤ë¢ ¥âáï ¢ ®¡éãî áå¥¬ã ¨
ï¢«ï¥âáï áå®¤ïé¨¬áï ¯à¨ á®®â¢¥âáâ¢ãîé¨å âà¥¡®¢ ¨ïå   rk. � ª¨¬ ®¡à §®¬, ¤«ï ¬®£¨å
 «£®à¨â¬®¢ ¡¥§ãá«®¢®© ¬¨¨¬¨§ æ¨¨ ¬®£ãâ ¡ëâì ¯®áâà®¥ë   «®£¨ç® (48) ¬®£®è £®¢ë¥
¬®¤¨ä¨ª æ¨¨.

�à¥¤«®¦¨¬ ¤ «¥¥ ¤«ï à¥è¥¨ï § ¤ ç¨ (1) â ªãî ¯à®æ¥¤ãàã ®¡é¥© áå¥¬ë, ¢ ª®â®à®© ¤«ï
¯®áâà®¥¨ï â®çª¨ xk+1 ¬®¦¥â ¨á¯®«ì§®¢ âìáï ¢¬¥áâ¥ á xk «î¡ ï ¯à¥¤ë¤ãé ï ¨â¥à æ¨® ï â®ç-
ª . �ãáâì k-¥ ¯à¨¡«¨¦¥¨¥  ©¤¥®. �ë¯®«ï¥¬ ¯¯. 1{3 ®¡é¥© áå¥¬ë, áç¨â ï Hk = f1g. �à®¬¥
yk 2 U(xk) ¢ë¡¨à ¥¬ ¥é¥ ¤¢¥ ¢á¯®¬®£ â¥«ìë¥ â®çª¨ yk

0; zk 2 Rn â ª, çâ®¡ë f(yk 0) � f(yk),
f(zk) � f(yk0). � â¥¬ ¯®« £ ¥¬ xk+1 = zk + �k(yk0 � zk), £¤¥ ç¨á«® �k > 0 â ª®¢®, çâ®
f(xk+1) � f(yk0). � ¬¥â¨¬, çâ® è £ �k, ®¡¥á¯¥ç¨¢ îé¨© ¢ë¯®«¥¨¥ ¯®á«¥¤¥£® ¥à ¢¥áâ¢ ,
áãé¥áâ¢ã¥â,  ¯à¨¬¥à, �k = 1. �®áª®«ìªã á¯à ¢¥¤«¨¢® (5), â® ®¯¨á  ï ¯à®æ¥¤ãà  ï¢«ï¥âáï
à¥ «¨§ æ¨¥© ®¡é¥© áå¥¬ë, ¨ ¯à¨ á®®â¢¥âáâ¢ãîé¨å ãá«®¢¨ïå ¢ë¡®à  ¢¥ªâ®à®¢ pk, rk ¤«ï ¥¥ ¡ã-
¤ãâ ¢ë¯®«ïâìáï ãâ¢¥à¦¤¥¨ï â¥®à¥¬ 1{5. �á¯®¬®£ â¥«ìë¥ â®çª¨ yk

0, zk ¬®£ãâ ¡ëâì ¢ë¡à ë,
¢ ç áâ®áâ¨, á«¥¤ãîé¨¬ ®¡à §®¬: yk 0 = yk, zk = yk

0, zk = yk, zk = xk. � ª ç¥áâ¢¥ zk ¬®¦®
¢§ïâì «î¡ãî ¨§ â®ç¥ª x0; : : : ; xk�1, ¯®«ãç¨¢ â¥¬ á ¬ë¬ ¬®£®è £®¢ë©  «£®à¨â¬. �à¥¤«®¦¥ ï
¯à®æ¥¤ãà  ¬®¦¥â ¡ëâì ¯®«¥§  ¤«ï ¬¨¨¬¨§ æ¨¨ \®¢à ¦ëå" äãªæ¨©, ¥á«¨   ª ¦¤®¬ è £¥
â®çª¨ yk ¨ yk

0 ¢ë¡¨à âì ¥§ ¢¨á¨¬® ¤àã£ ®â ¤àã£    \¤¥ ®¢à £ ",   § â¥¬ ¯®« £ âì zk = yk.
� ª ï à¥ «¨§ æ¨ï ¡«¨§ª  ª í¢à¨áâ¨ç¥áª®¬ã  «£®à¨â¬ã, ®¯¨á ®¬ã ¢ ([9], c. 269).
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