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1. �®áâ ­®¢ª  § ¤ ç

� ¤ ­­®© áâ âì¥ à áá¬ âà¨¢ ¥âáï § ¤ ç  ® ¡ëáâà®¤¥©áâ¢¨¨ ¤«ï «¨­¥©­®© ¤¨áªà¥â­®© á¨áâ¥-
¬ë. �ªâã «ì­®áâì § ¤ ç¨ ®¯à¥¤¥«ï¥âáï ¥¥ â¥å­¨ç¥áª¨¬¨ ¯à¨«®¦¥­¨ï¬¨. �à¨ íâ®¬ ¯à¨å®¤¨âáï
ãç¨âë¢ âì ®£à ­¨ç¥­¨ï ­  à¥áãàáë ®à£ ­®¢ ã¯à ¢«¥­¨ï (®£à ­¨ç¥­­ë© § ¯ á í­¥à£¨¨).

�ãáâì ¯®¢¥¤¥­¨¥ ¯à®æ¥áá  ã¯à ¢«¥­¨ï ®¯¨áë¢ ¥âáï á¨áâ¥¬®© ¯¥à¢ëå à §­®áâ¥©

x(k + 1) = Ax(k) +Bu(k); k = k0; k0 + 1; : : : ; (1.1)

£¤¥ x 2 Rn | ¢¥ªâ®à ä §®¢ëå ª®®à¤¨­ â, u 2 Rm | ¢¥ªâ®à ã¯à ¢«ïîé¨å á¨«, An�n ¨ Bn�m
| ¯®áâ®ï­­ë¥ ¬ âà¨æë. �à¥¤¯®« £ ¥âáï, çâ® á¨áâ¥¬  (1.1) ¢¯®«­¥ ã¯à ¢«ï¥¬ , â. ¥. ¤«ï ­¥¥
á¯à ¢¥¤«¨¢®

�á«®¢¨¥ 1.1. �ãé¥áâ¢ã¥â N 2 N, N � n â ª®¥, çâ® à ­£ ¬ âà¨æë [B;AB; : : : ; AN�1B] à ¢¥­
n ([1], c. 99).

�ä®à¬ã«¨àã¥¬ ¤¢¥ § ¤ ç¨.

� ¤ ç  1.1. �ãáâì § ¤ ­ë ¬®¬¥­â ­ ç «  ¯à®æ¥áá  ã¯à ¢«¥­¨ï k = k0 ¨ ¨áå®¤­®¥ á®áâ®ï­¨¥
x(k0) = x0,   â ª¦¥ ¦¥« ¥¬®¥ ª®­¥ç­®¥ á®áâ®ï­¨¥ x(N) = x1. �à¥¡ã¥âáï ­ ©â¨ ¬®¬¥­â ¢à¥¬¥­¨
N = N 0 ¨ á®®â¢¥âáâ¢ãîé¥¥ ¥¬ã ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥­¨¥ u0(k), k0 � k � N 0�1, ã¤®¢«¥â¢®àïîé¥¥
ãá«®¢¨ï¬:

1) u0(k) ¯à¨¢®¤¨â á¨áâ¥¬ã (1.1) ¨§ á®áâ®ï­¨ï x(k0) = x0 ¢ á®áâ®ï­¨¥ x(N 0) = x1;
2) ¢ë¯®«­ï¥âáï ®£à ­¨ç¥­¨¥ ­  à¥áãàáë ã¯à ¢«¥­¨ï

I[u;N ] =
N�1X
k=k0

u>(k)u(k) � �2(k0) (1.2)

¤«ï u(k) = u0(k), N = N 0, £¤¥ �2(k0) > 0 | § ¤ ­­®¥ ç¨á«®;
3) ª ª®¢ë ¡ë ­¨ ¡ë«¨ ¤àã£®© ¬®¬¥­â ¢à¥¬¥­¨ N = eN ¨ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥­¨¥ u(k), k0 �

k � eN �1, ¯à¨¢®¤ïé¥¥ á¨áâ¥¬ã (1.1) ¨§ x(k0) = x0 ¢ x( eN) = x1 ¯à¨ ãá«®¢¨¨ (1.2), ¤®«¦­®
¢ë¯®«­ïâìáï ­¥à ¢¥­áâ¢® N 0 � eN .

�¯à ¢«¥­¨¥ u0(k), k0 � k � N 0 � 1, ¡ã¤¥¬ ­ §ë¢ âì ®¯â¨¬ «ì­ë¬ ¯® ¡ëáâà®¤¥©áâ¢¨î

¯à®£à ¬¬­ë¬ ã¯à ¢«¥­¨¥¬,   ç¨á«® N 0�k0, à ¢­®¥ ªà âç ©è¥¬ã ¢à¥¬¥­¨ ¯¥à¥å®¤  á¨áâ¥¬ë ¨§
­ ç «ì­®£® á®áâ®ï­¨ï x0 ¢ ª®­¥ç­®¥ á®áâ®ï­¨¥ x1, ­ §®¢¥¬ ®¯â¨¬ «ì­ë¬ ¢à¥¬¥­¥¬ ¯¥à¥å®¤­®£®

¯à®æ¥áá .

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ò 0001-00753.
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� ¤ ç  1.2. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¢ ª ¦¤ë© â¥ªãé¨© ¬®¬¥­â ¢à¥¬¥­¨ k, k � k0, ¨§-
¢¥áâ­  à¥ «¨§ æ¨ï x = x[k] ä §®¢®£® ¢¥ªâ®à  x, ¨ çâ® ã¯à ¢«ïîé¥¥ ¢®§¤¥©áâ¢¨¥ u áâà®¨âáï
¯® ¯à¨­æ¨¯ã ®¡à â­®© á¢ï§¨ ([2], c. 251), â. ¥. ¢ ¢¨¤¥ äã­ªæ¨¨ u = u[k; x[k]]. �®¬¥­â ­ ç « 
¯à®æ¥áá  ã¯à ¢«¥­¨ï k = k0 ¨ ¨áå®¤­®¥ á®áâ®ï­¨¥ x(k0) = x0 ¯à®¨§¢®«ì­ë, ­® ä¨ªá¨à®¢ ­ë,
â. ¥. 0 < k0 < +1;�1 < xi0 < +1, i = 1; 2; : : : ; n. � ¤ ­® ¦¥« ¥¬®¥ ª®­¥ç­®¥ á®áâ®ï­¨¥ x1 ¨
®£®¢®à¥­® ®£à ­¨ç¥­¨¥ ­  à¥áãàáë ¢®§¬®¦­ëå ã¯à ¢«¥­¨©

I[u; k0;N ] =
N�1X
k=k0

u>[k; x[k]]u[k; x[k]] � �2(k0); (1.3)

¯à¨ç¥¬ ¯®¤ ¢®§¬®¦­ë¬¨ ã¯à ¢«¥­¨ï¬¨ ¡ã¤¥¬ ¯®­¨¬ âì ®¤­®§­ ç­ë¥ ¢¥ªâ®à-äã­ªæ¨¨  à£ã¬¥­-
â®¢ k, x. �à¥¡ã¥âáï ¢ ª« áá¥ ¢®§¬®¦­ëå ã¯à ¢«¥­¨© u[k; x] ¢ë¡à âì ®¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥
u0[k; x[k]], ª®â®à®¥ ¨§ «î¡®£® ­ ç «ì­®£® á®áâ®ï­¨ï k0; x0 ®¡¥á¯¥ç¨¢ ¥â ¯à¨¢¥¤¥­¨¥ á¨áâ¥¬ë (1.1)
¢ ¯®«®¦¥­¨¥ x1, ­ ¨áª®à¥©è¥¥ ¯® áà ¢­¥­¨î á «î¡ë¬ ¤àã£¨¬ ¤®¯ãáâ¨¬ë¬ ã¯à ¢«¥­¨¥¬, ã¤®-
¢«¥â¢®àïîé¨¬ ãá«®¢¨î (1.3).

�à¨ íâ®¬ ­ ¨áª®à¥©è¥¥ ¢à¥¬ï ¯¥à¥å®¤­®£® ¯à®æ¥áá  N 0(k0; x0)�k0 ¡ã¤¥¬ ­ §ë¢ âì ¢à¥¬¥­¥¬
¡ëáâà®¤¥©áâ¢¨ï ¢ § ¤ ç¥ ® á¨­â¥§¥,   á®®â¢¥âáâ¢ãîé¥¥ ã¯à ¢«¥­¨¥ u = u0[k; x[k]] | ®¯â¨¬ «ì-

­ë¬ ã¯à ¢«¥­¨¥¬, ­ ©¤¥­­ë¬ ¯® ¯à¨­æ¨¯ã ®¡à â­®© á¢ï§¨.

2. �¥è¥­¨¥ § ¤ ç 1.1 ¨ 1.2

�§¢¥áâ­® [3], çâ® ¯à¨ ä¨ªá¨à®¢ ­­®¬ ¢à¥¬¥­¨N ®ª®­ç ­¨ï ¯à®æ¥áá  ®¯â¨¬ «ì­®¥ ¯à®£à ¬¬-
­®¥ ã¯à ¢«¥­¨¥ u0, ¯¥à¥¢®¤ïé¥¥ á¨áâ¥¬ã (1.1) ¨§ x0 ¢ x(N) = x1 ¨ ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î
¬¨­¨¬ «ì­®áâ¨ ­®à¬ë

I[u0] =
N�1X
k=k0

u0>(k)u0(k) = min
u

I[u] = min
u

N�1X
k=k0

u>(k)u(k); (2.1)

£¤¥ u = u(k) | «î¡®¥ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥­¨¥, ¯¥à¥¢®¤ïé¥¥ á¨áâ¥¬ã (1.1) ¨§ x(k0) = x0 ¢ x(N) =
x1 §  ¢à¥¬ï N � k0, ¨¬¥¥â ¢¨¤

u0(k) = S>(k)D+(k0)c(k0; x0); k = k0; k0 + 1; : : : ; N � 1: (2.2)

�¤¥áì

c(k0; x0) = x1 �AN�k0x0; S(k) = AN�k�1B; k0 � k � N � 1;

D(k0) =
N�1X
k=k0

S(k)S>(k);
(2.3)

D+(k0) | ¬ âà¨æ , ¯á¥¢¤®®¡à â­ ï ª á¨¬¬¥âà¨ç¥áª®© ¬ âà¨æ¥ D(k0). �«ï ­¥¥ á®£« á­® ([4],
c. 276)

D+(k0) =
rX

i=1

��1i viv
>
i ;

£¤¥ �1 � �2 � � � � � �r > 0 | á®¡áâ¢¥­­ë¥ ç¨á«  ¬ âà¨æë D(k0), v1; v2; : : : ; vr | ®â¢¥ç îé¨¥ ¨¬
®àâ®­®à¬¨à®¢ ­­ë¥ á®¡áâ¢¥­­ë¥ ¢¥ªâ®àë, ¯à¨ç¥¬ D+(k0) = D�1(k0), ¥á«¨ D�1(k0) áãé¥áâ¢ã¥â
(¢ ç áâ­®áâ¨, ¯à¨ k0 � N � n). �ç¥¢¨¤­®, ¥á«¨ ¯à¨ ­¥ª®â®à®¬ ä¨ªá¨à®¢ ­­®¬ §­ ç¥­¨¨ N
­¥à ¢¥­áâ¢® (1.2) ­¥ ¢ë¯®«­ï¥âáï ¤«ï u(k) = u0(k) (2.2), â® ®­® ­¥ ¢ë¯®«­ï¥âáï ¨ ¤«ï «î¡®£®
¤àã£®£® ¤®¯ãáâ¨¬®£® ã¯à ¢«¥­¨ï u(k), ¯¥à¥¢®¤ïé¥£® á¨áâ¥¬ã (1.1) ¨§ x0 ¢ x1 §  ¢à¥¬ï N � k0.
�âáî¤  ¯®«ãç ¥¬ á«¥¤ãîé¨©

�¥â®¤ à¥è¥­¨ï § ¤ ç¨ 1.1 ([2], c. 234). �ãáâì

I
�
u0;N

�
=

N�1X
k=k0

u0>(k)u0(k);
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£¤¥ u0(k) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (2.2) ¨, ®ç¥¢¨¤­®, § ¢¨á¨â ®â N . � å®¤¨¬ ¬¨­¨¬ «ì­®¥ §­ -
ç¥­¨¥ N (N � k0), ¯à¨ ª®â®à®¬ ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® (1.2) ¤«ï ã¯à ¢«¥­¨ï á ¬¨­¨¬ «ì­®©
í­¥à£¨¥©, â. ¥.

I
�
u0;N

�� �2(k0) � 0: (2.4)

� ©¤¥­­®¥ N = N 0 ¨ ï¢«ï¥âáï ¢à¥¬¥­¥¬ ®ª®­ç ­¨ï ¯à®æ¥áá  ã¯à ¢«¥­¨ï ¢ § ¤ ç¥ ® ¡ëáâà®¤¥©-
áâ¢¨¨ ¤«ï á¨áâ¥¬ë (1.1). �à¨ íâ®¬ (N 0�k0) | ¨áª®¬®¥ ®¯â¨¬ «ì­®¥ ¢à¥¬ï ¯¥à¥å®¤­®£® ¯à®æ¥áá ,
  á®®â¢¥âáâ¢ãîé¥¥ u0(k) (2.2) ¯à¨ N = N 0 ¢ (2.3) | ®¯â¨¬ «ì­®¥ ¯à®£à ¬¬­®¥ ã¯à ¢«¥­¨¥.

� ¬¥ç ­¨¥ 2.1. �á«¨ c = c(k0; x0) 2 R
�
D(k0)

�
, £¤¥ R

�
D(k0)

�
| ®¡« áâì §­ ç¥­¨© D(k0), â®

á®£« á­® ([5], c. 273) D(k0)D+(k0)c = c. � íâ®¬ á«ãç ¥

I
�
u0;N

�
=

N�1X
k=k0

�
S>(k)D+(k0)c(k0; x0)

�>
S>(k)D+(k0)c(k0; x0) = c>(k0; x0)D+(k0)c(k0; x0):

�à¨ íâ®¬ «¥¢ ï ç áâì ­¥à ¢¥­áâ¢  (2.4), ï¢«ïîé ïáï äã­ªæ¨¥© ®â N , ¬®¦¥â ¡ëâì § ¯¨á ­  ¢
¡®«¥¥ ã¤®¡­®¬ ¢¨¤¥

f
�
k0; x0; N; �2(k0)

�
= I[u0;N ]� �2(k0) = c>(k0; x0)D+(k0)c(k0; x0)� �2(k0);

çâ® ®¡«¥£ç ¥â ­ å®¦¤¥­¨¥ N 0.

�¥è¥­¨¥ § ¤ ç¨ 1.2. �®á¯®«ì§ã¥¬áï à¥è¥­¨¥¬ § ¤ ç¨ ® ¯à¨¢¥¤¥­¨¨ á¨áâ¥¬ë (1.1) ¨§ x0 ¢
x1 ¢ â¥ç¥­¨¥ § ¤ ­­®£® ¢à¥¬¥­¨ N � k0 ã¯à ¢«¥­¨¥¬ á ¬¨­¨¬ «ì­®© í­¥à£¨¥©, ¯®áâà®¥­­ë¬ ¯®
¯à¨­æ¨¯ã ®¡à â­®© á¢ï§¨ [3]. �¢¥¤¥¬ ®¡®§­ ç¥­¨ï,  ­ «®£¨ç­ë¥ (2.3),

c(k) = c
�
k; x(k)

�
= x1 �AN�kx(k); D(k) =

N�1X
i=k

S(i)S>(i): (2.5)

�®£¤  ã¯à ¢«¥­¨¥ ¯® ¯à¨­æ¨¯ã ®¡à â­®© á¢ï§¨

u0
�
k; x[k]

�
= S(k)D+(k)c

�
k; x[k]

�
; k0 � k � N � 1; (2.6)

¯¥à¥¢®¤¨â á¨áâ¥¬ã (1.1) ¨§ x0 ¢ x1 §  ¢à¥¬ï N � k0 ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

I
�
u0; k0;N

�
=

N�1X
k=k0

u0>
�
k; x[k]

�
u0
�
k; x[k]

� � I
�
u; k0;N

�
=

N�1X
k=k0

u>
�
k; x[k]

�
u
�
k; x[k]

�
;

£¤¥ u
�
k; x[k]

�
, k0 � k � N � 1, | «î¡®¥ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥­¨¥, ¯¥à¥¢®¤ïé¥¥ á¨áâ¥¬ã (1.1) ¨§

x(k0) = x0 ¢ x(N) = x1. �§ (2.6) ¢¨¤­®, çâ® u0
�
k; x[k]

�
§ ¢¨á¨â ®â ¢¥«¨ç¨­ë N .

�à®æ¥¤ãà  à¥è¥­¨ï § ¤ ç¨ 1.2 ¢ë£«ï¤¨â á«¥¤ãîé¨¬ ®¡à §®¬. �® ­ ç «ì­ë¬ ¤ ­­ë¬ k0, x0,
�2(k0) ¨§ ­¥à ¢¥­áâ¢  (2.4) ­ å®¤¨¬ ¢¥«¨ç¨­ã N 0 = N 0(k0; x0) ¨ á¤¢¨£ ¥¬áï ¢ â®çªã x(k0 + 1),
¨á¯®«ì§ãï ®¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥ u0[k0; x0] (2.6) (­  ¯¥à¢®¬ è £¥, ®ç¥¢¨¤­®, á®¢¯ ¤ îé¥¥ á
u0(k0) (2.2) ¯à¨ k = k0). � â¥¬ ¢¥«¨ç¨­  N 0

�
k; x[k]

�
, k � k0+1, ª®àà¥ªâ¨àã¥âáï ¢ á®®â¢¥âáâ¢¨¨ á

à¥ «¨§ãîé¨¬¨áï §­ ç¥­¨ï¬¨ k, x[k], �2(k). � ç áâ­®áâ¨, N 0
�
k; x[k]

�
­ å®¤¨âáï ª ª ­ ¨¬¥­ìè¥¥

N � k0, ¯à¨ ª®â®à®¬ á¨áâ¥¬  (1.1) ¯¥à¥¢®¤¨âáï ¨§ x[k] ¢ x1 ª ¬®¬¥­âã N , ã¤®¢«¥â¢®àïîé¥¥
­¥à ¢¥­áâ¢ã

I
�
u0[k; x]; k;N

�� �2(k) � 0; (2.7)

£¤¥ I
�
u0[k; x]; k;N

�
=

N�1P
i=k

u0>
�
i; x[i]

�
u0
�
i; x[i]

�
¨ u0

�
i; x[i]

�
, i = k; k + 1; : : : ; N � 1, ¨¬¥îâ ¢¨¤ (2.6).

�à¨ íâ®¬ ¢¥«¨ç¨­  �2(k) ®¯à¥¤¥«ï¥âáï ­  ª ¦¤®¬ è £¥ à ¢¥­áâ¢®¬

�2(k) = �2(k � 1)� u0>
�
k � 1; x[k � 1]

�
u0
�
k � 1; x[k � 1]

�
; k � k0 + 1: (2.8)

�¯à ¢¥¤«¨¢®
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�â¢¥à¦¤¥­¨¥ 2.1. �ãáâì N = N
�
k; x[k]

�
| ­ ¨¬¥­ìè¥¥ N � k0, ã¤®¢«¥â¢®àïîé¥¥ (2:7),  

¢¥«¨ç¨­  �2(k) ¢ë¡¨à ¥âáï ¢ á®®â¢¥âáâ¢¨¨ á (2:8). �®£¤  (2:6) ï¢«ï¥âáï ®¯â¨¬ «ì­ë¬ ã¯à -

¢«¥­¨¥¬, ­ ©¤¥­­ë¬ ¯® ¯à¨­æ¨¯ã ®¡à â­®© á¢ï§¨ ¢ § ¤ ç¥ 1:2.

� ¬¥ç ­¨¥ 2.2. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï c(k) 2 R
�
D(k)

�
, k � k0, «¥¢ ï ç áâì ­¥à ¢¥­áâ¢ 

(2.7) ¬®¦¥â ¡ëâì § ¯¨á ­  ¢ ¢¨¤¥

f
�
k; x(k); N; �2(k)

�
= c>(k)D+(k)c(k) � �2(k);

£¤¥ c(k) ¨ D+(k) á®£« á­® (2.5) § ¢¨áïâ ®â N .

3. �¢®©áâ¢  ¢à¥¬¥­¨ ¡ëáâà®¤¥©áâ¢¨ï ¨ äã­ªæ¨¨ I[u0;N ]

�¥®à¥¬  3.1. �ãáâì N 0 | ®¯â¨¬ «ì­®¥ ¢à¥¬ï ®ª®­ç ­¨ï ¯à®æ¥áá  ã¯à ¢«¥­¨ï ¢ § ¤ ç¥ 1:1;
u0(k), k = k0; k0 + 1; : : : ; N 0 � 1, | á®®â¢¥âáâ¢ãîé¥¥ ®¯â¨¬ «ì­®¥ ¯® ¡ëáâà®¤¥©áâ¢¨î ¯à®-

£à ¬¬­®¥ ã¯à ¢«¥­¨¥; N 0
�
k; x0[k]

�
, k � k0, | ¢à¥¬ï ®ª®­ç ­¨ï ¯à®æ¥áá  ¢ § ¤ ç¥ 1:2; u0

�
kx0[k]

�
| á®®â¢¥âáâ¢ãîé¥¥ ®¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥. �®£¤  á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

N 0
�
k; x0[k]

�
= N 0; u0

�
k; x0[k]

�
= u0(k); k = k0; k0 + 1; : : : ; N 0 � 1:

(�­ë¬¨ á«®¢ ¬¨, ­  ®¯â¨¬ «ì­®¬ ¤¢¨¦¥­¨¨ x0(k) ¢à¥¬¥­  ¡ëáâà®¤¥©áâ¢¨ï N 0 � k0,
N 0

�
k; x0[k]

�� k0 ¨ ã¯à ¢«¥­¨ï ¢ § ¤ ç å 1:1 ¨ 1:2 á®¢¯ ¤ îâ.)

�®ª § â¥«ìáâ¢®. �«ï ã¤®¡áâ¢  ®¡®§­ ç¨¬ ç¥à¥§ u0[i; k; x0[k]], i = k; k+1; : : : ; N 0(k; x0[k])�
1; ®¯â¨¬ «ì­ë© á¨­â¥§, ¯®áâà®¥­­ë© ¢ ¬®¬¥­â k ¤«ï ¢á¥£® ®áâ ¢è¥£®áï ¯à®¬¥¦ãâª  ¢à¥¬¥­¨
ã¯à ¢«¥­¨ï ¯à®æ¥áá®¬, â. ¥.

u0[i; k; x0[k]] = S>(i)D+(k)c(k); i = k; k + 1; : : : ; N 0(k; x0[k])� 1:

�¤¥áì x0[k] ®§­ ç ¥â à¥ «¨§ æ¨î ®¯â¨¬ «ì­®£® ¤¢¨¦¥­¨ï, ¯®à®¦¤ ¥¬®£® ã¯à ¢«¥­¨¥¬ u0
�
k; x0[k]

�
.

�à®¢¥¤¥¬ ¤®ª § â¥«ìáâ¢® ¬¥â®¤®¬ ¬ â¥¬ â¨ç¥áª®© ¨­¤ãªæ¨¨.
� ¢¥­áâ¢  N

�
k0; x0

�
= N 0 ¨ u0

�
k0; k0; x0

�
= u0(k0) á«¥¤ãîâ ¨§ á¯®á®¡  ®âëáª ­¨ï N 0

�
k0; x0

�
.

�ãáâì ãâ¢¥à¦¤¥­¨¥ ¢¥à­® ¤«ï ¢á¥å k = k0; k0 + 1; : : : ; q < N 0 � 1. �®ª ¦¥¬, çâ® ®­® ¢¥à­® ¨ ¤«ï
k = q + 1.

� á¨«ã ¨­¤ãªâ¨¢­®£® ¯à¥¤¯®«®¦¥­¨ï ¤® ¬®¬¥­â  k = q ¢ª«îç¨â¥«ì­® ¢à¥¬¥­  ®ª®­ç ­¨ï
¯à®æ¥áá  ¨ á®®â¢¥âáâ¢ãîé¥£® ã¯à ¢«¥­¨ï á®¢¯ ¤ îâ. C«¥¤®¢ â¥«ì­®, ¯à¨ k = q + 1 ¢ ®¡®¨å
á«ãç ïå á¨áâ¥¬  ­ å®¤¨âáï ¢ â®çª¥ x0(q + 1), à á¯®« £ ï à¥áãàá®¬

�2(q + 1) = �2(k0)�
qX

k=k0

u0>(k)u0(k):

�®¯ãáâ¨¬, çâ® N 0
�
q + 1; x0[q + 1]

� 6= N 0. � áá¬®âà¨¬ ¤¢¥ ¢®§¬®¦­®áâ¨.
1) N 0

�
q + 1; x0[q + 1]

�
> N 0. T®£¤  N 0

�
q + 1; x0[q + 1]

�
­¥ ï¢«ï¥âáï ­ ¨¬¥­ìè¨¬ ¢à¥¬¥­¥¬

®ª®­ç ­¨ï ¯à®æ¥áá  ã¯à ¢«¥­¨ï ¢ § ¤ ç¥ 1.2 á ­ ç «ì­ë¬¨ ¤ ­­ë¬¨ k = q + 1, x = x0(q + 1) =
x0[q+ 1], â. ª. áãé¥áâ¢ã¥â ¬¥­ìè¥¥ ¢à¥¬ï N 0 â ª®¥, çâ® á¨áâ¥¬  (1.1) ¬®¦¥â ¡ëâì ¯¥à¥¢¥¤¥­  ¨§
x0(q + 1) ¢ x1 = x(N 0), ã¤®¢«¥â¢®àïï ®£à ­¨ç¥­¨î

I
�
u0; q + 1; N

�
=

N0�1X
k=q+1

u0>(k)u0(k) � �2(q + 1):

2) N 0
�
q + 1; x0[q + 1]

�
< N 0. �¡®§­ ç¨¬ ¤«ï ªà âª®áâ¨ N 0

�
q + 1; x0[q + 1]

�
= N�. �®£« á­®

á¤¥« ­­®¬ã ¯à¥¤¯®«®¦¥­¨î á¨áâ¥¬  (1.1) ¯¥à¥¢®¤¨âáï ¨§ x0(q + 1) ¢ x1 §  ¢à¥¬ï N� � (q + 1)
ã¯à ¢«¥­¨¥¬ u0

�
k; q+1; x0[q+1]

�
, k = q+1; q+2; : : : ; N��1, (2.6), ¯à¨ç¥¬ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

N��1X
k=q+1

u0>
�
k; q + 1; x0[q + 1]

�
u0
�
k; q + 1; x0[q + 1]

� � �2(q + 1):

49



� áá¬®âà¨¬ ã¯à ¢«ïîé¥¥ ¢®§¤¥©áâ¢¨¥

u(k) =

(
u0(k) (2:2); £¤¥ N = N 0 ¯à¨ k0 � k � q;

u0
�
k; q + 1; x0[q + 1]

�
(2:6); £¤¥ N = N� ¯à¨ q + 1 � k � N� � 1:

� ¬®¬¥­â k = k0 ¢à¥¬ï ®ª®­ç ­¨ï N 0 ¢ë¡¨à ¥âáï ª ª ­ ¨¬¥­ìè¥¥ N , ¯à¨ ª®â®à®¬ ¢ë¯®«­ï¥âáï
ãá«®¢¨¥ (1.2), ¯à¨ç¥¬ ­¥à ¢¥­áâ¢® ¯à®¢¥àï¥âáï ¤«ï ã¯à ¢«¥­¨ï á ¬¨­¨¬ «ì­®© í­¥à£¨¥© ¯à¨
ä¨ªá¨à®¢ ­­®¬ N . �®íâ®¬ã ¤«ï «î¡®£® N < N 0,   §­ ç¨â, ¨ ¤«ï N� I

�
u0;N�� > �2(k0), £¤¥

u0(k) ­ å®¤¨âáï ¯® ä®à¬ã«¥ (2.2) ¤«ï N = N�. �®áª®«ìªã

I
�
u;N�� = N��1X

k=k0

u>(k)u(k) � min
u

I
�
u;N�� = I

�
u0;N��;

¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥ á ¢ë¡®à®¬ N 0. �â ª, N 0
�
q+1;x0[q+1]

�
= N 0, ®âªã¤  á®£« á­® [3] ¨¬¥¥¬

u0
�
q + 1; q + 1; x0[q + 1]

�
= u0(q + 1).

�áâ ­®¢¨¬ ®¤­® ¯®«¥§­®¥ á¢®©áâ¢® I
�
u0;N

�
ª ª äã­ªæ¨¨  à£ã¬¥­â  N . �¯à ¢¥¤«¨¢®

�à¥¤«®¦¥­¨¥ 3.1. �ãáâì x(N) � x1 = 0. �®£¤  äã­ªæ¨ï I
�
u0;N

�
=

N�1P
k=k0

u0>(k)u0(k) ¬®­®-

â®­­® ã¡ë¢ ¥â ¯à¨ ¢®§à áâ ­¨¨ N .

�®ª § â¥«ìáâ¢®. �¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥, ¯¥à¥¢®¤ïé¥¥ á¨áâ¥¬ã (1.1) ¨§ x0 ¢ x(N) = 0,
¨¬¥¥â ¢¨¤

u0(k) = S>(k)D+(k0)
��AN�k0x0

�
; k = k0; k0 + 1; : : : ; N � 1: (3.1)

�à¥¤¯®«®¦¨¬, çâ® á¨áâ¥¬  (1.1) ¬®¦¥â ¡ëâì ¯¥à¥¢¥¤¥­  ¨§ § ¤ ­­®£® ­ ç «ì­®£® á®áâ®ï­¨ï
x(k0) = x0 ¢ x(N) = x1 = 0, ¯à¨ç¥¬ I

�
u0;N

� � �2(k0). � áá¬®âà¨¬ § ¤ çã ®¡ ã¯à ¢«¥­¨¨ á¨áâ¥¬®©
(1.1) [3] ¯à¨ â¥å ¦¥ x0 ¨ x1 §  ¢à¥¬ï (N + 1). �¤­¨¬ ¨§ ¤®¯ãáâ¨¬ëå ã¯à ¢«¥­¨©, à¥è îé¨å íâã
§ ¤ çã, ï¢«ï¥âáï

u(k) = u0(k) (á¬. (3.1)); k = k0; k0 + 1; : : : ; N � 1; u(N) � 0: (3.2)

�¥©áâ¢¨â¥«ì­®, ¢ ¬®¬¥­â N ¯®¤ ¤¥©áâ¢¨¥¬ u(k) (3.2) á¨áâ¥¬  ¯¥à¥©¤¥â ¢ â®çªã x(N) = 0 ¨ ­ 
¯®á«¥¤­¥¬ (N � k0 + 1)-¬ è £¥ ®áâ ­¥âáï ¢ íâ®© â®çª¥: x(N + 1) = Ax(N) + Bu(N) = 0. �®
®¯â¨¬ «ì­®¥ ¯à®£à ¬¬­®¥ ã¯à ¢«¥­¨¥ eu0(k), k = k0; k0 + 1; : : : ; N , ¯¥à¥¢®¤ïé¥¥ á¨áâ¥¬ã (1.1) ¨§
x0 ¢ x1 | íâ® ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥­¨¥ á ¬¨­¨¬ «ì­®© í­¥à£¨¥©. C«¥¤®¢ â¥«ì­®,

I
�eu0;N + 1

�
=

NX
k=k0

eu0>(k)eu0(k) = min
u

I
�
u;N + 1

� � I
�
u;N + 1

�
=

=
NX

k=k0

u>(k)u(k) =
N�1X
k=k0

u0>(k)u0(k) = I
�
u0;N

�
= min

u
I
�
u;N

�
:

�¤¥áì eu0(k), k = k0; k0+1; : : : ; N , ¨¬¥¥â ¢¨¤ (3.1) á § ¬¥­®© N ­  N +1. � ¬¥â¨¬, çâ® ¯®áª®«ìªã
u0(k), k0 � k � N � 1, ã¤®¢«¥â¢®àï«® ®£à ­¨ç¥­¨î (1.2), ¯®áâà®¥­­®¥ á ¥£® ¯®¬®éìî u(k), k0 �
k � N , (3.2) â ª¦¥ ã¤®¢«¥â¢®àï¥â ãª § ­­®¬ã ®£à ­¨ç¥­¨î. �â ª, I

�
u0;N

� � I
�
u0;N + 1

�
.
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4. �¥®¬¥âà¨ç¥áª ï âà ªâ®¢ª  à¥è¥­¨ï § ¤ ç 1.1 ¨ 1.2

�à¨ ­ å®¦¤¥­¨¨ ¬¨­¨¬ «ì­®£® ¬®¬¥­â  ¢à¥¬¥­¨ N � k0, ï¢«ïîé¥£®áï à¥è¥­¨¥¬ ­¥à ¢¥­-
áâ¢  (2.4) ¨«¨ (2.7), ¬®£ãâ ¢®§­¨ª­ãâì âàã¤­®áâ¨, á¢ï§ ­­ë¥ á® á«®¦­®© § ¢¨á¨¬®áâìî äã­ªæ¨¨
I
�
u0;N

�
¢ (2.4) ¨«¨ I

�
u0[k;x]; k;N

�
¢ (2.7) ®â N , çâ® § âàã¤­ï¥â ®âëáª ­¨¥ ¢à¥¬¥­¨ ¡ëáâà®¤¥©-

áâ¢¨ï. �¡áã¤¨¬ ¯®¤å®¤ ª à¥è¥­¨î § ¤ ç 1.1 ¨ 1.2, ¯®§¢®«ïîé¨© ­¥áª®«ìª® ®¡«¥£ç¨âì ¯®¨áª
®¯â¨¬ «ì­®£® ¢à¥¬¥­¨ ¯¥à¥å®¤­®£® ¯à®æ¥áá .

�«ï § ¤ ç¨ 1.1 ¯à¨ ä¨ªá¨à®¢ ­­®¬ ª®­¥ç­®¬ á®áâ®ï­¨¨ x1 á¨áâ¥¬ë (1.1) ®¯¨è¥¬ ®¡« áâ¨
ã¯à ¢«ï¥¬®áâ¨, â. ¥. ¬­®¦¥áâ¢  MN�k0(x1), ¨§ ª ¦¤®© â®çª¨ ª®â®àëå á¨áâ¥¬  (1.1) ¬®¦¥â ¡ëâì
¯¥à¥¢¥¤¥­  ¢ x(N) = x1 §  ¢à¥¬ï N � k0, ã¤®¢«¥â¢®àïï ®£à ­¨ç¥­¨î ­  à¥áãàáë ã¯à ¢«¥­¨ï
(1.2). �à¨ N = k0 + 1

M1(x1) =
�
x 2 R

n
��Ax = x1 �Bu(k0); £¤¥ u(k0) 2 R

m ¨ u>(k0)u(k0) � �2(k0)
	
:

�ãáâì
�
b(1); : : : ; b(s1)

	
| ¡ §¨á ¯à®áâà ­áâ¢  áâ®«¡æ®¢ ¬ âà¨æë

�
x1; B

�
. T®£¤  à ¢¥­áâ¢®

Ax = x1 � Bu(k0) ¨¬¥¥â ¬¥áâ® ¤«ï ­¥ª®â®à®£® u(k0) 2 R
m , «¨èì ¥á«¨ áãé¥áâ¢ãîâ â ª¨¥ ç¨-

á«  �1; : : : ; �s1 , çâ® Ax =
s1P̀
=1
�`b

(`). � ááã¦¤ ï  ­ «®£¨ç­®, ¯®«ãç ¥¬ x 2 MN�k0(x1) â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ãîâ �1; : : : ; �sN�k0
â ª¨¥, çâ®

AN�k0x =
sN�k0X
`=1

�`b
(`) = x1 �

N�1X
k=k0

AN�k�1Bu(k);

£¤¥
�
b(1); : : : ; b(sN�k0 )

	
| ¡ §¨á ¯à®áâà ­áâ¢  áâ®«¡æ®¢

�
x1; B;AB; : : : , AN�k0�1B

�
, ¯à¨ç¥¬

N�1P
k=k0

u>(k)u(k) � �2(k0).

�ç¨âë¢ ï, çâ® ¯¥à¥¡®à ¢á¥å ã¯à ¢«¥­¨© u(k0); : : : ; u(N � 1), ¤«ï ª®â®àëå ¢ë¯®«­¥­® ­¥à -
¢¥­áâ¢® (1.2), ¯à¥¤áâ ¢«ï¥â âàã¤­®áâ¨, ®£à ­¨ç¨¬áï ¯à®¢¥àª®© ¢ë¯®«­¨¬®áâ¨ (1.2) «¨èì ¤«ï
¯à®£à ¬¬­®£® ã¯à ¢«¥­¨ï á ¬¨­¨¬ «ì­®© í­¥à£¨¥©, á®®â¢¥âáâ¢ãîé¥£® x(k0) = x, x(N) = x1 ¨
N = k0; k0 + 1; : : : � íâ®¬ á«ãç ¥ ®¡« áâ¨ ã¯à ¢«ï¥¬®áâ¨ ¨¬¥îâ ¢¨¤

MN�k0(x1) =
�
x 2 R

n j 9�1; : : : ; �sN�k0
: AN�k0x =

sN�k0X
`=1

�`b
(`) =

N�1X
k=k0

AN�k�1Bu0(k);

£¤¥ u0(k) =
�
AN�k�1B

�>
D+

N(k0)
�
x1 �AN�k0x

�
; ¯à¨ç¥¬

N�1X
k=k0

u0>(k)u0(k) � �2(k0)
�
:

� ¬¥ç ­¨¥ 4.1. � ä®à¬ã«¥ ¤«ï u0(k) ¬ âà¨æ  DN(k0) ®¯à¥¤¥«¥­  á®£« á­® (2.3),   ¨­¤¥ªá
N ¯®¤ç¥àª¨¢ ¥â ¥¥ § ¢¨á¨¬®áâì ®â N , çâ® áãé¥áâ¢¥­­® ¯à¨ à¥è¥­¨¨ § ¤ ç¨ 1.2.

�â ª, §­ ï ¢¨¤ MN�k0(x1) ¯à¨ N = k0 + 1; k0 + 2; : : : , ¤«ï à¥è¥­¨ï § ¤ ç¨ 1.1 ¤®áâ â®ç­®
­ ©â¨ ¬¨­¨¬ «ì­®¥ §­ ç¥­¨¥ N�k0 � 1, ¯à¨ ª®â®à®¬ x0 2MN�k0(x1). � ãá«®¢¨ïå § ¬¥ç ­¨ï 2.1
¯à®¢¥àª  á¯à ¢¥¤«¨¢®áâ¨ ¯®á«¥¤­¥£® ¢ª«îç¥­¨ï á¢®¤¨âáï ª ¯à®¢¥àª¥ ¢ë¯®«­¨¬®áâ¨ ­¥à ¢¥­áâ¢�

x1 �AN�k0x0
�>
D+

N(k0)
�
x1 �AN�k0x0

�� �2(k0) � 0 (4.1)

¤«ï N = k0 + 1; k0 + 2; : : : � ª¨¬ ®¡à §®¬, §­ ç¥­¨¥ N , ¯à¨ ª®â®à®¬ ¢¯¥à¢ë¥ ¢ë¯®«­¨âáï ­¥à -
¢¥­áâ¢® (4.1), ¨ ¡ã¤¥â ®¯â¨¬ «ì­ë¬ ¢à¥¬¥­¥¬ ®ª®­ç ­¨ï ¯à®æ¥áá  ã¯à ¢«¥­¨ï.

� ¬¥ç ­¨¥ 4.2. �à¥¤áâ ¢«ï¥â ¨­â¥à¥á á«ãç ©, ª®£¤  x1 = 0. �®£¤  ¯à¨ ª ¦¤®¬ N ¤®áâ -
â®ç­® §­ âì ¡ §¨á ¯à®áâà ­áâ¢  áâ®«¡æ®¢ ¬ âà¨æë

�
B;AB; : : : ; AN�k0�1B

�
. �à¨ íâ®¬, ¥á«¨

AN�k0x = �
N�1X
k=k0

AN�k�1Bu(k) ¨
N�1X
k=k0

u>(k)u(k) � �2(k0);
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â®

AN�k0+1x+
NX

k=k0

AN�kBu(k) = A

�
AN�k0x+

N�1X
k=k0

AN�k�1Bu(k)
�
+Bu(N) = 0

¯à¨ u(N) � 0. �­ ç¨â, ã¯à ¢«¥­¨ï u(k0); : : : ; u(N � 1), ¯¥à¥¢®¤ïé¨¥ á¨áâ¥¬ã (1.1) ¨§ á®áâ®ï­¨ï
x(k0) = x ¢ á®áâ®ï­¨¥ x(N ) = 0 ¤«ï ­¥ª®â®à®£® N = N ¨ ã¤®¢«¥â¢®àïîé¨¥ ®£à ­¨ç¥­¨î ­ 
à¥áãàáë (1.2), à¥è îâ âã ¦¥ § ¤ çã ¤«ï x(k0) = x, x(N) = 0 ¨ ¢ á«ãç ¥ ¡®«ìè¥£® N , ¥á«¨
¯®«®¦¨âì ®áâ «ì­ë¥ ã¯à ¢«¥­¨ï u(k) � 0 ¯à¨ k � N .

� ª¨¬ ®¡à §®¬, ®¡« áâ¨ ã¯à ¢«ï¥¬®áâ¨ ¯à¨ x1 = 0 ¢ª« ¤ë¢ îâáï ¤àã£ ¢ ¤àã£ :

M1(0) �M2(0) �M3(0) � � � � :
�â®£® ­¥ ¡ã¤¥â ¢ á«ãç ¥ x1 6= 0, â. ª. ¤¥©áâ¢¨¥ ¬ âà¨æë A á ¬® ¯® á¥¡¥ ¨§¬¥­ï¥â á®áâ®ï­¨¥
á¨áâ¥¬ë, ¥á«¨ x1 ã¦¥ ¤®áâ¨£­ãâ® ¢ ¬®¬¥­â N ,   âà¥¡ãîé¥¥áï ¤«ï ­¥©âà «¨§ æ¨¨ ¬­®¦¨â¥«ï A
ã¯à ¢«¥­¨¥ u(N) ã¢¥«¨ç¨¢ ¥â § âà ç¥­­ë¥ à¥áãàáë ã¯à ¢«¥­¨ï.

� áá¬®âà¨¬ â¥¯¥àì § ¤ çã 1.2 ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® ¤«ï § ¤ ­­ëå k = k0, x(k0) = x0,
x(N) = x1 ¨ �2(k0) áãé¥áâ¢ãîâ ®¯â¨¬ «ì­®¥ ¯à®£à ¬¬­®¥ ¢à¥¬ï N(k0; x0) ®ª®­ç ­¨ï ¯à®æ¥áá  ¨
á®®â¢¥âáâ¢ãîé¥¥ ®¯â¨¬ «ì­®¥ ¯à®£à ¬¬­®¥ ã¯à ¢«¥­¨¥. �ãáâì k = k0+1, ¨ ¨§¢¥áâ­  à¥ «¨§ æ¨ï
x
�
k0 + 1

�
= x. �®áâ â®ç­® ­ ©â¨ ¬¨­¨¬ «ì­®¥ N = N(k0 + 1; x), ¤«ï ª®â®à®£® ¢ë¯®«­¥­® ¢ª«î-

ç¥­¨¥ x 2 MN(k0+1;x)�(k0+1)(x1), £¤¥ MN(k0+1;x)�(k0+1) ®¯à¥¤¥«ï¥âáï ¯®¤®¡­® MN�k0(x1) á § ¬¥­®©
k0, N , DN(k0) ¨ u0(k) á®®â¢¥âáâ¢¥­­® ­  k0+1, N(k0+1; x), DN(k0+1)(k0+1) ¨ u0

�
k; k0+1; x

�
(2.6).

� ááã¦¤ ï  ­ «®£¨ç­®, ­¥âàã¤­® ¢¨¤¥âì, çâ® ¤«ï ®âëáª ­¨ï ¬¨­¨¬ «ì­®£® ¢à¥¬¥­¨ N 0
�
k; x

�
®ª®­ç ­¨ï ¯à®æ¥áá  ­  k-¬ è £¥ ­¥®¡å®¤¨¬®, ¯®á«¥¤®¢ â¥«ì­® ¯à®¢¥àïï ãá«®¢¨ï

x 2M1(x1); x 2M2(x1); : : : ; x 2MN(k;x)�k(x1); : : : ; (4.2)

­ ©â¨ ­ ¨¬¥­ìè¥¥ N(k; x), ¤«ï ª®â®à®£® (4.2) ¢ë¯®«­¨âáï. �à¨ íâ®¬ ¯à®¢¥àª  á¯à ¢¥¤«¨¢®áâ¨
(4.2) ¢ k-© ¬®¬¥­â ¢à¥¬¥­¨ à ¢­®á¨«ì­  ¯à®¢¥àª¥ ¢ë¯®«­¨¬®áâ¨ ­¥à ¢¥­áâ¢

N(k;x)�1X
`=k

u0
�
`; k; x

�>
u0
�
`; k; x

� � �2(k); N(k; x) = k + 1; k + 2; : : : ;

£¤¥ x = x[k], u0
�
`; k; x

�
¨ �2(k) ­ å®¤¨¬ ¢ á®®â¢¥âáâ¢¨¨ á (2.6) ¨ (2.8).

� ãá«®¢¨ïå § ¬¥ç ­¨ï 2.2 íâ® ®§­ ç ¥â, çâ® ¤®áâ â®ç­® ­ ©â¨ N(k; x), ¯à¨ ª®â®à®¬ ¢¯¥à¢ë¥
¢ë¯®«­¨âáï ­¥à ¢¥­áâ¢®�

x1 �AN(k;x)�kx
�>
D+

N(k;x)(k)
�
x1 �AN(k;x)�kx

�� �2(k) � 0;

®ª®­ç ­¨¥ ¯à®æ¥áá  ã¯à ¢«¥­¨ï ­ áâã¯¨â ¯à¨ k = N(k; x).

5. �áâ®©ç¨¢®áâì ®¯â¨¬ «ì­®£® á¨­â¥§ 

�à¥¤¯®«®¦¨¬, çâ® á¨£­ «ë ®¡à â­®© á¢ï§¨, ¤®áâ ¢«ïîé¨¥ ¢ à¥£ã«ïâ®à ¨­ä®à¬ æ¨î ® à¥-
 «¨§®¢ ¢è¨åáï §­ ç¥­¨ïå x0[k] ä §®¢®£® ¢¥ªâ®à  x, ¢ ª ¦¤ë© â¥ªãé¨© ¬®¬¥­â ¢à¥¬¥­¨ k á®-
¯à®¢®¦¤ îâáï ¯®¬¥å ¬¨ p(k), ¨ à¥ «¨§ æ¨ï ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï u0[k; x] ¯à®¨áå®¤¨â ¯®
§ ª®­ã

u0
�
k; y[k] + p(k)

�
= S>(k)D+(k)

�
x1 �AN0�k�y[k] + p(k)

��
; k = k0; : : : ; N

0 � 1: (5.1)

�®§¬ãé¥­­®¥ ¤¢¨¦¥­¨¥ y(k) ã¯à ¢«ï¥¬®£® ®¡ê¥ªâ  ï¢«ï¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë ¯¥à¢ëå à §­®-
áâ¥©

y(k + 1) = Ay(k) +Bu0
�
k; y(k) + p(k)

�
(5.2)

¯à¨ ­ ç «ì­®¬ ãá«®¢¨¨

y(k0) = x0 + p(k0): (5.3)
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�à¥¬ï ¡ëáâà®¤¥©áâ¢¨ï ¢ ¯à®æ¥áá¥ á ¯®¬¥å ¬¨ ®¯à¥¤¥«¨¬ ª ª ­ ¨¬¥­ìè¥¥ ¢à¥¬ï, §  ª®â®à®¥ á¨-
áâ¥¬  (5.2) ¯¥à¥¢®¤¨âáï ¤®¯ãáâ¨¬ë¬ ã¯à ¢«¥­¨¥¬, ã¤®¢«¥â¢®àïîé¨¬ ®£à ­¨ç¥­¨î ­  à¥áãàáë,
¨§ â®çª¨ y(k) ¢ áª®«ì ã£®¤­® ¬ «ãî ®ªà¥áâ­®áâì â®çª¨ x1. �à¨ íâ®¬ ¡ã¤¥¬ ®¡®§­ ç âì ®¯â¨-
¬ «ì­®¥ ¢à¥¬ï ®ª®­ç ­¨ï ¯à®æ¥áá , ­ ©¤¥­­®¥ ¢ k-© ¬®¬¥­â, ç¥à¥§ N

�
k; y[k]

�
; á®®â¢¥âáâ¢¥­­®,

¢à¥¬ï ¡ëáâà®¤¥©áâ¢¨ï ¢ k-© ¬®¬¥­â à ¢­® N
�
k; y[k]

� � k.
�ã¤¥¬ áç¨â âì ®¯â¨¬ «ì­ë© á¨­â¥§ u0[k; x] ãáâ®©ç¨¢ë¬ ª ¯®¬¥å ¬ ¢ ª ­ « å ®¡à â­®© á¢ï-

§¨, ¥á«¨ ¤«ï «î¡®£® " > 0 ¬®¦­® ãª § âì ¢¥«¨ç¨­ã � = �(") > 0 â ªãî, çâ® ¢®§¬ãé¥­­®¥ ¤¢¨¦¥-
­¨¥ y(k) á¨áâ¥¬ë (5.2), ¯®à®¦¤ ¥¬®¥ ­ ç «ì­ë¬ ãá«®¢¨¥¬ (5.3), ¯à¨ ¢á¥å k, k0 � k � N 0

�
k0; x0

�
,

ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã


y(k) � x0(k)



 < ", ¥á«¨ â®«ìª®


p(k)

 < �, k0 � k � N 0(k0; x0) � 1.

�¤¥áì N 0(k0; x0) = N 0 | ®¯â¨¬ «ì­®¥ ¢à¥¬ï ®ª®­ç ­¨ï ¯à®æ¥áá  ¢ § ¤ ç¥ 1.2 ¯à¨ ®âáãâáâ¢¨¨
¢®§¬ãé¥­¨©, x0(k) | á®®â¢¥âáâ¢ãîé ï ¥¬ã ®¯â¨¬ «ì­ ï âà ¥ªâ®à¨ï ­¥¢®§¬ãé¥­­®© á¨áâ¥¬ë
(1.1).

�®áª®«ìªã ®¯â¨¬ «ì­ë© á¨­â¥§ u0[k; x] = S>(k)D+(k)c(k), k = k0; k0 + 1; : : : ; N � 1, ¢ § ¤ ç¥
®¡ ã¯à ¢«¥­¨¨ á¨áâ¥¬®© (1.1) á ä¨ªá¨à®¢ ­­ë¬ ¢à¥¬¥­¥¬ N ®ª®­ç ­¨ï ¯à®æ¥áá  ãáâ®©ç¨¢ ª
¯®áâ®ï­­® ¤¥©áâ¢ãîé¨¬ ¢®§¬ãé¥­¨ï¬, ®£à ­¨ç¥­­ë¬ ¢ ª ¦¤ë© ¬®¬¥­â ¢à¥¬¥­¨ [3], ¢¥«¨ç¨­ã
�(") ¬®¦­® ¢ë¡à âì â ª, çâ® áã¬¬ à­ ï § âà ç¥­­ ï í­¥à£¨ï ¢ ¯à®æ¥áá¥ á ¯®¬¥å ¬¨ ®â«¨ç ¥âáï
®â í­¥à£¨¨ ¯à¨ ®âáãâáâ¢¨¨ ¯®¬¥å áª®«ì ã£®¤­® ¬ «® [6]. � ¨¬¥­­®, ¯à¨ «î¡®¬ k, k0 � k � N � 1,��I�u0[k; y + p]; k;N

�� I
�
u0; k;N

��� =
=
����N�1X
i=k

u0>
�
i; y[i] + p(i)

�
u0
�
i; y[i] + p(i)

�� N�1X
i=k

u0>
�
i;x0[i]

�
u0
�
i;x0[i]

����� < "

¤«ï «î¡®£® § ¤ ­­®£® " > 0.
�à¥¤¯®«®¦¨¬, çâ® ¯à¨ ®âáãâáâ¢¨¨ ¯®¬¥å ¢¥«¨ç¨­  I

�
u0; k0;N 0

�
¢ § ¤ ç¥ 1.2 ã¤®¢«¥â¢®àï¥â

­¥à ¢¥­áâ¢ã

I
�
u0; k0;N 0

�
< �2(k0): (5.4)

�®£¤  ¨§ ¯à¥¤ë¤ãé¨å à ááã¦¤¥­¨© á«¥¤ã¥â, çâ® ¤«ï «î¡®£® ", 0 < " < �2(k0) � I
�
u0; k0;N 0

�
,

á¨áâ¥¬  (5.2) ¯à¨ ­ ç «ì­®¬ ãá«®¢¨¨ (5.3) ¯¥à¥¢®¤¨âáï ¯à¨ k = N 0 ¤®¯ãáâ¨¬ë¬ ã¯à ¢«¥­¨¥¬
(5.1) ¢ "-®ªà¥áâ­®áâì â®çª¨ x1, ã¤®¢«¥â¢®àïï ®£à ­¨ç¥­¨î (1.3), ¥á«¨



p(k)

 < �("), k0 � k �
N 0 � 1, £¤¥ �(") | ­¥ª®â®à®¥ ¨§¢¥áâ­®¥ ç¨á«®. � ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢®

�â¢¥à¦¤¥­¨¥ 5.1. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï (5:4) ®¯â¨¬ «ì­®¥ ¢à¥¬ï ®ª®­ç ­¨ï ¯à®æ¥áá 

N 0
�
k; y[k]

�
¯à¨ ­ «¨ç¨¨ ¢®§¬ãé¥­¨© ã¤®¢«¥â¢®àï¥â ¤«ï «î¡®£® k, k0 � k � N 0�1, ­¥à ¢¥­áâ¢ã

N 0
�
k; y[k]

� � N 0:

�à¨ íâ®¬, ¥á«¨ N
�
k; y[k]

�
= N 0 ¯à¨ k = k0; k0 + 1; : : : ; N 0 � 1, â® ®¯â¨¬ «ì­ë© á¨­â¥§ u0[k; x]

(2:6) ¢ § ¤ ç¥ ¡ëáâà®¤¥©áâ¢¨ï ãáâ®©ç¨¢ ª ¯®¬¥å ¬ ¢ ª ­ « å ®¡à â­®© á¢ï§¨, ®£à ­¨ç¥­­ë¬

¢ ª ¦¤ë© â¥ªãé¨© ¬®¬¥­â ¢à¥¬¥­¨.

� ¬¥ç ­¨¥ 5.1. �á«¨ I
�
u0;N 0

�
= �2(k0), â. ¥. ®âáãâáâ¢ã¥â § ¯ á à¥áãàá , ª®àà¥ªâ¨àãîé¥£®

¢«¨ï­¨¥ ¯®¬¥å, â® ã¦¥ ¯à¨ k = k0 ¬®¦¥â ®ª § âìáï, çâ® N 0
�
k0; y[k0]

�
> N 0, ¨ ãáâ®©ç¨¢®áâì

®âáãâáâ¢ã¥â, çâ® ¨««îáâà¨àã¥âáï á«¥¤ãîé¨¬ ¯à¨¬¥à®¬ (á¬. § ¬¥ç ­¨¥ 5.2).

�à¨¬¥à 5.1. � áá¬®âà¨¬ § ¤ çã ® ¡ëáâà®¤¥©áâ¢¨¨ ¤«ï á¨áâ¥¬ë ¯¥à¢ëå à §­®áâ¥©

x1(k + 1) = x2(k); x2(k + 1) = x1(k) + u(k); k = 0; 1; : : : ; (5.5)

¯à¨ ãá«®¢¨ïå x(0) = x0 = [0:5 0:5]>, x(N) = x1 = [1 1]>, �2(0) = 0:6. � ©¤¥¬ ®¯â¨¬ «ì­®¥ ¢à¥¬ï
¯¥à¥å®¤­®£® ¯à®æ¥áá  ¨ á®®â¢¥âáâ¢ãîé¥¥ ¥¬ã ®¯â¨¬ «ì­®¥ ¯à®£à ¬¬­®¥ ã¯à ¢«¥­¨¥.

�¨áâ¥¬ã (5.5) § ¯¨è¥¬ ¢ ¢¨¤¥

x(k + 1) = Ax(k) +Bu(k);
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£¤¥ k = 0; 1; : : : ; A =
�
0 1
1 0

�
, B =

�
0
1

�
, x(k) =

� x1(k)
x2(k)

�
, u(k) 2 R. �®áª®«ìªã ¤«ï «î¡®£® u(0) 2 R

x1 =
�
1
1

� 6= �
0 1
1 0

� � � 0:50:5

�
+
�
0
1

� � u(0) = � 0:5
0:5+u(0)

�
, â® ¢à¥¬ï N = 1 ­¥ ï¢«ï¥âáï ¢®§¬®¦­ë¬ ¢à¥¬¥­¥¬

®ª®­ç ­¨ï ¯à®æ¥áá . �®ª ¦¥¬, çâ® ¨áª®¬®¥ ¢à¥¬ï N = N 0 = 2. �®£« á­® ä®à¬ã« ¬ (2.3), (2.2)
¯à¨ N = 2 ¨¬¥¥¬

c(0; x0) = x1 �A2x0 = [0:5 0:5]>; S(0) = AB = [1 0]>; S(1) = B = [0 1]>;

D(0) = S(0)S>(0) + S(1)S>(1) =
�
1 0
0 1

�
= E;

á«¥¤®¢ â¥«ì­®, D+(0) = D�1(0) = E,

u0(0) = S>(0)D+(0)c(0; x0) = 0:5; u0(1) = S>(1)D+(0)c(0; x0) = 0:5:

�à¨ íâ®¬

x0(1) = Ax(0) +Bu0(0) = [0:5 1]>; x0(2) = Ax0(1) +Bu0(1) = [1 1]> = x1;

I
�
u0; 2

�
=
�
u0(0)

�2
+
�
u0(1)

�2
= 0:5 < �2(0) = 0:6:

� ª¨¬ ®¡à §®¬, ¨¬¥îé¨åáï à¥áãàá®¢ ã¯à ¢«¥­¨ï ¤®áâ â®ç­® ¤«ï ¯¥à¥¢®¤  á¨áâ¥¬ë (5.5) ¨§
x0 ¢ x1 ¢ ¬®¬¥­â N 0 = 2. �¯â¨¬ «ì­®¥ ¢à¥¬ï ¯¥à¥å®¤­®£® ¯à®æ¥áá  N 0 � k0 â ª¦¥ à ¢­® 2 (â. ª.
k0 = 0). � ¬¥â¨¬, çâ® ¢ á¨«ã â¥®à¥¬ë 3.1, á ãç¥â®¬ ¢¢¥¤¥­­ëå ¢ ­¥© ®¡®§­ ç¥­¨© á¯à ¢¥¤«¨¢ë
à ¢¥­áâ¢ 

u0
�
0; 0; x[0]

�
= u0(0); u0

�
1; 1; x0[1]

�
= u0(1); N 0

�
0;x[0]

�
= N 0

�
1;x0[1]

�
= N 0:

�â ª, ¯®«ãç¥­ë à¥è¥­¨ï § ¤ ç 1.1 ¨ 1.2 ¤«ï ãª § ­­®© á¨áâ¥¬ë.

�®ª ¦¥¬, çâ® ®¯â¨¬ «ì­ë© á¨­â¥§ u0[k; x] (2.6) ¯à¨ § ¤ ­­ëå A, B, x0, x1 ¨ �2(0) ãáâ®©ç¨¢
ª ¯®¬¥å ¬ ¢ ª ­ « å ®¡à â­®© á¢ï§¨. �ãáâì § ¤ ­® ¯à®¨§¢®«ì­® ¬ «®¥ §­ ç¥­¨¥ ", 0 < " < 0:1
(®£à ­¨ç¥­¨¥ á¢¥àåã ­  " ï¢«ï¥âáï ¥áâ¥áâ¢¥­­ë¬, â. ª. ­ á ¨­â¥à¥áãîâ ¬ «ë¥ "). �à¥¤¯®«®¦¨¬,
çâ® ¢ ¬®¬¥­â k = 0 á®£« á­® (5.2), (5.3) ­  x(0) ¨ ­  ã¯à ¢«¥­¨¥ u0

�
0; x[0]

�
¤¥©áâ¢ã¥â ¢®§¬ãé¥­¨¥

p(0) =
�
p1(0) p2(0)

�>
, ¯à¨ç¥¬ kp(0)k = p

p21(0) + p22(0) < �, £¤¥ � = �(") > 0 (®¯à¥¤¥«¨¬ �(") ­¨¦¥).
�à¨ " ¤®áâ â®ç­® ¬ «®¬ N = 1 ­¥ ï¢«ï¥âáï ®¯â¨¬ «ì­ë¬ ¢à¥¬¥­¥¬ ®ª®­ç ­¨ï ¯à®æ¥áá .

�¥©áâ¢¨â¥«ì­®,

y(1) = A
�
x0 + p(0)

�
+Bu(0) =

�
0:5 + p2(0)

0:5 + p1(0) + u(0)

�
:

Oâáî¤  ¯®«ãç ¥¬


y(1) � x1



 � ", «¨èì ¥á«¨ p2(0) = 0:5 � "1 (0 < "1 � "), ­® â®£¤  kp(0)k =p
0:25 � "1 + "21 + p21(0) � 0:4, â. ¥. kp(0)k ¤®áâ â®ç­® ¢¥«¨ª  ®â­®á¨â¥«ì­® ".
�®ª ¦¥¬, çâ® ¯à¨ á®®â¢¥âáâ¢ãîé¥¬ ¢ë¡®à¥ � ®¯â¨¬ «ì­®¥ ¢à¥¬ï ®ª®­ç ­¨ï ¯à®æ¥áá 

N 0
�
0; y[0]

�
, ­ ©¤¥­­®¥ ¢ ¬®¬¥­â k = 0, à ¢­® 2. �á¯®«ì§ãï (2.5), (2.6) ¤«ï N = 2, ­ å®¤¨¬

c
�
0; y[0]

�
= x1 �A2

�
x0 + p(0)

�
=
�
0:5 � p1(0) 0:5� p2(0)

�>
:

�à¨ N = 2 S(0), S(1) ¨ D+(0) â¥ ¦¥, çâ® ¨ ¢ëè¥, ¯®íâ®¬ã

u0
�
0; 0; y[0]

�
= S>(0)D+(0)c

�
0; y[0]

�
= 0:5 � p1(0);

u0
�
1; 0; y[0]

�
= S>(1)D+(0)c

�
0; y[0]

�
= 0:5� p2(0)�

§ ¬¥â¨¬, çâ® u0
�
1; 0; y[0]

�
= u0

�
1; 1; y[1]

�
= S>(1)D+(1)c

�
1; y[1]

��
. �®«ãç ¥¬ ¯à¥¤áª § ­­ë¥ ¢

¬®¬¥­â k = 0 á®áâ®ï­¨ï á¨áâ¥¬ë (5.5):

y(1) =
�
0:5 + p2(0) 1]

> = y[1]; y(2) = [1 1]> = x1;

¯à¨ íâ®¬

I
�
u0; 0; 2

�
=
�
0:5� p1(0)

�2
+
�
0:5� p2(0)

�2 � 0:5 +


p(0)

2 + ��p1(0)��+ ��p2(0)��;

54



ãç¨âë¢ ï, çâ®
��pi(0)�� � 

p(0)

, i = 1; 2, ¯®«ãç ¥¬ ®æ¥­ªã

I
�
u0; 0; 2

� � 0:5 + �2 + 2�: (5.6)

�à¥¡ãï, çâ®¡ë 0:5 + �2 + 2� � 0:6, ­ å®¤¨¬ ¯®«®¦¨â¥«ì­ë¥ à¥è¥­¨ï ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢ 
0 < � < �1 + p

1:1 � 0:049. �ç¨âë¢ ï (5.6), § ª«îç ¥¬ N 0
�
0; y(0)

�
= 2, ¥á«¨ â®«ìª® �(") =

min
�
";�1+p1:1	. � á ¬®¬ ¤¥«¥, ¤«ï «î¡®© à¥ «¨§®¢ ¢è¥©áï ¢ ¬®¬¥­â k = 0 ¯®¬¥å¨ p(0) â ª®©,

çâ®


p(0)

 < �, ¢ë¯®«­¥­ë ãá«®¢¨ï



y(1)� x0(1)


 = q�

0:5 + p2(0) � 0:5
�2
+ (1� 1)2 =

��p2(0)�� � � � ";

I
�
u0; 0; 2

� � 0:6; y(2) = x1:

�ãáâì â¥¯¥àì k = 1; á¨áâ¥¬  (5.5) ­ å®¤¨âáï ¢ â®çª¥ y[1], à á¯®« £ ï à¥áãàá®¬ �2(1) = 0:6��
0:5 � p1(0)

�2
; N 0

�
1; y[1]

�
= N 0

�
0; y[0]

�
= 2 ¢ á¨«ã â¥®à¥¬ë 3.1, â. ª. y[1] ¥áâì â®çª  ®¯â¨¬ «ì­®©

âà ¥ªâ®à¨¨ á¨áâ¥¬ë (5.5) ¯à¨ ãá«®¢¨¨ (5.3). �ãáâì ­  ã¯à ¢«¥­¨¥ ¤¥©áâ¢ã¥â ¢®§¬ãé¥­¨¥ p(1) =�
p1(1) p2(1)

�>
,


p(1)

 < �. �®£¤  à¥ «¨§®¢ ¢è¥¥áï ¢ ¬®¬¥­â k = 1 ã¯à ¢«ïîé¥¥ ¢®§¤¥©áâ¢¨¥

¨¬¥¥â ¢¨¤

u
�
1; 1; y[1]

�
= u0

�
1; 1; y[1] + p(1)

�
= S>(1)D+(1)c

�
1; y[1] + p(1)

�
:

�¤¥áì D(1) = S(1)S>(1) =
�
0 0
0 1

�
, D+(1) =

�
0 0
0 1

�
= D(1); c

�
1; y[1] + p(1)

�
= x1 � A

�
y[1] + p(1)

�
=��p2(1) 0:5� p2(0) � p1(1)

�>
, ®âªã¤  ­ å®¤¨¬

u
�
1; 1; y[1]

�
= 0:5� p2(0)� p1(1); y(2) =

�
1 1� p1(1)

�>
:

�¯à ¢¥¤«¨¢  ®æ¥­ª 


y(2)� x1



 = ��p1(1)�� < � � ".
�à®¢¥à¨¬ á¯à ¢¥¤«¨¢®áâì ­¥à ¢¥­áâ¢  (2.7) ¤«ï u

�
1; 1; y[1]

�
. �¥ «ì­®¥

I
�
u; 1; 2

�
=
�
0:5 � p2(0)� p1(1)

�2 � �2(1) = 0:6� �
0:5 � p1(0)

�2 ,
, p21(0) + p22(0) + p21(1) + 2p2(0)p1(1)� p1(1) � p2(0)� p1(0) � 0:1:

�ç¨âë¢ ï ®æ¥­ª¨ p21(0) + p22(0) < �2, p21(1) < �2,
��pi(k)�� < �, i = 1; 2; k = 0; 1; p2(0)p1(1) < �2,

¯®«ãç ¥¬ ­¥à ¢¥­áâ¢® ¤«ï ®âëáª ­¨ï �:

4�2 + 3� � 0:1 � 0;

¯®«®¦¨â¥«ì­ë¥ à¥è¥­¨ï ª®â®à®£® 0 < � � �3+
p
10:6

8
� 0:032 ­ á ãáâà ¨¢ îâ. �ª®­ç â¥«ì­®

¨¬¥¥¬: ¤«ï «î¡®£®, áª®«ì ã£®¤­® ¬ «®£® " (0 < " � 0:1) áãé¥áâ¢ã¥â � = �(") = min
�
"; �3+

p
10:6

8

	
â ª®¥, çâ® ¤«ï k = 0; 1 ®¯â¨¬ «ì­ë© á¨­â¥§ (2.6) ãáâ®©ç¨¢ ª «î¡®© ¯®¬¥å¥ p(k) ¢ ª ­ « å
®¡à â­®© á¢ï§¨, ¥á«¨ â®«ìª® kp(k)k < �.

� ¬¥ç ­¨¥ 5.2. �à¥¤¯®«®¦¨¬, çâ® ¢¥«¨ç¨­  �2(0), ®£à ­¨ç¨¢ îé ï à¥áãàáë ã¯à ¢«¥­¨ï ¢
¬®¬¥­â k0 = 0 ¤«ï á¨áâ¥¬ë (5.5) ¯à¨ â¥å ¦¥ x0 ¨ x1, à ¢­  0.5. �®£¤  ã¦¥ ¯à¨ k = 0 áãé¥áâ¢ãîâ
¯®¬¥å¨, ¤«ï ª®â®àëå N 0

�
0; y[0]

� � 3. � ¯à¨¬¥à, à áá¬®âà¨¬ p(0) ¢¨¤  p(0) =
���1 � �1

�>
, £¤¥

�1 > 0 â ª®¥, çâ® kp(0)k = �1
p
2 < " ¤«ï áª®«ì ã£®¤­® ¬ «®£® § ¤ ­­®£® " > 0. �à¨ N = 2

¤«ï ãª § ­­®© à¥ «¨§ æ¨¨ ¯®¬¥å¨ ®¯â¨¬ «ì­ë¥ ã¯à ¢«¥­¨ï ¨¬¥îâ ¢¨¤ u0
�
0; 0; y[0]

�
= 0:5+�1 =

u0
�
1; 0; y[0]

�
, ­® â®£¤  I

�
u0; 2; 2

�
= 2

�
0:5 + �1

�2
> 0:5 ¯à¨ «î¡®¬ �1, 0 < �1 < "=

p
2. �®á«¥¤­¥¥

®§­ ç ¥â, çâ® N = 2 ­¥ ï¢«ï¥âáï ®¯â¨¬ «ì­ë¬ ¢à¥¬¥­¥¬ ®ª®­ç ­¨ï ¯à®æ¥áá . �¥âàã¤­® â ª¦¥
ã¡¥¤¨âìáï, çâ® ­¥à ¢¥­áâ¢®



y(1) � x0(1)


 < " ­¥ ¢ë¯®«­¨âáï ¢ íâ®¬ á«ãç ¥ ¨ ¯à¨ N 0

�
0; y[0]

�
=

3. �â ª, ãáâ®©ç¨¢®áâì ¢ ¤ ­­®¬ á«ãç ¥ ®âáãâáâ¢ã¥â. �à¨ç¨­®© íâ®£® ï¢«ï¥âáï ­¥¢ë¯®«­¥­¨¥
ãá«®¢¨ï N 0

�
k0; y[k0]

�
= N 0.
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� ¬¥ç ­¨¥ 5.3. �à¥¤ë¤ãé¨© ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® ¢«¨ï­¨¥ ¯®¬¥å ¬®¦¥â ã¢¥«¨ç¨âì ¢à¥-
¬ï ¡ëáâà®¤¥©áâ¢¨ï, ¥á«¨ I

�
u0;N 0

�
= �2(k0). �® ¨­®£¤  ¢®§¬®¦­  ¨ ®¡à â­ ï á¨âã æ¨ï: à¥ «¨-

§®¢ ¢è ïáï ¯®¬¥å  p(k) â ª®¢ , çâ® N 0
�
k; y[k]

�
< N 0, ¢á«¥¤áâ¢¨¥ ç¥£® ®¯â¨¬ «ì­ë© á¨­â¥§ (2.6)

â ª¦¥ ­¥ãáâ®©ç¨¢. �ª § ­­®¥ ®â­®á¨âáï ¨ ª á«ãç î, ª®£¤ , ­ ¯à¨¬¥à, ¢¥ªâ®à y[k] ï¢«ï¥âáï
á®¡áâ¢¥­­ë¬ ¢¥ªâ®à®¬ ¬ âà¨æë A, á®®â¢¥âáâ¢ãîé¨¬ á®¡áâ¢¥­­®¬ã §­ ç¥­¨î �, ¨ x1 = �y[k].
�¬¥­ìè¥­¨¥ ¢à¥¬¥­¨ N 0

�
k; y[k]

�
â ª¦¥ ¢®§¬®¦­®, ¥á«¨ y[k] 2 kerA,   x1 = 0 (¢á¥ áª § ­­®¥

á¯à ¢¥¤«¨¢® ¨ ¤«ï ¬ âà¨æë As, s 2 N, ¯à¨ ãá«®¢¨¨ N 0 � k0 > s).

�â¬¥â¨¬ â ª¦¥, çâ® à¥ «ì­ ï â®ç­®áâì ¨§¬¥à¥­¨ï (  §­ ç¨â, ¨ ¤®¯ãáâ¨¬ ï ¬¨­¨¬ «ì­ ï
¯®£à¥è­®áâì) ª®­¥ç­ , ¨­ë¬¨ á«®¢ ¬¨, ¢¥«¨ç¨­  " ®¡ëç­® ®£à ­¨ç¥­  á­¨§ã. �¨¦¥ à áá¬®âà¨¬
¯à¨¬¥à, ¯®ª §ë¢ îé¨©, ª ª ¯à¨ ä¨ªá¨à®¢ ­­®¬ " > 0 ¬®¦¥â ®ª § âìáï, çâ® N 0

�
0; y[0]

�
< N 0.

�à¨¬¥à 5.2. �¥è¨¬ § ¤ çã 1.2 ¤«ï á¨áâ¥¬ë

x1(k + 1) = 2x2(k); x2(k + 1) = 2x1(k) + u(k); k = 0; 1; : : : ; (5.7)

¯à¨ ãá«®¢¨ïå x(0) = x0 = [1 1�"=4]>, x1 = [2 2]>, �2(0) = 6. �¤¥áì " (0 < " < 1) | ä¨ªá¨à®¢ ­­ ï
¬ « ï ¢¥«¨ç¨­ .

�à¨ ®âáãâáâ¢¨¨ ¢®§¬ãé¥­¨© ¢ ª ­ « å ®¡à â­®© á¢ï§¨ ®¯â¨¬ «ì­®¥ ¢à¥¬ï ®ª®­ç ­¨ï ¯à®-
æ¥áá  (®­® ¦¥ | ¢à¥¬ï ¡ëáâà®¤¥©áâ¢¨ï ¯à¨ k0 = 0) N 0 = 2. �®ª ¦¥¬ íâ®. �à¨ N = 1

Ax0 +Bu(0) =
�
0 2
2 0

��
1

1�"=4
�
+
�

0
u(0)

�
=
� 2�"=2
2+u(0)

� 6= x1;

ª ª¨¬ ¡ë ­¨ ¡ë«® u(0) 2 R, â. ª. " > 0. �à¨ N = 2 ¨¬¥¥¬

c
�
0; x0

�
= x1 �A2x0 = [�2 � 2 + "]>; S(0) = AB = [2 0]>; S(1) = B = [0 1]>;

D(0) =
�
4 0
0 1

�
; D+(0) = D�1(0) = 1

4

�
1 0
0 4

�
;

®âªã¤  ­ å®¤¨¬

u0(0) = u0
�
0; 0; x0

�
= �1; u0(1) = u0

�
1; 0; x0

�
= �2 + ":

�à¨ íâ®¬ x0(1) =
�
2 � "=2 1

�>
, x0(2) =

�
2 2

�>
= x1, I

�
u0; 2

�
= (�1)2 + (" � 2)2 = 5 + "2 � 4" < 6

¯à¨ 0 < " < 1. �â ª, N 0
�
0; x0

�
= N 0 = 2.

�ãáâì â¥¯¥àì ¢ ª ­ « å ®¡à â­®© á¢ï§¨ áãé¥áâ¢ãîâ ¯®¬¥å¨. � áá¬®âà¨¬ ¤¢  á«ãç ï.
 ) �à¨ k = 0 à¥ «¨§®¢ « áì ¯®¬¥å  p(0) = [0 "=4]>. �®£¤  A

�
x0 + p(0)

�
= [2 2]> = x1, â. ¥.

§  ¢à¥¬ï N = 1
�
à ¢­®¥ §¤¥áì N 0

�
0; y[0]

��
á¨áâ¥¬  (5.7) ¯à¨¢®¤¨âáï ¢ á®áâ®ï­¨¥ x1 ­ã«¥¢ë¬

ã¯à ¢«¥­¨¥¬.
¡) �ãáâì p(0) = [0 �]>, £¤¥ j�j < "=4. � áá¬®âà¨¬ â ª ¦¥, ª ª ¨ ¢ á«ãç ¥  ), u0

�
0; 0; y[0]

� � 0
¨ N = 1. T®£¤ 

y(1) = A
�
x0 + p(0)

�
=
�
2 + 2� � "=2

2

�
6= x1;

­®


y(1) � x1



 = 2j� � "=4j < ", á«¥¤®¢ â¥«ì­®, ­ã«¥¢ë¬ ã¯à ¢«¥­¨¥¬ §  ¢à¥¬ï N = 1 á¨áâ¥¬ 
(5.7) ¯¥à¥¢®¤¨âáï ¢ "-®ªà¥áâ­®áâì â®çª¨ x1.

� ®¡®¨å á«ãç ïå N 0
�
0; y[0]

�
= 1 < N 0 = 2, ky(1) � x0(1)k � 1, ¨ ãáâ®©ç¨¢®áâì ®âáãâáâ¢ã¥â. �

¤ ­­®¬ ¯à¨¬¥à¥ áãé¥áâ¢¥­­® â® ®¡áâ®ïâ¥«ìáâ¢®, çâ® ¯à¨ ®âáãâáâ¢¨¨ ¢®§¬ãé¥­¨© ¬ë ®¡ï§ ­ë
¯à¨¢®¤¨âì á¨áâ¥¬ã â®ç­® ¢ â®çªã x1,   ¢ ¯à®æ¥áá¥ á ¯®¬¥å ¬¨ ¤®áâ â®ç­® ¤®áâ¨çì § ¤ ­­®©
"-®ªà¥áâ­®áâ¨.

�¢â®à ¢ëà ¦ ¥â ¡« £®¤ à­®áâì �.�. �«ì¡à¥åâã §  ¯®áâ ­®¢ªã § ¤ ç¨ ¨ ¯®«¥§­ë¥ ®¡áã¦¤¥­¨ï
à¥§ã«ìâ â®¢ à ¡®âë.
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