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� à ¡®â¥ ¨§ãç îâáï ¢®¯à®áë ãáâ®©ç¨¢®áâ¨ § ¤ ç¨ ¯à¥¤áâ ¢«¥¨ï ¥¯à¥àë¢®© äãªæ¨¨ ¨-
â¥à¯®«ïæ¨®ë¬ ¯à®æ¥áá®¬ � £à ¦  LSL

n (f; x) ¯® á®¡áâ¢¥ë¬ äãªæ¨ï¬ ¤¨ää¥à¥æ¨ «ì®£®
®¯¥à â®à . �ãáâì Un(x) | n-ï á®¡áâ¢¥ ï äãªæ¨ï à¥£ã«ïà®© § ¤ ç¨ �âãà¬ {�¨ã¢¨««ï

U 00 + [�� q(x)]U = 0; (1)

U 0(0)� hU(0) = 0;

U 0(�) +HU(�) = 0; (2)

£¤¥ h ¨ H | ¯à®¨§¢®«ìë¥ ¤¥©áâ¢¨â¥«ìë¥ ç¨á« ,   ¯®â¥æ¨ « q áã¬¬¨àã¥¬   [0; �]. �§¢¥áâ®
(á¬.,  ¯à., [1]{[5]), çâ® Un ¤«ï «î¡®£® n 2 N   ¨â¥à¢ «¥ (0; �) ¨¬¥¥â à®¢® n ¯à®áâëå ã«¥©
0 < x1;n < x2;n < � � � < xn;n < �.

� [1] �.�.� â á® ¯à¥¤«®¦¨« à áá¬ âà¨¢ âì ¨â¥à¯®«ïæ¨®ë¥ ¯à®æ¥ááë � £à ¦  ¢¨¤ 

LSL
n (f; x) =

nX
k=1

Un(x)
U 0n(xk;n)(x� xk;n)

f(xk;n) =
nX

k=1

lSLk;n(x)f(xk;n): (3)

�¬ ãáâ ®¢«¥  à ¢®¬¥à ï áå®¤¨¬®áâì ¢ãâà¨ (0; �) â ª¨å ¯à®æ¥áá®¢ ª äãªæ¨¨ f ¨§ ª« á-
á  �¨¨{�¨¯è¨æ . � [6] ¯®«ãç¥   «®£ ªà¨â¥à¨ï �.�.�à¨¢ «®¢  à ¢®¬¥à®© áå®¤¨¬®áâ¨
¯à®æ¥áá®¢ � £à ¦ {�¥¡ëè¥¢  ¢ á«ãç ¥ ¨â¥à¯®«¨à®¢ ¨ï ¯® á®¡áâ¢¥ë¬ äãªæ¨ï¬ § ¤ -
ç¨ (1){(2) ¨ â¥¬ á ¬ë¬ ®¯¨á  ª« áá ¥¯à¥àë¢ëå   (0; �) äãªæ¨© â ª¨å, çâ® ¤«ï «î¡®£®
¯à¥¤áâ ¢¨â¥«ï íâ®£® ª« áá  ¯à®æ¥áá (3) à ¢®¬¥à® áå®¤¨âáï ª f ¢ãâà¨ ¨â¥à¢ «  (0; �). �¥-
®¡å®¤¨¬® ®â¬¥â¨âì, çâ® íâ¨ à¥§ã«ìâ âë áä®à¬ã«¨à®¢ ë ¤«ï á«ãç ï ¥¯à¥àë¢®£® ¯®â¥æ¨ « 
q ®£à ¨ç¥®© ¢ à¨ æ¨¨ ¢ ãà ¢¥¨¨ (1). �® ¤®ª § â¥«ìáâ¢  ª ª ¢ [1], â ª ¨ ¢ [6] ®¯¨à îâ-
áï    á¨¬¯â®â¨ç¥áª¨¥ ä®à¬ã«ë, ¥ ¬¥ïîé¨¥ á¢®¥£® ¢¨¤ , ¥á«¨ ®£à ¨ç¨âìáï âà¥¡®¢ ¨¥¬
áã¬¬¨àã¥¬®áâ¨ ¯®â¥æ¨ «  q ®£à ¨ç¥®© ¢ à¨ æ¨¨.

�á®¢ ï æ¥«ì à ¡®âë:
1. ¯®ª § âì ®âáãâáâ¢¨¥ ãáâ®©ç¨¢®áâ¨ § ¤ ç¨ ¯à¥¤áâ ¢«¥¨ï ¥¯à¥àë¢®© äãªæ¨¨ ¯à®æ¥áá®¬

� £à ¦ {�âãà¬ {�¨ã¢¨««ï (3) ¯à¨ ¥§ ç¨â¥«ì®¬ ¨§¬¥¥¨¨ ª ª ¯®â¥æ¨ «  q ãà ¢¥¨ï
(1) ¢ L[0; �] â ª ¨ ª®áâ â h, H ¢ ªà ¥¢ëå ãá«®¢¨ïå (2);

2. à¥è¨âì ¢®¯à®á ® à ¢®áå®¤¨¬®áâ¨ ¨§ãç ¥¬ëå ª®áâàãªæ¨© (3) ¨ ª« áá¨ç¥áª¨å ¨â¥à¯®«ï-
æ¨®ëå ¯à®æ¥áá®¢ � £à ¦ {�¥¡ëè¥¢  Zn(T; f(arccos); cos x) ¢® ¢ãâà¥¨å â®çª å ¨â¥à¢ « 
(0; �), ¯®áâ ¢«¥ë© �.�.�áª®«ª®¢ë¬.

� «¥¥ ¤®ª § ë á«¥¤ãîé¨¥ â¥®à¥¬ë.

�¥®à¥¬  1. �«ï «î¡®£® ¯®«®¦¨â¥«ì®£® " ¨ «î¡®© § ¤ ç¨ �âãà¬ {�¨ã¢¨««ï (1){(2) áã-
é¥áâ¢ãîâ áã¬¬¨àã¥¬ë©   [0; �] ¯®â¥æ¨ « eq : kq � eqkL[0;�] < " ¨ ¬®¦¥áâ¢® E, ¯«®â®¥ ¢

®âà¥§ª¥ [0; �], â ª¨¥, çâ® ¤«ï ª ¦¤®© â®çª¨ x0 2 E  ©¤¥âáï ¥¯à¥àë¢ ï   [0; �] äãªæ¨ï f ,
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¤«ï ª®â®à®© ¢ë¯®«ïîâáï á®®â®è¥¨ï

lim
n!1

jLSL
n (f; x0)j =1; (4)

lim
n!1

jeLSL
n (f; x)� f(x)j = 0 à ¢®¬¥à® ¢ãâà¨ (0; �); (5)

£¤¥ LSL
n ¨ eLSL

n | ¯à®æ¥ááë � £à ¦ {�âãà¬ {�¨ã¢¨««ï, ¯®áâà®¥ë¥ ¯® á®¡áâ¢¥ë¬ äãª-

æ¨ï¬ § ¤ ç (1){(2) á ¯®â¥æ¨ « ¬¨ q ¨ eq á®®â¢¥âáâ¢¥®.
�¥®à¥¬  2. �«ï «î¡®£® ¯®«®¦¨â¥«ì®£® " áãé¥áâ¢ãîâ eH(eh) : jH � eHj < " (jh � ehj < ")

¨ ¬®¦¥áâ¢® E, ¯«®â®¥ ¢ ®âà¥§ª¥ [0; �], â ª¨¥, çâ® ¤«ï ª ¦¤®© â®çª¨ x0 2 E  ©¤¥âáï

¥¯à¥àë¢ ï   [0; �] äãªæ¨ï f , ¤«ï ª®â®à®© ¢ë¯®«ïîâáï á®®â®è¥¨ï (4){(5), £¤¥ LSL
n ¨eLSL

n | ¯à®æ¥ááë � £à ¦ {�âãà¬ {�¨ã¢¨««ï, ¯®áâà®¥ë¥ ¯® á®¡áâ¢¥ë¬ äãªæ¨ï¬ § ¤ ç

(1){(2) á ¯®â¥æ¨ «®¬ q
¯. ¢.= 0 ¨ ª®áâ â ¬¨ H ¨ eH (h ¨ eh) á®®â¢¥âáâ¢¥®.

�¥®à¥¬  3. �ãé¥áâ¢ãîâ H(h) ¢ ªà ¥¢ëå ãá«®¢¨ïå § ¤ ç¨ �âãà¬ {�¨ã¢¨««ï (1){(2) á

ã«¥¢ë¬ ¯®â¥æ¨ «®¬ q ¨ ¬®¦¥áâ¢® E, ¯«®â®¥ ¢ [0; �], E � [0; �], â ª¨¥, çâ® ¤«ï ª ¦¤®©

â®çª¨ x0 2 E  ©¤¥âáï ¥¯à¥àë¢ ï   [0; �] äãªæ¨ï f , ¤«ï ª®â®à®© ¢ë¯®«ï¥âáï á®®â®è¥-

¨¥ (4) ¨

lim
n!1

jZn(T; f(cos �); x)� f(cos x)j = 0 à ¢®¬¥à® ¢ãâà¨ (0; �):

�ãé¥áâ¢ã¥â ¬®¦¥áâ¢® E1, ¯«®â®¥ ¢ [0; �], E � [0; �], â ª®¥, çâ® ¤«ï ª ¦¤®© â®çª¨ x0 2 E1

 ©¤¥âáï ¥¯à¥àë¢ ï   [0; �] äãªæ¨ï g, ¤«ï ª®â®à®© ¢ë¯®«ïîâáï á®®â®è¥¨ï

lim
n!1

jZn(T; g(cos �); x0)j =1;

lim
n!1

jLSL
n (g; x) � g(x)j = 0 à ¢®¬¥à® ¢ãâà¨ (0; �):

�«ï ¤®ª § â¥«ìáâ¢  íâ¨å â¥®à¥¬ ¯®âà¥¡ã¥âáï àï¤ ¢á¯®¬®£ â¥«ìëå ãâ¢¥à¦¤¥¨©.

�¥¬¬  1. �ãáâì Un | á®¡áâ¢¥ ï äãªæ¨ï § ¤ ç¨ �âãà¬ {�¨ã¢¨««ï (1){(2), á®®â¢¥â-
áâ¢ãîé ï á®¡áâ¢¥®¬ã § ç¥¨î �n, 0 < x1;n < x2;n < � � � < xn;n < � | ã«¨ Un(x). �®£¤ 
¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥  á¨¬¯â®â¨ç¥áª¨¥ ä®à¬ã«ë:

Un(x) = cosnx+
�(x)
n

sinnx+O(n�2); (6)

U 0n(x) = �n sinnx+ �(x) cos nx+O(n�1); (7)

U 00n (x) = �n2 cosnx� n�(x) sinnx+O(1); (8)

U 0n(xk;n) = (�1)kn+O(n�1); (9)

xk;n =
2k � 1
2n

� +
1
n2
�

�
2k � 1
2n

�

�
+O(n�3); (10)p

�n = n+O(n�1); (11)

£¤¥

�(x) = �cx+ h+
1
2

Z x

0
q(�)d�; c =

1
�

�
h+H +

1
2

Z �

0
q(�)d�

�
;

  ®æ¥ª  ®áâ â®ç®£® ç«¥  ¢® ¢á¥å ä®à¬ã« å (6){(10) à ¢®¬¥à  ¯® x ¨ k = 1; n.

�® ¯®¢®¤ã ¤®ª § â¥«ìáâ¢  (6){(7) ¨ (11) á¬. [2]{[5]. � ¬¥â¨¬, çâ® ¯à¨¬¥¥¨¥ ¬¥â®¤  �¨ã-
¢¨««ï{�â¥ª«®¢  ª â®¦¤¥áâ¢ã

Un(x) = cos
p
�n x+

hp
�n

sin
p
�n x+

1p
�n

Z x

0

sinf
p
�n(x� �)gq(�)Un(�)d�
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(á¬.,  ¯à., [2], á. 12) ¯®§¢®«ï¥â ®£à ¨ç¨âìáï âà¥¡®¢ ¨¥¬ áã¬¬¨àã¥¬®áâ¨ ¨ ®£à ¨ç¥®áâ¨
¢ à¨ æ¨¨ ¯®â¥æ¨ «  q ¯à¨ ¯®«ãç¥¨¨ (6), (7) ¨ (11). �®à¬ã«  (8) á«¥¤ã¥â ¨§ (1) ¨ (11),   (9) |
¨§ (7). �®¤à®¡®¥ ¤®ª § â¥«ìáâ¢® (10) ¬®¦®  ©â¨ ¢ [6].

�§¢¥áâ¥ ([7], á. 231; [8]) ªà¨â¥à¨© à ¢®¬¥à®© áå®¤¨¬®áâ¨ ¨â¥à¯®«ïæ¨®ëå ¯à®æ¥áá®¢
� £à ¦  Zn(T; f; x) á ¬ âà¨æ¥© ã§«®¢ ¨â¥à¯®«¨à®¢ ¨ï T , á®áâ®ïé¥© ¨§ ã«¥© ª« áá¨ç¥áª¨å
®àâ®£® «ìëå ¬®£®ç«¥®¢ �¥¡ëè¥¢  I à®¤ . �à¨¢¥¤¥¬   «®£ íâ®£® ªà¨â¥à¨ï ¢ á«ãç ¥ ¨â¥à-
¯®«¨à®¢ ¨ï ¯® á®¡áâ¢¥ë¬ äãªæ¨ï¬ § ¤ ç¨ �âãà¬ {�¨ã¢¨««ï (1){(2), ¤®ª § ë© ¢ ([6],
á. 1).

�«ï «î¡ëå 0 < a < b < � ¨ 0 < " < b�a
2

¯®«®¦¨¬

Rn(f; [a; b]; ") = max
p1�p�p2

���� m2X0

m=m1

f(x2m+1;n)� 2f(x2m;n) + f(x2m�1;n)
p� 2m

����; (12)

£¤¥ èâà¨å ã áã¬¬ë ®§ ç ¥â ®âáãâáâ¢¨¥ á« £ ¥¬®£® á® § ¬¥ â¥«¥¬, à ¢ë¬ ã«î,   ¨¤¥ªáë
p1, p2, m1 ¨ m2 ®¯à¥¤¥«ïîâáï ¨§ ¥à ¢¥áâ¢

xp1;n � a+ " < xp1+1;n; xp2;n � b� " < xp2+1;n;

xk1�1;n � a < xk1;n; xk2;n < b � xk2+1;n;

m1 =
�
k1

2

�
+ 1; m2 =

�
k2

2

�
¯®á«¥ ¤®¡ ¢«¥¨ï ª ¬®¦¥áâ¢ã ã«¥© äãªæ¨¨ Un 0 < x1;n < x2;n < � � � < xn;n < � â®ç¥ª x0;n = 0
¨ xn+1;n = �.

�¥®à¥¬  4. �ãáâì äãªæ¨ï f 2 C[0; �], 0 < a < b < �, 0 < " < b�a
2
. �®£¤  ãá«®¢¨¥

lim
n!1

Rn(f; [a; b]; ") = 0

¥®¡å®¤¨¬® ¨ ¤®áâ â®ç® ¤«ï á¯à ¢¥¤«¨¢®áâ¨ à ¢¥áâ¢ 

lim
n!1

max
x2[a+"; b�"]

jLSL
n (f; x)� f(x)j = 0: (13)

�à¨ íâ®¬ ¤«ï ¢á¥å x 2 (a; b)

jf(x)� LSL
n (f; x)j = jUn(x)j

2�
Rn(f; [a; b]; ") +Ox

�
!

�
f;
lnn
n

�
+ kfk lnn

n

�
;

£¤¥ ®áâ â®çë© ç«¥ à ¢®¬¥à¥   [a+ "; b� "] ¨ § ¢¨á¨â «¨èì ®â h, H ¨ q ¢ (1){(2).

� ¬¥ç ¨¥ 1. �§ ªà¨â¥à¨ï �.�.�à¨¢ «®¢  [7], [8] ¨ â¥®à¥¬ë 4 á«¥¤ã¥â, çâ® ¤«ï «î¡®©
¥¯à¥àë¢®©   (0; �) äãªæ¨¨ f ¨â¥à¯®«ïæ¨®ë¥ ¯à®æ¥ááë � £à ¦ {�¥¡ëè¥¢  Zn(T;
f(arccos �); cos x) ¨ � £à ¦ {�âãà¬ {�¨ã¢¨««ï LSL

n (f; x) ¯® á®¡áâ¢¥ë¬ äãªæ¨ï¬ § ¤ ç¨
(1){(2) á q � 0, h = H = 0 áå®¤ïâáï ¨«¨ à áå®¤ïâáï ¢ãâà¨ (0; �) ®¤®¢à¥¬¥®.

�«¥¤áâ¢¨¥. � [6] ¯®ª § ®, çâ® ¨§ â¥®à¥¬ë 4 ¢ëâ¥ª ¥â à¥§ã«ìâ â �.�.� â á®  [1] ® à ¢-
®¬¥à®© áå®¤¨¬®áâ¨ ¯à®æ¥áá®¢ (3) ¢ãâà¨ (0; �) ¤«ï äãªæ¨© ¨§ ª« áá  �¨¨{�¨¯è¨æ , â. ¥.
¥á«¨ ¬®¤ã«ì ¥¯à¥àë¢®áâ¨ f ã¤®¢«¥â¢®àï¥â á®®â®è¥¨î

lim
n!1

!

�
f;
1
n

�
lnn = 0;

â® á¯à ¢¥¤«¨¢® (13) ¤«ï «î¡ëå 0 � a < b � �, 0 < " < b�a
2
.
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�¥®à¥¬  5. �ãáâì 0 � � < 1, C > 0, ç¨á«®¢ë¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ fang1n=1 ¨ fbng1n=1

â ª¨¥, çâ®

0 � an < bn � �; bn � an � Cn��: (14)

�®£¤  ¤«ï «î¡ëå h;H 2 R ¨ q 2 L[0; �] áãé¥áâ¢ã¥â ®¬¥à n0 2 N ,  ç¨ ï á ª®â®à®£® äãªæ¨¨

¨ ª®áâ âë �¥¡¥£  ¨â¥à¯®«ïæ¨®®£® ¯à®æ¥áá  � £à ¦  ¯® á®¡áâ¢¥ë¬ äãªæ¨ï¬ § ¤ ç¨

(1){(2)   ®âà¥§ª å [an; bn] ¡ã¤ãâ ã¤®¢«¥â¢®àïâì ¥à ¢¥áâ¢ ¬

LSL
n ([an; bn]; x) =

mnX
k=ln

jlSLk;n(x)j � C�jUn(x)j lnn� C1

n
(15)

¨

LSL
n ([an; bn]) = max

x2[an;bn]
LSL
n ([an; bn]; x) � C�

2
lnn; (16)

£¤¥ lk;n(x) | äã¤ ¬¥â «ìë¥ ¯®«¨®¬ë � £à ¦  ®¯¥à â®à  (3), ln : xln�1;n < an � xln;n,

mn : xmn;n � bn < xmn+1;n | ®¬¥à   ¨¬¥ìè¥£® ¨  ¨¡®«ìè¥£® ¨§ ã«¥© xk;n, ¯à¨ ¤«¥¦ é¨å

®âà¥§ªã [an; bn],   ª®áâ â  C� § ¢¨á¨â â®«ìª® ®â ¯ à ¬¥âà®¢ § ¤ ç¨ (1){(2) ¨ �.

�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ ¯à®¨§¢®«ì®¥ x 2 [an; bn] ¨ ®¡®§ ç¨¬ ç¥à¥§ k0 ®¬¥à ¡«¨¦ ©-
è¥£® ª x ã«ï äãªæ¨¨ Un. �®à¬ã«ë (10) ¨ (14) £ à â¨àãîâ áãé¥áâ¢®¢ ¨¥ â ª®£® ®¬¥à  n1,
 ç¨ ï á ª®â®à®£® ¢ ®âà¥§ª¨ [an; bn] ¡ã¤¥â ¯®¯ ¤ âì å®âï ¡ë ®¤¨ ã§¥« xk;n ¨ ¡ã¤ãâ ¢ë¯®«ïâìáï
¥à ¢¥áâ¢ 

jx� xk0�1;nj � 9�
4n

(17)

¨

max
k=1;n�1

jxk+1;n � xk;nj � 3�
2n
:

�æ¥¨¬ á¨§ã äãªæ¨î �¥¡¥£  ¨â¥à¯®«ïæ¨®®£® ¯à®æ¥áá  LSL
n (f; x)   ®âà¥§ª å [an; bn] c ¯®-

¬®éìî (7), (9) ¨ ä®à¬ã«ë ª®¥çëå ¯à¨à é¥¨© � £à ¦ 

LSL
n ([an; bn]; x) =

mnX
k=ln

���� Un(x)
U 0n(xk;n)(x� xk;n)

���� � mnX
k=ln

jUn(x)j
njx� xk;nj �

mnX
k=ln

���� Un(x)
x� xk;n

���� ���� O(n�1)
n2 +O(1)

���� �
� jUn(x)j

n

k0�2X
k=ln

1
jx� xk;nj +

jUn(x)j
n

mnX
k=k0+2

1
jx� xk;nj �

mnX
k=ln

����U 0n(�k;n)(x� xk;n)
(x� xk;n)

����jO(n�3)j �

� jUn(x)j
n

k0�2X
k=ln

1
jx� xk;nj +

jUn(x)j
n

mnX
k=k0+2

1
jx� xk;nj �

C2

n
: (18)

�¯ãáâ¨¢ ¥®âà¨æ â¥«ìë¥ á« £ ¥¬ë¥, ¬ë â®«ìª® ãá¨«¨¬ ¥à ¢¥áâ¢®. �®íâ®¬ã ¯à¨ x � bn+an
2

¢ ®æ¥ª¥ (18) ¡ã¤¥â ãç áâ¢®¢ âì â®«ìª® ¢â®à ï áã¬¬ ,   ¯à¨ x > bn+an
2

| â®«ìª® ¯¥à¢ ï. � á-
áã¦¤¥¨ï ¢ ®¡¥¨å á¨âã æ¨ïå ¡ã¤ãâ á®¢¥àè¥®   «®£¨çë¥, ¯®íâ®¬ã ®£à ¨ç¨¬áï à §¡®à®¬
á«ãç ï x � bn+an

2
. � á¨«ã (14)  ©¤ãâáï ª®áâ âë C3 ¨ ®¬¥à n2 � n1,  ç¨ ï á ª®â®à®£®

bn � an

2
� 3�
2n

� Cn��

2
� 3�
2n

� C3n
��:

63



�®£¤  ¤«ï «î¡®£® n � n2 ¨§ (17) ¨ (18) ¯®«ãç¨¬

LSL
n ([an; bn]; x) � jUn(x)j

n

mnX
k=k0+2

1
xk;n � xk�1;n

Z xk;n

xk�1;n

dt

t� x
� C2

n
�

� 2jUn(x)j
3�

Z xmn;n

xk0+1;n

dt

t� x
� C2

n
� 2jUn(x)j

3�

�
ln
����bn � an

2
� 3�
2n

����+ lnn+ C4

�
� C2

n
�

� 2jUn(x)j
3�

�
(1� �) lnn+ C5

�� C2

n
;

£¤¥ C4 ¨ C5 |  ¡á®«îâë¥ ª®áâ âë,   C2 § ¢¨á¨â â®«ìª® ®â ¯ à ¬¥âà®¢ § ¤ ç¨ �âãà¬ {
�¨ã¢¨««ï (1){(2). �ë¡¨à ï C� > 0 ¨ n3 � n2 â ª¨¬ ®¡à §®¬, çâ®¡ë ¤«ï ¢á¥å n � n3 ¢ë¯®«ï«®áì
¥à ¢¥áâ¢® 1

3�

�
(1��) lnn+C5

� � C� lnn, ¯®«ãç¨¬ (15). �§ (6) ¨ (14) á«¥¤ã¥â, çâ®  ç¨ ï á ¥-
ª®â®à®£® ®¬¥à  n0 � n3, ¢ ®âà¥§®ª [an; bn] ¡ã¤¥â ¯®¯ ¤ âì å®âï ¡ë ®¤  â®çª  �k

n
¨ ¢ë¯®«ïâìáï

¥à ¢¥áâ¢® max
x2[an;bn]

jUn(x)j � 1
2
. �âáî¤  á«¥¤ã¥â (16) ¨ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë 5.

�¥¬¬  2. �á«¨ 0 <  < 1, 0 � � < 1, ¯®á«¥¤®¢ â¥«ì®áâì ®âà¥§ª®¢ f[an; bn]g1n=1 ã¤®¢«¥-

â¢®àï¥â ãá«®¢¨ï¬ (14) ¨

In() =
n[

k=1

�k;n; (19)

£¤¥ �k;n = [�k�arccos 
n

; �k+arccos 
n

], k = 1; n, â®  ©¤¥âáï â ª®© ®¬¥à n0 2 N , çâ® ¤«ï ¢á¥å n � n0

¨ x 2 In()T[an; bn]
LSL
n ([an; bn]; x) � C�

2
lnn: (20)

�®ª § â¥«ìáâ¢®. �á«¨ x 2 In(), â® j cosnxj � j cos(arccos +�k)j = , ® ¢ á¨«ã (6) jUn(x)j =
j cosnx + O(n�1)j � j cosnxj � C6

n
. �ë¡¥à¥¬ n0  áâ®«ìª® ¡®«ìè¨¬, çâ®¡ë C6+C1

n
< 

2
¤«ï ¢á¥å

n � n0 ¨ ¢ë¯®«ï«®áì ãá«®¢¨¥ â¥®à¥¬ë 5. �¥¯¥àì ¨§ (15) ¨¬¥¥¬ (20).

� ¬¥ç ¨¥ 2. �§ ®¯à¥¤¥«¥¨ï ®âà¥§ª®¢ �k;n (19) ¢¨¤®, çâ® ¥á«¨ ª®æë ®âà¥§ª®¢ [an; bn]
ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (14), â® áãé¥áâ¢ã¥â ®¬¥à n0,  ç¨ ï á ª®â®à®£® ¤«ï ª ¦¤®£® [an; bn]
 ©¤¥âáï ¨¤¥ªá k = k(an; bn) 2 [1; n] â ª®©, çâ® �k;n � [an; bn].

� áá¬®âà¨¬ äãªæ¨® « y(x; q; �), áâ ¢ïé¨© ¢ á®®â¢¥âáâ¢¨¥ í«¥¬¥âã ¬®¦¥áâ¢  
 = [0; �]�
L[0; �]�R § ç¥¨¥ ¢ â®çª¥ x 2 [0; �] à¥è¥¨ï § ¤ ç¨ �®è¨

y00 + [�� q(x)]y = 0; (21)

y(0; q; �) = 1; (22)

y0(0; q; �) = h: (23)

�®¤ç¥àª¥¬, çâ® íâ® à¥è¥¨¥ y(x; q; �) ¥áâì n-ï á®¡áâ¢¥ ï äãªæ¨ï § ¤ ç¨ �âãà¬ {
�¨ã¢¨««ï (1){(2) ¯à¨ � = �n[q]. � ä¨ªá¨àã¥¬ ¥ª®â®àë¥ n 2 N ¨ 1 � k � n, k 2 N . �¡®-
§ ç¨¬ ç¥à¥§ xk;n[q] äãªæ¨® «, áâ ¢ïé¨© ¢ á®®â¢¥âáâ¢¨¥ ¯®â¥æ¨ «ã q k-© ã«ì n-© á®¡áâ¢¥-
®© äãªæ¨¨ y(x; q; �n) � Un(x),   ç¥à¥§ �n[q] | äãªæ¨® «, ª®â®àë© áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥
q n-¥ á®¡áâ¢¥®¥ § ç¥¨¥ �n = �n[q]. �ãáâì D'[q; w] = lim

t!0

'(q+tw)�'(q)
t

| ¤¨ää¥à¥æ¨ « � â®

äãªæ¨® «  ' : L[0; �]! R ¯à¨ ¯à¨à é¥¨¨ w 2 L[0; �] (á¬. [9], á 482).
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�¥®à¥¬  6. �ãáâì w 2 L[0; �], â®£¤  ¤¨ää¥à¥æ¨ « � â® äãªæ¨® «  xk;n[q] ¯à¨ ¯à¨à -

é¥¨¨ w (n 2 N , 1 � k � n) ã¤®¢«¥â¢®àï¥â á®®â®è¥¨î

Dxk;n[q; w] =
1

[y0(xk;n; q; �n)]2

�Z xk;n

0

w(�)y2(�; q; �n)d� �

�

xk;nR
0

y2n(�; q; �n)d�

ky(�; q; �)k2L2

Z �

0
w(�)y2(�; q; �n)d�

�
: (24)

�®ª § â¥«ìáâ¢®. �¨ää¥à¥æ¨ « � â® äãªæ¨® «  y(x; q; �) ¯à¨ ¯à¨à é¥¨¨ w 2 L[0; �]
  ¯®¢¥àå®áâ¨ ¬®¦¥áâ¢  
, ®¯à¥¤¥«ï¥¬®© ãà ¢¥¨¥¬ y(xk;n; q; �n) = 0, à ¢¥ ã«î:

Dy(x; q; �)[q; w]jy(xk;n ;q;�n)=0 = y0(xk;n; q; �n)Dxk;n[q; w] +

+Dy(xk;n; q; �n)[q; w] + _y(x; q; �)D�n[q; w]jy(xk;n;q;�n)=0 = 0: (25)

�¤¥áì ¨ ¤ «¥¥ y0(x; q; �) = @

@x
y(x; q; �), _y(x; q; �) = @

@�
y(x; q; �). �®«ë© ¤¨ää¥à¥æ¨ « � â® äãª-

æ¨® «  y(x; q; �) ¯à¨ x = � ¨ ¯à¨à é¥¨¨ w 2 L[0; �] ¥áâì

Dy(�; q; �)[q; w]j�=�n = Dy(�; q; �n)[q; w] + _y(�; q; �n)D�n[q; w]: (26)

� «®£¨ç® § ¯¨áë¢ ¥âáï ¯®«ë© ¤¨ää¥à¥æ¨ « � â® ¤«ï äãªæ¨® «  y0(x; q; �) ¯à¨ x = �:

Dy0(�; q; �)[q; w]j�=�n = Dy0(�; q; �n)[q; w] + _y0(�; q; �n)D�n[q; w]: (27)

�¥¯¥àì ¢ á¨«ã (2), (26) ¨ (27) ¨¬¥¥¬

0 = Dfy0(�; q; �) +Hy(�; q; �)g[q; w]j�=�n = Dfy0(�; q; �n) +Hy(�; q; �n)g[q; w] +
+ f _y0(�; q; �n) +H _y(�; q; �n)gD�n[q; w]: (28)

�®¤áç¨â ¥¬ ç áâë© ¤¨ää¥à¥æ¨ « � â® Dy(x; q; �)[q; w] ¯à¨ ä¨ªá¨à®¢ ëå x ¨ � ¨ ¯à¨à é¥-
¨¨ w 2 L[0; �]. � ¬¥ïï ¢ ãà ¢¥¨¨ (21) q   q + tw, ¯®«ãç¨¬

y00 + [�� q(x)]y = twy: (29)

�¡®§ ç¨¬ �(x; �; �) =
����'(x; �)  (x; �)
'(�; �)  (�; �)

����, £¤¥ '(x; �) ¨  (x; �) | à¥è¥¨ï â¨¯  sin ¨ cos á®-

®â¢¥âáâ¢¥® ãà ¢¥¨ï (21) (â. ¥. '(0; �) = 0, '0(0; �) = 1,  (0; �) = 1,  0(0; �) = 0). �®£¤  ¤«ï
à¥è¥¨© § ¤ ç �®è¨ (21){(23) ¨ (29), (22), (23) ¡ã¤¥â ¢¥à® â®¦¤¥áâ¢®

y(x; q + tw; �)� y(x; q; �) = t

Z x

0
�(x; �; �)w(�)y(�; q + tw; �)d�:

� §¤¥«¨¬ ®¡¥ ç áâ¨ ¯®«ãç¥®£® â®¦¤¥áâ¢    t ¨ ¯¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¯à¨ t! 0

Dy(x; q; �)[q; w] = lim
t!0

y(x; q + tw; �)� y(x; q; �)
t

=
Z x

0

�(x; �; �)w(�)y(�; q; �)d�: (30)

�à¥¤¥«ìë© ¯¥à¥å®¤ ¯®¤ § ª®¬ ¨â¥£à «  ¢®§¬®¦¥, â. ª. ª ¦¤ ï y(�; q + tw; �) ¥áâì ¥¯à¥-
àë¢ ï   [0; �] äãªæ¨ï, à ¢®¬¥à ï áå®¤¨¬®áâì y(�; q + tw; �) ª y(�; q; �) ¯à¨ t ! 0 á«¥¤ã¥â,
 ¯à¨¬¥à, ¨§ â¥®à¥¬ë ® ¤¨ää¥à¥æ¨àã¥¬®áâ¨ ¯® ¯ à ¬¥âà ¬ à¥è¥¨ï § ¤ ç¨ �®è¨ (á¬. [10],
á. 187, â¥®à¥¬  1.6).
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�¥¯¥àì ¨§ (28) ¨ (30) á«¥¤ã¥â

D�n[q; w] = � 1
_y0(�; q; �n) +H _y(�; q; �n)

fDy0(�; q; �n)[q; w] +HDy(�; q; �n)[q; w]g =

= � 1
_y0(�; q; �n) +H _y(�; q; �n)

�Z �

0
�0x(�; �n; �)w(�)y(�; q; �n)d� +

+H

Z �

0

�(�; �n; �)w(�)y(�; q; �n)d�
�
=

= � 1
_y0(�; q; �n) +H _y(�; q; �n)

Z �

0

�1(�n; �)w(�)y(�; q; �n)d�; (31)

£¤¥

�1(�n; �) =
����'0(�; �n) +H'(�; �n)  0(�; �n) +H (�; �n)

'(�; �n)  (�; �n):

���� :
� ª ª ª

y(x; q; �n) =  (x; �n) + h'(x; �n);

â® ¨§ (2) á«¥¤ã¥â à ¢¥áâ¢® �h('0(�; �n) +H'(�; �n)) =  0(�; �n) +H (�; �n) ¨

�1(�n; �)=('
0(�; �n)+H'(�; �n))

���� 1 �h
'(�; �n)  (�; �n)

����=('0(�; �n)+H'(�; �n))y(�; q; �n): (32)

� ª ª ª ãà ¢¥¨¥ (21) ¥ á®¤¥à¦¨â ¯¥à¢ëå ¯à®¨§¢®¤ëå, â® ®¯à¥¤¥«¨â¥«ì �à®áª®£® äã¤ -
¬¥â «ì®© á¨áâ¥¬ë ',  W = const = �1.

�®¤áç¥â ®¯à¥¤¥«¨â¥«ï (32) ¯à¨ � = � ¤ ¥â �1(�n; �) = �W = 1. �¥¯¥àì ¨§ (32) ¯à¨ � = �

á«¥¤ã¥â '0(�; �n) +H'(�; �n) = 1
y(�;q;�n)

. �à®¤®«¦ ï ¯®¤áç¥â (31) ¨ ãç¨âë¢ ï (32), ¯®«ãç¨¬

D�n[q; w] = � 1
_y0(�; q; �n) +H _y(�; q; �n)

1
y(�; q; �n)

Z �

0

w(�)y2(�; q; �n)d�: (33)

� á¨«ã (25), (30) ¨ (33) ¯®«ãç¨¬

Dxk;n[q; w] = � 1
y0(xk;n; q; �n)

�Z xk;n

0
�(xk;n; �n; �)w(�)y(�; q; �n)d� �

� _y(xk;n; q; �n)�
_y0(�; q; �n) +H _y(�; q; �n)

�
y(�; q; �n)

Z �

0

w(�)y2(�; q; �n)d�
�
: (34)

� ¬¥â¨¬, çâ® �(xk;n; �n; �) ¥áâì à¥è¥¨¥ § ¤ ç¨ �®è¨ á ãà ¢¥¨¥¬ (21) ¨  ç «ìë¬¨ ãá«®¢¨-
ï¬¨ y(xk;n) = 0, y0(xk;n) = W = �1. �® â¥®à¥¬¥ �¨ª à  �(xk;n; �n; �) = � y(�;q;�n)

y0(xk;n;q;�n)
. �¥¯¥àì ¨§

(34) ¯®«ãç ¥¬

Dxk;n[q; w] =
1

[y0(xk;n; q; �n)]2

Z xk;n

0

w(�)y2(�; q; �n)d� +

+
_y(xk;n; q; �n)

_y0(�; q; �n) +H _y(�; q; �n)
1

y0(xk;n; q; �n)y(�; q; �n)

Z �

0
w(�)y2(�; q; �n)d�: (35)

�ç¨âë¢ ï (2), íâ® à ¢¥áâ¢® ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

Dxk;n[q; w] =
1

[y0(xk;n; q; �n)]2

Z xk;n

0
w(�)y2(�; q; �n)d� �

� _y(xk;n; q; �n)H
_y0(�; q; �n) +H _y(�; q; �n)

1
y0(xk;n; q; �n)y0(�; q; �n)

Z �

0

w(�)y2(�; q; �n)d�:

�à¨ ¯¥à¥å®¤¥ ª ¯à¥¤¥«ã ¯à¨ h!1, H !1 ¨§ íâ®© ä®à¬ã«ë ¯®«ãç ¥¬ à¥§ã«ìâ â à ¡®âë [11],
¢ ª®â®à®© ¯®áç¨â  Dxk;n[q; w] ¯à¨ ªà ¥¢ëå ãá«®¢¨ïå ¯¥à¢®£® à®¤  U(0) = U(�) = 0.
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� «¥¥, ¯à®¤¨ää¥à¥æ¨àã¥¬ ãà ¢¥¨¥ (21) ¯® � (¯® � à¥è¥¨¥ § ¤ ç¨ �®è¨ (21){(23) ¥áâì
æ¥« ï äãªæ¨ï, á¬. [2]{[4]), ã¬®¦¨¬   y(x; q; �) ¨ ¯à®¨â¥£à¨àã¥¬ ¢ ¯à¥¤¥« å ®â x ¤® �.Z �

x

y
@y00

@�
d� +

Z �

x

y[�� q(�)]
@y

@�
d� +

Z �

x

y2d� = 0:

�®á«¥ ¤¢ãªà â®£® ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬ ¯¥à¢®£® ¨â¥£à «  ¯®«ãç ¥¬

y
@y0

@�
� y0

@y

@�

�����
x

+
Z �

x

fy00 + [�� q(�)]yg@y
@�
d� +

Z �

x

y2d� = 0: (36)

� ª ª ª y ¥áâì à¥è¥¨¥ ãà ¢¥¨ï (21), â® ¢â®à®© ¨â¥£à « ¢ (36) ¨áç¥§ ¥â. �®¤áâ ¢¨¬ x =
xk;n, � = �n ¢ ¯®«ãç¥®¥ â®¦¤¥áâ¢® (36). �ç¨âë¢ ï, çâ® y(x; q; �n) ¯à¥¢à â¨âáï ¢ á®¡áâ¢¥ãî
äãªæ¨î § ¤ ç¨ (1){(2) y(xk;n; q; �n), ¨§ ªà ¥¢ëå ãá«®¢¨© (2) ¯®«ãç¨¬

y(�; q; �n)[ _y0(�; q; �n) +H _y(�; q; �n)] + _y0(xk;n; q; �n) _y(xk;n; q; �n) +
Z �

xk;n

y2(�; q; �n)d� = 0:

�à¥®¡à §ã¥¬ (35)

Dxk;n[q; w] =
1

[y0(xk;n; q; �n)]2

Z xk;n

0

w(�)y2(�; q; �n)d� �

� _y(xk;n; q; �n)
y0(xk;n; q; �n)

1h
y0(xk;n; q; �n) _y(xk;n; q; �n) +

�R
xk;n

y2(�; q; �n)d�
i Z �

0
w(�)y2(�; q; �n)d� =

=
1

[y0(xk;n; q; �n)]2

Z �

0

w(�)y2(�; q; �n)�k;nd�; (37)

£¤¥

�k;n =

(
1� �k;n; ¥á«¨ � 2 [0; xk;n];

��k;n; ¥á«¨ � 2 (xk;n; �];
�k;n =

_y(xk;n; q; �n)y0(xk;n; q; �n)

_y(xk;n; q; �n)y0(xk;n; q; �n) +
�R

xk;n

y2(�; q; �n)d�
:

� ¬¥â¨¬, çâ® ¢ á¨«ã â¥®à¥¬ë ®¡ ®áæ¨««ïæ¨¨ [2] y0(xk;n; q; �n) _y(xk;n; q; �n) > 0 ¨
�R

xk;n

y2(�; q; �n)d� >

0, ¯®íâ®¬ã �k;n 2 (0; 1) ¤«ï «î¡ëå n 2 N ¨ 1 � k � n. � ç¥¨¥ �k;n ¥ § ¢¨á¨â ®â ¢ë¡®à 
¯à¨à é¥¨ï w 2 L[0; �]. �®¤áç¨â ¥¬ �k;n. �«ï íâ®£® ¯®«®¦¨¬ w � 1. �ç¥¢¨¤®, Dxk;n[q; 1] = 0
¤«ï ¢á¥å n 2 N ¨ 1 � k � n. �§ (37) ¯®«ãç ¥¬

(1� �k;n)
Z xk;n

0

y2(�; q; �n)d� � �k;n

Z �

xk;n

y2(�; q; �n)d� = 0 (38)

¨«¨

�k;n =
1

ky(�; q; �n)k2L2[0;�]

Z xk;n

0

y2(�; q; �n)d�:

�¥¯¥àì ä®à¬ã«ë (35) ¨«¨ (37) ¬®£ãâ ¡ëâì § ¯¨á ë ¢ ¢¨¤¥ (24).

� ¬¥ç ¨¥ 3. �§ â¥®à¥¬ë ® á¢ï§¨ ¬¥¦¤ã á« ¡®© ¨ á¨«ì®© ¤¨ää¥à¥æ¨àã¥¬®áâìî (á¬.,
 ¯à., [9], á. 484) á«¥¤ã¥â, çâ® ¤¨ää¥à¥æ¨ « � â® (24)   á ¬®¬ ¤¥«¥ ï¢«ï¥âáï ¯à®¨§¢®¤®©
�à¥è¥ äãªæ¨® «  xk;n[q].

�¥¬¬  3. � ª®© ¡ë áã¬¬¨àã¥¬ë© ¯®â¥æ¨ « q ¨ ¢§ïâì, ¤«ï ¢á¥å n 2 N ¨ k 2 N , 1 � k �
n, ¤¨ää¥à¥æ¨ « � â® äãªæ¨® «  xk;n[q] ¯à¨ ¯à¨à é¥¨¨

w =

(
1; ¥á«¨ x 2 [0; �

2
];

0; ¥á«¨ x 2 (�
2
; �]

(39)
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¡ã¤¥â ¯®«®¦¨â¥«¥, â. ¥. Dxk;n[q; w] > 0.

�®ª § â¥«ìáâ¢®. �á«¨ w � 1, â® ¢ á¨«ã â®£®, çâ® y2(x; q; �n) ¯®çâ¨ ¢áî¤ã ¯®«®¦¨â¥«ì   
[0; �] ¨ �k;n 2 (0; 1), ¨â¥£à « (37) à §¡¨¢ ¥âáï   ¤¢ :   ¨â¥à¢ «¥ (0; xk;n) ® ¯®«®¦¨â¥«¥,  
  (xk;n; �) ®âà¨æ â¥«¥. � á¨«ã (38) ª®áâ âë �k;n ®¡« ¤ îâ â¥¬ á¢®©áâ¢®¬, çâ® ¯®  ¡á®«îâ®©
¢¥«¨ç¨¥ íâ¨ ¤¢  ¨â¥£à «  à ¢ë. �á«¨ ¦¥ ¢ ª ç¥áâ¢¥ ¯à¨à é¥¨ï ¢§ïâì (39), â® ¤«ï ¢á¥å k =
1; n, n 2 N \¯®«®¦¨â¥«ì ï" ç áâì ¨â¥£à «  (37) ¡ã¤¥â áâà®£® ¡®«ìè¥  ¡á®«îâ®© ¢¥«¨ç¨ë
\®âà¨æ â¥«ì®©" ç áâ¨. �¤¥áì ¢ ¦ãî à®«ì ¨£à ¥â â®â ä ªâ, çâ® ¢á¥ ã«¨ xk;n, k = 1; n, n 2 N ,
«¥¦ â ¢ãâà¨ ¨â¥à¢ «  (0; �).

�¥¬¬  4. �«ï «î¡ëå h;H 2 R, ¯à®¨§¢®«ì®£® áã¬¬¨àã¥¬®£® ¯®â¥æ¨ «  q ¨ ¯®«®¦¨â¥«ì-

®£® " áãé¥áâ¢ã¥â ¬®¦¥áâ¢® T � [�"; "], ¬®é®áâ¨ ª®â¨ãã¬, â ª®¥, çâ® ¢á¥ á®¡áâ¢¥ë¥

äãªæ¨¨ § ¤ ç �âãà¬ {�¨ã¢¨««ï ¢¨¤  (1){(2) á ¯®â¥æ¨ « ¬¨ q ¨ q+ tw, £¤¥ t 2 T ,   w ®¯à¥-

¤¥«ï¥âáï à ¢¥áâ¢®¬ (39), ¥ ¨¬¥îâ ¨ ®¤®£® ®¡é¥£® ã«ï, â. ¥.

fx : yn(x; q; �n) = 0; n 2 Ng
\
fx : ym(x; q + tw; �m) = 0; m 2 Ng = ;:

�®ª § â¥«ìáâ¢®. �«ï ª ¦¤®£®  âãà «ì®£® n 2 N ¨ k = 1; n à áá¬®âà¨¬ äãªæ¨î
xk;n(t) = xk;n[q+ tw], £¤¥ w ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬ (39). �§ â¥®à¥¬ë 6 á«¥¤ã¥â ¤¨ää¥à¥æ¨àã-
¥¬®áâì ª ¦¤®© äãªæ¨¨ xk;n(t)   [�"; "]. �¥¬¬  3 £ à â¨àã¥â ¯®«®¦¨â¥«ì®áâì ¯à®¨§¢®¤®©
x0k;n(t) > 0 ¯à¨ t 2 [�"; "]. �«¥¤®¢ â¥«ì®, ª ¦¤ ï xk;n(t) ®áãé¥áâ¢«ï¥â ¢§ ¨¬® ®¤®§ ç®¥
®â®¡à ¦¥¨¥ [�"; "]   ¥ª®â®àë© ®âà¥§®ª Ik;n = [xk;n(�"); xk;n(")] � (0; �).

�¡®§ ç¨¬ ç¥à¥§ A ¬®¦¥áâ¢® ¢á¥å ã«¥© xk;n(0) ¢á¥å á®¡áâ¢¥ëå äãªæ¨© yn(x; q; �n) § -
¤ ç¨ (1){(2), k = 1; n, n 2 N . �® áç¥â®, A � (0; �). �ãáâì �k;n | ¬®¦¥áâ¢® â¥å t 2 [�"; "], ¤«ï
ª®â®àëå xk;n(t) 2 A. � á¨«ã ¡¨¥ªâ¨¢®áâ¨ xk;n(�) ª ¦¤®¥ �k;n áç¥â®, k = 1; n, n 2 N . �¥¯¥àì à á-
á¬®âà¨¬ ¬®¦¥áâ¢® ¢á¥å t 2 [�"; "], ¤«ï ª®â®àëå ¨ ®¤  á®¡áâ¢¥ ï äãªæ¨ï § ¤ ç¨ (1){(2) á
¯®â¥æ¨ «®¬ q + tw ¥ ¨¬¥¥â ¨ ®¤®£® ®¡é¥£® ã«ï ¨ á ®¤®© á®¡áâ¢¥®© äãªæ¨¥© § ¤ ç¨
(1){(2) á ¯®â¥æ¨ «®¬ q

T =
1\
n=1

n\
k=1

([�"; "] n �k;n) = [�"; "] n
1[
n=1

n[
k=1

�k;n:

�â® ¬®¦¥áâ¢® ¨¬¥¥â ¬®é®áâì ª®â¨ãã¬ ª ª à §®áâì ª®â¨ã «ì®£® ¨ áç¥â®£® ¬®-
¦¥áâ¢.

�¥®à¥¬  7. �á«¨ ¬®¦¥áâ¢  ã«¥© N = fxk;n; k = 1; n; n 2 Ng ¨ eN = fexk;n; k = 1; n; n 2
Ng ¤¢ãå § ¤ ç �âãà¬ {�¨ã¢¨««ï ¢¨¤  (1){(2) á ¯®â¥æ¨ « ¬¨ q ¨ eq, ª®áâ â ¬¨ h, H ¨eh, eH ¢ ªà ¥¢ëå ãá«®¢¨ïå á®®â¢¥âáâ¢¥® ¥ ¯¥à¥á¥ª îâáï, â. ¥. N

T eN = ;, â® áãé¥áâ¢ã-

¥â ¬®¦¥áâ¢® E, ¯«®â®¥ ¢ ®âà¥§ª¥ [0; �], â ª®¥, çâ® ¤«ï ª ¦¤®© â®çª¨ x0 2 E  ©¤¥âáï

¥¯à¥àë¢ ï   [0; �] äãªæ¨ï f , ¤«ï ª®â®à®© ¢ë¯®«ïîâáï á®®â®è¥¨ï

lim
n!1

jLSL
n (f; x)j =1; (40)

lim
n!1

jeLSL
n (f; x)� f(x)j = 0 à ¢®¬¥à® ¢ãâà¨ (0; �); (41)

£¤¥ LSL
n ¨ eLSL

n | ¯à®æ¥ááë � £à ¦ {�âãà¬ {�¨ã¢¨««ï (3), ¯®áâà®¥ë¥ ¯® á®¡áâ¢¥ë¬

äãªæ¨ï¬ Un(x) ¨ eUn(x) á®®â¢¥âáâ¢ãîé¨å § ¤ ç (1){(2).

�®ª § â¥«ìáâ¢®. �ã¤¥¬ ®¡®§ ç âì ç¥à¥§ Rn(f; [a; b]; ") ¨ eRn(f; [a; b]; ") ¢¥«¨ç¨ë, ¯®áâà®-
¥ë¥ ¯® ®¯à¥¤¥«¥¨î (12) á®®â¢¥âáâ¢ãîé¨å § ¤ ç (1){(2).

�§ ¯®á«¥¤®¢ â¥«ì®áâ¨  âãà «ìëå ç¨á¥« ¢ë¡¥à¥¬ â ªãî, çâ®¡ë

1X
i=1

1p
lnni

� C <1 (42)
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¨

LSL
nk

1X
i=k+1

1p
lnni

<
1
k
; k 2 N; (43)

£¤¥ LSL
nk

= LSL
nk
([0; �]) | ª®áâ âë �¥¡¥£  ¨â¥à¯®«ïæ¨®®£® ¯à®æ¥áá  � £à ¦ {�âãà¬ {

�¨ã¢¨««ï (3) (á¬. (15), (16)). �®§ì¬¥¬ ¯à®¨§¢®«ìë© ¨â¥à¢ « (a; b) � [0; �], ¨ 0 <  < 1,
0 � � < 1.

� ©¤¥¬ ®¬¥à j0,  ç¨ ï á ª®â®à®£® ¢ ä®à¬ã«¥ xk;nj =
2k�1
2nj

+O(n�2
j ) (10) ®áâ â®çë© ç«¥

¯® ¬®¤ã«î ¥ ¡ã¤¥â ¯à¥¢®áå®¤¨âì ��2 arccos 
4nj

= e
nj
. �®£¤  ¢ á¨«ã «¥¬¬ë 2 ¨ § ¬¥ç ¨ï 2  ©¤¥âáï

®¬¥à j1 � j0, n�j1(b�a) � 1 ¨ ®âà¥§®ª �k1;nj1 � (a; b), ¢ ª ¦¤®© â®çª¥ ª®â®à®£® ¡ã¤¥â ¢ë¯®«ïâìáï
¥à ¢¥áâ¢®

LSL
nj1
([a; b]; x) � C�

2
lnnj1 ; x 2 �k1;nj1 :

� á¨«ã ¢ë¡®à  j0, (10) ¨ ®¯à¥¤¥«¥¨ï �k;n (19)

min
1�k�nj1

�(xk;nj1 ; �k;nj1 ) �
e
nj1

:

�§ ¯®á«¥¤®¢ â¥«ì®áâ¨ fnjg1j=1 ¢ë¡¥à¥¬ ®¬¥à nj2 � nj1 â ª®©, çâ®¡ë n�j2 mes �k1;nj1 � 1.
�®£¤  ¢ á¨«ã § ¬¥ç ¨ï 2 ª «¥¬¬¥ 2  ©¤¥âáï ®âà¥§®ª �k2;nj2 � �k1;nj1 , ¢ ª ¦¤®© â®çª¥ ª®â®à®£®
¡ã¤¥â ¢ë¯®«ïâìáï ¥à ¢¥áâ¢®

LSL
nj2
(�k;nj1 ; x) �

C�

2
lnnj2 ; x 2 �k2;nj2 ;

¨, ªà®¬¥ â®£®,

min
k=1;nj2

�(xk;nj2 ; �k2;nj2 ) �
e
nj2

:

�à®¤®«¦ ï ¯à®æ¥áá ¥®£à ¨ç¥®, ¯®áâà®¨¬ ¯®á«¥¤®¢ â¥«ì®áâì ¢«®¦¥ëå ¤àã£ ¢ ¤àã£ 
®âà¥§ª®¢ �i;j ¨ ®¬¥à®¢ fni;jg1j=1 � fnig1n=1, ¤«ï ª®â®àëå ¢ë¯®«ï¥âáï ãá«®¢¨¥

n�ij mes �ij�1
� 1; 0 < � < 1; j = 1; 2; 3; : : : ;

(a; b) � �i1 � �i2 � � � � � �ij � � � �
¨ ¤«ï ¢á¥å x 2 �ij

LSL
nij
(�ij�1

; x) � C�

2
lnnij ; (44)

£¤¥ C� ¢ë¡¨à ¥âáï á ¯®¬®éìî â¥®à¥¬ë 5,    «î¡®¥ ¨§ (0; 1). �®¤¯®á«¥¤®¢ â¥«ì®áâ¨ fnijg1j=1

¨ f�ijg1j=1 ¢®¢ì ¡ã¤¥¬ ®¡®§ ç âì fnig1i=1 ¨ f�ig1i=1. �® â¥®à¥¬¥ � â®à   ©¤¥âáï â®çª  x0 2
1T
i=1

�i � (a; b), ¤«ï ª®â®à®© ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

LSL
ni
(�i�1; x0) � C�

2
lnni; i = 1; 2; 3; : : :

�®«®¦¨¬

'i(x) =

8>><>>:
1p
lnni

sign lSLk;ni(x0); x = xk;ni 2 �i�1;

0 ¯à¨ x = exk;n; 1 � k � n; n = 1; 2; : : : ; n2
i ;

«¨¥© ï ¯à¨ x 6= xk;ni ¨ ¯à¨ x 6= exk;n: (45)

� ª ª ª N
T eN = ;, â® ª ¦¤ ï äãªæ¨ï 'i ¯à¨ ¤«¥¦¨â ª« ááã �¨¯è¨æ  LipMi

1 ª ª «®-
¬  ï á ª®¥çë¬ ç¨á«®¬ §¢¥ì¥¢. �¥®à¥¬  4 ¨ á«¥¤áâ¢¨¥ ®¡¥á¯¥ç¨¢ îâ ¢®§¬®¦®áâì ¢ë¡®à 
¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨ fnikg1k=1 ¯®á«¥¤®¢ â¥«ì®áâ¨ fnig1i=1 â ª¨¬ ®¡à §®¬. �ãáâì ni1 = n1,  
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ª ¦¤ë© á«¥¤ãîé¨© ®¬¥à nik ¢ë¡¨à ¥¬  áâ®«ìª® ¡®«ìè¨¬, çâ®¡ë ®¤®¢à¥¬¥® ¢ë¯®«ï«¨áì
¥à ¢¥áâ¢  ����LSL

nik

� k�1X
l=1

'il ; x0

�
�

k�1X
l=1

'il(x0)
���� < 1

k
; (46)

���� eRn

� k�1X
l=1

'il ; [a
0; b0]; "

����� < 1
k

¤«ï ¢á¥å n � nik ; (47)

£¤¥ ®âà¥§®ª [a0; b0] ¨ ¯®«®¦¨â¥«ì®¥ ç¨á«® " ¢ë¡¨à îâáï â ª, çâ®¡ë

[a; b] � [a0 + "; b0 � "] � [a0; b0] � (0; �):

�®ª ¦¥¬, çâ® äãªæ¨ï

f(x) =
1X
k=1

'ik(x) (48)

¨ â®çª  x0 ã¤®¢«¥â¢®àïîâ á®®â®è¥¨ï¬ (40), (41). �® â¥®à¥¬¥ �¥©¥àèâà áá  ¨§ áå®¤¨¬®áâ¨
àï¤  (42) á«¥¤ã¥â ¥¯à¥àë¢®áâì äãªæ¨¨ f (48). � á¨«ã (44) ¨ (45)

LSL
nij
('ij ; x0) = LSL

nij
(�ij�1; x0) � C�

2
lnnij : (49)

�á¯®«ì§ãï á¢®©áâ¢® «¨¥©®áâ¨ ®¯¥à â®à  LSL
n (f; x), ¥à ¢¥áâ¢  (43), (46), (48) ¨ (49), ¯®«ãç¨¬

jLSL
nik
(f; x0)j � jLSL

nik
(f; x0)� f(x0)j � jf(x0)j � jLSL

nik
('ik ; x0)j �

�
����LSL

nik

� k�1X
l=1

'il ; x0

�
�

k�1X
l=1

'il(x0)
����� LSL

nik

 1X
l=k+1

'il

� 2jf(x0)j � C�

2
lnnik �

2
k
� C:

�® ¥áâì ¨¬¥¥â ¬¥áâ® ¥®£à ¨ç¥ ï à áå®¤¨¬®áâì ¨â¥à¯®«ïæ¨®®£® ¯à®æ¥áá  LSL
n (f; �) ¢ â®çª¥

x0 (40).
�áâ «®áì ¯à®¢¥à¨âì á®®â®è¥¨¥ (41). �®§ì¬¥¬ ¯à®¨§¢®«ì®¥  âãà «ì®¥ n. �ãáâì

nik � n < nik+1
; (50)

â®£¤ 

eRn(f; [a
0; b0]; ") = max

p1�p�p2

���� m2X0

m=m1

f(ex2m+1;n)� 2f(ex2m;n) + f(ex2m�1;n)
p� 2m

���� =
= max

p1�p�p2

���� m2X0

m=m1

1P
l=1

'il(ex2m+1;n)� 2'il(ex2m;n) + 'il(ex2m�1;n)

p� 2m

���� �

� max
p1�p�p2

���� m2X0

m=m1

k�1P
l=1

('il(ex2m+1;n)� 2'il(ex2m;n) + 'il(ex2m�1;n))

p� 2m

����+
+ max

p1�p�p2

���� m2X0

m=m1

'il(ex2m+1;n)� 2'il(ex2m;n) + 'il(ex2m�1;n)
p� 2m

����+

+ max
p1�p�p2

���� m2X0

m=m1

1P
l=k+1

('il(ex2m+1;n)� 2'il(ex2m;n) + 'il(ex2m�1;n))

p� 2m

���� = P1 + P2 + P3:

(51)
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�æ¥ª  P1 á«¥¤ã¥â ¨§ ¢ë¡®à  nik (47)

P1 = eRn

� k�1X
l=1

'il ; [a
0; b0]; "

�
� 1
k
: (52)

� á¨«ã â®£®, çâ® ¤«ï «î¡®£®  âãà «ì®£® nik+1
� n2

ik+1
, ¨§ ¯®áâà®¥¨ï äãªæ¨© 'i(x) (45)

á«¥¤ã¥â

P3 = 0: (53)

�¥à¥©¤¥¬ ª ®æ¥ª¥ P2. �®§¬®¦ë ¤¢  á«ãç ï: n2
ik
� nik+1

¨ n2
ik
< nik+1

. � ¯¥à¢®¬ á«ãç ¥ ¨§
¥à ¢¥áâ¢ (50) ¨ ®¯à¥¤¥«¥¨ï äãªæ¨© 'i(x) (45) ¯®«ãç ¥¬

P2 = 0; (54)

¢® ¢â®à®¬ á«ãç ¥ ¯à¨ n � n2
ik
â ª¦¥ á¯à ¢¥¤«¨¢® à ¢¥áâ¢® (54). �ãáâì

n2
ik
< n < nik+1

: (55)

�ë ®¯à¥¤¥«¨«¨ äãªæ¨î 'i ¢ (45) â ª, çâ® ¥¥ £à ä¨ª ¥áâì «®¬  ï á ª®¥çë¬ ç¨á«®¬
§¢¥ì¥¢. �à¨ç¥¬ ¢ á¨«ã (10) ¨ (45) ®á¨â¥«ì supp'ik ,  ç¨ ï á ¥ª®â®à®£® nik , á®¤¥à¦¨âáï ¢
®¡ê¥¤¨¥¨¨ ¥¯¥à¥á¥ª îé¨åáï ®âà¥§ª®¢ dj;nik ¤«¨ë

2�
n2
ik

, ª ¦¤®¬ã ¨§ ª®â®àëå ¯à¨ ¤«¥¦¨â j-©

ã«ì äãªæ¨¨ Unik
(xj;nik 2 dj;nik ). �®íâ®¬ã ¢ á¨«ã (10) ¤«ï ¤®áâ â®ç® ¡®«ìè¨å nik ¬¨¨¬ «ì®¥

à ááâ®ï¨¥ ¬¥¦¤ã ®âà¥§ª ¬¨ dj , nik ¡ã¤¥â ã¤®¢«¥â¢®àïâì ¥à ¢¥áâ¢ã

min
j=1;nik�1

�(dj+1;nik
; dj;nik ) � min

j=1;nik�1

����xj+1;nik
� xj;nik �

4�
n2
ik

���� � �

2nik
: (56)

�æ¥¨¬ á¨§ã r(n; k) | ª®«¨ç¥áâ¢® â®ç¥ª ex2m;n â ª¨å, çâ® ex2m+1;n, ex2m;n ¨ ex2m�1;n «¥¦ â
¬¥¦¤ã ®âà¥§ª ¬¨ dj+1;nik

¨ dj;nik , j 2 [1; nik ]. �§ (10), (55) ¨ (56) á«¥¤ã¥â

r(n; k) � �

2nik
:
3�
n

=
n

6nik
: (57)

�áâ «®áì § ¬¥â¨âì, çâ® ¢ á¨«ã «¨¥©®áâ¨ äãªæ¨¨ 'ik (45) ¬¥¦¤ã â®çª ¬¨ xk;ni ¨ exl;p,
p = 1; n2

i , áã¬¬  ¢ P2 á®áâ®¨â ¨§ ¥ ¡®«¥¥ ç¥¬ [nil
2
] £àã¯¯ ®â«¨çëå ®â ã«ï á« £ ¥¬ëå. � ª ¦¤®©

£àã¯¯¥ ¬®¦¥â ¡ëâì ¥ ¡®«¥¥ âà¥å á« £ ¥¬ëå. �¥¦¤ã «î¡ë¬¨ ¤¢ã¬ï â ª¨¬¨ £àã¯¯ ¬¨ ¨¤¥ªá
áã¬¬¨à®¢ ¨ï m ¢ P2 ¯à®¡¥£ ¥â ¥ ¬¥¥¥ r(n; k) ã«¥¢ëå á« £ ¥¬ëå. �®íâ®¬ã (45), (51), (55) ¨
(57) ®¡¥á¯¥ç¨¢ îâ ®æ¥ªã

P2 � 4p
lnnik

3
6nik
n

2
[
nik
2 ]X

s=1

1
s
� Cnik

p
lnnik

n
� C

p
lnnik
nik

:

�âáî¤ , (51){(54) ¨ â¥®à¥¬ë 4 ¢ á¨«ã ¯à®¨§¢®«ì®áâ¨ ¢ë¡®à  k ¨ â®£®, çâ® nik!1, á«¥¤ã¥â
à ¢®¬¥à ï áå®¤¨¬®áâì ¨â¥à¯®«ïæ¨®®£® ¯à®æ¥áá  eLSL

n (f; x) ª äãªæ¨¨ f ¢ãâà¨ ®âà¥§ª 
[a0; b0].

�¥¬¬  5. �«ï «î¡®£® ¯®«®¦¨â¥«ì®£® " áãé¥áâ¢ã¥â â ª®¥ H, 0 < jH � eHj < ", çâ®

á®¡áâ¢¥ë¥ äãªæ¨¨ § ¤ ç �âãà¬ {�¨ã¢¨««ï

U 00 + �U = 0;

U 0(0) = 0;

U 0(�) +HU(�) = 0

(58)
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¨ eU 00 + � eU = 0;eU 0(0) = 0;eU 0(�) + eH eU(�) = 0

(59)

¥ ¨¬¥îâ ¨ ®¤®£® ®¡é¥£® ã«ï, â. ¥. xk;n 6= exl;m ¯à¨ ¢á¥å k 2 [1; n], l 2 [1;m], n;m; k; l 2 N .

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ ç¥à¥§ Sn =
p
�n, £¤¥ �n | n-¥ á®¡áâ¢¥®¥ § ç¥¨¥ § ¤ ç¨

(58). �§¢¥áâ® [2]{[5], çâ® Sn � 0, ¯à¨ç¥¬ ã«¥¢®¥ á®¡áâ¢¥®¥ § ç¥¨¥ § ¤ ç  (58) ¨¬¥¥â â®«ìª®
¢ á«ãç ¥ H = 0, ¨ á®®â¢¥âáâ¢ã¥â ®® ª®áâ â¥: U0 = const. �§ ®¡é¥© â¥®à¨¨ á®¡áâ¢¥ëå
äãªæ¨© ¨ á®¡áâ¢¥ëå § ç¥¨© «¨¥©ëå ¤¨ää¥à¥æ¨ «ìëå ®¯¥à â®à®¢ [2]{[5] ¨§¢¥áâ®, çâ®
á®¡áâ¢¥ë¥ § ç¥¨ï § ¤ ç¨ (58) áãâì ª¢ ¤à âë ª®à¥© ãà ¢¥¨ï

H = Sn tg Sn�;

  á®¡áâ¢¥ë¥ äãªæ¨¨ |

Un(x) = cosSnx: (60)

� áá¬®âà¨¬ á¨áâ¥¬ã äãªæ¨© Hn(Sn) = Sn tg Sn�. � ¦¤ ï ¨§ Hn ®áãé¥áâ¢«ï¥â ¢§ ¨¬® ®¤®-
§ ç®¥ ®â®¡à ¦¥¨¥ á¥£¬¥â  (n� 1

2
; n+ 1

2
)   R. �«¥¤®¢ â¥«ì®, ¤«ï ª ¦¤®£® n 2 N áãé¥áâ¢ã¥â

®¡à â ï äãªæ¨ï Sn(H), áâ ¢ïé ï ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®¬ãH n-¥ á®¡áâ¢¥®¥ § ç¥¨¥ § ¤ ç¨
(58). �ë¤¥«¨¬ ®â¤¥«ì® á«ãç © H = eH. �¡®§ ç¨¬ eUm = cos eSmx m-î á®¡áâ¢¥ãî äãªæ¨î
§ ¤ ç¨ (59). �§ (60) ¢¨¤®, çâ® ã«¨ xk;n ¨ exl;m á®¢¯ ¤ îâ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

2k � 1
2Sn

� =
2l � 1

2 eSm �:

� ª¨¬ ®¡à §®¬, ¤«ï â®£® çâ®¡ë ã«ì exl;m äãªæ¨¨ eUm á®¢¯ ¤ « á k-¬ ã«¥¬ äãªæ¨¨ Un,
¥®¡å®¤¨¬® ¨ ¤®áâ â®ç® ¢ë¯®«¥¨¥ ¤¢ãå ãá«®¢¨©:

n� 1
2
<
Sm(2k � 1)
(2l � 1)

< n+
1
2

¨

H = Hn

�
Sm(2k � 1)
(2l � 1)

�
:

�¡®§ ç¨¬ ç¥à¥§ Q =
1S
n=1

S
k;l;m:n� 1

2<
Sm(2k�1)
(2l�1)

<n+ 1
2

Hn(
Sm(2k�1)

(2l�1)
), â. ¥. ¬®¦¥áâ¢® § ç¥¨© H, ¯à¨

ª®â®àëå á®¡áâ¢¥ë¥ äãªæ¨¨ § ¤ ç (58) ¨ (59) ¨¬¥îâ å®âï ¡ë ®¤¨ ®¡é¨© ã«ì. Q ¥ ¡®«¥¥
ç¥¬ áç¥â® ª ª áç¥â®¥ ®¡ê¥¤¨¥¨¥ ¥ ¡®«¥¥ ç¥¬ áç¥âëå ¬®¦¥áâ¢. �«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â
ª®â¨ãã¬ â®ç¥ª H 2 ( eH� "; eH+ ")nQ â ª¨å, çâ® ¨ ®¤  ¨§ á®¡áâ¢¥ëå äãªæ¨© § ¤ ç¨ (58)
¥ ¨¬¥¥â ®¡é¨å ã«¥© ¨ á ®¤®© á®¡áâ¢¥®© äãªæ¨¥© § ¤ ç¨ (59).

�¥¯¥àì ¬®¦® «¥£ª® ¤®ª § âì ¯¥à¢ë¥ âà¨ â¥®à¥¬ë.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 á«¥¤ã¥â ¨§ â¥®à¥¬ë 7 ¨ «¥¬¬ë 4.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2 ®¯¨à ¥âáï   â¥®à¥¬ã 7 ¨ «¥¬¬ã 5. �áâ «®áì â®«ìª® § ¬¥â¨âì,
çâ® ¤®ª § â¥«ìáâ¢® áãé¥áâ¢®¢ ¨ï ª®áâ âë eh á¢®¤¨âáï ª à áá¬®âà¥®¬ã á«ãç î ¯à¥®¡à §®-
¢ ¨¥¬ y = � � x.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3 á«¥¤ã¥â ¨§ â¥®à¥¬ë 7, ãâ¢¥à¦¤¥¨ï «¥¬¬ë 5 ¯à¨ ãá«®¢¨¨ eH = 0
¨ § ¬¥ç ¨ï 1.
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