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�¤¥áì ¨áá«¥¤ãîâáï ãá«®¢¨ï, ¯à¨ ª®â®àëå áãé¥áâ¢ã¥â ¯à¨æ¨¯¨ «ì ï ¢®§¬®¦®áâì ¯®áâà®-
¥¨ï ã¯à ¢«¥¨ï, á®§¤ îé¥£® \å®à®è¥¥ ®ªàã¦¥¨¥" âà¨¢¨ «ì®¬ã à¥è¥¨î ãà ¢¥¨ï

_x = v0(t; x) + u1v1(t; x) + � � �+ urvr(t; x); (t; x) 2 R
1+n ; (1)

£¤¥ u := (u1; : : : ; ur) 2 U , 0 2 U . �ãáâì,  ¯à¨¬¥à, âà¥¡ã¥âáï ¯®áâà®¨âì â ª®¥ ã¯à ¢«¥¨¥ u(t) 2 U ,
çâ® ãà ¢¥¨¥ (1) áâàãªâãà® ãáâ®©ç¨¢® (¢ ®ªà¥áâ®áâ¨ ã«ï). �ª §ë¢ ¥âáï, çâ® íâ  § ¤ ç 
à §à¥è¨¬ , ¥á«¨ «¨¥©®¥ ãà ¢¥¨¥

_x = A0(t)x+ u1A1(t)x+ � � �+ urAr(t)x; (t; x) 2 R
1+n ; (2)

£¤¥ Ai(t) = @vi(t; 0)=@x, à ¢®¬¥à® «®ª «ì® ¤®áâ¨¦¨¬® ¨«¨ à ¢®¬¥à® á®£« á®¢ ® (á¬.
¨¦¥ â¥®à¥¬ã 1 ¨ á«¥¤áâ¢¨¥ 1). �®ª § ® â ª¦¥, çâ® á¢®©áâ¢  à ¢®¬¥à®© ¤®áâ¨¦¨¬®áâ¨ ¨
á®£« á®¢ ®áâ¨ â¥á® á¢ï§ ë á â ª  §ë¢ ¥¬ë¬ \¬¥â®¤®¬ ¯®¢®à®â®¢" �.�.�¨««¨®é¨ª®¢ ,
¯à¨¬¥ï¢è¨¬áï ¯à¨ ¨áá«¥¤®¢ ¨¨ ¯®¢¥¤¥¨ï ¯®ª § â¥«¥© �ï¯ã®¢  ¯à¨ ¬ «ëå ¢®§¬ãé¥¨ïå
¯ à ¬¥âà®¢ ãà ¢¥¨ï.

1. �¡®§ ç¥¨ï ¨ ®¯à¥¤¥«¥¨ï

�ãáâì R
n | ¥¢ª«¨¤®¢® ¯à®áâà áâ¢® à §¬¥à®áâ¨ n, jxj = p

x�x | ®à¬  ¢ R
n (� | ®¯¥à -

æ¨ï âà á¯®¨à®¢ ¨ï). �á«¨ ¥ ®£®¢®à¥® ¤àã£®¥, ¢¥ªâ®àë-áâ®«¡æë ®¡®§ ç îâáï « â¨áª¨¬¨
¡ãª¢ ¬¨, ¢¥ªâ®àë-áâà®ª¨ | £à¥ç¥áª¨¬¨ (â ª¨¬ ®¡à §®¬, § ¯¨áì �x ®§ ç ¥â áª «ïà®¥ ¯à®¨§-
¢¥¤¥¨¥ ¢¥ªâ®à®¢ � ¨ x); On

" (x) = fy 2 R
n : jy � xj � "g, On

" = On
" (0), S

n�1 = fx 2 R
n : jxj = 1g.

�«ï ¯à®¨§¢®«ì®£® ¬®¦¥áâ¢  D � R
n ç¥à¥§ D ®¡®§ ç¨¬ § ¬ëª ¨¥, intD | ¢ãâà¥®áâì,

On
" (D) | "-®ªà¥áâ®áâì, � ! c(�;D) | ®¯®àãî äãªæ¨î ([1], £«. 2, x 12) ¬®¦¥áâ¢  D.
�à®áâà áâ¢® Mn;m «¨¥©ëå ®¯¥à â®à®¢ ¨§ Rm ¢ R

n ¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì á ¯à®áâà áâ¢®¬
¬ âà¨æ à §¬¥à®áâ¨ n �m (¥á«¨ n = m, â® ¯¨è¥¬ Mn); jAj = maxfjAxj : jxj = 1g | ®à¬  ¢
Mn;m. �«ï Q 2Mn;m ®¡®§ ç¨¬ B"(Q) = fH 2Mn;m : jH �Qj � "g, B" = B"(0) (¨¤¥ªáë m ¨ n ¢
®¡®§ ç¥¨¨ B"(Q) ®¯ãáª ¥¬, ¥á«¨ ïá®, ® ª ª®¬ ¯à®áâà áâ¢¥ ¨¤¥â à¥çì).

�¢¥¤¥¬ â®¯®«®£¨ç¥áªãî ¤¨ ¬¨ç¥áªãî á¨áâ¥¬ã (
; f t) (
 | ¯®«®¥ ¬¥âà¨ç¥áª®¥ á¥¯ à ¡¥«ì-
®¥ ¯à®áâà áâ¢®, f t | ¯®â®ª   
, â. ¥. ®¤®¯ à ¬¥âà¨ç¥áª ï £àã¯¯  ¯à¥®¡à §®¢ ¨© 
 ¢ á¥¡ï,
¥¯à¥àë¢ ï ¯® (t; !) 2 R � 
). �¡®§ ç¨¬ ç¥à¥§ (!) âà ¥ªâ®à¨î ¤¢¨¦¥¨ï t ! f t!, +(!)
| ¯®«®¦¨â¥«ìãî ¯®«ãâà ¥ªâ®à¨î, (!) | § ¬ëª ¨¥ (!) ¢ ¬¥âà¨ª¥ ¯à®áâà áâ¢  
. � -
¯®¬¨¬, çâ® ¬®¦¥áâ¢® E � 
  §ë¢ ¥âáï ¨¢ à¨ âë¬, ¥á«¨ f tE � E ¯à¨ ¢á¥å t 2 R, ¨ E
 §ë¢ ¥âáï ¬¨¨¬ «ìë¬, ¥á«¨ ®® ¨¢ à¨ â®, ª®¬¯ ªâ® ¨ (!) = E ¤«ï ª ¦¤®£® ! 2 E.
�á«¨ E ¬¨¨¬ «ì®, â® ¤«ï ª ¦¤®£® ! 2 E ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® (!) = +(!). �â¬¥â¨¬, çâ®
¢áïª®¥ ª®¬¯ ªâ®¥ ¨¢ à¨ â®¥ ¬®¦¥áâ¢® E ¢ 
 á®¤¥à¦¨â ¯® ªà ©¥© ¬¥à¥ ®¤® ¬¨¨¬ «ì-
®¥ ¯®¤¬®¦¥áâ¢®; ¤ «¥¥, ¥á«¨ +(!) ª®¬¯ ªâ®, â® ®¬¥£ -¯à¥¤¥«ì®¥ ¬®¦¥áâ¢® L

+(!) â®çª¨ !

� ¡®â  ¯®¤¤¥à¦   �®áá¨©áª¨¬ ä®¤®¬ äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨© (£à â 97{01{00413) ¨ ª®-
ªãàáë¬ æ¥âà®¬ �¤¬ãàâáª®£® £®áã¨¢¥àá¨â¥â  (£à â 97{04).
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¥¯ãáâ® (¯à¨ íâ®¬ L+(!) ¨¢ à¨ â® ¨ ª®¬¯ ªâ®), ¨ ¤«ï ¢áïª®£® ª®¬¯ ªâ®£® E ®¯à¥¤¥«¥ 
§®  ¯à¨âï¦¥¨ï W s(E) := f! 2 
 : L+(!) � Eg ¬®¦¥áâ¢  E.

� ¦¤®© ¯ à¥ (A ; !), £¤¥ A
:= (A0; A1; : : : ; Ar) : 
 ! Mn;m, m = n(r + 1), ¨ ¢¥ªâ®àã u =

(u1; : : : ; ur) ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ãà ¢¥¨¥

_x = A0(f t!)x+ u1A1(f t!)x+ � � �+ urAr(f t!)x; x 2 R
n : (3)

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¤«ï ª ¦¤®£® !0 2 
 äãªæ¨ï t ! jA (f t!0)j ¨§¬¥à¨¬  ¯® �¥¡¥£ã,
®£à ¨ç¥    R ¨ ¤«ï «î¡ëå " > 0 ¨ N > 0  ©¤¥âáï � > 0 â ª®¥, çâ® ¢ë¯®«¥® ¥à ¢¥áâ¢®

max
jtj�N

t+1R
t

jA (f s!)�A (f s!0)jds < ", ª ª â®«ìª® �(!; !0) < � (�| ¬¥âà¨ª  ¢ 
). �à ¢¥¨¥ (3) ¡ã¤¥¬

®â®¦¤¥áâ¢«ïâì á ¯ à®© (A ; !).
�ãáâì § ¤ ® ¯à®¨§¢®«ì®¥ ¬®¦¥áâ¢® U � R

r â ª®¥, çâ® 0 2 U ; ¬®¦¥áâ¢® U , á®áâ®ïé¥¥
¨§ ¢á¥å ¨§¬¥à¨¬ëå äãªæ¨© u : R ! U , ¡ã¤¥¬  §ë¢ âì ¬®¦¥áâ¢®¬ ¤®¯ãáâ¨¬ëå ã¯à ¢«¥¨©.
� ä¨ªá¨àã¥¬ ãà ¢¥¨¥ (A ; !). �ãáâì Xu(t; s; !) | äãªæ¨ï �®è¨ ãà ¢¥¨ï (3) ¯à¨ ä¨ªá¨-
à®¢ ®¬ ã¯à ¢«¥¨¨ u = u(t; !). �â¬¥â¨¬, çâ® äãªæ¨ï ! ! Xu(t; s; !) ¥¯à¥àë¢  ¢ ª ¦¤®©
â®çª¥ !0 2 
 à ¢®¬¥à® ®â®á¨â¥«ì® (t; s)   «î¡®¬ ª®¬¯ ªâ¥ ¢ R

2 ¨, ¥á«¨ ã¯à ¢«¥¨¥ áâ æ¨-
® à® ®â®á¨â¥«ì® ¯®â®ª , â. ¥. u(t; !) = u(f t!), â® Xu(t+ �; s+ �; !) = Xu(t; s; f �!).

�«ï «î¡®£® # > 0 ¯®áâà®¨¬ ¬®¦¥áâ¢® ¤®áâ¨¦¨¬®áâ¨

D#(!) = fX 2Mn : X = Xu(#; 0; !); u(�) 2 Ug
ãà ¢¥¨ï (3) ¢ ¯à®áâà áâ¢¥ ¬ âà¨æ Mn ¨§ ¥¤¨¨ç®© ¬ âà¨æë ¨ ¬®¦¥áâ¢®

B"(I)X0(#; 0; !) = fX 2Mn : X = HX0(#; 0; !); H 2 B"(I)g;
£¤¥ I | ¥¤¨¨ç ï ¬ âà¨æ .

�¥¬¬  1. �¬¥îâ ¬¥áâ® ¢ª«îç¥¨ï

B�1(X0(#; 0; !)) � B"(I)X0(#; 0; !) � B�2(X0(#; 0; !)); (4)

£¤¥ �1 = "=jX0(0; #; !)j, �2 = "jX0(#; 0; !)j.

�®ª § â¥«ìáâ¢®. �ãáâì H = I +G, â®£¤ 

B"(I)X0(#; 0; !) = X0(#; 0; !) + B"X0(#; 0; !);

£¤¥ B"X0(#; 0; !) = fX 2Mn : X = GX0(#; 0; !); jGj � "g. �®íâ®¬ã ¢ª«îç¥¨ï (4) íª¢¨¢ «¥âë
¢ª«îç¥¨ï¬ B�1 � B"X0(#; 0; !) � B�2 . �á«¨ A 2 B", â® jAX0(#; 0; !)j � "jX0(#; 0; !)j = �2, ®âªã¤ 
á«¥¤ã¥â ¢â®à®¥ ¢ª«îç¥¨¥. �á«¨ jAj � �1, â® jAX0(0; #; !)j � ", ¯®íâ®¬ã

A = AX0(0; #; !)X0(#; 0; !) 2 B"(I)X0(#; 0; !);

®âªã¤  á«¥¤ã¥â ¯¥à¢®¥ ¢ª«îç¥¨¥.

�¯à¥¤¥«¥¨¥ 1. �à ¢¥¨¥ (3)  §ë¢ ¥âáï

 ) «®ª «ì® ¤®áâ¨¦¨¬ë¬, ¥á«¨  ©¤ãâáï # > 0 ¨ " > 0 â ª¨¥, çâ® ¢ë¯®«¥® ¢ª«îç¥¨¥

B"(I)X0(#; 0; !) � D#(!);

¡) à ¢®¬¥à® «®ª «ì® ¤®áâ¨¦¨¬ë¬, ¥á«¨  ©¤ãâáï # > 0 ¨ " > 0 â ª¨¥, çâ® ¤«ï ¢á¥å
!0 2 (!) ¨¬¥¥â ¬¥áâ® ¢ª«îç¥¨¥

B"(I)X0(#; 0; !0) � D#(!0):

46



�¥¬¬  2. �à ¢¥¨¥ (3) «®ª «ì® ¤®áâ¨¦¨¬® ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ áãé¥áâ¢ã-

îâ â ª¨¥ # > 0 ¨ " > 0, çâ®  ©¤¥âáï ã¯à ¢«¥¨¥ (t;H)! u(t;H), ®¯à¥¤¥«¥®¥   [0; #]�B"(I)
¨ ®¡¥á¯¥ç¨¢ îé¥¥ à ¢¥áâ¢®

Xu(#; 0; !) = HX0(#; 0; !): (5)

�à ¢¥¨¥ (3) à ¢®¬¥à® «®ª «ì® ¤®áâ¨¦¨¬® ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ áãé¥áâ¢ãîâ

â ª¨¥ # > 0 ¨ " > 0, çâ® ¤«ï «î¡®© ¥¯à¥àë¢®© äãªæ¨¨ H : (!)! B"(I)  ©¤¥âáï ã¯à ¢«¥¨¥
(t; !0)! u(t; !0), ®¯à¥¤¥«¥®¥   [0; #]� (!) ¨ ®¡¥á¯¥ç¨¢ îé¥¥ à ¢¥áâ¢®

Xu(#; 0; !0) = H(!0)X0(#; 0; !0): (6)

�®ª § â¥«ìáâ¢®. �ãáâì ¯à¨ u = u(t;H) ¢ë¯®«¥® à ¢¥áâ¢® (5); â®£¤  ¤«ï ¢á¥å H 2 B"(I)
¨¬¥¥¬ HX0(#; 0; !) 2 D#(!), á«¥¤®¢ â¥«ì®, ãà ¢¥¨¥ (3) «®ª «ì® ¤®áâ¨¦¨¬®.

�ç¥¢¨¤®, çâ® ¨§ à ¢®¬¥à®© «®ª «ì®© ¤®áâ¨¦¨¬®áâ¨ á«¥¤ã¥â (6). �ãáâì ¤«ï ¢áïª®©
¥¯à¥àë¢®© H(!0) ¢ë¯®«¥® à ¢¥áâ¢® (6). �á«¨  ©¤¥âáï H0 2 B"(I) â ª ï, çâ® ¬ âà¨æ 
H0X0(#; 0; !0) ¥ á®¤¥à¦¨âáï ¢ D#(!0), â® ¤«ï äãªæ¨¨ H(!0) � H0 ¨ «î¡®£® ¤®¯ãáâ¨¬®£® ã¯à -
¢«¥¨ï à ¢¥áâ¢® (6) ¥ ¢ë¯®«¥®.

� ¬¥ç ¨¥ 1. � «¨ç¨¥ á¢®©áâ¢  «®ª «ì®© ¨«¨ à ¢®¬¥à®© «®ª «ì®© ¤®áâ¨¦¨¬®áâ¨
¯à¥¤®áâ ¢«ï¥â ¢®§¬®¦®áâì (¢ á¨«ã (5) ¨«¨ (6)) \¥¬®£® ¯®¢®à ç¨¢ âì" äãªæ¨î �®è¨ ãà ¢-
¥¨ï (3) á ¯®¬®éìî ¯®¤å®¤ïé¥£® ã¯à ¢«¥¨ï (¨ â¥¬ á ¬ë¬ ¢«¨ïâì   ¯®¢¥¤¥¨¥ à¥è¥¨©).
�¥ ¢áïª®¥ ãà ¢¥¨¥ ®¡« ¤ ¥â íâ¨¬ á¢®©áâ¢®¬, ® ®ç¥¢¨¤®, çâ® ãà ¢¥¨¥ _x = A(t)x + U(t)x,
£¤¥ ¬ âà¨æ  A(t) ®£à ¨ç¥ ,   í«¥¬¥âë ¬ âà¨æë U(t) ¨â¥à¯à¥â¨àãîâáï ª ª ã¯à ¢«ïîé¨¥
äãªæ¨¨ (jU(t)j � "), à ¢®¬¥à® «®ª «ì® ¤®áâ¨¦¨¬®. � ª¨¬ ®¡à §®¬, ¢ë¯®«¥® (6) ¨ íâ® ®¡-
áâ®ïâ¥«ìáâ¢® ¯®§¢®«¨«® �.�.�¨««¨®é¨ª®¢ã [2], [3],   ¢á«¥¤ §  ¨¬ ¨ ¤àã£¨¬ ¨áá«¥¤®¢ â¥«ï¬
[4], ¯®áâà®¨âì á®¢à¥¬¥ãî â¥®à¨î ¯®ª § â¥«¥© �ï¯ã®¢ . � ¬ ¦¥ ¬¥â®¤ \¯®¢®à®â®¢" ¯®«ãç¨«
 §¢ ¨¥ ¬¥â®¤  ¯®¢®à®â®¢ �¨««¨®é¨ª®¢ .

�® ãà ¢¥¨î (A ; !) ¯®áâà®¨¬ ¬ âà¨ç®¥ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥

_Z = A0(f t!)Z +
�
u1A1(f t!) + � � �+ urAr(f t!)

�
X0(t; 0; !) (7)

®â®á¨â¥«ì® Z 2Mn. �¡®§ ç¨¬ ç¥à¥§ L#(!) ¬®¦¥áâ¢® ¤®áâ¨¦¨¬®áâ¨ ãà ¢¥¨ï (7) ¨§ ã«ï
§  ¢à¥¬ï # ¯®¤ ¤¥©áâ¢¨¥¬ ã¯à ¢«¥¨© u : [0; #]! R

r . � ª¨¬ ®¡à §®¬, G 2 L#(!) ¢ â®¬ ¨ â®«ìª®
â®¬ á«ãç ¥, ¥á«¨  ©¤¥âáï uG : [0; #]! R

r , çâ® ãà ¢¥¨¥ (7) ¯à¨ u = uG(t) ¨¬¥¥â à¥è¥¨¥ Z(t),
ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬ Z(0) = 0, Z(#) = G. � á¨«ã «¨¥©®áâ¨ ãà ¢¥¨ï (7) ¬®¦¥áâ¢®
L#(!) ï¢«ï¥âáï «¨¥©ë¬ ¯®¤¯à®áâà áâ¢®¬ ¢ Mn.

�¯à¥¤¥«¥¨¥ 2. �à ¢¥¨¥ (A ; !)  §ë¢ ¥âáï á®£« á®¢ ë¬, ¥á«¨  ©¤¥âáï # > 0 â ª®¥,
çâ® L#(!) = Mn, ¨ à ¢®¬¥à® á®£« á®¢ ë¬, ¥á«¨  ©¤ãâáï # > 0 ¨ � > 0 â ª¨¥, çâ® ¤«ï
¢á¥å !0 2 (!) ¬®¦¥áâ¢® L#(!0) á®¢¯ ¤ ¥â á Mn, ¨ ¢ë¯®«¥® ¥à ¢¥áâ¢® juG(t; !0)j � �jGj,
0 � t � # (§¤¥áì uG(t; !0) | ã¯à ¢«¥¨¥, ¯¥à¥¢®¤ïé¥¥ à¥è¥¨¥ ãà ¢¥¨ï (7) ¯à¨ ! = !0 ¨§ ã«ï
¢ â®çªã G ¢ ¬®¬¥â t = #).

� ¬¥ç ¨¥ 2. �¥¯®áà¥¤áâ¢¥® ¨§ ®¯à¥¤¥«¥¨ï á«¥¤ã¥â, çâ® ¥á«¨ ãà ¢¥¨¥ (A ; !) á®£« á®-
¢ ® (à ¢®¬¥à® á®£« á®¢ ®), â® ¤«ï «î¡®£® � 2 R+ (� 2 R) ãà ¢¥¨¥ (A ; f��!) á®£« á®-
¢ ® (à ¢®¬¥à® á®£« á®¢ ®).

� ¬¥ç ¨¥ 3. �¯à¥¤¥«¥¨ï á®£« á®¢ ®áâ¨ ¨ à ¢®¬¥à®© á®£« á®¢ ®áâ¨ ¢¢¥¤¥ë ¢ [5]
¤«ï á¨áâ¥¬ë _x = (A(f t!) + B(f t!)UC�(f t!))x (í«¥¬¥âë ¬ âà¨æë U ¨â¥à¯à¥â¨àãîâáï ª ª
ã¯à ¢«ïîé¨¥ äãªæ¨¨) ¢ á¢ï§¨ á § ¤ ç ¬¨ ã¯à ¢«¥¨ï ¯®ª § â¥«ï¬¨ �ï¯ã®¢  ¨ ¨§ãç «¨áì ¢
[6]{[8] (á¬. ¡¨¡«¨®£à ä¨î ¢ [8]).
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2. � ¢®¬¥à ï «®ª «ì ï ¤®áâ¨¦¨¬®áâì

�á®¢®¥ á¢®©áâ¢® à ¢®¬¥à® «®ª «ì® ¤®áâ¨¦¨¬ëå ãà ¢¥¨© á®¤¥à¦¨âáï ¢ ä®à¬ã«¨-
àã¥¬®© ¨¦¥ â¥®à¥¬¥ 1. �â  â¥®à¥¬  ãâ¢¥à¦¤ ¥â, çâ® ¯à¨  ¤«¥¦ é¥¬ ¢ë¡®à¥ ¤®¯ãáâ¨¬®£®
ã¯à ¢«¥¨ï ¢á¥ à¥è¥¨ï ãà ¢¥¨ï (3) ¢¥¤ãâ á¥¡ï ¯®¤®¡® à¥è¥¨ï¬ § à ¥¥ § ¤ ®£® ¬®¤¥«ì-
®£® ãà ¢¥¨ï á ¤¨áªà¥âë¬ ¢à¥¬¥¥¬. � ª¨¬ ®¡à §®¬, ¯®ï¢«ï¥âáï ¢®§¬®¦®áâì ¢«¨ïâì  
 á¨¬¯â®â¨ç¥áª¨¥ á¢®©áâ¢  à¥è¥¨© ãà ¢¥¨ï (3),  ¯à¨¬¥à, ã¯à ¢«ïâì ¯®ª § â¥«ï¬¨ �ï¯ã®-
¢  ¨«¨   «®£¨çë¬¨ å à ªâ¥à¨áâ¨ª ¬¨, ®â¢¥ç îé¨¬¨ §   á¨¬¯â®â¨ç¥áª®¥ ¯®¢¥¤¥¨¥ à¥è¥¨©.
� ¯à¨ª« ¤ëå § ¤ ç å íâ® ¡ë¢ ¥â ¢ ¦®, ¯®â®¬ã çâ® ¯®§¢®«ï¥â à §¤¥«ïâì ¤¢¨¦¥¨ï (¤®¡¨¢ ïáì
áâàãªâãà®© ãáâ®©ç¨¢®áâ¨) ¨ ã«ãçè âì  á¨¬¯â®â¨ªã ¤¢¨¦¥¨© §  áç¥â ¯¥à¥¬¥é¥¨ï ¯®ª § â¥-
«¥© ¢«¥¢®. �á«¨ ¦¥ ¬®¤¥«ì®¥ ãà ¢¥¨¥ áâ æ¨® à®: yk+1 = Qyk (á¬. (10) ¢ ä®à¬ã«¨àã¥¬®©
¨¦¥ â¥®à¥¬¥ 1), â® ãà ¢¥¨¥ (3) \¯®çâ¨ áâ æ¨® à®", â. ¥. ¯à¨¢®¤¨¬® «ï¯ã®¢áª¨¬ ¯à¥®¡à -
§®¢ ¨¥¬ ª áâ æ¨® à®¬ã ãà ¢¥¨î (á«¥¤áâ¢¨¥ 1).

�à¥¤¢ à¨â¥«ì® ¤®ª ¦¥¬ ¤¢¥ ¯à®áâë¥ «¥¬¬ë.

�¥¬¬  3. �ãáâì E | ¨¢ à¨ â®¥ ª®¬¯ ªâ®¥ ¬®¦¥áâ¢® ¢ 
 ¨ ¤«ï ª ¦¤®£® ! 2 E
ãà ¢¥¨¥ (3) à ¢®¬¥à® «®ª «ì® ¤®áâ¨¦¨¬®. �®£¤  ®® à ¢®¬¥à® «®ª «ì® ¤®áâ¨¦¨¬®  

¬®¦¥áâ¢¥ E, â. ¥.  ©¤ãâáï ®¡é¨¥ ¤«ï ¢á¥å ! 2 E ª®áâ âë # > 0 ¨ " > 0, ãç áâ¢ãîé¨¥ ¢
®¯à¥¤¥«¥¨¨ à ¢®¬¥à®© «®ª «ì®© ¤®áâ¨¦¨¬®áâ¨.

�®ª § â¥«ìáâ¢®. �ãáâì #(!) ¨ "(!) | ª®áâ âë, ãç áâ¢ãîé¨¥ ¢ ®¯à¥¤¥«¥¨¨ à ¢®-
¬¥à®© «®ª «ì®© ¤®áâ¨¦¨¬®áâ¨ ãà ¢¥¨ï (A ; !). � ¤® ¯®ª § âì, çâ® supE �(!) < 1, £¤¥
�(!) = maxf#(!); "�1(!)g. �á«¨ supE �(!) = 1, â®  ©¤¥âáï â ª ï áå®¤ïé ïáï (¢ á¨«ã ª®¬-
¯ ªâ®áâ¨ E) ¯®á«¥¤®¢ â¥«ì®áâì f!ig, çâ® �(!i) ! 1. �â® ®§ ç ¥â, çâ® ãà ¢¥¨¥ (A ; b!), £¤¥b! = lim!i, ¥ ï¢«ï¥âáï à ¢®¬¥à® «®ª «ì® ¤®áâ¨¦¨¬ë¬.

�¥¬¬  4. �ãáâì E | ¨¢ à¨ â®¥ ª®¬¯ ªâ®¥ ¬®¦¥áâ¢® ¢ 
, u : R � E ! U |

¯à®¨§¢®«ì®¥ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥¨¥. �á«¨ ¤«ï ¥ª®â®à®£® � > 0 ¨ ¢á¥å t 2 R+ ¨¬¥¥â ¬¥áâ®

à ¢¥áâ¢®

u(t; !) = u(t� �; f �!); (8)

â® Xu(t+ �; s+ �; !) = Xu(t; s; f �!), (t; s) 2 R+ � R+ . �á«¨ à ¢¥áâ¢® (8) ¢ë¯®«¥® ¤«ï «î¡®£®
� 2 R ¨ ¢á¥å t 2 R, â® ã¯à ¢«¥¨¥ u(t; !) áâ æ¨® à® ®â®á¨â¥«ì® ¯®â®ª  f t, â. ¥. u(t; !) =bu(f t!) ¤«ï ¥ª®â®à®© äãªæ¨¨ bu : E ! U .

�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ¬ âà¨ç®¥ ãà ¢¥¨¥

_X = A0(f t!)X + u1A1(f t!)X + � � � + urAr(f t!)X; X 2Mn; (9)

®â¢¥ç îé¥¥ ãà ¢¥¨î (3). �«ï ¤®ª § â¥«ìáâ¢  ¯¥à¢®£® ãâ¢¥à¦¤¥¨ï «¥¬¬ë ¤®áâ â®ç® ¯®¤-
áâ ¢¨âì ã¯à ¢«¥¨¥, ã¤®¢«¥â¢®àïîé¥¥ à ¢¥áâ¢ã (8), ¢ ãà ¢¥¨¥ (9) ¨ ¯à®¢¥áâ¨ § ¬¥ã ¢à¥¬¥¨
t ! t + � . �®£¤  ¢ á¨«ã ®¯à¥¤¥«¥¨ï u(t; !) ¯®«ãç¨¬ à ¢¥áâ¢® u(t + �; !) = u(t; f �!), ª®â®à®¥
íª¢¨¢ «¥â® (8).

�â®à®¥ ãâ¢¥à¦¤¥¨¥ á«¥¤ã¥â ¨§ (8) ¯à¨ � = t.

�¥®à¥¬  1. �ãáâì E | ¨¢ à¨ â®¥ ª®¬¯ ªâ®¥ ¬®¦¥áâ¢® ¢ 
 ¨ ¤«ï ª ¦¤®£® ! 2 E
ãà ¢¥¨¥ (3) à ¢®¬¥à® «®ª «ì® ¤®áâ¨¦¨¬®. �®£¤  áãé¥áâ¢ãîâ # > 0 ¨ " > 0 â -

ª¨¥, çâ® ¤«ï «î¡®© äãªæ¨¨ Q : E ! Mn, ã¤®¢«¥â¢®àïîé¥© ¯à¨ ¢á¥å ! 2 E ¥à ¢¥áâ¢ã

jQ(!)X0(0; #; !) � Ij � ",  ©¤¥âáï ã¯à ¢«¥¨¥ u : R � E ! U , ®¡¥á¯¥ç¨¢ îé¥¥ ¤«ï à¥è¥-

¨ï xu(t; x0; !) ãà ¢¥¨ï (3) ¯à¨ u = u(t; !), ¢á¥å x0 2 R
n ¨ ¢á¥å k = 0; 1; : : : à ¢¥áâ¢ 

xu(tk; x0; !) = yk(x0; !), £¤¥ tk = k#, fyk(x0; !)g1k=0 | à¥è¥¨¥ § ¤ ç¨

yk+1 = Q(f tk!)yk; y0 = x0; k = 0; 1; : : : (10)
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�®ª § â¥«ìáâ¢®. �ãáâì # ¨ " ª ª ¢ «¥¬¬¥ 3, ¨ Q(!) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î â¥®à¥¬ë. �«ï
ª ¦¤®£® ! 2 E ¯®áâà®¨¬ ã¯à ¢«¥¨¥ u0(�; !) : [0; #] ! U , ®¯à¥¤¥«¥®¥   ®âà¥§ª¥ [0; #] ¨
â ª®¥, çâ® (á¬. «¥¬¬ã 2) ¯à¨ u = u0(t; !) ¤«ï ãà ¢¥¨ï (3) ¢ë¯®«¥® à ¢¥áâ¢® Xu0(#; 0; !) =
H(!)X0(#; 0; !), £¤¥ H(!) = Q(!)X0(0; #; !). �«¥¤®¢ â¥«ì®, ¤«ï «î¡®£® x0 2 R

n ¨¬¥¥â ¬¥áâ®
à ¢¥áâ¢® xu0(#; x0; !) = Q(!)x0 ¨«¨ ¢ á¨«ã (10) xu0(#; x0; !) = y1(x0; !).

�¥¬ á ¬ë¬ ¤«ï ª ¦¤®£® k = 0; 1; : : : ¯®áâà®¥® ã¯à ¢«¥¨¥ uk = u0(t; f tk!), ®¯à¥¤¥«¥®¥  
[0; #] ¨ ®¡¥á¯¥ç¨¢ îé¥¥ ¤«ï à¥è¥¨© ãà ¢¥¨ï (A ; f tk!) à ¢¥áâ¢® xuk(#; x0; f tk!) = y1(x0; f tk!).

\� áâï¥¬" ¯®á«¥¤®¢ â¥«ì®áâì fuk(t)g1k=0, t 2 [0; #],   R+ , ®¯à¥¤¥«¨¢ ã¯à ¢«¥¨¥ u : R+ �
E   ª ¦¤®¬ ¯®«ã¨â¥à¢ «¥ �k = [tk; tk+1) à ¢¥áâ¢®¬ u(t; !) = u0(t � tk; f

tk!) ¯à¨ t 2 �k.
�¥¯®áà¥¤áâ¢¥®© ¯à®¢¥àª®© ¬®¦® ã¡¥¤¨âìáï, çâ® ¤«ï ª ¦¤®£® æ¥«®£® m � 0 ¯à¨ � = tm ¨ ¢á¥å
t 2 R+ ¢ë¯®«¥® à ¢¥áâ¢® (8). �®íâ®¬ã ¢ á¨«ã «¥¬¬ë 4 ¨¬¥îâ ¬¥áâ® à ¢¥áâ¢ Xu(tk+1; tk; !) =
Xu(#; 0; f tk!).

�ãáâì xu(t; x0; !) | à¥è¥¨¥ ãà ¢¥¨ï (A ; !), ®â¢¥ç îé¥¥ ã¯à ¢«¥¨î u(t; !). �®ª ¦¥¬
â®£¤ , çâ® ¯®á«¥¤®¢ â¥«ì®áâì fxu(tk; x0; !)g1k=1 ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ (10). �¥©áâ¢¨â¥«ì®,

xu(tk+1; x0; !) = Xu(tk+1; 0; !)x0 = Xu(tk+1; tk; !)Xu(tk; 0; !)x0:

� ãç¥â®¬ à ¢¥áâ¢  Xu(tk+1; tk; !) = Xu(#; 0; f tk!) ¨¬¥¥¬ ¤ «¥¥

xu(tk+1; x0; !) = Xu(#; 0; f tk!)xu(tk; x0; !) = Q(f tk!)xu(tk; x0; !): �

�«¥¤áâ¢¨¥ 1. �ãáâì ¬®¦¥áâ¢® (!) ª®¬¯ ªâ® ¨ ãà ¢¥¨¥ (3) à ¢®¬¥à® «®ª «ì® ¤®-
áâ¨¦¨¬®. �®£¤  áãé¥áâ¢ãîâ â ª¨¥ # > 0 ¨ " > 0, çâ® ¤«ï «î¡®© ¢¥é¥áâ¢¥®© ¬ âà¨æë � 2Mn,
ã¤®¢«¥â¢®àïîé¥© ¥à ¢¥áâ¢ã j exp(#�)X0(0; #; !)�Ij � ",  ©¤¥âáï ã¯à ¢«¥¨¥ t! u(t; !) 2 U ,
¯à¨ ª®â®à®¬ ãà ¢¥¨¥ (3) ¯à¨¢®¤¨¬® «ï¯ã®¢áª¨¬ ¯à¥®¡à §®¢ ¨¥¬ ª ãà ¢¥¨î _y = �y á ¯®-
áâ®ï®© ¬ âà¨æ¥© �.

�¯à ¢«¥¨¥ t ! u(t; !) ®¡« ¤ ¥â á«¥¤ãîé¨¬ á¢®©áâ¢®¬: ¥á«¨ ! | ¯¥à¨®¤¨ç¥áª ï â®çª 
(â. ¥.  ©¤¥âáï T > 0, ¤«ï ª®â®à®£® f t+T! � f t!), â® ¯à¨ ¥ª®â®à®¬ æ¥«®¬ m � 1 ã¯à ¢«¥¨¥
¯¥à¨®¤¨ç® á ¯¥à¨®¤®¬ mT : u(t+mT;!) � u(t; !).

�®ª § â¥«ìáâ¢®. �ãáâì Q(!) � exp(#�), â®£¤  ¬ âà¨æ  Q ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥-
¬ë 1. �® ¬ âà¨æ¥ Q ¯®áâà®¨¬ ã¯à ¢«¥¨¥ t ! u(t; !) (ª ª íâ® ¡ë«® á¤¥« ® ¢ ¤®ª § â¥«ìáâ¢¥
â¥®à¥¬ë 1) ¨ ¬ âà¨æã �(t) = Xu(t; 0; !) exp(�t�). � á¨«ã ¨§¢¥áâ®© â¥®à¥¬ë �.�.�àã£¨  ([9],
x 19, á. 119) ¤®áâ â®ç® ¯®ª § âì, çâ® ¬ âà¨æ  �(t) ï¢«ï¥âáï «ï¯ã®¢áª®© ¬ âà¨æ¥©.

�ãªæ¨ï t! �(t) ¥¯à¥àë¢  ¨ ®£à ¨ç¥    R+ . �¥©áâ¢¨â¥«ì®, ¨§ (10) ¤«ï ¢á¥å x0 2 R
n

¨¬¥¥¬ à ¢¥áâ¢® xu(tk; x0; !) = exp(tk�)x0, ¯®íâ®¬ã Xu(tk; 0; !) = exp(tk�). � á¨«ã ª®¬¯ ªâ®-
áâ¨ (!), ®£à ¨ç¥®áâ¨ A (f t!) ¨ ã¯à ¢«¥¨ï u(t; !)   R+  ©¤¥âáï â ª ï ª®áâ â  a, çâ®
jXu(t; s; f �!)j � a ¤«ï ¢á¥å (t; s) 2 �k � �k, ¢á¥å k = 0; 1; : : : ¨ ¢á¥å � 2 R+ . �ãáâì t 2 �k, â®-
£¤  �(t) = Xu(t; tk; !)Xu(tk; 0; !) exp(�t�) = Xu(t; tk; !) exp(tk � t)�, ¯®íâ®¬ã j�(t)j � c ¤«ï ¢á¥å
t 2 R+ , ¯à¨ç¥¬ c ¥ § ¢¨á¨â ®â k. � «®£¨ç® ¤®ª §ë¢ ¥âáï ®£à ¨ç¥®áâì ��1(t).

�£à ¨ç¥®áâì ¯à®¨§¢®¤®© _�(t) á«¥¤ã¥â ¨§ à ¢¥áâ¢ 

_�(t) = (A0(f t!) + u1(t; !)A1(f t!) + � � �+ ur(t; !)Ar(f t!))�(t)� �(t)�

¨ ®£à ¨ç¥®áâ¨ �(t).
�®ª ¦¥¬ ¢â®à®¥ ãâ¢¥à¦¤¥¨¥ á«¥¤áâ¢¨ï. �â¬¥â¨¬, ¢®-¯¥à¢ëå, çâ® ¥¯®áà¥¤áâ¢¥® ¨§ ®¯à¥-

¤¥«¥¨ï à ¢®¬¥à®© «®ª «ì®© ¤®áâ¨¦¨¬®áâ¨ ¨ ãá«®¢¨ï 0 2 U á«¥¤ã¥â, çâ® ¥á«¨ íâ® á¢®©áâ¢®
¨¬¥¥â ¬¥áâ® ¯à¨ ¥ª®â®àëå # ¨ ", â® ®® ¨¬¥¥â ¬¥áâ® ¯à¨ ¢á¥å #1 � #. �®íâ®¬ã  ©¤¥âáï â ª®¥
æ¥«®¥ m � 1, çâ® ãà ¢¥¨¥ (3) à ¢®¬¥à® «®ª «ì® ¤®áâ¨¦¨¬® ¯à¨ # = mT . � á¨«ã (8) ¨¬¥¥¬
u(t+mT;!) = u(t; fmT!) = u(t; !).

49



3. � ¢®¬¥à ï á®£« á®¢ ®áâì ¨ ¤®áâ¨¦¨¬®áâì

� íâ®¬ ¯ à £à ä¥ ¯®ª § ®, çâ® ¢ ¥ªà¨â¨ç¥áª®¬ á«ãç ¥ (0 2 intU) à ¢®¬¥à ï á®£« á®-
¢ ®áâì | íâ® à ¢®¬¥à ï «®ª «ì ï ¤®áâ¨¦¨¬®áâì ¯® ¯¥à¢®¬ã ¯à¨¡«¨¦¥¨î.

� á¨«ã «¥¬¬ë 2 «®ª «ì ï ¤®áâ¨¦¨¬®áâì ãà ¢¥¨ï (3) íª¢¨¢ «¥â  à §à¥è¨¬®áâ¨ ãà ¢-
¥¨ï (9) á ãá«®¢¨¥¬ (5),   à ¢®¬¥à ï «®ª «ì ï ¤®áâ¨¦¨¬®áâì | á ãá«®¢¨¥¬ (6). �à®¨§¢¥¤¥¬
¢ (9) § ¬¥ã Y (t; !) = Xu(t; 0; !)�X0(t; 0; !), â®£¤  ãà ¢¥¨¥ ®â®á¨â¥«ì® Y § ¯¨è¥âáï ¢ ¢¨¤¥

_Y = A0(f t!)Y +
�
u1A1(f t!) + � � � + urAr(f t!)

�
Y +

+
�
u1A1(f t!) + � � �+ urAr(f t!)

�
X0(t; 0; !); Y 2Mn; (11)

  ãá«®¢¨¥ (5) à §¡¨¢ ¥âáï   ¤¢  ãá«®¢¨ï: Y (0; !) = 0, Y (#; !) = GX0(#; 0; !), £¤¥ G = H � I.
�¡®§ ç¨¬ ç¥à¥§ D #(!) ¬®¦¥áâ¢® ¤®áâ¨¦¨¬®áâ¨ §  ¢à¥¬ï # > 0 ãà ¢¥¨ï (11) ¨§ â®çª¨ Y = 0
¯®¤ ¤¥©áâ¢¨¥¬ ã¯à ¢«¥¨© u 2 U (®â¬¥â¨¬, çâ® 0 2 D #(!) �Mn). �®£¤  ¢ª«îç¥¨¥ 0 2 int D #(!)
¯à¨ ¥ª®â®à®¬ # > 0 íª¢¨¢ «¥â® «®ª «ì®© ¤®áâ¨¦¨¬®áâ¨ ãà ¢¥¨ï (3),   ¢ª«îç¥¨¥ B" �
D #(!0), ¢ë¯®«¥®¥ ¯à¨ ¥ª®â®àëå # > 0, " > 0 ¨ ¢á¥å !0 2 (!), íª¢¨¢ «¥â® à ¢®¬¥à®©
«®ª «ì®© ¤®áâ¨¦¨¬®áâ¨.

�¥®à¥¬  2. �ãáâì 0 2 intU ¨ ãà ¢¥¨¥ (3) á®£« á®¢ ® (à ¢®¬¥à® á®£« á®¢ ®), â®£¤ 
®® «®ª «ì® ¤®áâ¨¦¨¬® (à ¢®¬¥à® «®ª «ì® ¤®áâ¨¦¨¬®).

�®ª § â¥«ìáâ¢®. �à ¢¥¨¥ (7) á«ã¦¨â «¨¥©ë¬ ¯à¨¡«¨¦¥¨¥¬ (¢ ®ªà¥áâ®áâ¨ â®çª¨
u = 0, Y = 0) ¤«ï ãà ¢¥¨ï (11),   á¢®©áâ¢® á®£« á®¢ ®áâ¨, áä®à¬ã«¨à®¢ ®¥ ¢ â¥à¬¨ å
ãà ¢¥¨ï (7), íª¢¨¢ «¥â® á¢®©áâ¢ã ¯®«®© ¤®áâ¨¦¨¬®áâ¨ ãà ¢¥¨ï (7) (â. ¥. ¬®¦¥áâ¢® ¤®-
áâ¨¦¨¬®áâ¨ L#(!) ãà ¢¥¨ï (7) á®¢¯ ¤ ¥â á ¯à®áâà áâ¢®¬ Mn). �®á¯®«ì§ã¥¬áï â¥®à¥¬®© 3
à ¡®âë [10]. � íâ®© æ¥«ìî ¬ âà¨æë Y ¨ Z ¢ ãà ¢¥¨ïå (11) ¨ (7) \à §¢¥à¥¬ ¢ ¢¥ªâ®à",   ¢
â¥®à¥¬¥ 3 ¨§ [10] ¯à®¢¥¤¥¬ § ¬¥ã ¢à¥¬¥¨ t ! # � t ¨ á«®¢  \«®ª «ì ï ã¯à ¢«ï¥¬®áâì ¢ ¬ -
«®¬" § ¬¥¨¬   á«®¢  \«®ª «ì ï ¤®áâ¨¦¨¬®áâì ¢ ¬ «®¬" («®ª «ì ï ¤®áâ¨¦¨¬®áâì ¢ ¬ «®¬
®§ ç ¥â «®ª «ìãî ¤®áâ¨¦¨¬®áâì \à §¢¥àãâ®£® ãà ¢¥¨ï" (11), ¤®¯®«¥ãî á«¥¤ãîé¨¬
á¢®©áâ¢®¬: ¤«ï «î¡®£® " > 0  ©¤¥âáï � > 0 â ª®¥, çâ® ¥á«¨ jGj < �, â® à¥è¥¨¥ Y (t; !), ¯¥à¥-
å®¤ïé¥¥ ¢ â®çªã Y (#; !) = G ¯à¨  ¤«¥¦ é¥¬ ã¯à ¢«¥¨¨, ã¤®¢«¥â¢®àï¥â ¤«ï ¢á¥å t 2 [0; #]
¥à ¢¥áâ¢ã jY (t; !)j < "). � á¨«ã ãá«®¢¨ï 0 2 intU ¨ æ¨â¨àã¥¬®© â¥®à¥¬ë 3 ¨§ [10] ¯¥à¢®¥
ãâ¢¥à¦¤¥¨¥ ¤®ª § ®.

�â®à®¥ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë ¯®á«¥   «®£¨çëå à ááã¦¤¥¨© á«¥¤ã¥â ¨§ â¥®à¥¬ë 1 ¨§ [11]
(¢ íâ®© à ¡®â¥ âà¥¡ã¥âáï ¬¨¨¬ «ì®áâì ¬®¦¥áâ¢  (!), ® íâ® ¯à¥¤¯®«®¦¥¨¥ ¨§«¨è¥: ¤®-
áâ â®ç® ¯à¥¤¯®« £ âì, çâ® (!) ª®¬¯ ªâ®).

4. �à¨â¥à¨¨ á®£« á®¢ ®áâ¨

� íâ®¬ ¯ à £à ä¥ à¥§ã«ìâ âë à ¡®â [5], [8] ® á®£« á®¢ ®áâ¨ ãà ¢¥¨ï

_x =
�
A(f t!) +B(f t!)UC�(f t!)

�
x; x 2 R

n ; (12)

£¤¥ U | (m�k)-¬ âà¨æ  ã¯à ¢«ïîé¨å ¯ à ¬¥âà®¢, ¯¥à¥®áïâáï   ãà ¢¥¨¥ (3). �«ï ª ¦¤ëå
i; j; p; s 2 f1; : : : ; ng ¢¢¥¤¥¬ ®¡®§ ç¥¨ï

ijps(#; !) =
Z #

0

rX
l=1

e�i
bAl(t; !)epe�s bA�l (t; !)ej dt;

£¤¥ ek 2 R
n | k-© áâ®«¡¥æ ¥¤¨¨ç®© ¬ âà¨æë, bAl(t; !) = X0(0; t; !)Al(f t!)X0(t; 0; !), l = 1; : : : ; r.

�®áâà®¨¬ ¤ «¥¥ (n� n)-¬ âà¨æë �ij(#; !) = fijps(#; !)gnp;s=1, i; j = 1; : : : ; n, ¨ (n2 � n2)-¬ âà¨æã
�(#; !) = f�ij(#; !)gni;j=1, ª®â®àãî ¢ ¤ «ì¥©è¥¬ ¡ã¤¥¬  §ë¢ âì ¬ âà¨æ¥© á®£« á®¢ ¨ï (ãà ¢-
¥¨ï (3)   [0; #]).
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�¥¬¬  5. � âà¨æ  á®£« á®¢ ¨ï ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:
 ) �(#; !) = ��(#; !);
¡) �(#; !) � 0, (� |  ¨¬¥ìè¥¥ á®¡áâ¢¥®¥ § ç¥¨¥ ¬ âà¨æë �);
¢) �(#1; !) � �(#; !) ¯à¨ #1 � #.

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥¨¥  ) á«¥¤ã¥â ¨§ à ¢¥áâ¢  ijps = jisp. �®ª ¦¥¬ ãâ¢¥à¦¤¥-
¨¥ ¡). �®áâ â®ç® ¤®ª § âì, çâ® ¤«ï «î¡®£® h = col(h11; : : : ; h1n; : : : ; hn1; : : : ; hnn) á¯à ¢¥¤«¨¢®
¥à ¢¥áâ¢® h��h � 0. �¬¥¥¬

h��h =
nX

i;j;p;s=1

hiphjsijps =
Z #

0

rX
l=1

nX
i;j;p;s=1

hiphjse
�
i
bAl(t; !)epe

�
s
bA�l (t; !)ej dt =

=
Z #

0

rX
l=1

� nX
i;p=1

hipe
�
i
bAl(t; !)ep

�� nX
j;s=1

hjse
�
s
bA�l (t; !)ej

�
dt =

=
Z #

0

rX
l=1

� nX
i;p=1

hipe
�
i
bAl(t; !)ep

�2
dt � 0: (13)

�â¢¥à¦¤¥¨¥ ¢) á«¥¤ã¥â ¨§ ¥à ¢¥áâ¢  (13).

�¯à¥¤¥«¨¬ äãªæ¨¨ ulip : [0; #]� 
! R ¨ ¢¥ªâ®à-äãªæ¨¨ uip à ¢¥áâ¢ ¬¨

ulip(t; !) = e�i
bAl(t; !)ep; i; p = 1; : : : ; n; l = 1; : : : ; r; (14)

uip(t; !) = col(u1ip(t; !); : : : ; u
r
ip(t; !)); i; p = 1; : : : ; n: (15)

�¥¬¬  6. �®¢®ªã¯®áâì ¢¥ªâ®à-äãªæ¨© (15) «¨¥©® ¥§ ¢¨á¨¬    [0; #] ¢ â®¬ ¨ â®«ìª®

â®¬ á«ãç ¥, ¥á«¨ �(#; !) > 0.

�®ª § â¥«ìáâ¢®. �ãáâì äãªæ¨¨ (15) «¨¥©® ¥§ ¢¨á¨¬ë   [0; #], ® �(#; !) = 0. �®£¤ 
áãé¥áâ¢ã¥â â ª®© ¥ã«¥¢®© ¢¥ªâ®à h, çâ® �(#; !)h = 0. �«¥¤®¢ â¥«ì®, h��(#; !)h = 0 ¨ ¢ á¨«ã
(13) ¤«ï ¢á¥å l = 1; : : : ; r ¢ë¯®«¥ë à ¢¥áâ¢ 

nX
i;p=1

hipe
�
i
bAl(t; !)ep = 0; t 2 [0; #]: (16)

�â® íª¢¨¢ «¥â® à ¢¥áâ¢ã
nP

i;p=1

hipuip(t; !) = 0, t 2 [0; #], çâ® ¯à®â¨¢®à¥ç¨â «¨¥©®© ¥§ ¢¨á¨-

¬®áâ¨ äãªæ¨© (15).
�®ª ¦¥¬ â¥¯¥àì ¤®áâ â®ç®áâì ãá«®¢¨© «¥¬¬ë. �á«¨ äãªæ¨¨ (15) «¨¥©® § ¢¨á¨¬ë, â®

 ©¤¥âáï â ª®© ¥ã«¥¢®© ¢¥ªâ®à h 2 R
n2 , çâ®

nP
i;p=1

hipuip(t; !) = 0, t 2 [0; #]. �«¥¤®¢ â¥«ì®, ¤«ï

¢á¥å t 2 [0; #] ¨ l = 1; : : : ; r ¢ë¯®«¥® à ¢¥áâ¢® (16), ¯®íâ®¬ã ¢ á¨«ã (13) ¨¬¥¥¬ h��(#; !)h = 0,
â. ¥. �(#; !) = 0.

� ¬¥ç ¨¥ 4. � âà¨æ  �(#; !) ¯à¥¤áâ ¢«ï¥â á®¡®© ¬ âà¨æã �à ¬  ¤«ï á®¢®ªã¯®áâ¨ ¢¥ªâ®à-
äãªæ¨© fuip(�; !)gni;p=1   ®âà¥§ª¥ [0; #].

�¥®à¥¬  3. �«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï íª¢¨¢ «¥âë:
 ) ãà ¢¥¨¥ (3) á®£« á®¢ ®;
¡)  ©¤¥âáï # > 0, ¯à¨ ª®â®à®¬ ¬ âà¨æ  �(#; !) ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥  (�(#; !) > 0);
¢) á®¢®ªã¯®áâì ¢¥ªâ®à-äãªæ¨© fuip(�; !)gni;p=1, ®¯à¥¤¥«¥ëå à ¢¥áâ¢ ¬¨ (14), (15), «¨-

¥©® ¥§ ¢¨á¨¬    [0; #] ¤«ï ¥ª®â®à®£® # > 0.
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�®ª § â¥«ìáâ¢®. �á«®¢¨ï ¡) ¨ ¢) íª¢¨¢ «¥âë ¢ á¨«ã «¥¬¬ë 6. �®ª ¦¥¬, çâ® ¨§ ¡) á«¥¤ã¥â
 ). �ãáâì �(#; !) > 0 ¯à¨ ¥ª®â®à®¬ # > 0. �«ï «î¡®© G 2 Mn âà¥¡ã¥âáï  ©â¨ ã¯à ¢«¥¨¥
u = col(u1; : : : ; ur) : [0; #] ! R

r , ¯à¨ ª®â®à®¬ ãà ¢¥¨¥ (7) ¨¬¥¥â à¥è¥¨¥, ã¤®¢«¥â¢®àïîé¥¥
ãá«®¢¨ï¬ Z(0) = 0, Z(#) = G. � ª¨¬ ®¡à §®¬, § ¤ ç  ® ¯®áâà®¥¨¨ u(�) á¢®¤¨âáï ª § ¤ ç¥ ®
à §à¥è¨¬®áâ¨ ãà ¢¥¨ï

Z #

0

rX
l=1

bAl(t; !)ul(t) dt = Q(#; !); (17)

£¤¥ Q(#; !) = X0(0; #; !)G. �¥è¥¨¥ bu = col(bu1; : : : ; bur) ãà ¢¥¨ï (17) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

bu(t) =
nP

j;s=1

hjsujs(t), £¤¥ ujs(t) ®¯à¥¤¥«¥ë à ¢¥áâ¢ ¬¨ (14), (15). �®¤áâ ¢«ïï bu(t) ¢ (17) ¨

ã¬®¦ ï (17) á«¥¢    e�i ,   á¯à ¢    ep, ¯®«ãç¨¬ á¨áâ¥¬ã n2  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©

nX
j;s=1

ijpshjs = qip; i; p = 1; : : : ; n; (18)

®â®á¨â¥«ì® hjs. �¤¥áì qip = e�iQ(#; !)ep. �®áª®«ìªã �(#; !) > 0, â® á¨áâ¥¬  (18) à §à¥è¨¬ :
h = ��1q, £¤¥ h = col(h11; : : : ; h1n; : : : ; hn1; : : : ; hnn), q = col(q11; : : : ; q1n; : : : ; qn1; : : : ; qnn). �®íâ®¬ã
ãà ¢¥¨¥ (3) á®£« á®¢ ®. � ¬¥â¨¬, çâ® ¤«ï à¥è¥¨ï bu(t) ãà ¢¥¨ï (17) ¨¬¥¥âáï ®æ¥ª 

jbu(t)j � nX
j;s=1

jhjsj jujs(t)j � j��1(#; !)j
nX

j;s=1

jujs(t)j jq(#; !)j:

� «¥¥, ¨§ ®£à ¨ç¥®áâ¨ Al(f t!) ¨ X0(t; s; !) ¯à¨ (t; s) 2 [0; #] � [0; #] á«¥¤ã¥â ®£à ¨ç¥®áâì
  [0; #] äãªæ¨© ujs(t). �®íâ®¬ã  ©¤¥âáï â ª ï ª®áâ â  � (¥ § ¢¨áïé ï ®â G, ® § ¢¨áïé ï
®â #), çâ® jbu(t)j � �jGj, 0 � t � #.

�®ª ¦¥¬, çâ® ¨§  ) á«¥¤ã¥â ¢). �ë¡¥à¥¬ # > 0 ¨§ ®¯à¥¤¥«¥¨ï á®£« á®¢ ®áâ¨. �®áâ â®ç®
¯®ª § âì, çâ® ¥á«¨ ãà ¢¥¨¥ (17) à §à¥è¨¬® ®â®á¨â¥«ì® u(t) ¤«ï «î¡®© Q, â® á®¢®ªã¯®áâì
¢¥ªâ®à-äãªæ¨© (15) «¨¥©® ¥§ ¢¨á¨¬    [0; #]. �à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥, ¯ãáâì áãé¥áâ¢ã¥â

¥ã«¥¢®© ¢¥ªâ®à h = col(h11; : : : ; h1n; : : : ; hn1; : : : ; hnn) â ª®©, çâ®
nP

i;p=1

hipuip(t; !) = 0, t 2 [0; #].

�®£¤ 
nP

i;p=1

hipe
�
i
bAl(t; !)ep = 0 ¯à¨ ¢á¥å l = 1; : : : ; r ¨ t 2 [0; #]. �«ï ¬ âà¨æë H = fhipgni;p=1

áãé¥áâ¢ã¥â â ª ï äãªæ¨ï bu = col(bu1; : : : ; bur) : [0; #]! R
r , çâ®

Z #

0

X0(0; t; !)
�bu1(t)A1(f

t!) + � � �+ bur(t)Ar(f
t!)
�
X0(t; 0; !) dt = H;

¯®íâ®¬ã ¤«ï ¢á¥å i; p = 1; : : : ; nZ #

0

e�iX0(0; t; !)
�bu1(t)A1(f t!) + � � � + bur(t)Ar(f t!)

�
X0(t; 0; !)ep dt = hip:

�¬®¦ ï ª ¦¤®¥ ¨§ íâ¨å à ¢¥áâ¢   hip ¨ áã¬¬¨àãï ¯® i; p = 1; : : : ; n, ¯®«ãç¨¬

nX
i;p=1

h2ip =
nX

i;p=1

hip

Z #

0

e�iX0(0; t; !)
�bu1(t)A1(f t!) + � � �+ bur(t)Ar(f t!)

�
X0(t; 0; !)ep dt =

=
Z #

0

rX
l=1

bul(t)
� nX

i;p=1

hipe
�
i
bAl(t; !)ep

�
dt = 0;

çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î h 6= 0.
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� ¬¥ç ¨¥ 5. �ãáâì § ¤   âà®©ª  (A0(!); B(!); C(!)), £¤¥ B = (b1; : : : ; bm), bi 2 R
n , C =

(c1; : : : ; ck), cj 2 R
n . �®«®¦¨¬ r = mk ¨ ¯®áâà®¨¬ ¬ âà¨æë A1 = b1c

�
1, A2 = b1c

�
2; : : : ; Ak = b1c

�
k,

Ak+1 = b2c
�
1; : : : ; A2k = b2c

�
k; : : : ; Ar�k+1 = bmc

�
1; : : : ; Ar = bmc

�
k. �®£¤  ®¯à¥¤¥«¥¨¥ á®£« á®¢ ®-

áâ¨ ¤«ï ãà ¢¥¨ï _x = A0(f t!)x+u1A1(f t!)x+ � � �+urAr(f t!)x á ¯®áâà®¥ë¬¨ â ª¨¬ ®¡à §®¬
¬ âà¨æ ¬¨ Al á®¢¯ ¤ ¥â á ®¯à¥¤¥«¥¨¥¬ á®£« á®¢ ®áâ¨, ¢¢¥¤¥ë¬ ¢ [5] ¤«ï ãà ¢¥¨ï (12).

�¥®à¥¬  4. �ãáâì ¬®¦¥áâ¢® (!) ª®¬¯ ªâ®. �®£¤  ãà ¢¥¨¥ (A ; !) à ¢®¬¥à® á®£« -
á®¢ ® ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨  ©¤ãâáï # > 0 ¨ " > 0 â ª¨¥, çâ® ¤«ï ¢á¥å !0 2 (!)
 ¨¬¥ìè¥¥ á®¡áâ¢¥®¥ § ç¥¨¥ �(#; !0) ¬ âà¨æë á®£« á®¢ ¨ï �(#; !0) ã¤®¢«¥â¢®àï¥â ¥-

à ¢¥áâ¢ã �(#; !0) � ".

�®ª § â¥«ìáâ¢®. �ãáâì ãà ¢¥¨¥ (A ; !) à ¢®¬¥à® á®£« á®¢ ®. �®áª®«ìªã ¬®¦¥áâ¢®
(!) ª®¬¯ ªâ®,   äãªæ¨ï !0 ! �(#; !0) ¥¯à¥àë¢ , â® áãé¥áâ¢ã¥â !1 2 (!) â ª®¥, çâ®
�(#; !1) = minf�(#; !0) : !0 2 (!)g. �á«¨ �(#; !1) = 0, â® ãà ¢¥¨¥ (A ; !1) ¥ ï¢«ï¥âáï á®£« á®-
¢ ë¬, çâ® ¯à®â¨¢®à¥ç¨â ®¯à¥¤¥«¥¨î 2.

�ãáâì �(#; !0) � " ¯à¨ ¥ª®â®àëå # > 0, " > 0 ¨ ¢á¥å !0 2 (!). �®£¤  ¤«ï ª ¦¤®£® !0 2
(!) ãà ¢¥¨¥ (A ; !0) á®£« á®¢ ® (â¥®à¥¬  3), ¯®íâ®¬ã ãà ¢¥¨¥ (7) ¨¬¥¥â à¥è¥¨¥ Z(�),
ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬ Z(0) = 0, Z(#) = G, ¯à¨ uG(t; !0) =

nP
i;p=1

hipuip(t; !0), £¤¥ uip(t; !0)

®¯à¥¤¥«¥ë à ¢¥áâ¢ ¬¨ (14), (15),   hip  å®¤ïâáï ¨§ ãà ¢¥¨© (18). �®áª®«ìªã ¨¬¥¥â ¬¥áâ®
®æ¥ª  jhj � j��1(#; !0)j jq(#; !0)j,   j��1(#; !0)j � "�1 ¤«ï ¢á¥å !0 2 (!), â® jhj � "�1jq(#; !0)j.
� «¥¥,  ©¤¥âáï ª®áâ â  � â ª ï, çâ® juip(t; !0)j � � ¯à¨ ¢á¥å (t; !0) 2 [0; #] � (!) ¨ ¢á¥å
i; p = 1; : : : ; n (íâ® á«¥¤ã¥â ¨§ ®£à ¨ç¥®áâ¨ A   (!) ¨ ¨¢ à¨ â®áâ¨ (!) ®â®á¨â¥«ì®
f t), ¯®íâ®¬ã  ©¤¥âáï â ª®¥ � > 0, çâ® juG(t; !0)j � �jG(!0)j, (t; !0) 2 [0; #] � (!).

�¥®à¥¬  5. �ãáâì (!) ¬¨¨¬ «ì®. �®£¤  ãà ¢¥¨¥ (A ; !) à ¢®¬¥à® á®£« á®¢ ® ¢

â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ ®® á®£« á®¢ ®.

�®ª § â¥«ìáâ¢® ®á®¢ ®   à ááã¦¤¥¨ïå à ¡®âë [5].

�à¨¬¥à 1. �¨áâ¥¬  ãà ¢¥¨©

_x1 = u(a11(t)x1 + a12(t)x2); _x2 = u(a21(t)x1 + a22(t)x2); juj � 1;

á ¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨¬¨ ¢ á¬ëá«¥ �®à  ª®íää¨æ¨¥â ¬¨ à ¢®¬¥à® á®£« á®¢   (¨, á«¥¤®¢ -
â¥«ì®, à ¢®¬¥à® «®ª «ì® ¤®áâ¨¦¨¬ ), ¥á«¨ äãªæ¨¨ aij(t) «¨¥©® ¥§ ¢¨á¨¬ë   R (â®£¤ 
¢ á¨«ã ¯®çâ¨ ¯¥à¨®¤¨ç®áâ¨ ®¨ ¡ã¤ãâ «¨¥©® ¥§ ¢¨á¨¬ë   [�; � + #] ¯à¨ ¥ª®â®à®¬ # > 0 ¨
¢á¥å �). �«ï ¤®ª § â¥«ìáâ¢  íâ®£® ä ªâ  ¤®áâ â®ç® ¯® ¬ âà¨æ¥ A(t) = faij(t)g ¯®áâà®¨âì § ¬ë-
ª ¨¥ (¢ â®¯®«®£¨¨ à ¢®¬¥à®© áå®¤¨¬®áâ¨   ¯àï¬®©) ¬®¦¥áâ¢  á¤¢¨£®¢ H(A) ¬ âà¨æë A(t)
¨   H(A) § ¤ âì ¤¨ ¬¨ç¥áªãî á¨áâ¥¬ã á¤¢¨£®¢ ([12], £«. VI, x 5). � ª ª ª H(A) ¬¨¨¬ «ì®,
â®, ¢®á¯®«ì§®¢ ¢è¨áì ãâ¢¥à¦¤¥¨¥¬ ¢) â¥®à¥¬ë 3 ¨ â¥®à¥¬®© 5, ¯®«ãç ¥¬ âà¥¡ã¥¬®¥.

�¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ®â®¡à ¦¥¨¥ vec : Mn ! R
n2 , ª®â®à®¥ \à §¢®à ç¨¢ ¥â" ¬ âà¨æã

H = fhijgni;j=1 ¯® áâà®ª ¬ ¢ ¢¥ªâ®à-áâ®«¡¥æ vecH := col(h11; : : : ; h1n; : : : ; hn1; : : : ; hnn). �¥âàã¤®
¯à®¢¥à¨âì, çâ® ¤«ï «î¡ëå C;L;A;M 2 Mn ¨§ C = LA á«¥¤ã¥â vecC = (L 
 In) vecA ¨ ¨§
C = AM á«¥¤ã¥â vecC = (In
M�) vecA (
| ªà®¥ª¥à®¢® (¯àï¬®¥) ¯à®¨§¢¥¤¥¨¥ ¬ âà¨æ ([13],
á. 235)). �®áâà®¨¬ ¯® ãà ¢¥¨î (A ; !) â ª  §ë¢ ¥¬®¥ \¡®«ìè®¥ ãà ¢¥¨¥" [6]

_z = F (f t!)z +G(f t!)v; z 2 R
n2 ; v 2 R

r ; (19)

£¤¥ F (!) = A0(!)
I�I
A�0(!) 2Mn2 , G(!) = (vecA1(!); : : : ; vecAr(!)) 2Mn2�r. �¥à¥§ Z0(t; s; !)
®¡®§ ç¨¬ äãªæ¨î �®è¨ ãà ¢¥¨ï _z = F (f t!)z. �à ¢¥¨¥ (19) ¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì á âà®©-
ª®© (F;G; !).
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� ¯®¬¨¬, çâ® ãà ¢¥¨¥ (F;G; !)  §ë¢ ¥âáï ¢¯®«¥ ã¯à ¢«ï¥¬ë¬ ([14], £«. 6, x 20), ¥á«¨
¯à¨ ¥ª®â®à®¬ # > 0 ¬ âà¨æ  ã¯à ¢«ï¥¬®áâ¨

W (#; !) =
Z #

0

Z0(0; t; !)G(f
t!)G�(f t!)Z�0 (0; t; !) dt (20)

®¯à¥¤¥«¥® ¯®«®¦¨â¥«ì , ¨ à ¢®¬¥à® ¢¯®«¥ ã¯à ¢«ï¥¬ë¬ [15], ¥á«¨  ©¤¥âáï â ª®¥ # > 0,
çâ® W (#; !0) ®¯à¥¤¥«¥® ¯®«®¦¨â¥«ì  à ¢®¬¥à® ®â®á¨â¥«ì® !0 2 (!).

�¥®à¥¬  6. �à ¢¥¨¥ (A ; !) á®£« á®¢ ® (à ¢®¬¥à® á®£« á®¢ ®) ¢ â®¬ ¨ â®«ìª® â®¬

á«ãç ¥, ¥á«¨ ãà ¢¥¨¥ (F;G; !) ¢¯®«¥ ã¯à ¢«ï¥¬® (à ¢®¬¥à® ¢¯®«¥ ã¯à ¢«ï¥¬®).

�®ª § â¥«ìáâ¢®. �ãáâì �(#; !) | ¬ âà¨æ  á®£« á®¢ ¨ï ãà ¢¥¨ï (A ; !). �®áª®«ìªãbAl(t; !) = X0(0; t; !)Al(f t!)X0(t; 0; !), â® vec bAl(t; !) = (X0(0; t; !) 
 X�
0
(t; 0; !)) vecAl(f t!), ¯®-

íâ®¬ã �(#; !) =
#R
0

rP
l=1

vec bAl(t; !) � (vec bAl(t; !))� dt. � «¥¥ ¥âàã¤® ¯à®¢¥à¨âì, çâ® Z0(0; t; !) =

X0(0; t; !)
X�
0 (t; 0; !), ¯®íâ®¬ã Z0(0; t; !)G(f t!) = (vec bA1(t; !); : : : ; vec bAr(t; !)). �«¥¤®¢ â¥«ì®,

W (#; !) =
#R
0

rP
l=1

vec bAl(t; !) � (vec bAl(t; !))� dt. � ª¨¬ ®¡à §®¬, �(#; !) =W (#; !).

5. �®£« á®¢ ®áâì áâ æ¨® à®£® ãà ¢¥¨ï

� áá¬®âà¨¬ ãà ¢¥¨¥ (3) á ¯®áâ®ï®© ¬ âà¨æ¥© A (!) � A ¨ á®®â¢¥âáâ¢ãîé¥¥ ¥¬ã ãà ¢¥-
¨¥ (F;G; !) � (F;G). �«ï ª ¦¤®£® � = 1; : : : ; r ¢¢¥¤¥¬ ¬ âà¨æë L�

0 = A� , L�
k = A0L

�
k�1�L�

k�1A0,
k = 1; : : : ; n2 � 1.

�¥®à¥¬  7. �à ¢¥¨¥ A á®£« á®¢ ® ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ áà¥¤¨ ¬ âà¨æ L�
k,

k = 0; : : : ; n2 � 1, � = 1; : : : ; r, áãé¥áâ¢ãîâ n2 «¨¥©® ¥§ ¢¨á¨¬ëå.

�®ª § â¥«ìáâ¢®. �à ¢¥¨¥ A á®£« á®¢ ® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ãà ¢¥¨¥ (F;G)
¢¯®«¥ ã¯à ¢«ï¥¬®,   íâ® íª¢¨¢ «¥â® à ¢¥áâ¢ã rank[G;FG; : : : ; F n2�1G] = n2. �à¨¬¥¨¢ ª
¢¥ªâ®à ¬-áâ®«¡æ ¬ ¬ âà¨æë G ®â®¡à ¦¥¨¥ vec�1, ¯®«ãç¨¬ r ¬ âà¨æ L10; : : : ; L

r
0. �à®¤¥« ¥¬ âã

¦¥ ¯à®æ¥¤ãàã á ¬ âà¨æ ¬¨ F kG, k = 1; : : : ; n2 � 1. �®£¤    ª ¦¤®¬ è £¥ ¯®«ãç¨¬ r ¬ âà¨æ
L1k; : : : ; L

r
k. �®íâ®¬ã à ¢¥áâ¢® rank[G;FG; : : : ; F n2�1G] = n2 ¨¬¥¥â ¬¥áâ® â®«ìª® ¢ â®¬ á«ãç ¥,

¥á«¨ «¨¥© ï ®¡®«®çª  ¬ âà¨æ L�
k, k = 0; : : : ; n2 � 1, � = 1; : : : ; r, á®¢¯ ¤ ¥â á Mn.

�«¥¤áâ¢¨¥ 2. �ãáâì A0 ª®¬¬ãâ¨àã¥â á ¬ âà¨æ ¬¨ A1; : : : ; Ar. �®£¤  ãà ¢¥¨¥ A á®£« á®-
¢ ® ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ «¨¥© ï ®¡®«®çª  ¬ âà¨æ A1; : : : ; Ar á®¢¯ ¤ ¥â á Mn.

�«¥¤áâ¢¨¥ 3. �ãáâì ¬ âà¨æë A0; : : : ; Ar ª¢ §¨âà¥ã£®«ìë¥, â. ¥. A� = fB�
ijgsi;j=1, B�

ii 2 Mni ,
sP

i=1

ni = n, B�
ij = 0 ¯à¨ i > j. �®£¤  ãà ¢¥¨¥ A = (A0; : : : ; Ar) ¥ ï¢«ï¥âáï á®£« á®¢ ë¬.

�®ª § â¥«ìáâ¢®. �«ï ¢á¥å � = 1; : : : ; r, k = 0; : : : ; n2 � 1 ¬ âà¨æë L�
k ¨¬¥îâ â ª®© ¦¥ ¢¨¤,

ª ª ¨ ¬ âà¨æë A� , ¯®íâ®¬ã ¨å «¨¥© ï ®¡®«®çª  ¥ á®¢¯ ¤ ¥â á Mn.

�à¨¬¥à 2. �®ª ¦¥¬, çâ® ãà ¢¥¨¥ A = (A0; A1) ¥ ï¢«ï¥âáï á®£« á®¢ ë¬. �®áâ â®ç®
¯®áâà®¨âì ¬ âà¨æã W0 2 Mn, ã¤®¢«¥â¢®àïîéãî à ¢¥áâ¢ ¬ (vecW0)�F kb = 0 ¤«ï ¢á¥å k =
0; : : : ; n2�1, £¤¥ F = A0
I�I
A�0, b = vecA1. �¥âàã¤® ¯à®¢¥à¨âì, çâ® (vecW0)�F kb = b�(vecWk),
k = 0; : : : ; n2 � 1, £¤¥ Wk = A�

0
Wk�1 �Wk�1A

�
0
. �á«¨ SpA1 = 0, â® ¯à¨ W0 = I ¢ë¯®«¥® Wk = 0,

k = 1; : : : ; n2�1 ¨ b�(vecW0) = 0. �á«¨ SpA1 6= 0 ¨ A0 6= �I, â® ¯®«®¦¨¬W0 = A�0�
Sp(A1A0)
SpA1

I. �

íâ®¬ á«ãç ¥ â ª¦¥ ¢ë¯®«¥ë à ¢¥áâ¢  b�(vecWk) = 0 ¤«ï ¢á¥å k = 0; : : : ; n2�1. �á«¨ A0 = �I,
â® F = 0 ¨ á®£« á®¢ ®áâ¨ ¥â.

�«¥¤áâ¢¨¥ 4. �á«¨ SpA� = 0 ¤«ï ¢á¥å � = 1; : : : ; r, â® ãà ¢¥¨¥ A ¥ ï¢«ï¥âáï á®£« á®¢ -
ë¬.
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�®ª § â¥«ìáâ¢®. �®«®¦¨¬ W0 = I, â®£¤  (vecW0)�[G;FG; : : : ; F n2�1G] = 0.

�à¨¬¥à 3. �ãáâì áâ¥¯¥ì ¬¨¨¬ «ì®£® ¬®£®ç«¥  ¬ âà¨æë A0 à ¢  m (m � 2). �®£¤ 
ãà ¢¥¨¥ A � (A0; : : : ; Ar), £¤¥ r � m�1, ¥ ï¢«ï¥âáï á®£« á®¢ ë¬. �«ï ¤®ª § â¥«ìáâ¢  íâ®£®
¤®áâ â®ç® ¯®áâà®¨âì ¬ âà¨æã W0 2Mn, ã¤®¢«¥â¢®àïîéãî à ¢¥áâ¢ ¬ b��(vecWk) = 0 ¯à¨ ¢á¥å
� = 1; : : : ; r, k = 0; : : : ; n2 � 1, £¤¥ b� = vecA� , Wk = A�0Wk�1 �Wk�1A

�
0. �ã¤¥¬ ¨áª âì W0 ¢ ¢¨¤¥

W0 =
m�1P
s=0

�s(A�0)
s (¬ âà¨æë (A�

0
)s, s = 0; : : : ;m� 1, «¨¥©® ¥§ ¢¨á¨¬ë). �®£¤  Wk = 0 ¤«ï ¢á¥å

k = 1; : : : ; n2�1. � «¥¥, à ¢¥áâ¢  b��(vecW0) = 0 íª¢¨¢ «¥âë à ¢¥áâ¢ ¬
m�1P
s=0

�s Sp(A�A
s
0
) = 0,

� = 1; : : : ; r, ®¡à §ãîé¨¬ á¨áâ¥¬ã ¨§ r ãà ¢¥¨© á m ¥¨§¢¥áâë¬¨ �0; : : : ; �m�1. � ª ª ª r < m,
â® áãé¥áâ¢ã¥â ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ á¨áâ¥¬ë, çâ® ¨ ¤®ª §ë¢ ¥â ®âáãâáâ¢¨¥ á®£« á®¢ ®áâ¨.

�«¥¤áâ¢¨¥ 5. �á«¨ ¢á¥ á®¡áâ¢¥ë¥ § ç¥¨ï ¬ âà¨æë A0 à §«¨çë, â® ãà ¢¥¨¥ A �
(A0; : : : ; Ar), £¤¥ r � n� 1, ¥ ï¢«ï¥âáï á®£« á®¢ ë¬.

� ª¨¬ ®¡à §®¬, ¥á«¨ ¬¨¨¬ «ìë© ¬®£®ç«¥ ¬ âà¨æë A0 á®¢¯ ¤ ¥â á å à ªâ¥à¨áâ¨ç¥áª¨¬,
â® r ã¯à ¢«ïîé¨å ¯ à ¬¥âà®¢, £¤¥ r < n, ¥¤®áâ â®ç® ¤«ï á®£« á®¢ ®áâ¨. �®ª ¦¥¬, çâ®
n ¯ à ¬¥âà®¢ ã¯à ¢«¥¨ï ¤®áâ â®ç®, â. ¥.  ©¤ãâáï â ª¨¥ ¬ âà¨æë A1; : : : ; An, çâ® ãà ¢¥¨¥
A = (A0; A1; : : : ; An) á®£« á®¢ ®. �ãáâì �n+�1�n�1+� � �+�n | å à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥
¬ âà¨æë A0. �®£¤  ¬ âà¨æ  A0 ¢ ¥ª®â®à®¬ ¡ §¨á¥ ¨¬¥¥â ¢¨¤

A0 =

0
BBBBBB@

0 1 0 : : : 0
0 0 1 : : : 0
...

...
...

. . .
...

0 0 0 : : : 1
��n ��n�1 ��n�2 : : : ��1

1
CCCCCCA
:

�®áâà®¨¬ ¬ âà¨æë A1 = ene
�
1; : : : ; An = ene

�
n ¨ ¯® ãà ¢¥¨î A | ãà ¢¥¨¥ (F;G). �®£¤ 

F =

0
BBBBBB@

�A�0 I 0 : : : 0
0 �A�0 I : : : 0
...

...
...

. . .
...

0 0 0 : : : I
��nI ��n�1I ��n�2I : : : ��1I �A�0

1
CCCCCCA
; G =

0
BBBBBB@

0
0
...
0
I

1
CCCCCCA
:

�ç¥¢¨¤®, çâ® rank[G;FG; : : : ; F n�1G] = n2, ¯®íâ®¬ã ãà ¢¥¨¥ A á®£« á®¢ ®.
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