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�¢¥¤¥­¨¥

�ãáâì U ¨ P | ¥¢ª«¨¤®¢ë ¯à®áâà ­áâ¢  ¢¥ªâ®à®¢ à §¬¥à­®áâ¥© Nu ¨ Np á®®â¢¥âáâ¢¥­­®.
� áá¬®âà¨¬ ­¥¢ëà®¦¤¥­­ãî ¢¥é¥áâ¢¥­­ãî á¨áâ¥¬ã «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©
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£¤¥ z = fu; pg | ¢¥ªâ®à ­¥¨§¢¥áâ­ëå, A = AT > 0 | ª¢ ¤à â­ ï ¬ âà¨æ  à §¬¥à­®áâ¨ Nu �Nu,
  B | ¯àï¬®ã£®«ì­ ï ¢ ®¡é¥¬ á«ãç ¥ ¬ âà¨æ  à §¬¥à­®áâ¨ Nu�Np. � ¤ ç¨ â ª®£® â¨¯  ¢®§­¨-
ª îâ ¯à¨ ç¨á«¥­­®¬ à¥è¥­¨¨ á¨áâ¥¬ «¨­¥©­ëå ãà ¢­¥­¨© ¢ â¥®à¨¨ ã¯àã£®áâ¨ ¨ £¨¤à®¤¨­ ¬¨ª¥
(§ ¤ ç  �â®ªá ) ¯à¨ ¨á¯®«ì§®¢ ­¨¨ á¬¥è ­­ëå  ¯¯à®ªá¨¬ æ¨© ¤«ï í««¨¯â¨ç¥áª¨å ãà ¢­¥­¨©,
  â ª¦¥ ¯à¨ à¥è¥­¨¨ ªà ¥¢ëå § ¤ ç á ¨á¯®«ì§®¢ ­¨¥¬ ­¥áâëªãîé¨åáï á¥â®ª (á¬., ­ ¯à., [1]{[3]
¨ æ¨â¨à®¢ ­­ãî â ¬ «¨â¥à âãàã).

� ¤ ­­®© áâ âì¥  ­ «¨§¨àã¥âáï áå®¤¨¬®áâì á«¥¤ãîé¥£® ¨â¥à æ¨®­­®£® ¬¥â®¤  à¥è¥­¨ï § -
¤ ç¨ (1)

eLzk+1 � zk

�k+1
+ L0z

k = F: (2)

B¥àå­¨© ¨­¤¥ªá ®¡®§­ ç ¥â ­®¬¥à ¨â¥à æ¨¨, ¬ âà¨æ  eL ¨¬¥¥â áâàãªâãàã

eL =
�
Q B
BT ��C

�
;

£¤¥ Q = QT > 0, C = CT > 0, �| ¯®áâ®ï­­ë© ¯ à ¬¥âà ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï, �k | ¯¥à¥¬¥­­ë©
¨â¥à æ¨®­­ë© ¯ à ¬¥âà. � «¥¥ áç¨â îâáï ¨§¢¥áâ­ë¬¨ ¯®áâ®ï­­ë¥ ¢ ¬ âà¨ç­ëå ­¥à ¢¥­áâ¢ å


C � BTA�1B � �C; 0 < 
 < �;

�Q �A � �Q; 0 < � � �;

ª®â®àë¥ ¯® ¬¥à¥ ­ ¤®¡­®áâ¨ ¡ã¤¥¬ ¬ áèâ ¡¨à®¢ âì, ­ ¯à¨¬¥à, ¯®« £ âì ¢¥«¨ç¨­ã � (¨«¨ �)
à ¢­®© ¥¤¨­¨æ¥ ¤«ï ã¯à®é¥­¨ï ­¥ª®â®àëå ¢ëª« ¤®ª.

�áá«¥¤®¢ ­¨¥  «£®à¨â¬®¢ á ¬®¤¥«ì­ë¬¨ á¥¤«®¢ë¬¨ ®¯¥à â®à ¬¨ ­  ¢¥àå­¥¬ á«®¥ ¤«ï â -
ª¨å § ¤ ç ¯à®¢®¤¨«®áì ¢ [4]{[8], ¯à¨ç¥¬ ­ ¨¡®«¥¥ ¡«¨§ª ï ¯®áâ ­®¢ª  § ¤ ç¨ à áá¬ âà¨¢ « áì
¢ [4], [5]. �â«¨ç¨â¥«ì­ë¬¨ ®á®¡¥­­®áâï¬¨ ¤ ­­®© áâ âì¨ ï¢«ïîâáï ®¯â¨¬¨§ æ¨ï á¯¥ªâà  ¯¥-
à¥®¡ãá«®¢«¥­­®© § ¤ ç¨ ®â­®á¨â¥«ì­® ¯ à ¬¥âà  � ¨ ¨á¯®«ì§®¢ ­¨¥ ¯¥à¥¬¥­­ëå ¨â¥à æ¨®­­ëå
¯ à ¬¥âà®¢. �¤¥áì ¯®ª  ­¥ à áá¬ âà¨¢ îâáï á¯®á®¡ë ª®­áâàãªâ¨¢­®£® ¯®áâà®¥­¨ï ¬ âà¨æ eL, ¤®-
¯ãáª îé¨å íää¥ªâ¨¢­®¥ ®¡à é¥­¨¥. � ª ¯à ¢¨«®, ¤«ï íâ®£® ¨á¯®«ì§ã¥âáï ¡«®ç­®-âà¥ã£®«ì­ ï

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(ª®¤ ¯à®¥ªâ  99-01-01146).
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ä ªâ®à¨§ æ¨ï (­ ¯à., [6], [7]), çâ®  ¢â®¬ â¨ç¥áª¨ ¯à¨¢®¤¨â ª ¡®«¥¥ á«®¦­ë¬ ®¯â¨¬¨§ æ¨®­­ë¬
§ ¤ ç ¬ ¤«ï ¢ë¡®à  ¯ à ¬¥âà®¢  «£®à¨â¬ .

�¢¥¤¥¬ ®¡®§­ ç¥­¨¥ H = kerBT , â®£¤  dim(H) = Nu � Np. � «¥¥ ¯®âà¥¡ã¥âáï à §«®¦¥­¨¥
¯à®áâà ­áâ¢  U ¢ ¯àï¬ãî áã¬¬ã U = H � G, £¤¥ G = H?. �¥«ìî áâ âì¨ ï¢«ï¥âáï ¯®«ãç¥­¨¥
­¥ã«ãçè ¥¬ëå ®æ¥­®ª áª®à®áâ¨ áå®¤¨¬®áâ¨ ¬¥â®¤  (2) ¯à¨ ¨á¯®«ì§®¢ ­¨¨ ¢ ¦­®£® ¯à¥¤¯®«®-
¦¥­¨ï, á¢ï§ ­­®£® á ¢ë¡®à®¬ ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï Q ¤«ï ¬ âà¨æë A (¢ ®¯¥à â®à¥ eL).

�á«®¢¨¥ A. �à®áâà ­áâ¢  H ¨ G ï¢«ïîâáï ¨­¢ à¨ ­â­ë¬¨ ®â­®á¨â¥«ì­® ¬ âà¨æë Q�1A.

�à¨ ¯à ªâ¨ç¥áª®© à¥ «¨§ æ¨¨  «£®à¨â¬  ¢ë¯®«­¥­¨¥ íâ®£® âà¥¡®¢ ­¨ï ­¥ ï¢«ï¥âáï ­¥®¡å®-
¤¨¬ë¬, ­® ®­® ¯®§¢®«ï¥â ¤®áâ â®ç­® ¯à®áâ® ¯ à ¬¥âà¨§®¢ âì á¯¥ªâà ¯à¥¤®¡ãá«®¢«¥­­®£® ®¯¥-
à â®à  ¤«ï ãáâ ­®¢«¥­¨ï ¥£® â®ç­ëå £à ­¨æ.

�§«®¦¨¬ ª®à®âª® à¥§ã«ìâ âë ¨áá«¥¤®¢ ­¨©. �«ï ­¥¢ëà®¦¤¥­­ëå ¬ âà¨æ eL ¢ § ¢¨á¨¬®áâ¨
®â ¯ à ¬¥âà  � á¯¥ªâà ¯à¥¤®¡ãá«®¢«¥­­®£® ®¯¥à â®à  ¨áå®¤­®© § ¤ ç¨ R = eL�1L0 ¬®¦¥â à á-
¯®« £ âìáï «¨¡® â®«ìª® ­  ¯®«®¦¨â¥«ì­®© ç áâ¨ ¢¥é¥áâ¢¥­­®© ®á¨, «¨¡® ¯® ®¡¥ áâ®à®­ë ®â
­ ç «  ª®®à¤¨­ â. �á¯®«ì§®¢ ­¨¥ â®«ìª® ­¥®âà¨æ â¥«ì­ëå §­ ç¥­¨© � ï¢«ï¥âáï ¤®áâ â®ç­ë¬
¤«ï ãáâ ­®¢«¥­¨ï ®¯â¨¬ «ì­ëå å à ªâ¥à¨áâ¨ª áå®¤¨¬®áâ¨ ¬¥â®¤ . �à¨ íâ®¬ ¬ âà¨æ  eL ¨¬¥¥â
á¥¤«®¢ãî áâàãªâãàã,   á¯¥ªâà R ¯®«®¦¨â¥«¥­. �¨­¨¬ã¬ã á¯¥ªâà «ì­®£® ç¨á«  ®¡ãá«®¢«¥­­®-
áâ¨ á®®â¢¥âáâ¢ã¥â §­ ç¥­¨¥ � = 0, ­® à¥ «¨§ æ¨ï íâ®£® á«ãç ï âà¥¡ã¥â á¯¥æ¨ «ì­®£® ¢ë¡®à 
­ ç «ì­®£® ¯à¨¡«¨¦¥­¨ï.

1. �á¯®¬®£ â¥«ì­ë¥ à¥§ã«ìâ âë

� áá¬®âà¨¬ á¢ï§ ­­ë¥ á (1) ®¡®¡é¥­­ë¥ § ¤ ç¨ ­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï

A0p � BTA�1Bp = tCp; (3)

B0u � BC�1BTu = !Au; (4)

£¤¥ t, ! | á¯¥ªâà «ì­ë¥ ¯ à ¬¥âàë, ¨ ¯à® ­ «¨§¨àã¥¬ ¨å à¥è¥­¨ï. �¬¥¥â ¬¥áâ® [9]

�¥®à¥¬  1. �ãáâì det(L0) 6= 0. �®£¤ 

1) ¢á¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï § ¤ ç¨ (3) ¯®«®¦¨â¥«ì­ë;
2) ­¥­ã«¥¢ë¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï § ¤ ç¨ (4) ¯®«®¦¨â¥«ì­ë ¨ á®¢¯ ¤ îâ á ãç¥â®¬ ªà â-

­®áâ¥© á á®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨ § ¤ ç¨ (3);
3) § ¤ ç  (4) ¨¬¥¥â à®¢­® Nu �Np � 0 ­ã«¥¢ëå á®¡áâ¢¥­­ëå §­ ç¥­¨©;
4) ª ¦¤®¬ã à¥è¥­¨î (ti; pi) § ¤ ç¨ (3) ¬®¦­® ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ ¥¤¨­áâ¢¥­­®¥

(á â®ç­®áâìî ¤® ¯®áâ®ï­­®£® ¬­®¦¨â¥«ï) à¥è¥­¨¥ (!i; ui) § ¤ ç¨ (4) ¯® á«¥¤ãîé¥¬ã

¯à ¢¨«ã :

ti = !i; pi = C�1BTui; i = 1; : : : ; Np:

� §«®¦¨¬ ¡ §¨á ¯à®áâà ­áâ¢  U , á®áâ®ïé¨© ¨§ á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢ § ¤ ç¨ (4), ­  ¤¢ 
¯®¤¬­®¦¥áâ¢ : ¡ §¨á ¯à®áâà ­áâ¢  H ¨ ¡ §¨á ¥£® ®àâ®£®­ «ì­®£® ¤®¯®«­¥­¨ï G

fuigNu

i=1 = fhigNu�Np

i=1

[
fgigNp

i=1:

�§ (4) á«¥¤ã¥â, çâ® ª ¦¤ãî ¨§ ¯®¤á¨áâ¥¬ ¢¥ªâ®à®¢ ¬®¦­® áç¨â âì ®àâ®­®à¬¨à®¢ ­­®© ¢ ¬¥âà¨ª¥,
¯®à®¦¤ ¥¬®© ¬ âà¨æ¥© A.

� áá¬®âà¨¬ ¯à®áâà ­áâ¢® Z = U � P á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬

(z1; z2)Z = �1(Au1; u2) + �2(C p1; p2); zi = fui; pig 2 Z; �i > 0; i = 1; 2;

¨ ¯®áâà®¨¬ ¢ ­¥¬ ¡ §¨á á¯¥æ¨ «ì­®£® ¢¨¤ , ¨á¯®«ì§ãï á®¡áâ¢¥­­ë¥ ¢¥ªâ®àë § ¤ ç (3) ¨ (4).
�¬¥¥â ¬¥áâ® [9]
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�¥®à¥¬  2. �¨áâ¥¬  ¢¥ªâ®à®¢ fzigNu+Np

i=1 áâàãªâãàë

z
(1)
i = fhi; 0g; i = 1; : : : ; Nu �Np;

z
(2;3)
j = fgj ;{(2;3)

j pjg; j = 1; : : : ; Np;

£¤¥ pj = C�1BT gj, ®¡à §ã¥â ¡ §¨á ¢ ¯à®áâà ­áâ¢¥ Z, ¥á«¨ ¯à¨ ä¨ªá¨à®¢ ­­®¬ §­ ç¥­¨¨ j ª®-

­¥ç­ë¥ ª®íää¨æ¨¥­âë {
(2)
j ¨ {

(3)
j à §«¨ç­ë.

2. �¯¥ªâà ¯à¥¤®¡ãá«®¢«¥­­®£® ®¯¥à â®à 

�§ãç¨¬ ¢®¯à®á ® á¯¥ªâà¥ ¬ âà¨æë R = eL�1L0 ¢ § ¢¨á¨¬®áâ¨ ®â ¯ à ¬¥âà  �, â. ¥. à áá¬®âà¨¬
á¯¥ªâà «ì­ãî § ¤ çã

L0z = �eLz: (5)

�¬¥¥â ¬¥áâ®

�¥®à¥¬  3. �ãáâì � 6= 0 ¨ ¢ë¯®«­¥­® ãá«®¢¨¥ A, â®£¤  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¢ § ¤ ç¥ (5)
¯à¨­ ¤«¥¦ â ¬­®¦¥áâ¢ã

� = fsg
[
f�(2;3)g; t 2 [
;�]; s 2 [�;�];

�(2;3) =
1 + �

2t
� �

2t

q
1 + 4t

�

�
1� 1

s

�
1 + �

st

: (6)

�®ª § â¥«ìáâ¢®. �¥à¥¯¨è¥¬ § ¤ çã (5) ¢ ¯®ª®¬¯®­¥­â­®© ä®à¬¥(
Au+Bp = �(Qu+Bp);

BTu = �(BTu� �Cp)

¨ ®â¬¥â¨¬ ¥¥ á¢®©áâ¢ .
� ¤ ç  (5) ­¥ ¨¬¥¥â ­ã«¥¢ëå á®¡áâ¢¥­­ëå §­ ç¥­¨© �, ®â¢¥ç îé¨å ­¥­ã«¥¢ë¬ á®¡áâ¢¥­-

­ë¬ ¢¥ªâ®à ¬, â. ª. ¯® ãá«®¢¨î det(L0) 6= 0; ¨ ­¥ ¨¬¥¥â á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢ z = fu; pg ¢¨¤ 
f0; pg, â. ª. ¢ íâ®¬ á«ãç ¥ ¨§ ¢â®à®£® á®®â­®è¥­¨ï (5) á«¥¤ã¥â p = 0 (¯®áª®«ìªã � 6= 0, � 6= 0,
C = CT > 0).

�á«¨ ¢ à¥è¥­¨¨ § ¤ ç¨ (5) ¨¬¥îâáï á®¡áâ¢¥­­ë¥ ¢¥ªâ®àë z = fh; pg, £¤¥ h 2 H (â. ¥.
BTh = 0), â® ¢â®à ï ª®¬¯®­¥­â  p ­¥®¡å®¤¨¬® à ¢­  ­ã«î,   á®®â¢¥âáâ¢ãîé¨¥ á®¡áâ¢¥­­ë¥
§­ ç¥­¨ï �(1) ï¢«ïîâáï à¥è¥­¨ï¬¨ á¯¥ªâà «ì­®© § ¤ ç¨ Ah = �Qh, â. ¥. �(1) 2 [�;�]. � ¬¥â¨¬,
çâ® ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï A â ª¨å á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢ fz(1)g ¨¬¥¥âáï à®¢­® Nu �Np.

� áá¬®âà¨¬ â¥¯¥àì ¤àã£®© á«ãç ©, ª®£¤  á®¡áâ¢¥­­ë¥ ¢¥ªâ®àë ¨¬¥îâ ¢¨¤ z = fg; pg, £¤¥
g 2 G (â. ¥. BT g 6= 0). �ãáâì p = {C�1BT g, â®£¤  § ¤ ç  (5) ¯à¨¬¥â ¢¨¤(

Ag + {BC�1BT g = �(Qg + {BC�1BT g);

BT g = �(BT g � �{BT g);

¨ ¨§ ¢â®à®£® ãà ¢­¥­¨ï ¡ã¤¥¬ ¨¬¥âì

{ =
�� 1
��

;

  ¯®á«¥ ¯®¤áâ ­®¢ª¨ íâ®£® á®®â­®è¥­¨ï ¢ ¯¥à¢®¥ ¨§ ãà ¢­¥­¨© ¯®«ãç¨¬

f�2(�Q+B0)� �(�A+ 2B0) +B0gg = 0:

� ¬¥â¨¬, çâ® á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

��1 � (Qg; g)
(Ag; g)

� ��1; 
 � (B0g; g)
(Ag; g)

� �:

21



�®íâ®¬ã á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï � ã¤®¢«¥â¢®àïîâ ª¢ ¤à â­ë¬ ãà ¢­¥­¨ï¬

�2(�s�1 + t)� �(�+ 2t) + t = 0;

£¤¥ á¯¥ªâà «ì­ë¥ ¯ à ¬¥âàë s ¨ t ¯à¨­¨¬ îâ §­ ç¥­¨ï ¨§ á¢®¨å ®¡« áâ¥© ®¯à¥¤¥«¥­¨ï: s 2 [�;�],
t 2 [
;�]. �¥¯¥àì, ¢ë¯¨áë¢ ï ï¢­ë¥ ¢ëà ¦¥­¨ï (6) (á®®â¢¥âáâ¢ãîé¨¥ á®¡áâ¢¥­­ë¥ ¢¥ªâ®àë ®¡®-
§­ ç¨¬ ç¥à¥§ fz(2;3)g), ¯à¨å®¤¨¬ ª ¨áª®¬®¬ã ¢ëà ¦¥­¨î ¤«ï ¬­®¦¥áâ¢  �, ¨ ®áâ ¥âáï ¯®ª § âì,
çâ® â ª¨¬ á¯®á®¡®¬ ­ ©¤¥­ë ¢á¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¯à¥¤®¡ãá«®¢«¥­­®£® ®¯¥à â®à .

� áá¬®âà¨¬ ¢­ ç «¥ ¡®«¥¥ ¯à®áâ®© á«ãç © à §«¨ç­ëå á®¡áâ¢¥­­ëå §­ ç¥­¨© �(2) ¨ �(3) ¯à¨
ä¨ªá¨à®¢ ­­ëå t ¨ s. �«¨, â®ç­¥¥, ¯ãáâì ¯ à ¬¥âà � â ª®¢, çâ® ¢ëà ¦¥­¨¥ 1 + 4t

�

�
1 � 1

s

�
­¥

®¡à é ¥âáï ¢ ­ã«ì ­¨ ¯à¨ ª ª¨å §­ ç¥­¨ïå t ¨ s. �®£¤  ¢¥«¨ç¨­ë {
(2) ¨ {(3) ¤«ï «î¡ëå t ¨ s

â ª¦¥ ¡ã¤ãâ à §«¨ç­ë, çâ® á«¥¤ã¥â ¨§ ¨å ï¢­®£® ¯à¥¤áâ ¢«¥­¨ï. � ¯®¬­¨¬, çâ® ¨§ â¥®à¥¬ë 1
á«¥¤ã¥â ­ «¨ç¨¥ Np A-®àâ®£®­ «ì­ëå á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢ gj ,   íâ® ®§­ ç ¥â, çâ® ­ ©¤¥­­ ï
á¨áâ¥¬  á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢ fz(1;2;3)i gNu+Np

i=1 § ¤ ç¨ (5) ã¤®¢«¥â¢®àï¥â â¥®à¥¬¥ 2, á«¥¤®¢ â¥«ì­®,
¢á¥ ¨áª®¬ë¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ­ ©¤¥­ë.

�¡®¡é¨¬ ¤®ª § â¥«ìáâ¢® ­  á«ãç © ªà â­ëå á®¡áâ¢¥­­ëå §­ ç¥­¨©, ª®£¤  ®¡à é îâáï ¢
­ã«ì ¢ëà ¦¥­¨ï 1 + 4t

�

�
1 � 1

s

�
¯à¨ ­¥ª®â®àëå t ¨ s. �ãáâì ¢ ¤ ­­®¬ á«ãç ¥ (�(2) = �(3) = �)

¨¬¥¥âáï â®«ìª® ®¤¨­ «¨­¥©­® ­¥§ ¢¨á¨¬ë© á®¡áâ¢¥­­ë© ¢¥ªâ®à ¬ âà¨æë R = eL�1L0 á ¯¥à¢®©
ª®¬¯®­¥­â®© g: z(2) = fg; ��1

��
C�1BT gg. �®£¤  ¤«ï ¯®áâà®¥­¨ï ¯®«­®© ¢ Z á¨áâ¥¬ë äã­ªæ¨© ¤®-

áâ â®ç­® ¤®¡ ¢¨âì ª ­¥¬ã ¢ ¯ àã ª®à­¥¢®© ¢¥ªâ®à ¢ëá®âë ¤¢  ¢¨¤  z(3) = fg; ��1+��1

��
C�1BTgg,

ã¤®¢«¥â¢®àïîé¨© ãà ¢­¥­¨î (R � �I)2z = 0, ¨, ®ç¥¢¨¤­®, «¨­¥©­® ­¥§ ¢¨á¨¬ë© á á®®â¢¥âáâ¢ã-
îé¨¬ á®¡áâ¢¥­­ë¬ ¢¥ªâ®à®¬. �¥¯¥àì ãâ®ç­¥­­ ï á¨áâ¥¬  á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢ fz(1;2;3)i gNu+Np

i=1

ã¤®¢«¥â¢®àï¥â â¥®à¥¬¥ 2.
� ª¨¬ ®¡à §®¬, ¯®«­®â  ­ ©¤¥­­®© á¨áâ¥¬ë ¢¥ªâ®à®¢ ¢ ¯à®áâà ­áâ¢¥ Z, á®áâ®ïé¥© «¨¡®

â®«ìª® ¨§ á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢ ®¯¥à â®à  R, «¨¡® á ¤®¡ ¢«¥­¨¥¬ ª ­¨¬ ª®à­¥¢ëå ¯® ãª § ­­®©
áå¥¬¥, ¤ ¥â ®á­®¢ ­¨¥ ãâ¢¥à¦¤ âì, çâ® ¤àã£¨å á®¡áâ¢¥­­ëå §­ ç¥­¨© ¢ § ¤ ç¥ (5), ®â«¨ç­ëå ®â
ãª § ­­ëå, ­¥ áãé¥áâ¢ã¥â.

�¯®á«¥¤áâ¢¨¨ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãîé¨¥ íª¢¨¢ «¥­â­ë¥ ®¡®§­ ç¥­¨ï ¤«ï ¯®«ãç¥­­ëå
á®¡áâ¢¥­­ëå §­ ç¥­¨©:

�(1)(s) = s;

�(2;3)(s; t) =
2t+ �

2
�
�

s
+ t
� �

vuut (2t+ �)2

4
�
�

s
+ t
�2 � t

�

s
+ t

; (7)

£¤¥ §­ ª + ®â­®á¨âáï ª �(2).
� ¬¥â¨¬, çâ® ¯à¨ � = 0 ¯à¨¢¥¤¥­­ë¥ à ááã¦¤¥­¨ï ­¥ª®àà¥ªâ­ë, ¯®íâ®¬ã íâ®â á«ãç © ¡ã¤¥â

à áá¬®âà¥­ ®â¤¥«ì­®.

3. �áá«¥¤®¢ ­¨¥ áå®¤¨¬®áâ¨ ¯à¨ � 6= 0

3.1. �«ãç © � > 0. �«ï ã¤®¡áâ¢  ¢ëª« ¤®ª ¢ íâ®¬ à §¤¥«¥ ¡ã¤¥¬ ¯®« £ âì, çâ® ¯®áâ®ï­­ë¥
íª¢¨¢ «¥­â­®áâ¨ �, � ¬ âà¨æ A ¨ Q ­®à¬¨à®¢ ­ë á«¥¤ãîé¨¬ ®¡à §®¬: 1 = � � �. �â® ­¥ ã¬¥­ì-
è ¥â ®¡é­®áâ¨ ¯à®¢®¤¨¬ëå à ááã¦¤¥­¨©, ­® £ à ­â¨àã¥â ¢¥é¥áâ¢¥­­®áâì ¨ ¯®«®¦¨â¥«ì­®áâì
¢á¥å á®¡áâ¢¥­­ëå §­ ç¥­¨© �(2;3)(s; t). � ¬¥â¨¬, çâ® ¯à¨ íâ®¬ ¬ âà¨æ  R ï¢«ï¥âáï ¬ âà¨æ¥©
¯à®áâ®© áâàãªâãàë, â. ¥. ¨¬¥¥â ¡ §¨á â®«ìª® ¨§ á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢.

�¬¥¥â ¬¥áâ®
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�¥®à¥¬  4. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï A ¨ «î¡®¬ � > 0 á¯¥ªâà ¬ âà¨æë R ¯à¨­ ¤«¥¦¨â

®âà¥§ªã [a;�], £¤¥

a =
1 + �

2

� �

2


q
1 + 4


�

�
1� 1

�

�
1 + �

�


: (8)

�®ª § â¥«ìáâ¢®. �à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ ®ç¥¢¨¤­®¥ ­¥à ¢¥­áâ¢® 0 < �(3)(s; t) < �(2)(s; t)
¤«ï ¯à®¨§¢®«ì­ëå s � 1, t; � > 0 ¨ ¢¢®¤ï ¤«ï £à ­¨æ á¯¥ªâà  ¬ âà¨æë R ®¡®§­ ç¥­¨ï [a; b],
¨¬¥¥¬

b = maxf�; max
s;t

�(2)(s; t)g; a = minf�; min
s;t

�(3)(s; t)g:

� áá¬®âà¨¬ â¥¯¥àì ï¢­®¥ ¢ëà ¦¥­¨¥

@�(2;3)

@s
=

�2 + 2�t
2(� + st)2

� �3s+ 4�2ts+ 2st2�� 2�2t

2(�+ st)2
p
�2s2 + 4�s2t� 4�ts

: (9)

�¨á«¨â¥«ì ¢® ¢â®à®¬ á« £ ¥¬®¬ | «¨­¥©­ ï ¯® s äã­ªæ¨ï, ª®â®à ï ®¡à é ¥âáï ¢ ­ã«ì ¯à¨
s� = 2�t

�2+4�t+2t2
< 1. � ¯®¬­¨¬, çâ® 1 = � � s � �, ¯®íâ®¬ã s > s� ¨ max

s
�(2)(s; t) = �(2)(�; t).

�®ª ¦¥¬, çâ® @�(3)

@s
< 0. �à¥¤¯®« £ ï ¯à®â¨¢­®¥, ¯¥à¥­¥á¥¬ ¢â®à®¥ á« £ ¥¬®¥ (9) ¢ ¯à ¢ãî

ç áâì ¨ ¢®§¢¥¤¥¬ ¢ ª¢ ¤à â. �®á«¥ ¯à¨¢¥¤¥­¨ï ¯®¤®¡­ëå ¯®«ãç¨¬ ¯à®â¨¢®à¥ç¨¢®¥ ­¥à ¢¥­áâ¢®
0 > t2(st+ �)2. �âáî¤  á«¥¤ã¥â min

s
�(3)(s; t) = �(3)(�; t). �â® ¯à¨¢®¤¨â ª ¢ëà ¦¥­¨ï¬

b = maxf�; max
t

�(2)(�; t)g; a = minf�; min
t
�(3)(�; t)g:

� «¥¥ § ¬¥â¨¬, çâ® max
t

�(2)(�; t) � �. �¥©áâ¢¨â¥«ì­®, ¯à¥¤¯®«®¦¨¢ ¯à®â¨¢­®¥, â. ¥.

�(2)(�; t) =
2t+ �

2( �
�
+ t)

+

s
(2t+ �)2

4( �
�
+ t)2

� t
�

�
+ t

> �;

¨ ãç¨âë¢ ï, çâ® ¯¥à¢®¥ á« £ ¥¬®¥ áâà®£® ¬¥­ìè¥ ¯à ¢®© ç áâ¨, áà §ã ¯®«ãç ¥¬ ®è¨¡®ç­®¥ ­¥-
à ¢¥­áâ¢®

t
(�� 1)2

�

�
+ t

< 0:

�­ «®£¨ç­ë¬ ®¡à §®¬ ¨¬¥¥¬ min
t
�(3)(�; t) � 1. �á¯®¬¨­ ï, çâ® � = 1, ¯®«ãç¨¬

b = �; a = min
t
�(3)(�; t):

�«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  ¯à® ­ «¨§¨àã¥¬ ¬®­®â®­­®áâì �(3)(�; t) ®â­®á¨â¥«ì­®  à-
£ã¬¥­â  t

@�(3)(�; t)
@t

=
��(2��)
2(� +�t)2

� �2�(2���2 � 2) + 2t��2(1 ��)

2(�+�t)2
p
�2�2 + 4�t�2 � 4�t�

:

� íâ®¬ ¢ëà ¦¥­¨¨ ¢â®à®¥ á« £ ¥¬®¥ ¢á¥£¤  ®âà¨æ â¥«ì­®¥, ¯®íâ®¬ã ¯à¨ � � 2 äã­ªæ¨ï ¢®§à -
áâ ¥â. �¡¥¤¨¬áï ¢ íâ®¬ ¯à¨ � > 2. �à¥¤¯®«®¦¨¬, çâ® íâ® ¢ëà ¦¥­¨¥ áâ «® ®âà¨æ â¥«ì­®. �á«¨
¢ ¯®«ãç¨¢è¥¬áï ­¥à ¢¥­áâ¢¥ ¯¥à¥­¥áâ¨ ¯¥à¢®¥ á« £ ¥¬®¥ ¢ ¯à ¢ãî ç áâì ¨ ¢®§¢¥áâ¨ ¢ ª¢ ¤à â,
â® ¯®«ãç¨¬ § ¢¥¤®¬® ­¥¢¥à­®¥ ­¥à ¢¥­áâ¢® (��1)2(�+�t)2 < 0. �ª®­ç â¥«ì­® ¯®«ãç ¥¬ (8).
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�¥¯¥àì ¤«ï  «£®à¨â¬  (2) ¬®¦­® ¨á¯®«ì§®¢ âì à¥§ã«ìâ âë ®¡é¥© â¥®à¨¨ ¨â¥à æ¨®­­ëå ¬¥-
â®¤®¢ à¥è¥­¨ï á¨áâ¥¬ á á¨¬¬¥âà¨§ã¥¬ë¬¨ ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¬¨ ¬ âà¨æ ¬¨ [10]. �
ç áâ­®áâ¨, ¨á¯®«ì§®¢ ­¨¥ ®¯â¨¬ «ì­ëå (ç¥¡ëè¥¢áª¨å) ¯ à ¬¥âà®¢ �k

e�n = 2
(a+ b)(1 + q1�n)

; n = 1; 2; : : : ; k; q1 =
1� �

1 + �
; � =

a

b
;

�n 2 @k =
�
� cos 2i� 1

2k
�; i = 1; 2; : : : ; k

�
;

£ à ­â¨àã¥â ®æ¥­ªã áª®à®áâ¨ áå®¤¨¬®áâ¨ ¢ ¤®áâ â®ç­® ¯à®¨§¢®«ì­®© ¬¥âà¨ª¥ Dz = DT
z > 0,

DzR = (DzR)T :

kzk � zkDz
� "k kz0 � zkDz

;

£¤¥

"k =
2qk0

1 + q2k0
; q0 =

1�p�
1 +

p
�
:

�¤­ ª® ­¥®¡å®¤¨¬®áâì ¯®áâà®¥­¨ï ¬­®¦¥áâ¢  @k ¤«ï § à ­¥¥ ®¯à¥¤¥«¥­­®£® ª®«¨ç¥áâ¢  ¨â¥à -
æ¨© k ¨, ªà®¬¥ â®£®, âà¥¡®¢ ­¨¥ ã¯®àï¤®ç¥­­®áâ¨ ¥£® í«¥¬¥­â®¢ ¤«ï ¢ëç¨á«¨â¥«ì­®© ãáâ®©ç¨-
¢®áâ¨ [10], [11] ¤¥« îâ ¥£® ¬¥­¥¥ ¯à¨¢«¥ª â¥«ì­ë¬ á ¯à ªâ¨ç¥áª®© â®çª¨ §à¥­¨ï ¯® áà ¢­¥­¨î
á ¨§¢¥áâ­ë¬¨ âà¥åá«®©­ë¬¨ ¬¥â®¤ ¬¨ â ª¨¬¨, ª ª ¬¥â®¤ á®¯àï¦¥­­ëå £à ¤¨¥­â®¢ ¨«¨ âà¥å-
á«®©­ë© ç¥¡ëè¥¢áª¨©, £ à ­â¨àãîé¨¬¨ âã ¦¥ ­¥ã«ãçè ¥¬ãî ®æ¥­ªã ¯®£à¥è­®áâ¨ ¤«ï ¯à®¨§-
¢®«ì­®£® ­®¬¥à  ¨â¥à æ¨¨ k.

� § ¢¥àè¥­¨¥ à §¤¥«  ®¡à â¨¬ ¢­¨¬ ­¨¥ ­  ¢ ¦­®¥ á«¥¤áâ¢¨¥ â¥®à¥¬ë 4. �§ ï¢­®© ä®à-
¬ã«ë ¤«ï «¥¢®© £à ­¨æë á¯¥ªâà  ®¯¥à â®à  R á«¥¤ã¥â ¬®­®â®­­®áâì ¥£® á¯¥ªâà «ì­®£® ç¨á« 
®¡ãá«®¢«¥­­®áâ¨ ®â­®á¨â¥«ì­® ¯ à ¬¥âà  �. � ç áâ­®áâ¨,

cond(eL�1L0) =
�

�(3)(�; 
)

áâà¥¬¨âáï ¯à¨ �! 0 ª â®çª¥ ¬¨­¨¬ã¬ , à ¢­®© �=�.

3.2. �«ãç © � < 0. �à¨  ­ «¨§¥ á¯¥ªâà  ¤«ï ®âà¨æ â¥«ì­ëå §­ ç¥­¨© �, çâ®¡ë ®¡¥á¯¥ç¨âì
¢¥é¥áâ¢¥­­®áâì ¢á¥å á®¡áâ¢¥­­ëå §­ ç¥­¨© �(2;3)(s; t), ã¤®¡­® ¯¥à¥­®à¬¨à®¢ âì ¯®áâ®ï­­ë¥ íª¢¨-
¢ «¥­â­®áâ¨ �, � ¬ âà¨æ A ¨ Q á«¥¤ãîé¨¬ ®¡à §®¬: 0 < � � � = 1. �â® ­¥ § âà £¨¢ ¥â áãé¥áâ¢ 
¤¥« , â. ª. ®á­®¢­ ï § ¤ ç  íâ®£® à §¤¥«  | ¯®ª § âì, çâ® ¨á¯®«ì§®¢ ­¨¥ ®âà¨æ â¥«ì­ëå � ­¥
¯à¨¢®¤¨â ª ãáª®à¥­¨î áå®¤¨¬®áâ¨ ¬¥â®¤ .

�¥§ª® ®£à ­¨ç¨âì ¨­â¥à¥áãîéãî ­ á ®¡« áâì ¨§¬¥­¥­¨ï ¯ à ¬¥âà  � ¯®§¢®«ï¥â

�¥¬¬  1.

1) � âà¨æ  R = eL�1L0 ®¤­®§­ ç­® ®¯à¥¤¥«¥­  ¯à¨ ¢ë¯®«­¥­¨¨ ®¤­®£® ¨§ ­¥à ¢¥­áâ¢:
� < ��� ¨«¨ �
� < � < 0.

2) �à¨ � < ��� ¬ âà¨æ  R ¨¬¥¥â á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï à §­ëå §­ ª®¢.

3) �à¨ �
� < � < 0 ¬ âà¨æ  R ¨¬¥¥â â®«ìª® ¯®«®¦¨â¥«ì­ë¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï.

�®ª § â¥«ìáâ¢®. �¤­®§­ ç­®áâì ®¯à¥¤¥«¥­¨ï ¬ âà¨æë R á¢ï§ ­  á ®¡à â¨¬®áâìî ¯à¥¤®¡-
ãá« ¢«¨¢ â¥«ï eL ¢  «£®à¨â¬¥ (2) ¨ § ¢¨á¨â â®«ìª® ®â ®¡à é¥­¨ï ¢ ­ã«ì §­ ¬¥­ â¥«ï ä®à¬ã« ¤«ï
�(2;3) ¢ (7). �à¨¢¥¤¥­­ë¥ ¢ ¯¥à¢®¬ ãâ¢¥à¦¤¥­¨¨ «¥¬¬ë ­¥à ¢¥­áâ¢  £ à ­â¨àãîâ, çâ® � 6= �st
­¨ ¯à¨ ª ª¨å §­ ç¥­¨ïå ¯ à ¬¥âà®¢ s ¨ t.

�à¨ � < ��� ¢ (7) ¢â®à®¥ á« £ ¥¬®¥ ¯® ¬®¤ã«î áâà®£® ¡®«ìè¥ ¯¥à¢®£®, ¯®íâ®¬ã �(2) ¨ �(3)

¨¬¥îâ à §­ë¥ §­ ª¨.
�­ «®£¨ç­® ¯à¨ �
� < � < 0 ¢ (7) ¢â®à®¥ á« £ ¥¬®¥ ¯® ¬®¤ã«î áâà®£® ¬¥­ìè¥ ¯¥à¢®£®,

¯®íâ®¬ã �(2) > �(3) > 0.
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� ¬¥â¨¬, çâ® ¥á«¨ á¯¥ªâà ®¯¥à â®à  R à á¯®«®¦¥­ ¯® ®¡¥ áâ®à®­ë ®â ­ã«ï, áª®à®áâì áå®-
¤¨¬®áâ¨ ¬¥â®¤  (2) ¡ã¤¥â åã¦¥, ç¥¬ ¢ §­ ª®®¯à¥¤¥«¥­­®¬ á«ãç ¥ [12]. �®áª®«ìªã �(1)(s) ¢á¥£¤ 
¯®«®¦¨â¥«ì­ë, â® ¤ «¥¥ ¬®¦¥â ¯à¥¤áâ ¢«ïâì ¨­â¥à¥á â®«ìª® ¤¨ ¯ §®­ �
� < � < 0.

�¥¬¬  2. �à¨ ¢ë¯®«­¥­¨¨ ­¥à ¢¥­áâ¢  �
� < � < 0 á¯¥ªâà ¬ âà¨æë R ¯à¨­ ¤«¥¦¨â

®âà¥§ªã 24�; 1 + �

2

+ �

2


q
1 + 4


�
(1� 1

�
)

1 + �

�


35 :
�®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥­¨ï  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 4 ¨ ®¯¨à ¥âáï â®«ì-

ª® ­  ¢ë¯¨á ­­ë¥ â ¬ ä®à¬ã«ë ¤«ï ¯à®¨§¢®¤­ëå �(2;3), ®¡¥á¯¥ç¨¢ îé¨¥ ¨áª®¬ãî ¬®­®â®­­®áâì.
�®íâ®¬ã áà §ã ®¡à â¨¬ ¢­¨¬ ­¨¥ ­  á«¥¤áâ¢¨¥ «¥¬¬ë 2. �§ ï¢­®© ä®à¬ã«ë ¤«ï ¯à ¢®©

£à ­¨æë á¯¥ªâà  ®¯¥à â®à  R á«¥¤ã¥â ¬®­®â®­­®áâì ¥£® á¯¥ªâà «ì­®£® ç¨á«  ®¡ãá«®¢«¥­­®áâ¨
®â­®á¨â¥«ì­® ¯ à ¬¥âà  �. � ç áâ­®áâ¨,

cond(eL�1L0) =
�(2)(�; 
)

�

áâà¥¬¨âáï ¯à¨ �! 0 ª â®çª¥ ¬¨­¨¬ã¬ , à ¢­®© �=�. �®ç­® â ª ï ¦¥ á¨âã æ¨ï ¨¬¥«  ¬¥áâ® ¯à¨
¯®«®¦¨â¥«ì­ëå §­ ç¥­¨ïå �, â. ¥. á«ãç © � < 0 ­¥ ¯®à®¦¤ ¥â ­¨ç¥£® ­®¢®£® ¢ ¯« ­¥ áå®¤¨¬®áâ¨
 «£®à¨â¬  ¨ à áá¬ âà¨¢ âìáï ¤ «¥¥ ­¥ ¡ã¤¥â.

4. �áá«¥¤®¢ ­¨¥ áå®¤¨¬®áâ¨ ¯à¨ � = 0

�¡®§­ ç¨¬ ¯®£à¥è­®áâì ¬¥â®¤  ­  k-© ¨â¥à æ¨¨ ç¥à¥§ fvk; rkg = fuk � u; pk � pg, £¤¥ fu; pg
| â®ç­®¥ à¥è¥­¨¥ § ¤ ç¨ (1), ¨ ¢ë¡¥à¥¬ ­ ç «ì­®¥ ¯à¨¡«¨¦¥­¨¥ z0 = fu0; p0g ¨§ ãá«®¢¨ï(

Qu0 +Bp0 = f;

BTu0 = ':
(10)

�¥¬¬  3. �«ï «î¡®© ¨â¥à æ¨¨ k ¯¥à¢ ï ª®¬¯®­¥­â  vk ¯®£à¥è­®áâ¨ ¬¥â®¤  (2) ¯à¨ � = 0,
áâ àâãîé¥£® á ­ ç «ì­®£® ¯à¨¡«¨¦¥­¨ï ¢¨¤  (10), ï¢«ï¥âáï í«¥¬¥­â®¬ ¯®¤¯à®áâà ­áâ¢  H.

�®ª § â¥«ìáâ¢®. � ¯¨è¥¬  «£®à¨â¬ (2) ¢ ¯®ª®¬¯®­¥­â­®© ä®à¬¥8>>><>>>:
Q
uk+1 � uk

�k+1
+B

pk+1 � pk

�k+1
+Auk +Bpk = f;

BT
uk+1 � uk

�k+1
+BTuk = ':

�â®à®¥ ãà ¢­¥­¨¥ ¯à¨¢®¤¨â ª á®®â­®è¥­¨î

BT v
k+1 � vk

�k+1
+BTvk = 0

â®«ìª® ¤«ï ¯®£à¥è­®áâ¨ vk ¯à¨ k = 0; 1; : : : �ë¡®à ­ ç «ì­®£® ¯à¨¡«¨¦¥­¨ï £ à ­â¨àã¥â
BTv0 = 0, â. ¥. v0 2 H. �¥à¥¯¨áë¢ ï ¯®«ãç¥­­®¥ á®®â­®è¥­¨¥ ¢ ¢¨¤¥

BTvk+1 = (1� �k+1)B
T vk;

¯®«ãç ¥¬, çâ® vk 2 H ¤«ï «î¡®£® k = 1; 2; : : :

�à®¤®«¦¨¬ ¨§ãç¥­¨¥ áâàãªâãàë ¯®£à¥è­®áâ¨. �¯à ¢¥¤«¨¢ 

�¥¬¬  4. �«ï «î¡®© ¨â¥à æ¨¨ k ¯®£à¥è­®áâì fvk; rkg ¬¥â®¤  (2) ¯à¨ � = 0, áâ àâãîé¥£®
á ­ ç «ì­®£® ¯à¨¡«¨¦¥­¨ï ¢¨¤  (10), ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨ï¬

Q
vk+1 � vk

�k+1
+Avk = 0;

rk+1 � rk

�k+1
+ rk = 0:

25



�®ª § â¥«ìáâ¢®. � ¯¨è¥¬ ¯¥à¢®¥ ãà ¢­¥­¨¥ ¬¥â®¤  (2) ¤«ï ®è¨¡ª¨

Q
vk+1 � vk

�k+1
+B

rk+1 � rk

�k+1
+Avk +Brk = 0: (11)

�à¨¬¥­¨¬ ª ­¥¬ã ¬ âà¨æã Q�1 ¨ ¯®á«¥ áª «ïà­®£® ã¬­®¦¥­¨ï ­  ¢¥ªâ®à Ah, £¤¥ h | ¯à®¨§-
¢®«ì­ë© í«¥¬¥­â ¨§ H, ¡ã¤¥¬ ¨¬¥âì

 
vk+1 � vk

�k+1
+Q�1Avk; Ah

!
+

 
Q�1B

rk+1 � rk

�k+1
+Q�1Brk; Ah

!
= 0: (12)

�à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ á¨¬¬¥âà¨ç­®áâì ¬ âà¨æëQ�1, ¢ë¯®«­¥­¨¥ ãá«®¢¨ï A ¨ ¯à¨­ ¤«¥¦­®áâì
h 2 H = ker(BT ), ¯®«ãç ¥¬, çâ® ¢â®à®¥ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ (12) à ¢­® ­ã«î. �âáî¤  ­ 
®á­®¢ ­¨¨ «¥¬¬ë 3 ¨ ®¡à é¥­¨ï ¢ ­ã«ì ¯¥à¢®£® áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï ¢ (12) ¨¬¥¥¬ ¯¥à¢®¥
á®®â­®è¥­¨¥ «¥¬¬ë Qvt +Av = 0.

� «¥¥, ¯®¤áâ ¢«ïï ¯®«ãç¥­­®¥ à ¢¥­áâ¢® ¢ ãà ¢­¥­¨¥ (11), ¡ã¤¥¬ ¨¬¥âì

B
rk+1 � rk

�k+1
+Brk = 0:

�¬­®¦¨¬ íâ® á®®â­®è¥­¨¥ áª «ïà­® ­  Q�1Ag, £¤¥ g | ¯à®¨§¢®«ì­ë© í«¥¬¥­â ¨§ G = H?.
�®«ãç¨¬  

rk+1 � rk

�k+1
+ rk; BTQ�1Ag

!
= 0:

� íâ®¬ á«ãç ¥ ¨á¯®«ì§®¢ ­¨¥ ãá«®¢¨ï A ¨ â¥®à¥¬ë 1 ¯à¨¢®¤¨â ª® ¢â®à®¬ã á®®â­®è¥­¨î «¥¬-
¬ë.

�¥¯¥àì à¥ «¨§ æ¨ï  «£®à¨â¬  (2) á � = 0 ¢ë£«ï¤¨â á«¥¤ãîé¨¬ ®¡à §®¬: ¢ë¡¨à ¥¬ ­ ç «ì-
­®¥ ¯à¨¡«¨¦¥­¨e ¢¨¤  (10), § â¥¬ ¤¥« ¥¬ ¯¥à¢ë© è £ á �1 = 1 á æ¥«ìî ®¡­ã«¥­¨ï ¢â®à®© ª®¬-
¯®­¥­âë ¯®£à¥è­®áâ¨ rk = pk � p ¤«ï ¯à®¨§¢®«ì­®£® k � 1. � «¥¥ ¨á¯®«ì§®¢ ­¨¥ ç¥¡ëè¥¢-
áª¨å ¯ à ¬¥âà®¢ ­  ®âà¥§ª¥ [�;�] ¯à¨¢®¤¨â ¢ ¬¥âà¨ª¥, ¯®à®¦¤ ¥¬®© ®¯¥à â®à®¬ Du = DT

u > 0,
DuQ

�1A = (DuQ
�1A)T , ª ®æ¥­ª¥ ¤«ï ¯¥à¢®© ª®¬¯®­¥­âë ¯®£à¥è­®áâ¨

kuk � ukDu
� "kku0 � ukDu

;

£¤¥

"k =
2qk0

1 + q2k0
; q0 =

1�p�
1 +

p
�
; � =

�

�
:

�æ¥­ª , ¯®«ãç¥­­ ï ¤«ï � = 0, á®¢¯ ¤ ¥â á ®æ¥­ª®© ¤«ï ¯®£à¥è­®áâ¨ à¥è¥­¨ï § ¤ ç¨ Au = b
¯à¨ ¨á¯®«ì§®¢ ­¨¨ ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï Q ¨ ¯®íâ®¬ã ï¢«ï¥âáï ­¥ã«ãçè ¥¬®©.

� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® à¥§ã«ìâ âë à ¡®âë ¬®£ãâ ¡ëâì ®¡®¡é¥­ë ­  á«ãç © á¨áâ¥¬ë
L"z = F ¢¨¤ 

L"z �
�
A B
BT �"D

��
u
p

�
=
�
f
'

�
� F

á ¯ à ¬¥âà®¬ " � 0 ¨ ¬ âà¨æ¥© D = DT > 0.
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